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ABSTRACT: In many printing technologies involving multicomponent liquids, the deposition and printing quality depend on the
small-scale transport processes present. For liquids with dispersed particles, the internal flow within the droplet and the evaporation
process control the structure of the deposition pattern on the substrate. In many situations, the velocity field inside microdroplets is
often subject to either thermal or solutal Marangoni convection. Therefore, to achieve more uniform material deposition, the surface
tension-driven flow should be controlled and the effect of different fluid and chemical parameters should be identified. Here, we
employ an axisymmetric numerical model to study droplet spreading and evaporation on isothermal and heated substrates. For
ethanol−water droplets, the effects of the initial contact angle and initial ethanol concentration inside the droplet (solutal Marangoni
number) have been studied. We explore the role of the initial ethanol concentration on the magnitude and structure of the internal
flows for binary mixture droplets. In addition, we show that certain combinations of initial contact angle and initial ethanol
concentration can lead to a more uniform deposition of dispersed particles after all of the liquid has been evaporated.

1. INTRODUCTION

Evaporation of sessile droplets on a substrate is a key
phenomenon in several applications such as spray-cooling
technology, particle self-assembly, colloid crystallization, DNA
or protein deposition, and inkjet printing.1−6 Because of such a
wide range of applications, a great deal of research has been
conducted on this subject, for both pure liquids and binary
mixtures. The fluid motion inside the drop during evaporation
has a significant impact on the final particle distribution.
Computational models can be used to study the effect on the
evaporation process of many of the relevant parameters and
conditions such as fluid properties, shape of the droplet (initial
contact angle), surface tension variation due to temperature or
solute concentration, substrate temperature, and other ambient
conditions.
When a sessile droplet sits on a substrate, it starts to spread

or recede until it reaches an equilibrium radius. The contact
angle is defined as the angle between the liquid−vapor
interface and solid substrate at their intersection (contact line).
The contact angle and contact line dynamics depend on the
properties of the fluid and solid. The problem is complicated if
the liquid in the drop evaporates, if there is temperature
variation, and if the liquid contains additional component

species. If one or more of these factors affect the liquid−air
surface tension, then there is a driving force for Marangoni
convection. If the evaporation of the drop is being used to
deposit an additional constituent in the liquid on the substrate,
then the flow resulting from the different driving forces can
have a significant effect on the deposition pattern. Picknett and
Bexon7 investigated the evaporation of pendant and sessile
droplets on polymer surfaces both theoretically and exper-
imentally. They recognized two phases of evaporation for a
sessile droplet with a contact angle less than 90°. During the
first phase, the contact line is fixed, while the contact angle
decreases due to evaporation. This phase accounts for 90−95%
of the evaporation time for pure water droplets on glass.8 In
the second phase, the contact angle remains constant, while the
contact line recedes. The two phases of evaporation are
illustrated in Figure 1.
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Birdi et al.9 calculated the evaporation rate by measuring the
weight change of water droplets on glass. Their results show
that the evaporation rate remains constant during most of the
evaporation time. Several studies reported that the contact
angle decreases linearly with time through phase I.10−12 Yu et
al.10 showed that the contact angle reduction in phase I and the
depinning of the contact line at the beginning of phase II are
related to contact angle hysteresis. The contact angle hysteresis
is the range of contact angles in which the contact line stays
fixed (pinned contact line). Gleason et al.13 conducted a series
of experiments and numerical simulations, in a quasi-static and
quasi-equilibrium manner, to study the effect of surface
temperature and initial contact angle on the evaporation rate.
Hu and Larson8 reported that the receding contact angle is
approximately 2−4° for water droplets on glass. In this study,
ethanol−water mixture droplets with lower than 50 vol%
fraction of ethanol are analyzed. The depinning process in the
droplets with these ethanol concentrations occurs at the later
stages of evaporation according to the experimental results of
Gurrala et al.14 Because of the higher rate of evaporation of
ethanol compared to that of water, at the depinning stage, most
of the remaining droplet consists of water, which means that
the evaporating droplet transitions to phase II at approximately
2−4°. Since most of the droplet volume evaporates during
phase II and the duration of phase II is very short (5−10% of
the total evaporation time for pure water droplets8), we
hypothesize that the velocity field inside the drop at the end of
phase I determines the deposition pattern. As a result, the
modeling performed in this study focuses on phase I where
evaporation occurs while the contact line is pinned. This
computational model cannot be used to simulate the velocity
field inside the droplet for a binary mixture or pure droplets
with low hysteresis such as polymers or ethanol−water drops

with higher initial ethanol concentrations, in which the pinned
contact line breaks free in the earlier stages of evaporation.
Langmuir15 indicated that under the condition of slow

evaporation, the evaporation of a sessile droplet is restricted by
the diffusion of vapor molecules in still air. Picknett and
Bexon7 and Lebedev16 showed that the vapor concentration
field around a sessile droplet is similar to the electrostatic
potential field around the top half of an equiconvex lens. This
means that both of them satisfy the Laplace equation as long as
the droplet shape remains as a spherical cap. This is based on
the assumption of quasi-steady conditions. For an evaporating
drop, the concentration distribution of liquid−vapor in air has
been obtained using different numerical approaches.7,8,17 Once
the concentration is obtained, the evaporation flux is calculated
from the gradient of the concentration at the interface.
The widely observed deposition of a solute on the substrate

upon evaporation of the liquid droplet is in the form of an
annular region. This resulting shape is known as the coffee ring
phenomenon. Deegan et al.18,19 experimentally studied the
formation of a coffee ring on the substrate. They concluded
that the coffee ring is the result of an outward flow near the
substrate toward the contact line. Deegan et al.19 derived an
approximate equation for the evaporation flux over the surface.
In the case of a pinned contact line, the higher mass loss near
the edge of the drop must be replenished by a fluid flow from
the apex. At the end of phase I, this flow carries suspended
particles and deposits them close to the contact line, which
forms the coffee ring stain.
The nonuniform evaporative flux over the surface of the

drop causes nonuniform cooling along the fluid−air interface.
Since the evaporation flux is higher near the edge of the
droplet, the cooling effect is higher closer to the contact line
and decreases toward the apex of the drop. However, the
thermal conduction from the solid surface tends to be higher

Figure 1. Schematic of the two phases of droplet evaporation.

Figure 2. Schematic illustrating the thermal Marangoni and evaporation-induced flow directions.
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near the contact line (shorter conduction length), which helps
compensate for the local cooling rate variation at different
points on the interfaces. On the other hand, the larger
conduction path from the substrate to the apex of the droplet
reduces the conductive transport to the top of the drop. As a
result, there is a temperature gradient on the liquid−air
interface. This temperature gradient can lead to variation of the
surface tension, which causes a thermal Marangoni shear stress
on the surface. The direction of the Marangoni stress is always
from the location with lower surface tension to the location
with higher surface tension. The thermal Marangoni stress
causes a fluid flow near the interface from the edge of the drop
toward the apex. This flow in combination with the capillary
flow toward the contact line creates a circulation inside the
droplet. The conditions and resulting flow pattern are shown in
Figure 2. For the cases in which the contact line pinning breaks
free toward the end of evaporation, the gradient of evaporation
rate and, as a result, the cooling effects along the interface
decrease. In addition, the height of the droplet is much lower
than at the beginning of evaporation, which means a shorter
conduction length to the apex. Thus, the temperature gradient
over the interface decreases drastically, which results in much
smaller thermal Marangoni stress. Lower evaporation rate leads
to weaker capillary flow. As a result, the velocity field inside the
droplet is weaker at the end of phase I and during phase II.
This further strengthens our hypothesis that the velocity field
at the end of phase I affects deposition patterns significantly.
Several experimental studies have been conducted in the

literature to characterize the internal flow for pure droplets.
Wang and Shi20 experimentally investigated the thermal
Marangoni instability pattern in the transition phase for a
pure droplet during the pinned contact line period. Ye et al.21

conducted a series of experiments to study the internal flow of
a pure ethanol droplet evaporating on a heated substrate and
the thermal Marangoni instability patterns. Xu and Luo22

experimentally observed the thermal Marangoni flow inside
evaporating water droplets using fluorescent nanoparticles.
Their results confirm the presence of the thermal Marangoni
effect in evaporating water droplets.
A variety of numerical models have been developed to

investigate the effect of thermal Marangoni stress on the
convection flow inside droplets. Zhang et al.23 simulated the
experimental configuration studied in ref 21. Girard et al.24,25

studied the effect of surface temperature and initial contact
angle on the temperature distribution and velocity field inside
the drop. They showed that convection has a significant effect

on the heat transfer inside the droplet. Lu et al.26 developed an
evaporation model that included the heat transfer in the
droplet and the substrate while not modeling heat and mass
transfer in the surrounding air. They included both thermal
Marangoni and buoyancy-driven convection in their model and
concluded that the thermal Marangoni flow is dominant for the
range of conditions they simulated. Chen et al.27 developed a
numerical model to investigate the effect of liquid volatility and
initial contact angle on the internal flow pattern for a drying,
pure ethanol droplet. Semenov et al.28 implemented a
computational model using the finite element software
COMSOL to simulate evaporative instabilities in an evaporat-
ing pure sessile droplet. Barmi et al.29 also employed
COMSOL to model the effect of droplet shape and surface
temperature on the internal flow structure.
A number of studies reported that substrate conductivity can

affect the circulation inside the drop and even reverse the
direction of thermal Marangoni flow. Hu and Larson30 added
the effect of surface tension gradient to their earlier analysis31

and addressed the impact of thermal Marangoni flow. They
solved the energy equation in both the droplet and the
substrate to evaluate the impact on the temperature
distribution along the fluid−air interface. Their simulation
results revealed that at a critical contact angle (θc = 14° for
their system), the direction of the Marangoni flow reverses.
Chen et al.32 investigated the effect of thermal properties of the
substrate (thickness, thermal conductivity, and temperature)
on thermal Marangoni flow during evaporation. They studied
different droplet and substrate materials and identified three
characteristic flow structures because of the nonuniform
temperature distribution at the droplet−solid interface.
In addition to thermal effects, the evaporation of binary

mixture droplets can introduce more complex behavior than
that of pure droplets. In particular, when both components of
the mixture are volatile, binary droplets exhibit different
internal flow structures and evaporation dynamics compared to
pure droplets.33,34 In the case of two volatile components, the
higher rate of evaporation of the more volatile component
causes a concentration gradient on the liquid−vapor interface.
This concentration gradient creates a surface tension gradient
along the interface, which results in a solutal Marangoni stress
on the interface. The direction of the solutal Marangoni stress
is from lower to higher surface tension (Figure 3).
Despite the fact that the evaporation of binary mixtures is an

important phenomenon to many applications such as inkjet
printing, there is a smaller amount of existing work. The effect

Figure 3. Schematic illustrating the solutal Marangoni and evaporation-induced flow directions.
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of vapor pressure on the evaporation rate of pure water and
ethanol droplets and of their binary mixture has been
investigated by Liu et al.35 Their results indicate that a small
fraction of ethanol remains inside the droplet until the end of
the evaporation process. The evaporation of this residual
ethanol is controlled by diffusion from inside the drop to the
interface. Sefiane36 conducted experiments on the effect of
concentration and evaporation rate on the wetting and
evaporation behavior of ethanol−water droplets. The paper
identified two stages for the evaporation of the binary droplet:
the first stage when the wetting behavior of the binary droplet
is similar to that for pure ethanol and the stage when it is
similar to pure water.
The first phase of evaporation (constant contact line,

decreasing contact angle) in the case of a binary mixture is
similar to that of pure droplets. The difference is that in pure
droplets, the first phase consists of one stage in which the
droplet volume and height decrease constantly.29 However, the
first phase in the binary mixture has been reported to include
three different stages: the first stage is the evaporation of the
more volatile component; the second stage is called the
transition stage where the evaporation of the more volatile
component decreases and the evaporation of less volatile
component increases; during the third stage, the less volatile
component evaporates.37

Hamamoto et al.38 conducted experiments using micro-
particle image velocimetry (μPIV) to measure the spatial and
temporal velocity variations inside both pure water and
ethanol−water droplets. Their results showed three different
types of internal flows for the ethanol−water droplets:

1. Vortical flow: a number of vortices are present inside the
drop, which exhibit a random rotational direction. These
vortices are assumed to be the result of local
concentration gradients (solutal Marangoni flow).

2. Transient flow: random vortices in phase I decay
exponentially during this phase.

3. Radial flow: this flow structure is the same as the flow at
the end of evaporation for a pure fluid.

Talbot et al. experimentally investigated the drying and
deposition pattern of binary mixtures (ethylene glycol−water
and ethanol−water)39 and the internal flows and particle
transport of methoxypropanol−water and ethanol−water with
polystyrene spheres.40 Their results showed a more uniform
deposition for the low concentration of ethylene glycol (10−30
vol%) and ring formation for higher concentration.39 Also, they
reported ring deposits for all concentrations of ethanol in the
mixture.39,40

Several studies simulated the evaporation of an ethanol−
water binary mixture on a substrate.41−43 Diddens et al.41

developed a lubrication approximation to model the
evaporation of binary droplets with small contact angles.
Their results compare very well with the experimental data but
their model is restricted to droplets with small contact angles.
Diddens42 created a finite element model (FEM) to simulate
the evaporation process of ethanol−water and glycerol−water
droplets. Their model coupled heat and mass transfer with
fluid dynamics inside the droplet. The case they modeled for
ethanol−water mixture has 70 wt% ethanol concentration,
which does not stay pinned for much of the evaporation time.
Diddens et al.43 also developed a three-dimensional finite
element model (FEM) to study the effect of the axisymmetric
assumption on the fluid velocity at the interface. They

compared the results from the axisymmetric model, the
three-dimensional model, and their experimental data for a
case with 57.7 wt% ethanol concentration. They concluded
that the axisymmetric condition is not valid during most of the
evaporation time. Our model is limited to simulating droplets
with lower than 50 vol% ethanol concentration because of the
earlier depinning of the contact line, and based on the
experiments of Christy et al.,34 for a droplet with 25 vol% of
ethanol concentration, nonaxisymmetric vortices appear to be
present in the flow field in the first 23% of the evaporation
time. Since the evidence that these vortices affect the velocity
field at the end of phase I is not definitive, we began with the
axisymmetric assumption for our simulations. However, the full
three-dimensional model would be the next step in the effort to
model the behavior.
There are other parameters that can affect deposition

patterns significantly such as particle−particle or particle−
interface interactions.44−49 Li et al.48 conducted a series of
experiments to examine the effect of evaporation rate and
diffusion rate of particles on the particle−interface interaction
and final deposition pattern. They concluded that in the case of
higher evaporation rate (heated substrate or more volatile
liquid) and lower diffusion rate (larger particles or more
viscous liquid medium), faster-moving interface aggregates
slower-moving particles and inhibits the coffee ring phenom-
enon. Bhardwaj et al.49 studied the effect of Derjaguin−
Landau−Verwey−Overbeek (DLVO) interactions on the final
deposition by varying the pH of droplets experimentally. They
also developed a numerical model that evaluates the van der
Waals and electrostatic forces between the particles and
substrates. Simulating these types of interactions is not the
main concern of this paper. However, adding the ability to
model the particle distribution and interactions between
particles, along with the ability to model the complex phase
II of the evaporation, would yield a powerful tool to simulate
different types of materials and initial conditions and their
effects on the final deposition shape.
In the following, a computational model for a binary droplet

is developed and solved using the finite element method to
study the evaporation process of an axisymmetric sessile
droplet on a substrate with pinned contact line. For the
ethanol−water binary system, the effect of initial concentration
of ethanol and surface temperature is studied. The computa-
tional model is implemented using the COMSOL finite
element software.50 Our computational model is designed to
simulate the flow field inside an ethanol−water droplet with an
initial ethanol concentration of 50 vol% or less. It is not able to
simulate the evaporation of ethanol−water droplets with
higher ethanol concentrations because the depinning process
occurs earlier and the axisymmetric assumption is no longer
valid.

2. METHODS
2.1. Geometry. To study the evaporation dynamics of

binary mixture droplets, an axisymmetric domain consisting of
three subdomains is considered. The assumption of
axisymmetry is reasonable for the drop configuration and is
necessary owing to the requirements of the numerical
solutions. The three subdomains are shown in Figure 4. The
axisymmetric domain extends to a vertical height denoted by H
and an outer radius specified by R. The center of the droplet is
at the origin of the cylindrical polar coordinate system. The
height of the liquid−vapor interface is denoted by h(r, t). The
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droplet has an initial height of h0 at r = 0 and an initial radius
of a, which are determined based on the initial volume and
contact angle of the drop assuming the droplet is a spherical
cap. The thickness of the substrate subdomain is denoted by
Hs.
2.2. Governing Equations and Boundary and Initial

Conditions. The incompressible fluid flow in the binary
droplet is governed by the equation of continuity and the
Navier−Stokes equations as follows

∇· ⃗ =u 0 (1)

ρ μ∂ ⃗
∂

+ ⃗ ∇ ⃗ = −∇ + ∇· ∇ ⃗
u
t

u u p u( . ) ( )
Ä

Ç
ÅÅÅÅÅÅÅÅ

É

Ö
ÑÑÑÑÑÑÑÑ (2)

Density, viscosity, and velocity in the above equations are
those for the binary fluid. Boundary conditions for eqs 1 and 2
are no-slip at the substrate and sum of thermal and solutal
Marangoni shear stresses at the fluid−air interface, which are
defined as

⃗ = =u z0 at 0 (3)

τ τ τ σ σ= + = ∇ + ∇

=

c
c

T
T

z h r t

d
d

d
d

at ( , )

Mg Mg Mg
l,e

t l,e tS T

(4)

where dσ/dT is the gradient of surface tension with respect to
temperature, cl,e is the concentration of ethanol in the mixture,
dσ/dcl,e is the gradient of water surface tension with respect to
ethanol concentration, z = h(r, t) is the position of the
interface at each time, and ∇t is the surface gradient. The value
of dσ/dT for water droplet is taken as a linear function of
temperature (based on the COMSOL Multiphysics Material
Library50)

σ =− × − ×− −

T
T

d
d

4.7 10 1.63 107 5
(5)

To calculate the thermal Marangoni shear stress at the
fluid−air interface, the temperature distribution on the droplet
surface needs to be determined. For this purpose, the energy

equation is solved in the droplet and in the air subdomains
including the convective term

ρ ∂
∂

+ ⃗·∇ = ∇· ∇c
T
t

u T k T( )p
i
k
jjj

y
{
zzz (6)

where ρ is the density, cp is the specific heat coefficient, and k is
the thermal conductivity of the liquid in the drop. For the
substrate subdomain, only the heat conduction equation is
solved

ρ ∂
∂

= ∇· ∇c
T
t

k T( )p (7)

Boundary conditions for eqs 6 and 7 are constant temperatures
at ambient and the substrate boundaries, cooling effect of
evaporation and temperature continuity at the fluid−air
interface, and temperature and flux continuity at the fluid−
solid interface

= ∞T T at ambient condition (8)

= = − [ ] = [ ] − [ ] <

<

T T z r zat ( 1 mm ) and( 6 mm , 1 mm

0)
w

(9)

Δ =− − =H J L J L z h r tat ( , )w w e e (10)

= =T T z h r tat ( , )f a (11)

= − ∇ =− ∇ =T T k T k T z, at 0f s f f s s (12)

Here, Jw, Je, Lw, and Le are the three evaporative fluxes and the
latent heat of evaporation for the solvents and solutes. T∞ and
Tw are the ambient and wall temperatures, respectively. The
subscripts a and s refer to air and substrate, respectively. The
cooling effect of evaporation is applied as a boundary heat
source to the interface.
To obtain a formula for dσ/dcl,e in eq 4 as a function of

ethanol concentration, we first fit a third-degree polynomial to
the result of Vazquez et al.51 Then, we take the derivative of
the polynomial to get the following equation

σ =− × + ×

− ×

− −

−

c
c c

d
d

5.1876 10 1.2 10

7.6396 10

l,e

14
l,e
2 9

l,e

6 (13)

To calculate the solutal Marangoni shear stress at the
interface, the concentration distribution on the droplet surface
must be determined. The ethanol concentration satisfies the
advection−diffusion equation below, which must be solved in
the droplet subdomain

∂
∂

+ ⃗·∇ = ∇· ∇
c

t
u c D c( )l,e

l,e l,e l,e (14)

Convection of the solute in eq 14 will be significant since the
Peclet number for mass transfer, defined as PeD = Ua/Dl,e, will
be much greater than 1. Here, we use the following diffusivity
value of ethanol in water Dl,e = 1.5 × 10−9 [m2.s−1].38 The
boundary conditions for eq 14 are

∂
∂

= =
c

r
r0 at 0l,e

(15)

∂
∂

=− =
c

n
J z h r tat ( , )l,e
e (16)

Figure 4. Schematic of the computational domain.
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∂
∂

= =
c

n
z0 at 0l,e

(17)

After calculating the ethanol concentration distribution
inside the droplet, we can determine the number of moles of
ethanol in the solution by integrating the ethanol concen-
tration over the droplet volume

∮=N c Vd
V

e l,e (18)

From this value, we can obtain the number of moles of water in
the solution, Nw, using the following equation

=
−

N
V N v

v
( ( ))

w
e e

w (19)

where V is the drop volume, and ve = 56.3 [cm3.mol-1] and vw
= 17.4 [cm3.mol-1] are the partial molar volumes of ethanol
and water, respectively. Finally, the molar fraction of water and
ethanol is calculated by

=
+

x
N

N Nw
w

w e (20)

=
+

x
N

N Ne
e

w e (21)

To calculate the solvent and solute evaporative fluxes, the
diffusion equations are solved to get the concentration
distribution of the solvent and solute vapor in the air
subdomain. For most of the binary mixture cases considered
here (except for the validation case), the temperature
difference between the substrate and ambient is less than 1
[K]. As a result, the Rayleigh number (Ra = gβ(Tw − T∞)R

3/
αv) is approximately 0−22 (at 300 [K]), which means that
natural convection is negligible and only the mechanism for
the transport of solute and solution vapors is through diffusion

∂
∂

= ∇· ∇
c

t
D c( )v,w

v,w v,w (22)

∂
∂
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c

t
D c( )v,e

v,e v,e (23)

Boundary conditions for eqs 22 and 23 are

= ×∞ ∞c RH c T( ) at ambient conditionw, w,sat (24)

=∞c 0 at ambient conditione, (25)

∂
∂

=
∂
∂

= = < <
c

n

c

n
z a z R0 and 0 at 0,v,w v,e

(26)

where RH is the relative humidity.
In the case of a binary mixture, the vapor pressure of both

species at the droplet surface is not equal to the saturated
vapor pressure. Raoult’s law52 defines the vapor pressure of
volatile components in the binary mixture. The ethanol−water
mixture has a positive deviation from Raoult’s law and forms a
positive azeotrope, which means that the partial vapor pressure
diagram has a maximum.53 To account for nonideality of the
mixture, an activity coefficient is defined as54

γ = *
p

x pi
i

i i (27)

pi is the partial vapor pressure of component i, and pi* is the
vapor pressure of the pure component i at the same
temperature. Using data from ref 54 and eq 27, we obtain
the activity coefficients as a function of mole fraction for water
and ethanol by fitting the data to a polynomial. The form of
the polynomial for each component is given by

γ = + +x x1.0527 0.4568 1w e
2

e (28)

γ = − +x x4.5284 7.0717 3.5433e e
2

e (29)

From these results, the concentration boundary conditions on
the interface for the diffusion equations in the air subdomain
are

γ=c x c T( )v,w w w w,sat (30)

γ=c x c T( )v,e e e e,sat (31)

cw,sat(T) and ce,sat(T) are the saturated concentrations of water
and ethanol, respectively. They are calculated in the air
subdomain by the equation of state for an ideal gas as c = pv/
RT, and the vapor pressure of water and ethanol is calculated
from the related Antoine equations.55

After calculating the concentration distribution, the
evaporative flux for water and ethanol at the interface is
calculated from

=− ∇J M D cw w w n v,w (32)

=− ∇J M D ce e e n v,e (33)

Mw and Me are the molar weights of water and ethanol,
respectively, Dw and De are the diffusion coefficients of water
and ethanol molecules in air, respectively, and ∇n is the normal
derivative at the surface.
The Bond number, Bo = ga2(ρL − ρA)/σ, characterizes the

effect of gravity on the shape of the droplet resting on a
substrate. For microscale water droplets, the Bond number is
in the range of 10−2−10−1. Therefore, it is reasonable to
assume that the sessile droplet has the shape of a spherical cap
during most of the evaporation time. As a result, the liquid−air
interface is defined geometrically by the function f(r, z) = (Rc

2

− r2)1/2 − (Rc − h0), where Rc = h0/2 + a2/2h0 is the radius of
curvature. The centerline height of the drop, h0, is a function of
time, while the radius a remains constant.
Since the contact line is pinned, the fluid−air interface is

moving only in the z-direction. To track the location of the
liquid−air moving interface, the arbitrary Lagrangian−Eulerian
(ALE) method is utilized with the Laplace smoothing scheme.
The velocity of the droplet interface is calculated based on the
equation proposed by Hu and Larson30

π
= −

−

+ +
++( )

u
h a

h r

a h
h a h

4
2

2

( )i
h a

h

V
t

4 4

3
2

2
2

1/2

2 2

2

d
d

2 2
2 2

i

k

jjjjjjjjjjjjjjjjj
i
k
jjjj

y
{
zzzz

y

{

zzzzzzzzzzzzzzzzz
(34)

where dV/dt is the rate of change of the droplet volume and
is calculated as
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(35)

The initial condition for the velocity field is that the liquid is
quiescent and the pressure inside the droplet is atmospheric.
The water vapor concentration in the air subdomain initially is
equal to the ambient vapor concentration (cw,∞ = RH ×
cw,sat(T∞)). The temperature in both the air and droplet
subdomains is set to an ambient temperature, T = T∞, at the
initial time, while the initial temperature for the substrate
subdomain is equal to the wall temperature (T = Tw). The
initial conditions for ethanol vapor and liquid concentrations
are zero and c0,e, respectively.
2.3. Numerical Solution Methodology. As previously

mentioned, the governing coupled, partial differential equa-
tions are solved numerically by utilizing the finite element
approximation method. The COMSOL Multiphysics software
package is used to formulate and solve the governing model
equations with the appropriate boundary and initial conditions.
The COMSOL Multiphysics software package has various
modules covering a wide range of physical phenomena that can
be used individually or in combination. Each of the modules
provides what are referred to as “interfaces”. The interfaces
consist of governing equations and various options for
boundary and initial conditions. The software package
implements the finite element discretization of the model
equations, and the resulting equation systems can be solved
over the whole problem domain or only certain parts of the
domain. In addition, the module interfaces can be solved
individually or coupled with other module interfaces. One of
the best features of the COMSOL finite element package is the
variety of methods available to handle phase boundaries and
moving interfaces. These features along with the ability to
introduce discrete forms of different equations and boundary
conditions make COMSOL Multiphysics software very well
suited for the present computational model.
In the present study, both the “microfluidics” and “heat

transfer” modules are required to capture all of the appropriate
physics. The “heat transfer in fluid” (HT) interface is
employed to account for the conservation of energy equation
and its boundary conditions. The mass diffusion equation is
handled by the “transport of dilute species” (TDS) interface.

For the binary mixture droplet, we have one equation from the
TDS interface for the air subdomain and another TDS
equation for the concentration of ethanol in the droplet
subdomain. The “laminar single phase flow” (SPF) interface is
utilized to solve the continuity and Navier−Stokes equations
only for the droplet subdomain. Finally, the moving interface
during evaporation time is handled by the “moving mesh”
interface. This interface implements the arbitrary Lagrangian−
Eulerian (ALE) approach for tracking moving boundaries. For
this approach in COMSOL, dynamic meshing is used to
accommodate the changing problem domain.
The problem domain is discretized using triangular

elements. The default quadratic polynomial finite element
basis functions are used to obtain the discrete form of the
governing model equations. The discrete form of all of the
PDEs and boundary conditions yields a nonlinear system of
coupled algebraic equations. For the results presented here, the
numerical solutions were obtained using the fully coupled
solver via the multifrontal massively parallel sparse direct solver
(MUMPS) option with an implicit backward differentiation
formula (BDF) for the time discretization. Unstructured
triangular mesh elements with first-order discretization were
utilized. Various mesh sizes were assessed for mesh
independency, and a mesh has been generated with 7 × 104

elements for the ethanol−water mixture droplet. The mesh
generated for the ethanol−water mixture droplets with the
initial contact angle of 80° is shown in Figure 5, including an
enlarged view of the drop showing the fine resolution close to
the interface.

2.4. Material Properties. For the model solutions
obtained here, the physical and thermodynamic properties of
water and air are assumed to be temperature-dependent. For
these two common fluids, the values of the material properties
from the COMSOL Multiphysics software property data
library have been used in the simulations.50 For the binary
ethanol−water mixture, the density and viscosity are calculated
based on the following equations56

Figure 5. Generated mesh for an ethanol−water droplet with 7 × 104 elements.
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where the subscript m denotes the mixture. For the viscosity
and density values of the individual fluids, we use the
temperature-dependent values from the COMSOL Multi-
physics software property data library.50 The substrate is
considered to be glass for all of the simulations presented here.
2.5. Dimensional Scaling. The droplet evaporation

process is controlled by the diffusion of vapor molecules in
the air subdomain. The characteristic time scale of evaporation
used here is defined based on the sum of the diffusion of water
and ethanol vapor in air as

ρ

π γ

ρ
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=
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y a

M D x c T c

y a
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2 ( ( ) )

2 ( )
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where ye,0 is the initial weight percentage of ethanol in the
mixture and yw,0 = 1 − ye,0.
To find general results for the evaporation time and the

evaporation rate, we have used the following scaling for length,
temperature, and time
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The concentrations and mass flow rates are scaled as follows
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The Marangoni-induced velocity is used to scale the velocity
field inside the droplet. The thermal Marangoni number and
the Marangoni-induced velocity are

σ
μα

=− Δ
T

a T
Mg

d
dT (44)

α
=U

a

Mg
Mg

T
T (45)

In the binary mixture, the presence of ethanol concentration
gradient introduces solutal capillary flow. The solutal
Marangoni number and associated Marangoni-induced velocity
are defined as follows

σ
μ

=−
Δ

c

a c

D
Mg

d
dS

l,e

l,e

m,T l,e (46)

=U
D

a

Mg
Mg

S l,e

S (47)

In addition to a more complete description of the model and
COMSOL implementation, a comprehensive list of the
important dimensionless numbers that govern gravitational,
thermal, solutal, and evaporation effects in the droplet is given
in ref 57. For the simulation parameters considered here, the
relevant range of the dimensionless parameters is listed. Those
numbers are estimated based on the values that have been
chosen for the present study.

3. RESULTS AND DISCUSSION
3.1. Validation. To validate the unified model for the

binary mixture of ethanol−water, the volume fraction of our
numerical simulation is compared against experimental and
theoretical results of Gurrala et al.14 A test case with a = 1.35
[mm], h0 = 1.1 [mm], Tw = 333 [K], T∞ = 295 [K], θi = 78.3°,
and RH = 36 and 18 wt% concentration of ethanol, which is
the same as 20% volume concentration of ethanol case in ref
14,14 is simulated by our model. Figure 6 shows how the
numerical simulation results compare to the experimental and
theoretical results of ref 14. The root-mean-square error
(RMSE) value for our model is 0.035 compared to the
experimental volume fraction, and the value of the cross
correlation is 0.99987, while the RMSE value for their
theoretical model is 0.059 and the cross correlation is
0.98998. The comparison indicates that our results are in
very good agreement with the experimental results, much
better than their theoretical results. From the computational
model, the calculated volume fraction (evaporation rate)
agrees very well with the experimental data for the first half of
nondimensional time (t/te ≤ 0.35), while it underpredicts the
evaporation rate for the second half (t/te > 0.35). This may be
due to the fact that only the diffusion equation is solved in the
air subdomain. As a result, the concentration of ethanol and
water vapor in air subdomain reaches a quasi-equilibrium state,
which decreases the gradient, and therefore the evaporation
rate, compared to the beginning of the process.
The temperature difference between the substrate and

ambient is 38 [K], which leads the Rayleigh number to be in
the range of 700−800 (at 314 [K]). This means that although
the natural convection is not the dominant driving force
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affecting the concentration field, it cannot be ignored in this
case. To simulate the natural convection in the air subdomain,
the airflow field needs to be calculated. To do this, the
compressible Navier−Stokes and continuity equations are
solved for the air subdomain using the “Laminar Flow” module
in COMSOL

ρ ρ∂
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(48)
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(49)

where ρ is the density of air that varies with temperature and is
automatically calculated by the “Non-Isothermal Flow” module
in COMSOL that couples the "Heat Transfer" and "Laminar
Flow" modules. The boundary conditions to solve eqs 48 and
49 are the no-slip (eq 50) at the substrate, slip condition at the
droplet−air interface, and a pressure condition at the outlet
(eq 51)

= =u z0 at 0 (50)
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(51)

p0 is defined as the hydrostatic pressure
ρ= −p zg0 0 (52)

where ρ0 is the density of air at the ambient temperature.
The last step is to use the velocity field in the air subdomain

to solve the convection−diffusion equation

∂
∂

+ ⃗·∇ = ∇· ∇
c

t
u c D c( )v,w

v,w v,w v,w (53)

∂
∂

+ ⃗·∇ = ∇· ∇
c

t
u c D c( )v,e

v,e v,e v,e (54)

The boundary conditions for solving the above-mentioned
equations are the same as those for the diffusion equations
(eqs 24, 25, 26, 30, and 31).
Figure 6 shows the nondimensional volume of the droplet

for the model with natural convection included. The effect of
including natural convection in the model reduces the
differences between the simulation results and the exper-
imental data over the period of evaporation. By adding natural
convection, the RMSE value was reduced for the diffusion−
convection model to 0.269 and the cross-correlation value
improved to 0.99957.
Another effect that can contribute to the evaporation rate is

the convection of ethanol vapor due to a large gradient of
ethanol concentration between the droplet interface and the
ambient boundary concentration. Calculating the evaporation
rate due to convection requires a correlation to estimate the
convective mass transfer coefficient. To the best of our
knowledge, this type of correlation has only been developed for
pure droplets.58 Theoretically, these correlations can be
extended for the binary mixture droplets. However, since our
diffusion-only model predicts the experimental data very well
and we are considering lower ethanol concentrations, we did
not include this contribution in the present model. This
extension to the model could be considered in future work.
Since evaporation is the mechanism responsible for the

volume loss and deriving the internal flow, good agreement in
Figure 6 means the flow patterns should be similar.
Figures 7 and 8 show the concentration contours of ethanol

vapor as [mol.m-3] in the air subdomain for the diffusion-only

and diffusion with natural convection modes at 1[s] after the
start of the process. It can be seen from the plots that in the
diffusion-only mode, based on the solution to the Laplace
equation, the concentration field is symmetric, while with the
addition of natural convection, there is an upward velocity
from the substrate that stretches the concentration field in the
vertical direction and toward the apex of the droplet.

3.2. Droplet Volume. The evaporation rate of the pure
water droplet is approximately constant through evaporation

Figure 6. Comparison of the nondimensional volume of the ethanol−
water droplet as a function of nondimensional time (divided by the
total time of evaporation) for experimental and theoretical results by14

and simulation results of our model for diffusion-only and diffusion
with natural convection modes. Data for the experimental and
theoretical profiles are adapted from Ref 14. Copyright 2019 with
permission from Elsevier.

Figure 7. Concentration contour of ethanol vapor as [mol.m-3] in the
air subdomain for the diffusion-only mode at 1[s] from the beginning
of the evaporation.
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time, which means that the volume of the droplet is decreasing
linearly with time.7,8,15 In this section, the effect of the
presence of the ethanol in the mixture on the rate of change of
volume is investigated. The volume of the droplet is scaled by
the radius of the droplet as follows

̂ =V
V
a3 (55)

The time evolution of droplet volume is illustrated in Figure 9
for a mixture droplet with a 35wt% concentration of ethanol

and initial contact angles of θi = 40, 60, and 80°. Ethanol is the
more volatile component in the mixture since the concen-
tration of ethanol vapor in air is zero at ambient conditions. At
the first stage of evaporation, both water and ethanol evaporate
simultaneously until the ethanol is completely evaporated. At
the second stage, only the remaining water is evaporated. As a
result, the rate of change of droplet volume is faster in the first

stage and is approximately constant during the second stage
(the same as the pure water case).

3.3. Concentration Contours. Since the diffusion
coefficient of ethanol in water is small (Dl,e = 1.5 × 10−9

[m2.s−1]), the diffusion Peclet number is much greater than 1
(PeD = UMga/Dl,e ≫ 1), which means that concentration
distribution inside the droplet is dominated by solute
convection. Velocity streamlines are depicted on top of the
nondimensional concentration contours in Figure 10 for a
mixture droplet with an initial concentration of 35% weight
ethanol and an initial contact angle of θi = 40° at t ̂ = 0.083,
0.167, and 0.25.

At the beginning of the evaporation process, there is a
uniform concentration of ethanol inside the mixture droplet.
As soon as the Marangoni flow inside the droplet takes place,
the concentration distribution mirrors the velocity field
because of the convection-dominated process. Since the
evaporation flux is the highest near the contact line, the
concentration of solute is always minimum at the edge. The
maximum concentration, on the other hand, is at the center of
the vortex formed by the Marangoni convection, where some
of the ethanol molecules become trapped. The velocity
magnitude near the center of the vortex is very small, so the
only way possible for ethanol molecules to escape is via
diffusion, which is very weak. This fraction of ethanol

Figure 8. Concentration contour of ethanol vapor as [mol.m-3]] in
the air subdomain for the diffusion and natural convection modes at 1
[s] from the beginning of the evaporation.

Figure 9. Time evolution of the droplet volume of a binary mixture
droplet with an initial concentration of 35 wt% ethanol and different
initial contact angles of θi = 40, 60, and 80°.

Figure 10. Velocity streamlines on top of the nondimensional
concentration contours for a mixture droplet with an initial
concentration of 35% weight ethanol and an initial contact angle of
θi = 40° at (a) t ̂ = 0.083, (b) t ̂ = 0.167, and (c) t ̂ = 0.25.
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molecules remain in the center of circular flow until the end of
the first stage of evaporation in which the evaporation of
ethanol is controlled by the diffusion of this small fraction
toward the interface.35

3.4. Internal Flow Structure of Thermal and Solutal
Marangoni Convection. The velocity field inside the droplet
at the end of the first phase of evaporation (depinning process)
mostly defines the deposition pattern upon drying. For binary
mixture droplet, thermal Marangoni convection acts in the
same way as the pure water droplet. The direction of thermal
Marangoni flow is always outward near the substrate and
inward near the interface. In this section, we introduce solutal
Marangoni convection to the system as a result of
concentration gradient on the interface. It is shown in Figure
10 that the concentration of solute is minimum at the contact
line (because of the highest evaporative flux) while it obtains
its maximum value near the top of the drop. Surface tension of
water decreases by an increase in ethanol concentration.
Therefore, surface tension is lower at the apex and is higher at
the contact line. The direction of Marangoni stress is always
from the lower surface tension to higher surface tension, so
solutal Marangoni flow is outward near the interface and
inward close to the substrate (reverse direction of thermal

Marangoni). Competition between thermal and solutal
Marangoni defines the velocity field inside the droplet.
Thermal and solutal Marangoni numbers are defined in eqs

44 and 46. We are utilizing these two nondimensional numbers
to determine the dominant Marangoni flow direction. If Mgs >
MgT, solutal Marangoni is dominant and flow direction is from
the apex of the droplet toward the contact line and vice versa.
To scale the velocity field, the Marangoni-induced velocity is
defined as follows

= +U U UMg Mg MgS T (56)

To show the general evaporation dynamics of a binary
mixture droplet, we simulate an ethanol−water droplet with a
= 1.3 [mm] and h0 = 0.46 [mm], Tw = T∞ = 299 [K], θi = 36°,
and RH = 50% (same condition as Kim et al.59). The only
difference between our model and their experiments is that we
did not consider the effect of surfactant in our model.
Three general stages of evaporation in ethanol−water

droplet are shown in Figure 11. In the first stage, which
develops at early evaporation time, several random vortices are
formed inside the droplet as a result of local concentration
gradients. These local concentration gradients have a
significant effect in producing local surface tension gradients
and as a result local vortices. The presence of these multiple

Figure 11. Three stages of evaporation for an ethanol−water droplet with a = 1.3 [mm] and h0 = 0 46 [mm],Tw = T∞ = 299 [K], θi = 36°, and RH
= 50% at (a) t = 0.5 [s], (b) t = 90 [s], and (c) t = 205 [s].
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vortices has been observed by Kim et al.59 and Hamamoto et
al.38 As the droplet evaporates, the concentration of ethanol
near the contact line becomes lower than that of the droplet
apex due to nonuniform evaporative flux. As a result, we have a
strong solutal Marangoni stress acting on the interface toward
the contact line, which creates an outward velocity near the
droplet surface. During this stage, solutal Marangoni is
dominant over thermal Marangoni. Finally, in the third stage,
the ethanol evaporates, completely eliminating the solutal
Marangoni stress. During the last stage, thermal Marangoni
takes over the system and the flow pattern is similar to the pure
water droplet (inward velocity near the interface).
To investigate the deposition pattern of an ethanol−water

droplet, we evaluated all cases at the time of evaporation for
which the contact angle is 15°. The influence of initial ethanol
concentration on the velocity field inside the drop has been
studied. All results presented here are contours of nondimen-
sional velocity magnitude and velocity vectors.
The effect of initial ethanol concentration (solutal

Marangoni number) is demonstrated in Figure 12. The results
presented here are for droplets with an initial contact angle of
θi = 40° at t ̂ = 0.5 on the substrate with a temperature of Tw =
298 [K] with initial ethanol concentrations of 5, 20, and 35 wt
%. The thermal and solutal Marangoni numbers and the
Marangoni-induced velocity are MgS = 0, 61 525, and 125 725,

MgT = 236, 186, and 161, and UMg = 0.032, 0.086, and 0.176
[m·s−1], respectively. These values show that at 5 wt% initial
concentration, ethanol is totally evaporated before the end of
the simulation. Therefore, there is no longer solutal Marangoni
convection and thermal Marangoni flow dominates, so the
direction of Marangoni flow is inward near the interface.
The temperature difference between the top and the edge of

the droplet is lower for higher initial ethanol concentration.
The evaporative cooling effect on the interface is the sum of
the evaporative cooling effect of both ethanol and water. At
higher initial ethanol concentration, the evaporation rate of
water (evaporation cooling effect) is higher and the
evaporation rate of ethanol is lower than the case of lower
initial ethanol concentration (for the case with 5 wt%, the
evaporation cooling is the same as pure water). Since the latent
heat of water is much larger than that of ethanol, evaporative
cooling is increased by a decrease in initial ethanol
concentration, which generates a greater temperature differ-
ence.
For two cases with initial ethanol concentrations of 20 and

35 wt%, the solutal Marangoni number is much higher than the
thermal Marangoni number by at least 2 orders of magnitude.
Therefore, the direction of Marangoni convection inside the
droplet is outward near the interface and inward near the

Figure 12. Effect of initial ethanol concentrations on the velocity field inside the isothermal droplet with an initial contact angle of θi = 40° for (a) 5
wt%, MgS = 0, MgT = 236, UMg = 0.032 [m·s−1], (b) 20 wt%, MgS = 61525, MgT = 186, UMg = 0.086 [m·s−1], and (c) 35 wt%, MgS = 125 725, MgT
= 161, UMg = 0.176 [m·s−1].
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substrate. This flow suppresses the capillary flow, which is the
main reason for the formation of the coffee ring.
The velocity magnitude plots demonstrate greater velocity

magnitude for the case with 35 wt% ethanol. The evaporation
rate of ethanol is higher for greater values of initial ethanol
concentrations. Therefore, the gradient of concentration is
greater between the contact line and the apex, which leads to a
greater solutal Marangoni number.
Potentially, solutal Marangoni flow can prevent the

formation of the coffee ring. However, this would require
that all of the ethanol does not evaporate before the end of the
evaporation process. In order for this to be the case, higher
initial ethanol concentration and lower initial contact angle are
required. In the simulation results, the droplet with a greater
initial contact angle needs more time to evaporate (t ̂ = 2 and
0.75 for a droplet with initial contact angles of θi = 80° and
40°, respectively). The longer evaporation time provides the
opportunity for the ethanol to completely evaporate before
reaching the point when deposition starts. Therefore, based on
the cases simulated, more uniform deposition is obtained for
the case with θi = 40° and 35 wt% of initial ethanol
concentration.

4. CONCLUSIONS
Numerical simulations were used to quantify the evaporation
rate and internal flow structure of sessile droplets of a binary
fluid on heated, isothermal substrates. For the properties of the
ethanol−water system, simulations have been performed for
droplets with different initial contact angles and thermal and
solutal Marangoni numbers. The effect on the velocity field
inside the droplet was investigated.
In the case of binary mixture droplets for the temperature

range considered, solutal Marangoni convection always
dominates the thermal Marangoni-driven flow and creates an
outward flow near the interface. Higher initial ethanol
concentration results in greater solutal capillary convection.
Also, solutal Marangoni flow can suppress the basic capillary
flow and prevent the formation of the coffee ring. All of this
behavior exists before ethanol inside the drop completely
evaporates. The simulation results yield guidance for
processing conditions for the system studied; for exam-
ple, more uniform deposition is obtained for an ethanol−
water binary droplet with an initial contact angle of θi = 40°
and an initial ethanol concentration of 35 wt% or higher.% or
higher.
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