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In this article, we establish the 𝐿𝑝 estimates for a certain class of rough parabolic maximal functions related 
to surfaces of revolution. The obtained estimates allow us to apply an extrapolation argument to extend and 
improve some previously known results.
1. Preliminaries and statement of results

Throughout this article, we assume that 𝑛 ≥ 2 and 𝐒𝑛−1 is the unit 
sphere in the Euclidean space 𝐑𝑛, which is equipped with the normal-

ized Lebesgue surface measure 𝑑𝜇 = 𝑑𝑛𝜇(⋅).
For 𝑗 ∈ {1, 2, ⋯ , 𝑛}, let 𝛼𝑗 be fixed real numbers in the interval [1, ∞), 

and let Ψ ∶ 𝐑𝑛 × 𝐑+ → 𝐑 be a function given by Ψ(𝑣, 𝜆) =
𝑛∑

𝑗=1

𝑣2𝑗
𝜆2𝛼𝑖

with 

𝑣 = (𝑣1, 𝑣2, ⋯ , 𝑣𝑛) ∈ 𝐑𝑛. For each fixed 𝑣 ∈ 𝐑𝑛, the unique solution of 
the equation Ψ(𝑣, 𝜆) = 1 is denoted by 𝜆(𝑣). The authors of [1] proved 
that (𝐑𝑛, 𝜆) is a metric space which is frequently called the mixed ho-

mogeneity space related to {𝛼𝑖}𝑛𝑖=1. Let 𝐷𝜆 (with 𝜆 > 0) be the diagonal 
𝑛 × 𝑛 matrix

𝐷𝜆 =
⎡⎢⎢⎣
𝜆𝛼1 0

⋱
0 𝜆𝛼𝑛

⎤⎥⎥⎦ .
The polar coordinates transform in (𝐑𝑛, 𝜆) is given by the following:

𝑣1 = 𝜆𝛼1 cos𝜗1⋯ cos𝜗𝑛−2 cos𝜗𝑛−1,
𝑣2 = 𝜆𝛼2 cos𝜗1⋯ cos𝜗𝑛−2 sin𝜗𝑛−1,
⋮
𝑣
𝑛−1

= 𝜆
𝛼
𝑛−1 cos𝜗1 sin𝜗2,

𝑣
𝑛
= 𝜆𝛼𝑛 sin𝜗1,

𝑣 ∈𝐑𝑛. Hence, 𝑑𝑣 = 𝜆𝛼−1𝐽 (𝑣′)𝑑𝜆𝑑𝜇(𝑣′), where

𝛼 =
𝑛∑

𝑗=1
𝛼𝑗 , 𝐽 (𝑣′) =

𝑛∑
𝑗=1

𝛼𝑗 (𝑣′𝑗 )
2, 𝑣′ =𝐷𝜆(𝑣)−1𝑣 ∈ 𝐒𝑛−1,
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and 𝜆𝛼−1𝐽 (𝑣′) refers to the Jacobian of the above transforms.

The authors of [1] proved that there is a real constant 𝐶 satisfying 
1 ≤ 𝐽 (𝑣′) ≤ 𝐶 for all 𝑣′ ∈ 𝐒𝑛−1, and 𝐽 (𝑣′) ∈ ∞(𝐒𝑛−1).
Let 𝐾Ω,𝑔 be the kernel on 𝐑𝑛 given by

𝐾Ω,𝑔(𝑣) =
𝑔(𝜆(𝑣))Ω(𝑣)

𝜆(𝑣)𝛼
,

where 𝑔 is a real measurable function on R+, and Ω is an integrable 
function over 𝐒𝑛−1 that satisfies the conditions

Ω(𝐷𝜆𝑣) = Ω(𝑣), ∀𝜆 > 0, (1.1)

and

∫
𝐒𝑛−1

Ω(𝑣′)𝐽 (𝑣′)𝑑𝜇(𝑣′) = 0. (1.2)

For a suitable mapping 𝜓 ∶ R+ → R, we define the maximal operator 
(𝜏)

Ω,𝜓 , for 𝑓 ∈ (𝐑𝑛+1), by

(𝜏)
Ω,𝜓 (𝑓 )(𝑥,𝑥𝑛+1) = sup

𝑔∈Γ𝜏 (𝐑+ , 𝑑𝜆
𝜆
)

||| 𝑇Ω,ℎ,𝜓 (𝑓 )(𝑥,𝑥𝑛+1)||| , (1.3)

where

𝑇Ω,𝑔,𝜓 (𝑓 )(𝑥,𝑥𝑛+1) = 𝑝.𝑣∫
𝐑𝑛

𝑓 (𝑥− 𝑣,𝑥𝑛+1 −𝜓(𝜆(𝑣)))𝐾Ω,𝑔(𝑣)𝑑𝑣 (1.4)

and Γ𝜏 (R+, 𝑑𝜆
𝜆
) (𝜏 ≥ 1) is denoted to the class of all measurable functions 

𝑔 ∶ R+ → R such that
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‖𝑔‖Γ𝜏 (𝐑+ , 𝑑𝜆
𝜆
) =

⎛⎜⎜⎝
∞

∫
0

|𝑔(𝜆)|𝜏 𝑑𝜆

𝜆

⎞⎟⎟⎠
1∕𝜏

≤ 1.

The parabolic singular operator 𝑇Ω,1,𝜆 (𝑔 ≡ 1 and 𝜓(𝜆) = 𝜆) was 
introduced by Fabes and Riviére in [1] in which the authors estab-

lished the 𝐿𝑝 (1 < 𝑝 <∞) boundedness of 𝑇Ω,1,𝜆 whenever Ω ∈ 𝐶1(S𝑛−1). 
Later on, the authors of [2] improved the above result. Precisely, they 
proved that 𝑇Ω,1,𝜆 is bounded for any 𝑝 ∈ (1, ∞) under the condition 
that Ω ∈ 𝐿(log𝐿)(𝐒𝑛−1). Recently, a considerable amount of research 
has been done to obtain the 𝐿𝑝 boundedness of the operator 𝑇Ω,𝑔,𝜓 , the 
readers are refereed (for instance to [3, 4] and the references therein).

When 𝛼1 = ⋯ = 𝛼𝑛 = 1, then 𝛼 = 𝑛, 𝜆(𝑥) = |𝑥| and (𝐑𝑛, 𝜆) = (𝐑𝑛, | ⋅|). In this case, we denote 𝑇Ω,𝑔,𝜓 by 𝑇 𝑐
Ω,𝑔,𝜓 and (𝜏)

Ω,𝜓 by (𝜏),𝑐
Ω,𝜓 . Also, 

when 𝜓(𝜆) = 𝜆 and 𝑔 ≡ 1, then the operator 𝑇 𝑐
Ω,𝑔,𝜓 becomes the classical 

Calderón-Zygmund singular integral operator 𝑇 𝑐
Ω given by

𝑇 𝑐
Ω(𝑓 )(𝑥) = 𝑝.𝑣∫

𝐑𝑛

𝑓 (𝑥− 𝑣)Ω(𝑣
′)

|𝑣|𝑛 𝑑𝑣.

Historically, the study of the singular operator 𝑇 𝑐
Ω started by 

Calderón and Zygmund in [5] in which they showed that 𝑇 𝑐
Ω is bounded 

on 𝐿𝑝(𝐑𝑛) for 1 < 𝑝 < ∞ provided that Ω ∈ 𝐿(log𝐿)(𝐒𝑛−1). Moreover, 
they found that the condition Ω ∈ 𝐿(log𝐿)(𝐒𝑛−1) is optimal in the sense 
that 𝑇 𝑐

Ω may lose the 𝐿𝑝 boundedness for any 𝑝 if Ω is assumed to be in 
the space 𝐿(log𝐿)1−𝛾 (𝐒𝑛−1) for some 𝛾 ∈ (0, 1). Subsequently, the study 
of the 𝐿𝑝 boundedness of 𝑇 𝑐

Ω,𝑔,𝜓 under various conditions on the kernels 
has attracted the attention of many mathematicians. For more informa-

tion about the importance of such operators and their developments, 
the readers are refereed to [6, 7, 8, 9, 10, 11, 12], among numerous 
references.

Again, when 𝜓(𝜆) = 𝜆, then the operator (𝜏),𝑐
Ω,𝜓 is just the classi-

cal maximal operator which is denoted by (𝜏),𝑐
Ω . The operator (𝜏),𝑐

Ω
was first introduced by the authors of [13], who proved that when Ω ∈
(𝐒𝑛−1) and 𝑔 ∈ Γ𝜏 (𝐑+, 𝑑𝑟

𝑟
) for some 1 ≤ 𝜏 ≤ 2, then (𝜏),𝑐

Ω is bounded 
on 𝐿𝑝(𝐑𝑛) for all 𝑝 ∈ ((𝑛𝜏)′, ∞). Afterward, Al-Salman improved this re-

sult in [14]. Precisely, he established the 𝐿𝑝(𝐑𝑛) (𝑝 ≥ 2) boundedness of 
(2),𝑐

Ω under the condition Ω ∈𝐿(log𝐿)1∕2(𝐒𝑛−1). Furthermore, he found 
that the condition Ω ∈ 𝐿(log𝐿)1∕2(𝐒𝑛−1) is optimal in the sense that the 
𝐿2(𝐑𝑛) boundedness of (2),𝑐

Ω is not true when the exponent 1∕2 in 
𝐿(log𝐿)1∕2(𝐒𝑛−1) is replaced by any number 𝜅 ∈ (0, 1∕2). Recently, Al-

Qassem in [6] improved the result in [14]. In fact, he obtained that if 
𝑔 ∈ Γ𝜏 (𝐑+, 𝑑𝑟

𝑟
) for some 1 ≤ 𝜏 ≤ 2, Ω ∈ 𝐿(log𝐿)1∕𝜏′ (𝐒𝑛−1) and the func-

tion 𝜓 is 𝐶2([0, ∞)), increasing and convex with 𝜓(0) = 0, then (𝜏),𝑐
Ω,𝜓

is bounded on 𝐿𝑝(𝐑𝑛+1) for any 𝜏′ ≤ 𝑝 <∞ with 1 < 𝜏 ≤ 2, and also it is 
bounded on 𝐿∞(𝐑𝑛+1) for 𝜏 = 1.

In this paper, we shall get certain estimates for (𝜏)
Ω,𝜓 under weak 

conditions on the kernels, and then we use these estimates in an extrap-

olation argument to establish some new extended and improved results 
in parabolic maximal functions. Also, we shall derive and present sev-

eral applications of our main result. The main result of this paper is 
described in the following theorem.

Theorem 1.1. Let Ω ∈ 𝐿𝑞(𝐒𝑛−1) for some 1 < 𝑞 ≤ 2 with ‖Ω‖𝐿1(𝐒𝑛−1) ≤ 1
and satisfy the conditions (1.1)-(1.2). Assume that 𝜓 is a real-valued poly-

nomial and (𝜏)
Ω,𝜓 is given by (1.3) for some 𝜏 ∈ [1, 2]. Then there is a 

positive constant 𝐶𝑝 such that

‖‖‖(𝜏)
Ω,𝜓 (𝑓 )

‖‖‖𝐿𝑝(𝐑𝑛+1)
≤ 𝐶𝑝

(
1 + log(𝑒+ ‖Ω‖𝐿𝑞 (𝐒𝑛−1))

)1∕𝜏′ ‖𝑓‖𝐿𝑝(𝐑𝑛+1) (1.5)

for 𝜏′ ≤ 𝑝 <∞ with 1 < 𝜏 ≤ 2, and

‖‖‖(1)
Ω,𝜓 (𝑓 )

‖‖‖𝐿∞(𝐑𝑛+1)
≤ 𝐶 ‖𝑓‖𝐿∞(𝐑𝑛+1) . (1.6)

By using the inequalities (1.5)-(1.6) and applying an extrapolation 
argument (see [15, 16, 17, 18]), we obtain the following result:
2

Theorem 1.2. Let 𝜓 be given as in Theorem 1.1 and Ω belong to the space 
𝐵
(0,−1∕𝜏)
𝑞 (𝐒𝑛−1) ∪ 𝐿(log𝐿)1∕𝜏′ (𝐒𝑛−1) for some 𝑞 > 1. Then (𝜏)

Ω,𝜓 is bounded 
on 𝐿𝑝(R𝑛+1) for 𝜏′ ≤ 𝑝 <∞ with 1 < 𝜏 ≤ 2, and it is bounded on 𝐿∞(R𝑛+1)
for 𝜏 = 1.

As a direct consequence of Theorem 1.2 and the observation that

||| 𝑇Ω,𝑔,𝜓 (𝑓 )(𝑥,𝑥𝑛+1)||| ≤ ‖𝑔‖Γ𝜏 (𝐑+ , 𝑑𝜆
𝜆
)(𝜏)

Ω,𝜓 (𝑓 )(𝑥,𝑥𝑛+1)

for any 1 ≤ 𝜏 ≤ 2, we deduce the following:

Corollary 1.3. Assume that 𝜓 and Ω are given as in Theorem 1.2. Let 
𝑔 ∈ Γ𝜏 (𝐑+, 𝑑𝜆

𝜆
) for some 1 ≤ 𝜏 ≤ 2. Then the singular operator 𝑇Ω,𝑔,𝜓 given 

by (1.4) is bounded on 𝐿∞(R𝑛+1) for 𝜏 = 1; and it bounded on 𝐿𝑝(R𝑛+1) for 
𝜏′ ≤ 𝑝 <∞ with 1 < 𝜏 ≤ 2.

In fact, conclusion from Corollary 1.3 and using a standard du-

ality argument (see [[6], Theorem 1.3]), one can easily satisfy the 
𝐿𝑝 boundedness of 𝑇Ω,𝑔,𝜓 for any 1 < 𝑝 < ∞ with 1 < 𝜏 ≤ 2 whenever 
Ω ∈ 𝐵

(0,−1∕𝜏)
𝑞 (𝐒𝑛−1) ∪𝐿(log𝐿)1∕𝜏′ (𝐒𝑛−1).

The generalized parabolic Marcinkiewicz operator related to the 
maximal operator (𝜏)

Ω,𝜓 is given by

𝜇(𝜏)
Ω,𝜓 (𝑓 )(𝑥,𝑥𝑛+1)

=
⎛⎜⎜⎜⎝∫R+

|||||||
1
𝑡 ∫
𝜆(𝑣)≤𝑡

𝑓 (𝑥− 𝑣,𝑥𝑛+1 −𝜓(𝜆(𝑣)))Ω(𝑦)(𝜆(𝑣))−𝛼+1𝑑𝑣
|||||||

𝜏′

𝑑𝑡

⎞⎟⎟⎟⎠

1∕𝜏′

.

(1.7)

It is clear that for any 1 ≤ 𝜏 ≤ 2, we have

𝜇(𝜏)
Ω,𝜓 (𝑓 )(⋅) ≤ 𝐶(𝜏)

Ω,𝜓 (𝑓 )(⋅).

Therefore, we can derive the following result:

Corollary 1.4. Let 𝜓 and Ω be given as in Theorem 1.2. Suppose that 
the generalized parabolic Marcinkiewicz operator 𝜇(𝜏)

Ω,𝜓 is given by (1.7) for 
some 1 ≤ 𝜏 ≤ 2. Then the operator 𝜇(𝜏)

Ω,𝜓 is bounded on 𝐿∞(R𝑛+1) for 𝜏 = 1; 
and it is of type (𝑝, 𝑝) for all 𝑝 ∈ [𝜏′, ∞) with 1 < 𝜏 ≤ 2.

It is worth mentioning that the authors of [19] established the 𝐿𝑝

boundedness of 𝜇(2)
Ω,𝜓 for all 1 < 𝑝 <∞ whenever 𝜓 is a real-valued poly-

nomial and Ω ∈𝐿(log𝐿)1∕2(𝐒𝑛−1) ∪𝐵
(0,−1∕2)
𝑞 (𝐒𝑛−1) for some 𝑞 > 1. On the 

other side, under other constraints different form the above corollary, 
the operator 𝜇(2)

Ω,𝜓 was studied in [20, 21, 22, 23].

Throughout the rest of this article, whenever the letter C appears, it 
refers to a bounded positive constant that may vary at each occurrence 
but independent of the essential variables. Also, whenever Ω ∈𝐿𝑞(𝐒𝑛−1))
for some 𝑞 > 1, we let 𝛽Ω = log(𝑒 + ‖Ω‖𝐿𝑞 (𝐒𝑛−1)).

2. Preliminary lemmas

In this section, we give some auxiliary. Let us start with the follow-

ing lemma.

Lemma 2.1. Let Ω ∈ 𝐿1(𝐒𝑛−1) satisfy the conditions (1.1)-(1.2), and let 𝜓
be a real-valued polynomial. Define the maximal function 𝑀𝜆

Ω,𝜓 by

𝑀𝜆
Ω,𝜓𝑓 (𝑥) = sup

𝐣∈𝐙 ∫
2𝑗≤𝜆(𝑦)≤2𝑗+1

||𝑓 (𝑥− 𝑣,𝑥𝑛+1 −𝜓(𝜆(𝑣)))|| |Ω(𝑣)|𝜆(𝑣)𝛼
𝑑𝑣.

Then, for 1 < 𝑝 ≤∞, we have

‖‖𝑀𝜆
Ω,𝜓 (𝑓 )

‖‖ ≤ 𝐶𝑝 ‖𝑓‖𝐿𝑝(𝐑𝑛+1) ‖Ω‖𝐿1(𝐒𝑛−1) .
‖ ‖𝐿𝑝(𝐑𝑛+1)
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Proof. By a simple change of variables, it is easy to see that

𝑀𝜆
Ω,𝜓𝑓 (𝑥) = sup

𝐣∈𝐙 ∫
𝐒𝑛−1

2𝑗+1

∫
2𝑗

||𝑓 (𝑥−𝐷𝜆𝑢,𝑥𝑛+1 −𝜓(𝜆))Ω(𝑢)𝐽 (𝑢)|| 𝑑𝜆𝜆 𝑑𝜇(𝑢)

≤ 𝐶 sup
𝐣∈𝐙 ∫

𝐒𝑛−1

|Ω(𝑢)|
⎛⎜⎜⎜⎝

2𝑗+1

∫
2𝑗

||𝑓 (𝑥−𝐷𝜆𝑢,𝑥𝑛+1 −𝜓(𝜆))|| 𝑑𝜆𝜆
⎞⎟⎟⎟⎠
𝑑𝜇(𝑢).

Since the maximal function 𝑀 = sup
𝐣∈𝐙

2𝑗+1∫
2𝑗

||𝑓 (𝑥−𝐷𝜆𝑢,𝑥𝑛+1 −𝜓(𝜆))|| 𝑑𝜆

𝜆
is 

bounded on 𝐿𝑝(𝐑𝑛+1) for all 1 < 𝑝 ≤∞ (see [24]), then we directly get

‖‖‖𝑀𝜆
Ω,𝜓 (𝑓 )

‖‖‖𝐿𝑝(𝐑𝑛+1)
≤ 𝐶𝑝 ‖Ω‖𝐿1(𝐒𝑛−1) ‖𝑓‖𝐿𝑝(𝐑𝑛+1) . □

The next lemma can be derived by following the same approaches 
(with only minor modifications) found in [6, 25, 26].

Lemma 2.2. Let 1 < 𝑞 ≤ 2, and let Ω ∈ 𝐿𝑞(𝐒𝑛−1) satisfy the conditions

(1.1)-(1.2) with ‖Ω‖𝐿1(𝐒𝑛−1) ≤ 1. Assume that 𝜓(.) is an arbitrary function 
on 𝐑+. For 𝑘 ∈ 𝐙, define 𝑘,Ω,𝜓 ∶𝐑𝑛+1 →𝐑 by

𝑘,Ω,𝜓 (𝜉, 𝜂) =

22𝛽Ω

∫
1

||||||| ∫
𝐒𝑛−1

Ω(𝑢)𝑘,Ω,𝜓 (𝜆, 𝑢)𝐽 (𝑢)𝑑𝜇(𝑢)
|||||||

2

𝑑𝜆

𝜆
, (2.1)

where

𝑘,Ω,𝜓 (𝜆, 𝑢) = 𝑒
−𝑖
[
2−(𝑘+1)𝛽Ω𝐷𝜆𝑢⋅𝜉+𝜓(2−(𝑘+1)𝛽Ω 𝜆)𝜂

]
(2.2)

Then, there exist constants 𝐶 > 0 and 0 ≤ 𝜖 ≤ 1 so that

𝑘,Ω,𝜓 (𝜉, 𝜂) ≤ 𝐶𝛽Ω min{|||𝐷2−(𝑘+1)𝛽Ω 𝜉
|||−

𝜖
4𝑚𝛽Ω ,

|||𝐷2−(𝑘+1)𝛽Ω 𝜉
|||

𝜖
4𝑚𝛽Ω },

where 𝑚 is denoted to the distinct numbers of {𝛼𝑗}.

Proof. It is easy to check that

𝑘,Ω,𝜓 (𝜉, 𝜂) ≤ 𝐶

22𝛽Ω

∫
1

⎛⎜⎜⎝ ∫
𝐒𝑛−1

|Ω(𝑢)| |||𝑘,Ω,𝜓 (𝜆, 𝑢)
|||𝑑𝜇(𝑢)

⎞⎟⎟⎠
2
𝑑𝜆

𝜆

≤ 𝐶

22𝛽Ω

∫
1

⎛⎜⎜⎝ ∫
𝐒𝑛−1

|Ω(𝑢)|𝑑𝜇(𝑢)⎞⎟⎟⎠
2
𝑑𝜆

𝜆
≤ 𝐶𝛽Ω ‖Ω‖2

𝐿1(𝐒𝑛−1)
≤ 𝐶𝛽Ω.

(2.3)

On one hand, by using [[27], Lemma 2.2], we obtain that

||||||||

22𝛽Ω

∫
1

𝑘,Ω,𝜓 (𝜆, 𝑢)𝑘,Ω,𝜓 (𝜆, 𝑣)
𝑑𝜆

𝜆

||||||||
≤ 𝐶

|||
{
𝐷2−(𝑘+1)𝛽Ω (𝑢− 𝑣) ⋅ 𝜉

}|||−
1
4𝑚

≤ 𝐶
(|(𝑢− 𝑣) ⋅ 𝜁 | |||𝐷2−(𝑘+1)𝛽Ω 𝜉

|||
)− 1

4𝑚
,

(2.4)

where 𝜁 =
𝐷
2−(𝑘+1)𝛽Ω

𝜉

|||𝐷2−(𝑘+1)𝛽Ω
𝜉
|||
. Combining (2.4) with the trivial estimate

||||||||

22𝛽Ω

∫
1

𝑘,Ω,𝜓 (𝜆, 𝑢)𝑘,Ω,𝜓 (𝜆, 𝑣)
𝑑𝜆

𝜆

||||||||
≤ 𝐶𝛽Ω (2.5)

leads to
|||||||
22𝛽Ω

∫
1

𝑘,Ω,𝜓 (𝜆, 𝑢)𝑘,Ω,𝜓 (𝜆, 𝑣)
𝑑𝜆

𝜆

|||||||
≤ 𝐶

(|(𝑢− 𝑣) ⋅ 𝜁 | |||𝐷2−(𝑘+1)𝛽Ω 𝜉
|||
)− 𝜖

4𝑚
𝛽1−𝜖Ω
| |
3

for any 𝜖 ∈ [0, 1]. Now, by Hölder’s inequality, we obtain

(𝑘,Ω,𝜓 (𝜁 )
)𝑞′

≤ 𝐶 ‖Ω‖2𝑞′
𝐿𝑞 (𝐒𝑛−1) ∫

𝐒𝑛−1
∫

𝐒𝑛−1

||||||||

22𝛽Ω

∫
1

𝑘,Ω,𝜓 (𝜆, 𝑢) 𝑘,Ω,𝜓 (𝜆, 𝑣)
𝑑𝜆

𝜆

||||
𝑞′

𝑑𝜇(𝑢)𝑑𝜇(𝑣).

Hence, as 1 < 𝑞 ≤ 2, we choose 𝜖 so that 𝑞
′𝜖
2𝑚 < 1. So, we deduce

𝑘,Ω,𝜓 (𝜁 ) ≤ 𝐶
|||𝐷2−(𝑘+1)𝛽Ω 𝜉

|||−
𝜖
4𝑚 ‖Ω‖2

𝐿1(𝐒𝑛−1)
𝛽1−𝜖Ω ,

which when combined with the trivial estimate (2.3) gives

𝑘,Ω,𝜓 (𝜁 ) ≤ 𝐶
|||𝐷2−(𝑘+1)𝛽Ω 𝜉

|||−
𝜖

4𝑚𝛽Ω 𝛽
1− 𝜖

𝛽Ω
Ω ≤ 𝐶𝛽Ω

|||𝐷2−(𝑘+1)𝛽Ω 𝜉
|||−

𝜖
4𝑚𝛽Ω . (2.6)

On the other hand, by using the cancellation condition (1.2), we 
have

||||||| ∫
𝐒𝑛−1

Ω(𝑢)𝑘,Ω,𝜓 (𝜆, 𝑢)𝐽 (𝑢)𝑑𝜇(𝑢)
|||||||
≤ 𝐶 ∫

𝐒𝑛−1

|Ω(𝑢)| |||𝑒−𝑖2−(𝑘+1)𝛽Ω𝐷𝜆𝑢⋅𝜉 − 1|||𝑑𝜇(𝑢)
≤ 𝐶

|||𝐷2−(𝑘+1)𝛽Ω 𝜆𝜉
||| ‖Ω‖𝐿1(𝐒𝑛−1)

.

Thus, when the last estimate is combined with the trivial estimate

||||||| ∫
𝐒𝑛−1

Ω(𝑢)𝑘,Ω,𝜓 (𝜆, 𝑢)𝐽 (𝑢)𝑑𝜇(𝑢)
|||||||
≤ 𝐶 ‖Ω‖

𝐿1(𝐒𝑛−1)
,

we get

||||||| ∫
𝐒𝑛−1

Ω(𝑢)𝑘,Ω,𝜓 (𝜆, 𝑢)𝐽 (𝑢)𝑑𝜇(𝑢)
|||||||
≤ 𝐶 ‖Ω‖

𝐿1(𝐒𝑛−1)

|||𝐷2−(𝑘+1)𝛽Ω 𝜆𝜉
|||

𝜖
8𝑚𝛽Ω .

Therefore,

𝑘,Ω,𝜓 (𝜁 ) ≤ 𝐶𝛽Ω
|||𝐷2−(𝑘+1)𝛽Ω 𝜉

|||
𝜖

4𝑚𝛽Ω . (2.7)

Consequently, by (2.6) and (2.7), the proof is complete. □

3. Proof of Theorem 1.1

To prove this theorem, we employ similar arguments used in the 
proof of [Theorem 1.6, [6]] and [Theorem 1.1, [17]]. By the duality,

(𝜏)
Ω,𝜓 (𝑓 )(𝑥,𝑥+ 1)

=
⎛⎜⎜⎜⎝

∞

∫
0

||||||| ∫
𝐒𝑛−1

𝑓 (𝑥−𝐷𝜆𝑣,𝑥𝑛+1 −𝜓(𝜆))Ω(𝑣)𝐽 (𝑣)𝑑𝜇(𝑣)
|||||||

𝜏′

𝑑𝜆

𝜆

⎞⎟⎟⎟⎠

1∕𝜏′

,

which gives

‖‖‖(𝜏)
Ω,𝜓 (𝑓 )

‖‖‖𝐿𝑝(R𝑛+1)
= ‖‖𝜆(𝑓 )‖‖𝐿𝑝(𝐿𝜏′ (R+ , 𝑑𝜆

𝜆
),R𝑛+1) , (3.1)

where 𝜆 ∶𝐿𝑝(R𝑛+1) →𝐿𝑝(𝐿𝜏′ (R+, 𝑑𝜆
𝜆
), R𝑛+1) is the linear operator given 

by

𝜆(𝑓 )(𝑥,𝑥𝑛+1) = ∫
𝐒𝑛−1

𝑓 (𝑥−𝐷𝜆𝑣,𝑥𝑛+1 −𝜓(𝜆))Ω(𝑣)𝐽 (𝑣)𝑑𝜇(𝑣).

In order to handle our main result, it is enough to show that

‖‖𝜆(𝑓 )‖‖𝐿∞(𝐿∞(R+ , 𝑑𝜆
𝜆
),R𝑛+1) ≤ 𝐶𝑝 ‖𝑓‖𝐿∞(𝐑𝑛+1) , (3.2)

and

‖‖𝜆(𝑓 )‖‖𝐿𝑝(𝐿2(R+ , 𝑑𝜆 ),R𝑛+1) ≤ 𝐶𝑝(1 + 𝛽Ω)1∕2 ‖𝑓‖𝐿𝑝(𝐑𝑛+1) (3.3)

𝜆
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for 2 ≤ 𝑝 <∞; and then apply the interpolation theorem to the inequal-

ities (3.2)-(3.3) to get

‖‖‖(𝜏)
Ω,𝜓 (𝑓 )

‖‖‖𝐿𝑝(R𝑛+1)
≤ 𝐶𝑝(1 + 𝛽Ω)1∕𝜏

′ ‖𝑓‖𝐿𝑝(𝐑𝑛+1) (3.4)

for 𝜏′ ≤ 𝑝 <∞ with 1 < 𝜏 < 2.

Let us first prove (3.2). In this case we consider 𝜏 = 1; assume that 
𝑔 ∈ 𝐿1(R+, 𝑑𝜆

𝜆
) and 𝑓 ∈ 𝐿∞(R𝑛+1). Then for all (𝑥, 𝑥𝑛+1) ∈ R𝑛 × R, we 

have

|||||||
∞

∫
0

ℎ(𝜆) ∫
𝐒𝑛−1

𝑓 (𝑥−𝐷𝜆𝑣,𝑥𝑛+1 −𝜓(𝜆))Ω(𝑣)𝐽 (𝑣)𝑑𝜇(𝑣)𝑑𝜆
𝜆

|||||||
≤ 𝐶 ‖𝑓‖𝐿∞(R𝑛+1) ‖𝑔‖𝐿1(R+ , 𝑑𝜆

𝜆
) .

Hence, for any 𝑔 with ‖𝑔‖Γ1(R+ , 𝑑𝜆
𝜆
) ≤ 1, we reach

(1)
Ω,𝜓𝑓 (𝑥,𝑥𝑛+1) ≤ 𝐶 ‖𝑓‖𝐿∞(R𝑛+1)

for almost every where (𝑥, 𝑥𝑛+1) ∈ R𝑛+1, which implies

‖‖𝜆(𝑓 )‖‖𝐿∞(𝐿∞(R+ , 𝑑𝜆
𝜆
),R𝑛+1) =

‖‖‖(1)
Ω,𝜓𝑓

‖‖‖𝐿∞(R𝑛+1)
≤ 𝐶 ‖𝑓‖𝐿∞(R𝑛+1) .

Now consider the case 𝜏 = 2. Let 
{
𝜑𝑘

}
𝑘∈𝐙 be a collection of ∞ functions 

on (0, ∞) that satisfy the following:

supp 𝜑𝑘 ⊆ 𝑘,𝛽Ω =
[
2−(𝑘+1)𝛽Ω ,2−(𝑘−1)𝛽Ω

]
; 𝜑𝑘(𝑢) = 𝜑𝑘(𝜆(𝑢)))

0 ≤ 𝜑𝑘 ≤ 1;
∑
𝑘∈𝐙

𝜑𝑘 (𝜆) = 1; 𝑎𝑛𝑑
|||||
𝑑𝑘𝜑𝑘 (𝜆)
𝑑𝜆𝑘

||||| ≤
𝐶𝑘

𝜆𝑘
.

Let Φ𝑘 be the multiplier operators in R𝑛+1 given by

(̂Φ𝑘𝑓 )(𝜉, 𝜂) = 𝜑𝑘(𝜆(𝜉))𝑓 (𝜉, 𝜂) 𝑓𝑜𝑟 (𝜉, 𝜂) ∈𝐑𝑛 ×𝐑.

Then by Minkowski’s inequality, we have for any 𝑓 ∈ (𝐑𝑛+1),

(2)
Ω,𝜓 (𝑓 )(𝑥,𝑥𝑛+1) ≤

∑
𝑗∈𝐙

𝐸(2)
Ω,𝜓,𝑗

(𝑓 )(𝑥,𝑥𝑛+1), (3.5)

where

𝐸(2)
Ω,𝜓,𝑗

(𝑓 )(𝑥,𝑥𝑛+1) =
⎛⎜⎜⎜⎝
∑
𝑘∈𝐙

∫
𝑘,𝛽Ω

|||𝑘+𝑗,𝜆𝑓 (𝑥,𝑥𝑛+1)
|||2 𝑑𝜆

𝜆

⎞⎟⎟⎟⎠

1∕2

,

and

𝑗,𝜆𝑓 (𝑥,𝑥𝑛+1) = ∫
𝐒𝑛−1

(Φ𝑗𝑓 )(𝑥−𝐷𝜆𝑣,𝑥𝑛+1 −𝜓(𝜆))Ω(𝑣)𝐽 (𝑣)𝑑𝜇(𝑣).

Therefore, to satisfy (3.3), it suffices to show

‖‖‖𝐸(2)
Ω,𝜓,𝑗

(𝑓 )‖‖‖𝐿𝑝(𝐑𝑛+1)
≤ 𝐶𝑝

(
1 + 𝛽Ω

)1∕2 2𝜅|𝑗| ‖𝑓‖𝐿𝑝(𝐑𝑛+1) (3.6)

for some 𝐶𝑝, 𝜅 > 0 and for all 𝑝 ≥ 2. The 𝐿2-norm of 𝐸(2)
Ω,𝜓,𝑗

(𝑓 ) is esti-

mated as follows:

‖‖‖𝐸(2)
Ω,𝜓,𝑗

(𝑓 )‖‖‖2𝐿2(𝐑𝑛+1)
≤ ∑

𝑘∈𝐙
∫
𝐑

∫
Δ𝑘+𝑗

|||𝑓 (𝜉, 𝜂)|||2 𝑘,Ω,𝜓 (𝜉, 𝜂)𝑑𝜉𝑑𝜂

≤ 𝐶
(
1 + 𝛽Ω

)
2

−𝜖𝛿|𝑗|
4𝑚

∑
𝑘∈𝐙

∫
𝐑

∫
Δ𝑘+𝑗

|||𝑓 (𝜉, 𝜂)|||2 𝑑𝜉𝑑𝜂

≤ 𝐶
(
1 + 𝛽Ω

)
2

−𝜖𝛿|𝑗|
4𝑚 ‖𝑓‖2

𝐿2(𝐑𝑛+1) , (3.7)

where 𝛿 = max{𝛼1, 𝛼2, ⋯ , 𝛼𝑛} and Δ𝑘 = {𝜉 ∈ 𝐑𝑛 ∶ 𝜆(𝜉) ∈ 𝑘,𝛽Ω}. The last 
inequality is obtained by using Fubini’s theorem, Plancherel’s theorem 
and Lemma 2.2. Hence, when we choose 𝜖 small enough, then the in-

equality (3.6) holds for 𝑝 = 2.
4

On the other side, if 𝑝 > 2, then by the duality, there is ℎ ∈
𝐿(𝑝∕2)′ (𝐑𝑛+1) with ‖ℎ‖

𝐿(𝑝∕2)′ (𝐑𝑛+1) = 1 such that

‖‖‖𝐸(2)
Ω,𝜓,𝑗

(𝑓 )‖‖‖2𝐿𝑝(𝐑𝑛+1)
= ∫
𝐑𝑛+1

22𝛽Ω

∫
1

||||| ∫
𝐒𝑛−1

𝑘+𝑗,Ω,𝜓 (𝜆, 𝑣)

×𝑓 (𝑥−𝐷2−(𝑘+𝑗+1)𝛽Ω 𝜆𝑣, 𝑥𝑛+1 −𝜓(2−(𝑘+𝑗+1)𝛽Ω𝜆))𝑑𝜇(𝑣)
|||||
2

×𝑑𝜆

𝜆
||ℎ(𝑥,𝑥𝑛+1)||𝑑𝑥𝑑𝑥𝑛+1.

Thus, by Hölder’s inequality and Lemma 2.1, we conclude that

‖‖‖𝐸(2)
Ω,𝜓,𝑗

(𝑓 )‖‖‖2𝐿𝑝(𝐑𝑛+1)

≤ ∫
𝐑𝑛+1

||𝑓 (𝑧, 𝑧𝑛+1)||2
22𝛽Ω

∫
1

∫
𝐒𝑛−1

|Ω(𝑣)|

× |||ℎ(𝑧+𝐷2−(𝑘+𝑗+1)𝛽Ω 𝜆𝑣, 𝑧𝑛+1 +𝜓(2−(𝑘+𝑗+1)𝛽Ω𝜆))|||𝑑𝜇(𝑣)𝑑𝜆𝜆 𝑑𝑧𝑑𝑧𝑛+1

≤ 𝐶𝛽Ω

‖‖‖‖‖
∑
𝑘∈𝐙

|||Φ𝑘+𝑗𝑓
|||2
‖‖‖‖‖𝐿(𝑝∕2)(𝐑𝑛+1)

‖‖‖𝑀𝜆
Ω,𝜓 ℎ̃(𝑧)

‖‖‖𝐿(𝑝∕2)′ (𝐑𝑛+1)

≤ 𝐶𝑝𝛽Ω ‖𝑓‖2
𝐿𝑝(𝐑𝑛+1) ‖ℎ‖𝐿(𝑝∕2)′ (𝐑𝑛+1) ‖Ω‖𝐿1(𝐒𝑛−1) ,

where ̃ℎ(𝑧, 𝑧𝑛+1) = ℎ(−𝑧, −𝑧𝑛+1). Hence,

‖‖‖𝐸(2)
Ω,𝜓,𝑗

(𝑓 )‖‖‖𝐿𝑝(𝐑𝑛+1)
≤ 𝐶𝑝

(
1 + 𝛽Ω

)1∕2 ‖𝑓‖𝐿𝑝(𝐑𝑛+1) ,

which when Combined with (3.7) gives that there is 0 < 𝜅 < 1 so that

‖‖‖𝐸(2)
Ω,𝜓,𝑗

(𝑓 )‖‖‖𝐿𝑝(𝐑𝑛+1)
≤ 𝐶2−𝜅|𝑗| (1 + 𝛽Ω

)1∕2 ‖𝑓‖𝐿𝑝(𝐑𝑛+1) (3.8)

for all 𝑝 ≥ 2. Therefore, by (3.5) and (3.8), we satisfy the inequality

(3.3) for 𝜏 = 2. Consequently, the proof of the main result is complete.

4. Conclusions

The appropriate 𝐿𝑝 estimates for the parabolic maximal operator 
given by (1.4) are established whenever 𝜓 is a real-valued polynomial 
and Ω is in 𝐿𝑞(𝐑𝑛) for some 1 < 𝑞 ≤ 2. These obtained estimates are em-

ployed in an extrapolation argument, similar to that used in [17], to 
prove the 𝐿𝑝 boundedness of the aforementioned operator when Ω be-

longs to the block space 𝐵(0,−1∕𝜏)
𝑞 (𝐒𝑛−1) or to the space 𝐿(log𝐿)1∕𝜏′ (𝐒𝑛−1), 

which are considered as improvements and extensions to the results in 
[13, 14]. Moreover, some applications of our results are presented. Pre-

cisely, the boundedness of the parabolic singular operator related to 
our maximal operator is given. In fact, this obtained result generalizes 
the results in [1, 2, 5]. Furthermore, the boundedness of the general-

ized parabolic Marcinkiewicz operator associated to the such operator 
is achieved, which extends the results in [19].
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