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Abstract
We provided a framework of a mathematical epidemic modeling and a countermeasure against the novel coronavirus disease 
(COVID-19) under no vaccines and specific medicines. The fact that even asymptomatic cases are infectious plays an important 
role for disease transmission and control. Some patients recover without developing the disease; therefore, the actual number 
of infected persons is expected to be greater than the number of confirmed cases of infection. Our study distinguished between 
cases of confirmed infection and infected persons in public places to investigate the effect of isolation. An epidemic model was 
established by utilizing a modified extended Susceptible-Exposed-Infectious-Recovered model incorporating three types of 
infectious and isolated compartments, abbreviated as SEIIIHHHR. Assuming that the intensity of behavioral restrictions can be 
controlled and be divided into multiple levels, we proposed the feedback controller approach to implement behavioral restrictions 
based on the active number of hospitalized persons. Numerical simulations were conducted using different detection rates and 
symptomatic ratios of infected persons. We investigated the appropriate timing for changing the degree of behavioral restric-
tions and confirmed that early initiating behavioral restrictions is a reasonable measure to reduce the burden on the health care 
system. We also examined the trade-off between reducing the cumulative number of deaths by the COVID-19 and saving the 
cost to prevent the spread of the virus. We concluded that a bang-bang control of the behavioral restriction can reduce the socio-
economic cost, while a control of the restrictions with multiple levels can reduce the cumulative number of deaths by infection.

Keywords Non-pharmaceutical intervention · Feedback control · Epidemic model · Isolation of asymptomatically infected 
persons · Optimal control

Highlights 

• Our study distinguished between cases of confirmed 
infection and infected persons in public places to inves-
tigate the effect of isolation.

• A feedback controller approach based on the active 
number of hospitalized persons is proposed to reduce 
the damage from the novel coronavirus.

• Early initiating behavioral restrictions is a reasonable 
measure to reduce the burden on the health care system.

• A bang-bang control of the behavioral restriction can 
reduce the socio-economic cost, while a control of the 
restrictions with multiple levels can reduce the cumula-
tive number of deaths by infection.

1 Introduction

The number of novel coronavirus (COVID-19) cases, caused 
by severe acute respiratory syndrome coronavirus 2 (SARS-
CoV-2), has been increasing worldwide since late 2019. The 
actual numbers of infected persons, isolated persons, and 
infection-related deaths depend on the effective reproduction 
number, which is defined as the average number of people 
infected by an infectious person by the time of his or her 
recovery. Reducing the reproduction number is necessary 
to suppress this epidemic. Previous studies have shown that 
this can be achieved by reducing three factors, namely: the 
susceptibility of uninfected persons, contact rates in the 
population, or the infectiousness of infected persons [15].

Regarding measures against infectious diseases undertaken 
by policymakers, two fundamental strategies exist: suppression 
and mitigation [17]. The suppression strategy involves reduc-
ing the number of cases to a low level and is used in diseases 
with high mortality rates and low infection rates. In contrast, 
mitigation strategies involve slowing and reducing the peak of 
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infections and are used in diseases with low mortality rates 
and high infection rates. The vaccine against the COVID-19 
has been developed and released by some medicine companies 
since the outbreak. However, in the present study, we focus on 
the period without the aid of vaccines or specific medicines 
and reducing contact rates in the population by conducting 
non-pharmaceutical interventions. Anti-contagion policies 
and measures have been discussed in some countries, and their 
effects, estimated, (e.g., [11, 15, 16, 24]). The Japanese govern-
ment undertook several countermeasures, such as declaring a 
state of emergency, implementing priority preventive measures, 
and urging people to avoid the “Three Cs,” which refer to closed 
spaces, crowded places, and close-contact settings [8, 34].

The data obtained from observational research has revealed 
the features of the SARS-CoV-2 infection [22, 42–44, 64]. 
Nishiura et al. [43] reported that the serial interval of SARS-
CoV-2 infection is close to or shorter than its median incuba-
tion period. This implies that transmission may occur before 
the onset of clinical symptoms or during asymptomatic infec-
tion. Such transmission may reduce the effectiveness of sim-
ple public measures, such as isolating symptomatic persons 
and tracing and quarantining their contacts [18]. In addition, 
it is important to estimate the exact number of infected per-
sons in order to appropriately implement public health poli-
cies. Some studies assessed cases of unobserved infection and 
argued that the pandemic had been more broadly spread than 
the number of confirmed cases (e.g., [6, 7, 52, 63]).

Many researchers have proposed new epidemic models to 
describe the behavior of the novel coronavirus, extending and 
modifying the Susceptible-Infectious-Recovered (SIR) or Sus-
ceptible-Exposed-Infectious-Recovered (SEIR) models. The 
epidemic model was established to design a strategy for man-
aging the pandemic and studying the impact of non-pharma-
ceutical interventions, such as lockdown [14, 47], testing [48], 
contact tracing, and isolation [23]. Senapati et al. [54] revealed 
that greater intervention effort is required to control the dis-
ease outbreak within a shorter period of time. Wood et al. [65] 
investigated the effectiveness of increasing healthcare capacity 
and extending the period of isolation. Some studies distinguish 
between and incorporate both asymptomatic and symptomatic 
persons, who play an important role in the COVID-19 pandemic 
(e.g., [3, 9, 19, 20, 25, 29, 40, 54, 62]). Moreover, the infec-
tiousness of asymptomatic infected cases has been reported to 
be lower than that of symptomatically infected cases [22, 39]. 
Gevertz et al. [19], Kuniya and Inaba [29], and Senapati et al. 
[54] incorporated the differences into their epidemic models.

The increase in detection and isolation of asymptomati-
cally infected persons appears to be effective as susceptible 
persons are prevented from being exposed to the virus from 
infected persons, including those that are asymptomatic. 
We divided the non-pharmaceutical interventions into two 
parts, namely: 1) the detection and isolation of asymptomati-
cally infected persons and 2) behavioral restrictions, such as 

requesting restricted business hours and physical distancing. 
Some researchers use “social” distancing; however, we use 
“physical” distancing to emphasize in-person contact.

There is a trade-off between the negative impact on the econ-
omy and the reduction of infection-related deaths as a result of 
behavioral restrictions. Implementing behavioral restrictions 
contributes to reducing the reproduction number and preventing 
the spread of the virus; however, intense and prolonged restric-
tions decrease economic activities. To balance preventing the 
epidemic and maintaining economic activities is important for 
policymakers [9, 26, 30, 58]. Thunström et al. [58] conducted 
a benefit cost analysis of physical distancing measure to control 
the COVID-19 outbreak. Lasaulce et al. [30] found the optimal 
trade-off between economic and health impact by solving the 
optimization problem confined to the number of Intensive Care 
Units patients with the SEIR model given the duration of inter-
est for the epidemic is six months. Accordingly, we prepared 
the following indicators: the cumulative number of deaths by 
COVID-19, the socio-economic cost caused by the behavioral 
restrictions, the total number of isolated patients, and the total 
number of tests taken to detect infected persons.

This paper aims to reduce the damage caused by COVID-
19 and provide some insights into the pandemic by utilizing 
mathematical modeling, taking Tokyo, Japan as an example. 
We recommend a feedback controller approach to decide the 
degree of behavioral restrictions to be undertaken during the 
epidemic management period, which policymakers can adjust 
based on observational data. The feedback control system is 
expected to be a robust and effective means against uncertainty. 
Dias et al. [13] proposed a control law of physical distancing 
within the SIR model, using the number of hospitalized per-
sons as the feedback signal. Furthermore, during an epidemic, 
it is necessary to determine the proper timing during which to 
take preventive measures as well as establish the appropriate 
degree of behavioral restrictions. Di Lauro et al. [12] inves-
tigated the optimal timing of a one-time intervention using 
three indices, as follows: impact on attack rate, peak preva-
lence, and timing of infections. We conducted simulations of 
the feedback control of the degree of behavioral restrictions 
and demonstrated its effect and the timing at which to reduce 
the indicators by adjusting it. We also investigated the effects 
of detecting and isolating asymptomatically infected persons.

2  Methods

2.1  Model

Our basic model is the SEIIIR model, which is a modified 
version of the model that Kuniya and Inaba [29] proposed 
as an extended SEIR model. The infection spreads through 
asymptomatic and symptomatic persons. We assume that some 
infected persons recover without developing any symptoms, 
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while others develop them later on in the course of their infec-
tion. Hereafter, the former and latter are described as asympto-
matic and presymptomatically infected persons, respectively.

where S, E, I1a , I1b , I2 , and R represent the number of suscep-
tible, exposed, asymptomatic, presymptomatically infected, 
symptomatically infected, and recovered persons, respec-
tively. N is the total population size, including the number 
of deaths. N = S(t) + E(t) + I1a(t) + I1b(t) + I2(t) + R(t) . �1 is 
the transmission rate of asymptomatic persons, while �2 is 
that of symptomatically infected persons. �1 is the recovery 
rate of asymptomatic persons, while �2 is that of symptomati-
cally infected persons. � is the reciprocal of the latent period. 
� is the reciprocal of the difference between the incubation 
period and the latent period. p is the proportion of infected 
persons who develop symptoms. In other words, 1 − p refers 
to those who were infected and recovered without the onset 
of any symptoms. Note that those who are infected but do 
not have any symptoms are divided into I1a and I1b , but they 
cannot be distinguished by appearance. Figure 1(a) shows a 
schematic diagram of Eq. 1. The basic reproduction number 
ℜ0 is as follows (see Appendix A for the derivation):

(1)
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I1a , I1b , and I2 are not isolated and have the opportunity to 
infect susceptible persons. Let

are the reproduction numbers for the asymptomatic 
and symptomatic infection, respectively. Note that 
ℜ0 = ℜ01 +ℜ02 . According to He, X. et al. [22], 44 per-
cent of infection cases arise from the asymptomatic infec-
tion. Thus, in our context, we assume ℜ01 = 0.44ℜ0 and 
ℜ02 = 0.56ℜ0 . �1 and �2 are calculated using Eq. 2 and these 
equations.

The SEIIIR model is modified and extended into the SEIIIH-
HHR model by incorporating three different compartments 
for isolation: H1a , H1b , and H2.
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Fig. 1  The epidemic model
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where H1a . H1b , and H2 represent the number of isolated 
asymptomatic, isolated presymptomatically infected, and iso-
lated symptomatically infected persons, respectively. A sche-
matic of Eq. 5. is shown in Fig. 1(b). The total population 
N = S(t) + E(t) + I

1a
(t) + I

1b
(t) + I

2
(t) + H

1a
(t) + H

1b
(t) + H

2
(t) + R(t) is constant 

for any time t; f is the degree of the behavioral restrictions. 
While f = 0 represents the absence of behavioral restrictions, 
f > 0 means that some policies, such as restriction of move-
ment, are implemented. � is the reciprocal of the time from 
onset to isolation. The parameter � denotes the recovery rate. 
The reciprocals of �2 and �h1 are the mean time periods from 
symptom onset to recovery and the average isolation period 
for those who are isolated at home or in hotels, respectively. 
People in compartment H1a recover without the onset of 
symptoms, whereas people in H1b develop some symptoms 
and are transferred to H2 . Note that those in H1a and H1b can-
not be distinguished in terms of appearance. The transition 
from compartment H1b to H2 means that an infected person 
is detected as a positive case and develops some symptoms 
later. The transition rate is assumed to be the same as � . 
In this study, we assume that isolated persons without any 
symptoms stay at home or in hotels and do not occupy beds 
in hospitals or other healthcare facilities. The compartment R 
includes death. Note that for simplicity, the loss of immunity 
is ignored in this model within the management period.

It is assumed that those who get sick die of infection at 
a rate. Let D(t) be the number of deaths by COVID-19 in 
those who are newly confirmed cases from time 0 to t. we 
calculate it as follows:

where � is the case fatality rate, defined as the ratio of deaths 
to the number of confirmed infected persons. There is a time 
lag between infection and recovery or death, but the differ-
ence is negligible.

2.2  Feedback control of behavioral restrictions

This study explored the effectiveness of the feedback control 
of behavioral restrictions. The degree of behavioral restrictions 
f = f (t) is changed based on the number of isolated sympto-
matically infected persons H2(t) and its trend of increasing or 
decreasing Ḣ2(t) . Pataro et al. [50] introduced a framework 
for optimizing the required levels of public health policies and 
referred to the importance of finely tuning the level of restric-
tion on the population’s mobility. In this study, we assume that 
the intensity of the intervention, such as behavioral restric-
tions, can be divided into, at most, four levels. Hereafter, the 
feedback control which has J levels of behavioral restrictions 
is referred to as “J-level.” We define f1 as the mean degree of 
behavioral restrictions under the emergency state, which was 

(6)D(t) = � × ∫
t

0

(
�
(
E(u) + I1a(u) + I1b(u)

)
+ �I1b(u)

)
du

executed in Tokyo from April 7 to May 25, 2020. In our simu-
lation, let f1 = 0.6 from the utilization ratio of major stations 
in the capital area [38]. We assume that the J-level has J + 1 
situations and f(t) is discretely changed: 0, f1∕J , 2 × f1∕J , ⋯ , 
(J − 1) × f1∕J , and f1 . For example, the 1-level uses only two 
different situations: an emergency situation ( f (t) = f1 ) and its 
release ( f (t) = 0 ), whereas the 4-level uses f (t) = 0 , f1∕4 , 
2 × f1∕4 , 3 × f1∕4 , and f1 . The 1-level means the “bang-bang 
control” on the analogy of the control theory. The feedback 
control with J > 1 is collectively denoted by “multilevel.” 
Examples of dynamics of H2(t) and f(t) different levels of feed-
back control are demonstrated in the Supplementary file. To 
mimic the actual transition, the maximum behavioral restric-
tion is initially implemented. In the multilevel feedback algo-
rithm, Δf  , which is the increment and decrement of the degree 
of behavioral restrictions, is narrowed when f(t) is changed 
to execute the appropriate degree, while �f  is constant in the 
algorithm of the 1-level. For example, if the 4-level is adopted, 
�f  is 0.6 at first and changes to �f = 0.3 , 0.15, 0.15, and ⋯ . 
The transition of �f  with different levels of feedback control 
is demonstrated in the Supplementary file.

Loewenthal et  al. [33] argued that it is important to 
shorten the response time for initiating physical distancing, 
rather than extending the period of lockdown. We introduce 
T1 and T2 as the response and execution times, respectively. 
T1 is the period from the time when H2(t) reaches a criterion 
and Ḣ2(t) ≠ 0 to the time when f(t) is raised or lifted. We 
assume that T1 = 7 days is a valid response time for admin-
istrative services in terms of feasibility and changeability. T2 
is the period from initiating the change in f(t) to restarting 
the monitoring of H2(t) . We assume that T2 = 14 days is a 
valid execution time.

Hc(t) refers to the capacity of healthcare facilities or the 
number of beds for infected persons who can receive suffi-
cient healthcare treatment. We also introduce two thresholds 
Gup and Gdown as parameters determined by policymakers, and 
they satisfy 0 < Gup ≤ 1 and 0 < Gdown ≤ 1 . Decreasing Gup 
lowers the thresholds to raise the degree of behavioral restric-
tions f(t) and prevents H2(t) from exceeding Hc(t) . In contrast, 
increasing Gdown loosens the criteria to lower f(t) and shortens 
their duration. Hereafter, we define cr(t) as the ratio of H2(t) 
to Hc(t) , and let

Then the condition that the behavioral restriction changes 
depends on cr(t) . This cr(t) means the occupied rate of 
healthcare facilities at time t. If cr(t) > 1 , the capacity of 
healthcare facilities is overwhelmed. When cr(t) exceeds Gup 
and Ḣ2(t) > 0 , the state of emergency is initiated T1 days 
later, and f (t) = f1 . The state continues T2 days after ini-
tiation, and then f(t) is lifted if cr(t) falls below Gdown and 

(7)cr(t) =
H2(t)

Hc(t)
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Ḣ2(t) < 0 . Then, f(t) is raised or lifted discretely in response 
to cr(t) and Ḣ2(t) . The detailed algorithm of feedback control 
is described in Appendix B.

2.3  Calculation of indicators

In 2020 (fiscal year), the Tokyo prefectural government 
budgeted about two trillion JPY for the measure against the 
novel coronavirus. The budget included four purposes: 1) 
to prevent the spread of the virus (1,174 billion JPY), 2) 
to reinforce a safety net to support economic activities and 
civic life (990 billion JPY), 3) to balance the prevention of 
spreading the virus and economic activities (20 billion JPY), 
and 4) to reform the social structure to adapt to the epidemic 
(55 billion JPY) [61]. The basis for calculation is not so 
clear, and the use is various. Thus, we established the fol-
lowing five indicators which seem essentially important: the 
cumulative number of infected deaths by COVID-19 of dur-
ing the management period D(T), the total number of people 
isolated at home or in hotels C1 , those who are hospitalized 
C2 , those who undertake the reverse transcription-polymer-
ase chain reaction (RT-PCR) or antigen tests CD , and the 
socio-economic cost caused by the behavioral restrictions Cf .

C1 is calculated as the sum of isolated persons without 
any symptoms during the management period. Symptomati-
cally infected persons are hospitalized if Hc(t) ≥ H2(t) . How-
ever, if the capacity of healthcare facilities is overwhelmed 
( Hc(t) < H2(t) ), we assume that H2(t) − Hc(t) persons are 
also isolated at home or in hotels. Then they are added to C1.

C2 is the sum of hospitalized persons during the management 
period and is calculated as follows:

CD is the sum of the number of people who take the tests 
during the management period and is calculated as follows:

In reality, the rate of positive results fluctuates daily and 
may increase with the identification of infection clusters. 

(8)C1 = ∫
T

0

(
H1a(t) + H1b(t) +max{H2(t) − Hc(t), 0}

)
dt.

(9)C2 = ∫
T

0

min{H2(t),Hc(t)}dt

(10)CD =
�

� ∫
T

0

(
E(t) + I1a(t) + I1b(t)

)
dt

Table 1  The list of variables, 
indicators, and parameters

Symbol Definition

S(t) Number of susceptible persons at time t
E(t) Number of those who are exposed to the virus at time t
I1a(t)   Number of asymptomatically infected persons (without being isolated) at time t
I1b(t)  Number of presymptomatically infected persons (without being isolated) at time t
I2(t)  Number of symptomatically infected persons (without being isolated) at time t
R(t) Number of recovered persons at time t
H1a(t)  Number of isolated persons without any symptoms at time t
H1b(t)  Number of isolated presymptomatic persons at time t
H2(t)  Number of isolated symptomatic persons at time t
D(t) Number of those who are isolated into some health care facilities from time 0 to t 

and die from infection
f(t) Degree of behavioral restrictions, such as the restriction of movement and shortening 

business hours at time t
Cf   Socio-economic cost caused by the behavioral restrictions
C1  Total number of isolated persons at home or in hotels
C2  Total number of hospitalized persons
CD  Total number of those who take the test to detect infected persons
cr(t)  Occupied rate of health care facilities at time t, defined as H2(t)∕Hc

 
C
r,max  The maximum occupied rate in the management period, defined as max c

r
(�) 

cN  Number of days in which the occupied rate of health care facilities is over 1
Gup  Coefficient to increase the degree of behavioral restrictions
Gdown  Coefficient to decrease the degree of behavioral restrictions
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For simplicity, it is assumed that � = 0.05 is based on the 
data obtained from [59].

Cf  indicates the intensity of implemented behavioral 
restrictions and is calculated as follows: This indicator is an abstract non-dimensional measure and 

satisfies 0 ≤ Cf ≤ 1 . Cf = 0 means that the usual state is 
maintained and Cf = 1 does that the state of emergency is 
executed during the management period T. � is the nonlinear 
effect. We assume that � = 1 in the manuscript and discuss 
cases of � ≠ 1 in the Supplementary file.

As two supplementary indicators, cr,max and cN are intro-
duced to indicate the status of healthcare capacities. cr,max 
is the maximum ratio of the number of occupied beds to the 
number of available beds for healthcare treatment during the 
management period, and is defined as follows:

(11)Cf =
1

T ∫
T

0

(
f (t)

fmax

)�

dt

Table 2  The list of parameters 
(The blank in the Reference 
column means that the value is 
an assumption.)

Symbol Definition Value Reference

N Total population in Tokyo 13 942 856 [55]
on October 1, 2019

�1 Asymptomatic infection rate (derived from Eq. 4)
�2 Symptomatic infection rate (derived from Eq. 4)
�1 Recovery rate of asymptomatically �1 ≈ �h1

infected persons
1∕�2 Mean time from symptom onset to 13.4 [5]

recovery
1∕�h1 Average isolated period 10 [35]
�h2 Discharge rate from hospital 0.07 [36]
1 − p Proportion of asymptomatically infected [0.1 : 0.5] [4, 21, 42, 45]

persons in all the infected persons
1∕� Median of latent period 2.56 [51]
1∕� Difference between the incubation period 2.54 [31, 51]

and the latent period
1∕� the time from the onset to hospitalization 2
� Detection rate of those who are exposed [0 : 0.03]

or asymptomatically infected
ℜ0 Basic reproduction number 2.6 [28, 56]
Hc(t) Number of beds for infected persons to [3300 : 5594] [37]

receive sufficient health care treatment
at time t in Tokyo

� Case fatality rate 0.011⋯ [36]
� Positive rate per RT-PCR test 0.05 [59]
f1 f during the emergency regulations of 0.6 [38]

April-May in 2020 in Tokyo
fmax f the maximum degree of behavioral 0.6

restrictions
T Management period from January 1,

2020 to May 14, 2021 500 days
T1 Response time 7 days
T2 The shortest execution time 14 days
� Nonlinear effect for Cf 1

Table 3  The number of beds for infected persons to receive sufficient 
health care treatment in Tokyo, Hc(t) [37]

Day Date (yyyy/mm/dd) The number of beds

1 ∼ 121 2020/01/01 ∼ 2020/04/30 no data (assumed to be 3300)
122 ∼ 245 2020/05/01 ∼ 2020/09/01 3300
246 ∼ 399 2020/09/02 ∼ 2021/02/02 4000
400 ∼ 413 2021/02/03 ∼ 2021/02/16 4900
414 ∼ 434 2021/02/17 ∼ 2020/03/09 5000
435 ∼ 483 2021/03/10 ∼ 2021/04/27 5048
484 ∼ 500 2021/04/28 ∼ 2021/05/14 5594
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If cr,max < Gup , then the state of emergency is not declared 
and there are no behavioral restrictions within the manage-
ment period. Moreover, if cr,max > 1 , then the capacity of the 
healthcare facilities is overwhelmed at least once during this 
period. cN is defined as the number of days in which cr(t) > 1 
is true. Table 1 shows the list of variables, indicators and 
parameters.

2.4  Management parameter

We conduct the simulation, assuming our policy is imple-
mented in Tokyo, Japan. Let N = 13 942 856 , which supposes 
the population in Tokyo, Japan, on October 1, 2019, [55]. 
Parameters in Eq. 5 are determined as follows. Let 1∕�2 = 13.4 
days [5] and 1∕�h1 = 10 days [35]. �h2 is calculated as the ratio 
of those discharged from the hospital to inpatients, including 
death, in one day based on the data by [36], and our simula-
tion employs �h2 = 0.07. We assume that �1 ≈ �h1 = 0.1 and 
�h3 ≈ �h2 = 0.07 . Let �−1 = 2 , and the sensitivity of D(T) and 
cN to �−1 is discussed in the Supplementary file. The asymp-
tomatic ratio 1 − p has been estimated by proposing various 
methods and using different data (e.g., [4, 21, 42, 45]). The 
estimated values range from 0.1 to 0.5; therefore, we assume 
that p ranges from 0.5 to 0.9 and let p = 0.7 . The latent period 

(12)cr,max = max cr(t) = max

(
H2(t)

Hc(t)

)
�−1 = 2.56 days [51], and the incubation period was 5.1 days 
[31]. Thus, let �−1 = 5.1 − 2.56 = 2.54 days. We assume that 
the management period is 500 days ( T = 500 ) from January 
1, 2020, to May 14, 2021, as the vaccination for people over 
64 years of age was issued in Japan on April 12, 2021, and 
the vaccine doses per capita have rapidly increased since the 
middle of May [46].

In reality, the fatality rate depends on symptoms, age, 
and access to appropriate medical care [64]. However, it is 
assumed to be a constant in this paper. According to the data 
[36], the number of confirmed cases is 77853 from June 1, 
2020, to May 31, 2021, while that of fatalities in the same 
period is 875. Thus, we obtain � = 875∕77853 = 0.011⋯.

Some studies report that the estimated value of the basic 
reproduction number, defined as the average number of 
secondary cases generated by a typical primary case in an 
entirely susceptible population, varies widely from country 
to country [32, 53]. The basic reproduction number for the 
epidemic in Japan was also estimated (e.g., [28, 56]). Kuniya 
[28] reported that it was ℜ0 = 2.6 whose 95% confidence 
interval was 2.4 to 2.8, and therefore, we adopt ℜ0 = 2.6 in 
this paper. Table 2 shows the list of parameters.

Table 3 shows the number of beds available for healthcare 
treatment in Tokyo, Japan. The number of beds available 
for healthcare treatment has increased [37]. Although data 
on the number of beds is missing from January 1, 2021, to 
April 30, 2021, we assume Hc(t) = 3300 during this period.

Table 4  Combinations of Gup 
and Gdown for three scenarios: 
[A] To minimize the number of 
deaths D(T), [B] To minimize 
the socio-economic cost Cf  , 
[C] To minimize Cf  under 
D(T) < 500 and cN = 0

Scenario [A] [B] [C]

Level Gup Gdown Gup Gdown Gup Gdown

1 0.05 0.05 0.95 0.60 0.45 0.25
2 0.05 0.05 1.00 0.95 0.35 0.70
3 0.05 0.05 1.00 0.60 0.65 0.35
4 0.05 0.05 1.00 0.65 0.95 0.15

Fig. 2  (a) The number of cumu-
lative deaths by COVID-19 
D(T) and (b) cr,max with differ-
ent � when f = 0 and �−1 = 2 at 
any time t 
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2.5  Simulation

First, we investigated the behavior of the SEIIIHHHR model 
without feedback control over the degree of behavioral 
restrictions. The simulations were conducted under f (t) = 0 , 
and the sensitivities of D(T) and cr,max were analyzed in rela-
tion to � . Second, we conducted simulations with different 
combinations of Gup and Gdown and verified whether feed-
back control can be effective in reducing D(T), Cf  , and cN . 
Third, based on the combinations of Gup and Gdown , we con-
sidered three different scenarios: [A] to minimize D(T), [B] 
to minimize Cf  , and [C] to minimize Cf  under D(T) < 500 
and cN = 0 . Table 4 shows combinations of Gup and Gdown 
which achieved the goal of the three scenarios when � = 0 
and p = 0.7 . The strategic planning for achieving scenario 
A is to initiate behavioral restrictions early and maintain 
them until the occupied ratio of beds available for healthcare 
treatment is reduced. In contrast, behavioral restrictions in 
scenario B are reinforced when the number of hospitalized 
people increases while scenario C is an intermediate strategy. 
Using these arrangements, we investigated the level of feed-
back control that is more effective in reducing the indicators 
referred to in the previous subsection with different values of 
� . Finally, we explored the performance of feedback control 
when � is governed by a uniform distribution with different 
p values ranging from 0.5 to 0.9. � = �(t) varies on a daily 
basis and ranges from [0.0, 0.03]. Trials were carried out 
1000 times and the statistical values were obtained.

The simulation starts from S(0) = N − 10 , E(0) = 10 , and 
I1(0) = I2(0) = H1(0) = H2(0) = H3(0) = R(0) = 0 . The first 
deceased person due to COVID-19 was confirmed on Febru-
ary 26, 2020, [60]. In Tokyo, 2035 people died of the infec-
tion, and the total period of the state of emergency was 147 
days by May 14, 2021, [36].

3  Results

Figure 2 shows D(T) and cr,max with different detection rate 
� for f = 0 during the management period. Both D(T) and 
cr,max are monotonically decreasing with � , and they are 
larger as the symptomatic rate p becomes higher. For p = 0.7 
as shown in Fig. 2(a), if � ≥ 0.0195 throughout the manage-
ment period, D(T) will be lower than the actual data even 
without any behavioral restrictions. Moreover, according to 
Fig. 2(b), the capacity of health care capacity will be over-
whelmed if � ≤ 0.034 for p = 0.9 . This figure suggests that 

the detection of infected persons should be strengthened to 
contain the epidemic when p is high.

Figure 3 demonstrates the results of simulations with 
p = 0.7 and different combinations of Gup and Gdown using 
three different indicators: D(T), Cf  , and cN . Since these simu-
lations were conducted under � = 0 , the total number of those 
who take the test to detect infected persons, CD , is zero for any 
combinations. Decreasing Gup and Gdown contribute to reduc-
ing D(T), as shown in Fig. 3(a), (d), (g), and (j). When Gup and 
Gdown are high, D(T) rises especially, in the 1-level.

When it comes to Cf  shown in Figure 3(b), (e), (h), and (k), 
the same colored clusters radiate from the origin. The figures 
show a combination of high Gup and Gdown is effective in reduc-
ing Cf  , especially in the lower level feedback control. When 
Gup = 0.05 , Cf  is large in all the levels of the feedback control.

As shown in Fig. 3(c), (f), (i), and (l), a low Gup reduces the 
risk that the capacity of health care facilities is overwhelmed. 
In the case of p = 0.7 , Gup < 0.7 is favorable for keeping the 
health care system with the exception of some combinations 
of the 1-level. In addition, the cN of the 1-level trends to be 
much longer than those in the other levels when Gup ≥ 0.7.

Combinations of Gup and Gdown are selected so that the 
indicators can be reduced. Table 4 shows the best com-
binations of Gup and Gdown for each scenario when � = 0 . 
Figures 4, 5, and 6 demonstrate the sensitivity analysis in 
relation to � for three different scenarios. The combinations 
of Gup and Gdown are fixed regardless of the value of � in the 
simulation. In each figure, panel (a), (b), (c), (d), (e), and (f) 
show D(T), Cf  , C1 , C2 , CD , and cN , respectively.

For scenario A shown in Fig. 4, the D(T) is under 100 
persons in all the levels. The Cf  of the 1-level is lower than 
those of multilevel controls. In � ≥ 0.0295 , behavioral 
restrictions are not implemented and D(T) corresponds to 
the line of p = 0.7 of Fig. 2. The C1 and CD are increasing as 
� is raised. The behaviors of C1 and CD are similar and CD is 
about three times larger than C1 . In addition, the behavior of 
the total number of hospitalized persons, C2 , is also similar 
to that of D(T). As � becomes larger, the period of behavioral 
restrictions is shorter and its initiation is delayed. Thus, the 
D(T) and C2 rise in 0.02 ≤ � ≤ 0.0295 . cN = 0 is maintained 
regardless of � in all the levels and the capacity of health 
care facilities is enough for scenario A.

For scenario B shown in Fig. 5, the Cf  is under 0.27 in 
all the levels, and however, the other indicators are about 10 
times larger than those of scenario A. In the 1-level, the Cf  
is the lowest and the other indicators are the largest of all the 
levels. The cN of the 4-level is the same as those of the 2- and 
3-level and overlaps with them in Fig. 5(f). When � = 0 , cN 
is 83 days in the 1-level and is 31 days in the other levels. 
This implies that many symptomatically infected persons 
cannot be hospitalized and are isolated at home or in hotels. 
The cN is roughly decreasing with increasing � , and however, 
� ≥ 0.0225 should be maintained to achieve cN = 0 during 

Fig. 3  Heat maps of the cumulative number of deaths by COVID-19 
D(T), the socio-economic cost caused by the behavioral restrictions 
Cf  , and the number of days in which the capacity of health care facili-
ties is overwhelmed cN when p = 0.7 and � = 0 . Their units are per-
son, no dimension, and day, respectively

◂
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the management period. The D(T) and C2 of the 3-level surge 
and drop sharply in 0.003 ≤ � ≤ 0.007.

Figure 6 shows the result of scenario C. D(T), C1 , C2 , and 
CD of the 4-level are the smallest in 0 ≤ 𝜃 < 0.02 , while those 
of the 2-level are the smallest in � ≥ 0.02 . The D(T) of the 
2-level exceeded 500 persons in 0.001 ≤ � ≤ 0.006 . The Cf  of 
the 4-level slightly decreases in 0.012 ≤ � ≤ 0.021 and keeps 
high, compared with the other levels. At � = 0.02 , although the 
difference of D(T) of the 4- and 2-levels is just 3(= 253 − 250) 
persons, their Cf  are 0.137 and 0.068, respectively.

Figure 7 shows the sensitivity analysis in relation to p for 
three different scenarios when � fluctuates on a daily basis. 
D(T), Cf  , and CD are shown in the figure, and C1 , C2 , and cN are 
discussed in the Supplementary file. For scenario A shown in 
Fig. 7(a), (b), and (c), means of D(T) are almost constant and 
differences between the maximum and the minimum of D(T) 
are small in all the level. Means of Cf  are increasing and those 
of CD are decreasing with increasing p. The mean of Cf  in the 
1-level is the smallest and the D(T) is the largest. In contrast, the 
4-level resulted in the largest Cf  and the smallest D(T).

For scenario B shown in Fig. 7(d), (e), and (f), means of 
D(T) in the 1- and 2-levels are increasing as p becomes larger 
unlike scenario A. On the other hand, means of Cf  are increas-
ing as p becomes larger, like scenario A. Means of CD are also 
decreasing with increasing p for multilevel feedback controls. 
However, the mean of CD in the 1-level rises at p = 0.7.

Panels (g), (h), and (i) in Fig. 7 show the result of sce-
nario C. Means of D(T) and CD for the 4-level are the small-
est with the exception of p = 0.5 . The Cf  is higher in the 
4-level, and however, differences of the means between the 
4-level and the other levels are decreasing with increasing 
p. According to D(T), Cf  , and CD , the 4-level is relatively 
effective when p is high.

4  Discussion

We established the SEIIIHHHR model as a mathematical epi-
demic model of the COVID-19 and calculated indicators such 
as the socio-economic cost caused by the behavioral restric-
tions Cf  , the total number of those who are isolated at home or 
in hotels C1 , the total number of hospitalized persons C2 , and 
the total number of those who take the test to detect infected 
persons CD as well as the cumulative number of infected deaths 
D(T). We conducted numerical simulations of implementing 
nonpharmaceutical interventions such as detecting infected per-
sons in public spaces and restricting people’s activities. The RT-
PCR testing is not only a monitoring but also an intervention 
measure. As a result of simulations with different detection rate 
� , D(T) and the burden on the health care system are reduced as 
� becomes larger. To develop a measure against the virus with 
uncertain symptomatic rate, we proposed a feedback control 
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of the degree of behavioral restrictions f. The f in the feedback 
control is adapted for how many infected persons occupy the 
health care facility and its trend. We concluded the feedback 
control of f, rather than fixing f, can reduce D(T) and other costs 
to take countermeasures against the virus.

One of the simplest feedback controls is the bang-bang 
control (1-level) which repeats the state of emergency and 
the usual state. We explored a better way and suggested the 
multilevel feedback control in which the band of changing 
f is narrowed. Three different scenarios were prepared for 
our simulations by exploring combinations of two param-
eters Gup and Gdown . We came to some conclusions from 
the simulations. We found out that increasing Gup and Gdown 
reduces Cf  , whereas decreasing Gup and Gdown does D(T). 
The number of days in which the capacity of health care 
facilities is overwhelmed cN depends on Gup regardless of the 
number of levels for feedback control. The result of scenario 
A implied that early initiating and maintaining behavioral 
restrictions can be reasonable to decrease indicators except 
for Cf  . Furthermore, the D(T) in scenario A does not rise 
so much if the proportion of infected persons who develop 
symptoms p is high. Gevertz et al. [19] investigated the best 
timing of initiating and canceling physical distancing and 
argued that it should start early and relax slowly. Our finding 
follows this research. According to Figs. 4 and 5, scenario A 
reduced D(T), C1 , C2 , and CD to about one tenth of those of 

scenario B. On the other hand, its Cf  is larger by 0.08 than 
that of scenario B. From these two scenarios, the bang-bang 
control seemed to be better to reduce Cf  . However, it must 
be noted that Cf  is an abstract measure and the cost to raise 
f is assumed to be linear. The cost to increase f includes 
the monetary compensation for businesses damaged by the 
governmental interventions. A multilevel feedback control 
is preferable to reduce D(T), C1 , C2 , and CD . In scenario C, 
the 4-level feedback control is effective when p is high. As 
p becomes higher, Cf  is increasing and CD is decreasing. The 
C1 , C2 , and CD can be converted into money by multiply-
ing each cost per person. Depending on their unit costs, the 
favorable scenario may be changed.

Our analysis has several limitations. This paper assumed 
the distribution of population is homogeneous while that in 
reality is heterogeneous. We did not consider other important 
factors such as the time delay for aggravation of symptoms, 
the age group of patients, the increase of the number of sui-
cides caused by recession, and the influence of superspread-
ing events reported in [44]. The Japanese government counts 
the number of deceased individuals who were positive for 
COVID-19 reported by jurisdictions, and defines it as infected 
deaths by COVID-19 without specifying the cause of death. 
However, we calculated the number of infected deaths in those 
who are newly confirmed cases in the management period. We 
do not consider how or to what extent we can increase � . The 
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number of beds in health care facilities for infected persons 
with symptoms Hc(t) is assumed to be the same as the actual 
data during the management period in our simulation, but its 
increase may be also effective in reducing indicators [10, 65].

The timing of reinforcing or relaxing the behavioral restric-
tions might be more effective by using other indicators, such as 
the reduction in individual consumption due to the restrictions, 
the estimated number of unconfirmed infections, the number of 
severely ill persons, the number of deaths, or the positive rate 
of the test. Their combinations can be effective because indica-
tors were sometimes unstable as shown in in Figs. 4, 5, and 6. 
In addition, we assumed a time lag of one week because imme-
diate executing or canceling behavioral restrictions may be 
impossible. If we could reduce the time lag of policy change, 
we would manage the situation more effectively.

We ignored a possibility that a successive long strong 
behavioral restriction causes the bankruptcy of business 
for which remote work cannot be substituted. The COVID-
19 cases resurged in Japan from November, 2020 to Janu-
ary, 2021, [1, 27], and the number of infected deaths also 
increased in Tokyo [60]. Karako et al. [27] argued that this 
was because people seemed accustomed to the situation of 
this epidemic and their level of activity was not reduced 
during the period. In Japan, no legal penalties are imposed 
for violating behavioral restrictions called for by the gov-
ernment. In this study, we didn’t consider such people’s 

spontaneous behavior change and assumed the degree of 
behavioral restrictions changes discretely and keeps con-
stant during a certain period in the feedback control. How-
ever, people may reduce their mobility restrictions by them-
selves even though some governmental interventions are 
being implemented [41, 49]. From a point of view of behav-
ioral science, Atkinson-Clement and Pigalle [2] argued that 
a lack of trust towards government measures reduces com-
pliance. The management period of the simulation is from 
January 1, 2020 to May 14, 2021, but the outbreak of the 
SARS-CoV-2 Alpha variants, which has a higher transmis-
sibility [57], was not considered.

The framework in the present study can be applied to another 
infectious disease against which vaccines and specific medicines 
are not developed in the future. A feedback controller approach is 
an effective way even after vaccines and specific medicines are 
developed because of the resurgence of infection cases caused by 
the loss of immunity. However, the knowledge provided by these 
models can only be understood in terms of the dynamical system. 
The structure of the model and its parameters need to be validated 
and improved in response to the appearance of variants which 
have different properties and the development of pharmaceutical 
interventions. Moreover, it must be stressed that if the value of 
statistical life is not converted to economic loss, then there is no 
objective optimal solution and that evaluations made during the 
decision-making process are arbitrary. The Japanese government 
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was late to start administering the COVID-19 vaccination, but 
the vaccine doses per capita have been rapidly increasing since 
the middle of May, 2021 [46]. We will consider a better measure 

against the epidemic under insufficient data and cost-effective-
ness of a variety of anti-contagion measures including pharma-
ceutical interventions such as vaccination.

Fig. 7  Sensitivity of indicators for scenario A (panels (a), (b), and (c)), B (panels (d), (e), and (f)), and C (panels (g), (h), and (i)) in relation to p. 
Point indicates the mean value. The upper and lower bars show the maximum and minimum values, respectively
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Appendix A: Derivation of basic 
reproduction number ℜ

0

The basic reproduction number is derived from Eq. 1 as 
follows:

The linearized system at the disease-free steady state for 
Eq. 1 is

where u, v, w, and x denote the linearized forms of E, I1a , I1b , 
and I2 , respectively. And

The next generation matrix with large domain K is calcu-
lated as

The basic reproduction number ℜ0 is equivalent to the spec-
tral radius of K.

(A1)

⎧
⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
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