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Relating quantum coherence and 
correlations with entropy-based 
measures
Xiao-Li Wang1,2,3, Qiu-Ling Yue1, Chao-Hua Yu1, Fei Gao1 & Su-Juan Qin1

Quantum coherence and quantum correlations are important quantum resources for quantum 
computation and quantum information. In this paper, using entropy-based measures, we investigate 
the relationships between quantum correlated coherence, which is the coherence between subsystems, 
and two main kinds of quantum correlations as defined by quantum discord as well as quantum 
entanglement. In particular, we show that quantum discord and quantum entanglement can be well 
characterized by quantum correlated coherence. Moreover, we prove that the entanglement measure 
formulated by quantum correlated coherence is lower and upper bounded by the relative entropy of 
entanglement and the entanglement of formation, respectively, and equal to the relative entropy of 
entanglement for all the maximally correlated states.

Quantum coherence arising from quantum superposition1, represents a fundamental feature that marks the 
departure of quantum mechanics from classical physics. Recently, many efforts have been devoted to develop 
the resource theory of quantum coherence2–7. Meanwhile, various properties of quantum coherence have been 
investigated such as the connections between quantum coherence and quantum correlations in multipartite sys-
tems8–13, the distillation of coherence5,14,15, the dynamics under noisy evolution of quantum coherence16,17, among 
others. The role of coherence in thermodynamics has also been discussed18,19.

Besides, quantum coherence in multipartite systems involves the essence of quantum correlations. One of 
the potential quantum correlations is quantum entanglement20–24, which has been widely concerned. Another 
kind of quantum correlations is quantum discord25–29, which may even exist in a separable state with vanished 
entanglement. Both of them are crucial resources for the development of quantum technologies, such as quantum 
communication30,31, quantum computation32,33, quantum metrology34, and many more. In these cases, quantum 
correlations indicate an advantage of quantum methods over classical ones.

Note that previous results in ref.13 have established a unified view of quantum discord and quantum entangle-
ment with the framework of quantum coherence based on the l1–norm of coherence. By contrast, we will adopt 
the relative entropy of coherence to explore the concise relationships between quantum discord and quantum 
correlated coherence13, which is the coherence between subsystems. This is based on the fact that the entropy 
plays a crucial role in quantum information theory. Remarkably, quantum correlated coherence can be seen as a 
‘correlation function’, which captures the correlation between subsystems. On the other hand, quantum correlated 
coherence can be used to construct an entanglement measure, which is called the entanglement of coherence 
(EOC)13. However, many important properties, such as additivity, and relations to other entanglement measures, 
have not been investigated. In this paper, using entropy-based measures, we will show that the EOC is lower and 
upper bounded by the relative entropy of entanglement and the entanglement of formation, respectively, and 
equal to the relative entropy of entanglement for maximally correlated states. We also compare the EOC with the 
entanglement measure, which is the minimal discord over state extensions35. Our work provides clear relation-
ships between quantum coherence and correlations with entropy-based measures.

Results
Measures of quantum coherence, entanglement and discord. In the framework of coherence the-
ory4, let {|i〉} be a reference basis in the finite dimensional Hilbert space, and the incoherent sates are those whose 
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density matrices are diagonal in this reference basis, being of the form ∑ p i ii i , where pi are probabilities. The set 
of all incoherent states is denoted as  . It is known that a quantum operation is characterized by a set of Kraus 
operators {Kl} satisfying ∑ =K K Il l l

† . In particular, an incoherent quantum operation is that for which there 
exists a Kraus representation {Kl} such that ∈

σ

σ

K K

Tr K K( )
l l

l l


†

†
 for all l and all σ ∈ . The von Neumann measurement 

with respect to the reference basis {|i〉} (otherwise called the completely dephasing operation11) is a special inco-
herent quantum operation denoted as Π = {|i〉 〈i|}. For any state ρ, we have ρ ρ ρΠ = = ∑ i i i i( ) diag

i . 
Remarkably, any state ρ will generate an incoherent state ρdiag by removing all off-diagonal terms from its density 
matrix in the reference basis under Π. As a quantifier of coherence, we will use the relative entropy of coherence 
which is defined as C Iρ ρ σ= σ∈ S( ) min ( )re , where ρ σ ρ ρ ρ σ= −S Tr Tr( ) ( log ) ( log )2 2  is the quantum relative 
entropy36 and the minimization is taken over the set of incoherent states  . It has been shown that ⋅ ( )re  satisfies 
all the conditions mentioned in ref.4. Crucially, this quantity can be evaluated exactly:  ρ ρ ρ= −S S( ) ( ) ( )re

diag , 
where ρ ρ ρ= −S Tr( ) ( log )2  is the von Neumann entropy36.

In this paper, unless otherwise stated, we will often refer to a bipartite composite quantum system AB, where 
A and B are local subsystems. For convenience, we say the subsystems A and B are held by Alice and Bob, respec-
tively. For a given state ρAB in system AB, the local states of Alice and Bob are denoted as ρA = TrB(ρAB) and 
ρB = TrA(ρAB), respectively, which are obtained by performing a partial trace on ρAB.

Quantum entanglement20–24 is a popular kind of quantum correlations which can not be prepared by local 
operations and classical communication (LOCC). Any state prepared by LOCC is separable. As a quantifier of 
entanglement, we will employ the relative entropy of entanglement21,22 defined as ρ ρ σ= σ∈E S( ) min ( )re AB   with 
the minimization over the set of separable states  . Another closely related quantity is entanglement of forma-
tion20 defined as ρ ψ ψ= ∑ψ{ }E p E( ) min ( )f AB p k k re k k,k k

, where the minimization is taken over all decomposi-
tions of the state pAB k k k kρ ψ ψ= ∑ .

Quantum discord measures the disturbance induced by local measurements to multipartite states25–29. Here, 
we use the discord measure which is based on the entropy theory. Let {|i〉A} and {|j〉B} be some orthonormal bases 
of subsystems A and B, respectively. If Bob performs the von Neumann measurement ΠB = {|j〉B 〈j|} on his subsys-
tem, the post-measurement state of ρAB is denoted as

I j j I j j( ) ( ) ( ),
(1)

B AB
j

A B AB A B∑ρ ρΠ = ⊗ 〈 | 〈 | ⊗ 〈 | 〈 |

where IA is the identity operator on subsystem A. Then, the asymmetric quantum discord with respect to ΠB can 
be written in terms of a difference of relative entropies25–27,

D S S( ) ( ) ( ( ) ( )) (2)
A B

AB AB A B B AB A B BB
ρ ρ ρ ρ ρ ρ ρ= ⊗ − Π ⊗ Π .Π

In the classical-quantum dichotomy, to remove the measurement-basis dependence, the asymmetric quantum 
discord is defined as ρ ρ≡ Π ΠD D( ) min ( )A B

AB
A B

ABB B
 with the minimization over all local von Neumann measure-

ments ΠB. If Alice only performs the von Neumann measurement ΠA = {|i〉A 〈i|} on her subsystem, the similar 
results are available. Besides, if both Alice and Bob perform local von neumannn measurements ΠA and ΠB on 
their respective subsystems, the symmetric quantum discord (global quantum discord in bipartite system27) with 
respect to A BΠ ⊗ Π  is defined as:

D S S( ) ( ) ( ( ) ( ) ( ))AB AB A B A B AB A A B BA B
ρ ρ ρ ρ ρ ρ ρ= ⊗ − Π ⊗ Π Π ⊗ Π .Π ⊗Π

Then, the symmetric quantum discord is defined as ρ ρ≡ Π ⊗Π Π ⊗ΠD D( ) min ( )AB ABA B A B
, with the minimization over 

all the local von Neumann measurements of Alice and Bob.
Recently, Yadin et al.37 studied the asymmetric basis-dependent discord D ( )A B

B
⋅Π , which can be seen as the 

basis-dependent measure of quantumness of correlation, and the properties of ⋅ΠD ( )A B
B

 under the strictly 
incoherent operations were investigated. Here, we will connect the basis-dependent discord and quantum 
correlated coherence.

Quantum correlated coherence and quantum discord. Let {|i〉A} and {|j〉B} be the local reference bases 
of subsystems A and B, respectively, and we usually use their tensor product {|ij〉AB} as the reference basis of the 
composite system AB. For a state ρAB in system AB, its total coherence is ( )re AB ρ , while ρ( )re A  and ( )re B ρ  are 
known as local coherences. Whenever ρAB is a product state, the sum of local coherences is equal to the total 
coherence. Generally, the relative entropy of coherence admits the super-additive property11:

( ) ( ) ( ) (3)re AB re A re Bρ ρ ρ≥ + .  

Thus, the definition of quantum correlated coherence with respect to the relative entropy of coherence is given 
in the following.

Definition 1. (K. C. Tan et al.13) Let {|i〉A} and {|j〉B} be the local reference bases of subsystems A and B, respectively. 
For a given state ρAB in system AB, its quantum correlated coherence is defined as

ρ ρ ρ ρ≡ − − .   ( ) ( ) ( ) ( ) (4)re
cc

AB re AB re A re B
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Obviously, quantum correlated coherence is the total coherence between subsystems and non-negative. In fact, quan-
tum correlated coherence is a ‘correlation function’, which is similar as quantum mutual information36. For a state ρAB, 
whatever the reference bases of subsystems are, its quantum correlated coherence is always zero, if and only if ρAB has 
no correlations i.e., AB A Bρ ρ ρ= ⊗ . The ‘only if ’ part is directly derived from the Theorem 1 below. In this sense, quan-
tum correlated coherence can be seen as the basis-dependent measure of quantumness of correlation and accounts for 
quantum correlations, for example, quantum discord.

With respect to the local reference bases of {|i〉A} and {|j〉B} of subsystems A and B, respectively, the local von 
Neumann measurements of Alice and Bob are denoted as ΠA = {|i〉A 〈i|} and ΠB = {|j〉B 〈j|}, respectively. ΠA and 
ΠB are also called completely resource (coherence) destroying maps which play a crucial role in the resource 
theory of coherence38. By direct calculation, we get that the consumption of quantum correlated coherence for 
any state ρAB under ΠB coincides with the asymmetric basis-dependent discord D ( )A B

ABB
ρΠ , i.e., 

ρ ρ ρ− Π = Π  D( ) ( ( )) ( )re
cc

AB re
cc

B AB
A B

ABB
. According to the condition for the asymmetric basis-dependent discord 

ρΠD ( )A B
ABB

 to vanish37, we have the following result.

Proposition 1. Let {|i〉A} and {|j〉B} be the local reference bases of subsystems A and B, respectively, and the local 
von Neumann measurement in the basis {|j〉B} is denoted as ΠB. For a given state ρAB in system AB, its quantum 
correlated coherence remains unchanged under ΠB, i.e.,  ( ) ( ( ))re

cc
AB re

cc
B ABρ ρ= Π , if and only if there exists a 

decomposition ρ ρ ρ= ∑ ⊗α α
α αpAB A B  such that pα are probabilities and all the states ρ α

B  are perfectly distinguish-
able by the von Neumann measurement in the reference basis {|j〉B}.

In Proposition 1, two different states, which are perfectly distinguishable by the von Neumann measurement 
in the reference basis {|j〉B}, must have disjoint coherence support. The coherence support of a state is the set of 
some incoherent basis vectors which have nonzero overlap with the state37. Proposition 1 provides a concise rela-
tionship between quantum correlated coherence and quantum-classical states29 for some local reference bases of 
subsystems A and B.

Using the very similar arguments as D ( )A B
ABB

ρΠ , we obtain that quantum correlated coherence is corre-
sponding to the symmetric basis-dependent discord ρ ρ= Π ⊗ΠD( ) ( )re

cc
AB ABA B

 . Moreover, we also find the con-
dition for quantum correlated coherence (the symmetric basis-dependent discord) to vanish.

Theorem 1. Let {|i〉A} and {|j〉B} be the local reference bases of subsystems A and B, respectively. For a given state 
ρAB in system AB, its quantum correlated coherence is equal to zero, i.e.,  ( ) 0re

cc
ABρ = , if and only if there exists a 

decomposition,

∑ρ ρ ρ= ⊗p ,
(5)AB

k l
kl A

k
B
l

,

such that pkl are probabilities, and all the states ρA
k and ρB

l are perfectly distinguishable by the local von Neumann 
measurements with respect to the local reference bases {|i〉A} and {|j〉B}, respectively.

Proof. To prove the sufficiency, we will use the following property of von Neumann entropy36,

S p h p p S({ }) ( ),
(6)i

i i i
i

i i∑ ∑ρ ρ










= +

where h({pi}) is Shannon entropy and all ρi have support on orthogonal subspaces. Since all A
kρ  and B

lρ  are perfectly 
distinguishable by the local von Neumann measurements in the local reference bases {|i〉A} and {|j〉B}, respectively, 
{ }A

k l( )ρ , ρ ρ⊗{ }A
k

B
l , ρ{ }A

k l diag( ) , and { }A
kdiag

B
ldiagρ ρ⊗  are sets of states with support on orthogonal subspaces. Direct 

calculation shows that ( ) 0re
cc

AB ρ = .
Note that  S( ) ( )re

cc
AB AB A Bρ ρ ρ ρ= ⊗  − ρ ρ ρΠ ⊗ Π Π ⊗ ΠS( ( ) ( ) ( ))A B AB A A B B , where ΠA and ΠB are the local von 

Neumann measurements in the local reference bases {|i〉A} and {|j〉B}, respectively. To prove the necessity, we will 
use the condition for the quantum relative entropy which is unchanged under a quantum operation39,40 and the 
explicit proof is left to the Methods.

Theorem 1 has several implications. First, it implies that a state with vanished quantum correlated coher-
ence is a specially classical-classical state41 but not necessary to be a bipartite incoherent state8,13. Particularly, a 
qubit-qubit state with vanished quantum correlated coherence is a product states or a bipartite incoherent state. 
More complex cases only emerge in higher dimension. For example, the following qutrit-qutrit state with van-
ished quantum correlated coherence, has yet local coherences:

( ) ( )0 0 0 0 2 2 1 1 ,AB
1
2

1
2

1
2 01 01

2
3

1
3 02 02

1
2

ρ = + + + ⊗ + + + + ⊗

where |+ 〉 = | 〉 + | 〉i j( )ij
1
2

 and the reference basis of each subsystem is the computable basis. Second, Theorem 
1 indicates the structure of bipartite states which satisfy the super-additive property of the relative entropy of 
coherence with equality. This settles an important question left open in previous literature11,42 that whether the 
equality of Eq. (3) holds if and only if ρAB is product or incoherent. Finally, if we choose the local eigenbases of ρA 
and ρB as the reference bases of subsystems A and B, respectively, Proposition 1 and Theorem 1 reduce to the 
corresponding results in ref.13. In this sense, our results somewhat generalize the previous results.

The above results show that quantum correlated coherence and the basis-dependent discord are closely related. Due 
to the equality ρ ρ= Π ⊗ΠD( ) ( )re

cc
AB ABA B

 , the symmetric quantum discord is rewritten as ρ ρ=D( ) min ( )AB i j re
cc

AB{ , }A B
 . 
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Recall that the symmetric quantum discord based on the pseudo distance of relative entropy is equal to the basis-free 
quantum coherence12,28, which is denoted as ρ ρ=( ) min ( )free

AB i j re AB{ , }A B
  . Both of the minimization are taken over 

all the local generic bases {|i〉A} and {|j〉B} of subsystems A and B, respectively. However, one may also consider defining 
a discord measure DPOVM(·) via general local positive-operator-valued measurements (POVMs) on each subsystem25,29 
instead of the local von Neumann measurements. Comparing these three quantifiers of quantum discord, we easily 
have the inequality  ρ ρ ρ≥ ≥D D( ) ( ) ( )free

AB AB POVM AB . Whenever these three quantities are zero, the corresponding 
states are classical-classical states26,41. Similarly, the asymmetric quantum discord DA|B(ρAB) can also be represented by 
quantum correlated coherence.

In multipartite systems, the global quantum discord (GQD)27 can even be represented with quantum corre-
lated coherence. It is worth noting that the reference basis of a multipartite system is the tensor product of the 
local reference bases of all the subsystems. For a N-partite state ρ

C C CN1 2
, its GQD is represented as 

ρ ρ=






D( ) min ( )C C C i i i re
cc

C C C{ , , , }N C C N CN N1 2 1 1 2 2 1 2
, where the minimization is taken over all the generic bases of 

the multipartite system. With respect to some reference basis of the N-partite system, 
i i i{ }C C N C1 2 N1 2

, it holds 
that 

 

( ) ( ) ( )re
cc

C C C re C C C i re CN N i1 2 1 2
  ρ ρ ρ= − ∑ . Using the super-additive property of the relative entropy of 

coherence given in inequality (3), we are easy to get that the GQD of any N-partite state is non-negative and for 
a multipartite classical state it is equal to zero. This provides a simple proof of the non-negativity of the GQD 
in ref.27. These results mean that quantum discord in multipartite systems can be better understood with the 
framework of quantum coherence.

Quantum correlated coherence and quantum entanglement. According to the above discussion, 
we know that if for arbitrary local reference bases of subsystems A and B, the quantum correlated coherence 
of ρAB does not vanish, there must exist quantum correlation (quantum discord) between subsystems A and B. 
Moreover, it is also possible to characterize entanglement with quantum correlated coherence via state extensions, 
for example, the entanglement of coherence (EOC)13. Then, entanglement can be seen as the irreducible residue 
of quantum correlated coherence. This highlights the non-locality of quantum entanglement.

In the following, we will discuss some properties of the EOC. For a given state ρAB in system AB, a bipartite 
state ρAA′BB′ is an extension of ρAB if ρAA′BB′ satisfies TrA′B′(ρAA′BB′) = ρAB, where subsystems AA′ and BB′ are held by 
Alice and Bob, respectively13,43. The following definition of the EOC establish a connection between entanglement 
and quantum correlated coherence.

Definition 2. (K. C. Tan et al.13) For a given state ρAB, ρAA′BB′ is its unitarily symmetric extension and let the local 
eigenbases of ρAA′ and ρBB′ be the local reference bases of subsystems AA′ and BB′, respectively. The entanglement of 
coherence (EOC) of ρAB is defined as

E ( ) min ( ), (7)re
cc

AB re
cc

AA BBρ ρ≡ ′ ′

where the minimization is taken over all possible unitarily symmetric extensions ρAA′BB′.
In Definition 2, the extension ρAA′BB′ is unitarily symmetric if it remains invariant up to local unitary oper-

ations on AA′ and BB′ under a system swap between Alice and Bob. It has been shown that the EOC has the 
properties13: non-negative, vanished for separated states, invariant under local unitary operations, non-increasing 
under LOCC operations, and convex. Furthermore, using entropy-based measures, we give the bounds of the 
EOC.

Theorem 2. For a given state ρAB, it holds that

E E E( ) ( ) ( ) (8)re AB re
cc

AB f ABρ ρ ρ≤ ≤ .

If ρAB is a pure state, these three quantities in inequality (8) are equal.

Proof. Taking some unitarily symmetric extension ρAA′BB′ of ρAB, we have

ρ ρ ρ ρ= ≥ ≥′ ′ ′ ′ ′ ′E E( ) ( ) ( ) ( ), (9)re
cc

AA BB re AA BB re AA BB re AB 

where the first inequality is due to that the relative entropy of coherence is no less than the relative entropy of 
entanglement for a state12, and the last inequality is due to that entanglement is un-increased under LOCC oper-
ations21,22. Then, the inequality (9) means that E E( ) ( )re AB re

cc
ABρ ρ≤ .

To prove the inequality ρ ρ≤E E( ) ( )re
cc

AB f AB , we consider the optimal decomposition of the state 
⁎ ⁎ ⁎pAB i i i iρ ψ ψ= ∑  such that ρ ψ ψ= ∑ ⁎ ⁎ ⁎E p E( ) ( )f AB i i re i i . Every state ψ ⁎

i  is represented with the Schmidt 
decomposition ψ λ= ∑ j ji j j i A i Bi i

⁎ . For every i, {|ji〉A} and {|ji〉B} are expanded to be the orthonormal bases of 
subsystems A and B, respectively, but both of them are still labeled with original symbols. Define the state

∑ ∑ρ λ λ≡ ⊗
′

⊗ ⊗′ ′
∆ ′ ′

′
′

′
⁎p j j i i j j i i ,AA BB

i
i

j j
j j i A i A i B i B

,i i
i i

where {|i〉A′(B′)} is the orthonormal basis of system A′(B′). Note that {|ji〉A|i〉A′} and {|ji〉B|i〉B′} are local eigenbases 
of ρAA′ and ρBB′, respectively. Let = ∑ ⊗′ ′ ′

U j j i iAA i j i BA i B A, i
 and = ∑ ⊗′ ′ ′

U j j i iBB i j i AB i A B, i
 and a little 

thought shows that these two unitary operators satisfy



www.nature.com/scientificreports/

5ScIENTIfIc REPORtS | 7: 12122  | DOI:10.1038/s41598-017-09332-9

† † †ρ ρ⊗ ⊗ =′ ′ ′ ′
∆

′ ′ ′ ′
∆U U T T U U( ) ,AA BB swap AA BB swap AA BB AA BB

where Tswap denotes the swap operator with respect to the local eigenbases of ρAA′ and ρBB′, i.e., {|ji〉A|i〉A′} and 
{|ji〉B|i〉B′}. Therefore, ρAA′BB′ is unitarily symmetric. Consequently, we calculate the quantum correlated coherence 
of AA BBρ ′ ′

∆ ,

⁎

⁎

p S j j j j

p S j j

E

( ) ( )

( ),

re
cc

AA BB re AA BB

i
i

j
j i A i i B i

i
i

j
j i A i

f AB

2

2

i
i

i
i

∑ ∑

∑ ∑

ρ ρ

λ

λ

ρ

=

=





⊗







=












=

′ ′
∆

′ ′
∆ 

where the second equality is due to the property of von Neumann entropy given in Eq. (6). The above equality implies 
that ρ ρ ρ≤ =′ ′

∆E E( ) ( ) ( )re
cc

AB re
cc

AA BB f AB . If ρAB is a pure state, its relative entropy of entanglement is equal to its entan-
glement of formation, and then equal to its EOC. Hence, the desired results of Theorem 2 are obtained. □

From Theorem 2, we conclude that the EOC is not strictly less than the relative entropy of entanglement for a 
bipartite state, since for pure states they are equal. Moreover, for a maximally correlated state44, it is of the form:

∑ρ ρ= ⊗s t s t ,
(10)AB

s t
st A B

,

where {|s〉A} and {|t〉B} are some orthonormal bases of subsystems A and B respectively and ρst are the matrix 
elements. Then, its EOC is also equal to its relative entropy of entanglement. We show this result in the following 
theorem.

Theorem 3. For any maximally correlated state ρAB as given in Eq. (10), its EOC is equal to its relative entropy of 
entanglement, i.e., ρ ρ=E E( ) ( )re

cc
AB re AB .

Proof: For the maximally correlated state ρAB, it has the form given in Eq. (10). Let the local eigenbases of ρA and 
ρB, i.e., {|s〉A} and {|t〉B}, be the local reference bases of subsystems A and B, respectively. According to the  
ref.8,we have ⁎ρ ρ= E( ) ( )re A re AB , where ρ ρ= ∑ s tA s t st A,

⁎  in subsystem A. Direct calculation yields 
ρ ρ ρ= −S S( ) ( ) ( )re

cc
AB AB

diag
AB  = ρ ρ ρ− =⁎ ⁎ ⁎S S( ) ( ) ( )A

diag
A re A . Obviously, ρ ⊗ ′ ′00 00AB A B  ia a unitarily symmetric 

extension of ρAB. With respect to the local eigenbases of ρAA′ and ρBB′ as the fixed bases of subsystems  
AA′ and BB′, respectively, we have the equality ρ ρ⊗ | 〉 〈 | =′ ′ ( 00 00 ) ( )re

cc
AB A B re

cc
AB . Then, it holds that 

ρ ρ ρ≤ ⊗ =′ ′E ( ) ( 00 00 ) ( )re
cc

AB re
cc

AB A B re
cc

AB  . Combining the aforementioned results and Theorem 2, we arrive 
at the result ρ ρ=E E( ) ( )re

cc
AB re AB . □

Using the proof of Theorem 3, we confirm that for a maximally correlated state ρAB, its EOC is even equal to its 
quantum correlated coherence with respect to the local eigenbases of ρA and ρB, respectively. Moreover, with 
Theorem 3, it is easy to find a state for which the EOC is strictly less than the entanglement of formation, for 
example, the maximally correlated Bell diagonal state in the two-qubit system20,21, AB

mc 3
4

1
4

ρ = Φ Φ + Φ Φ+ + − − , 
where ( 00 11 )1

2
|Φ 〉 = | 〉 ± | 〉± . However, we do not know whether the EOC is equal to the relative entropy of 

entanglement for any mixed state. In addition, for any bipartite state ρAB and τCD, the EOC satisfies the following 
sub-additivity,

E E E E Emax { ( ), ( )} ( ) ( ) ( )re
cc

AB re
cc

CD re
cc

AB CD re
cc

AB re
cc

CDρ τ ρ τ ρ τ≤ ⊗ ≤ + .

An alternative measure of entanglement formulated by quantum correlated coherence (quantum discord) is 
defined as ρ ρ≡ ′ ′E D( ) min ( )re

cc
AB AA BB , where the minimization is taken over all possible unitarily symmetric 

extensions ρAA′BB′ of ρAB, and ρ ρ=′ ′ | 〉 | 〉 ′ ′′ ′
D( ) min ( )AA BB i j re

cc
AA BB{ , }AA BB

, with the minimization over all reference 
bases {|i〉AA′} and {|j〉BB′} of subsystems AA′ and BB′, respectively. Removing the the property of unitary symmetry 
of extension ρAA′BB′ in the definition E ( )re

cc
ABρ , we denote this new measure of entanglement as E ( )re

cc
ABρ . 

Remarkably, ρE ( )re
cc

AB  is equivalent to the entanglement measure E which is the minimal discord over state exten-
sions35. Moreover, ρE ( )re

cc
AB  and E ( )re

cc
AB

 ρ  have the properties: non-negative, vanished for separated states, invariant 
under local unitary operations, non-increasing under local operations, convex and upper bounded by entangle-
ment of formation Ef (ρAB). However, the properties of E ( )re

cc
ABρ  and ρE ( )re

cc
AB

 , which are the invariance 
(non-increasing property) under classical communication and the relation to the relative entropy of entangle-
ment, are not clear. In this sense, the EOC is more advantageous than E ( )re

cc
ABρ  and ρE ( )re

cc
AB

 .
In multipartite systems, there exists an entanglement measure like the definition of EOC. For a N-partite state 



ρC C CN1 2
, its entanglement of coherence is defined as E ( ) min ( )re

cc
C C C re

cc
C C C C C CN N N1 2 1 1 2 2

ρ ρ≡ ′ ′ ′
 

 , where the min-
imization is taken over all possible unitarily symmetric extensions ρ ′ ′ ′

C C C C C CN N1 1 2 2
 of ρC C CN1 2

, 
Tr ( )C C C C C C C C C C C CN N N N1 2 1 1 2 2 1 2

ρ ρ=′ ′ ′ ′ ′ ′

 

, and the local fixed bases are the eigenbases of ρ ′C C1 1
, ρ ′C C2 2

, …, and ρ ′C CN N
, 

respectively. Note that the extension 


ρ ′ ′ ′C C C C C CN N1 1 2 2
 is unitarily symmetric if it remains invariant up to local uni-
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tary operations on C Ci i′ and ′C Cj j  under a system swap between C Ci i′ and C Cj j′ for any i, j = 1, 2, …, N. Referring 
to the proofs of EOC as an entanglement measure13, we can show that ρ



E ( )re
cc

C C CN1 2
 has the properties: 

non-negative and vanished for separated states, invariant under local unitary operations, non-increasing under 
LOCC operations, and convex. These results show that the entanglement in multipartite systems can also be char-
acterized by quantum correlated coherence via state extensions.

Discussion
In this paper, using entropy-based measures, we have obtained the concise relationships between quantum coher-
ence and quantum discord as well as quantum entanglement. The results mean that quantum discord and entangle-
ment can be well characterized by quantum correlated coherence. In particular, we gave the condition for quantum 
correlated coherence (symmetric basis-dependent discord)to vanish, and this condition provides the explicit struc-
ture of states which satisfy the super-additive property of the relative entropy of coherence with equality. We further 
proved the lower and upper bounds of the EOC and showed that the EOC is equal to the relative entropy of entan-
glement in a large number of scenarios including all pure states and maximally correlated states. For pure states, 
the LOCC monotonicity (monotonicity on average under LOCC operations24,45) of EOC is easily obtained with 
Theorem 2. However, we do not know whether the EOC of a general mixed state is LOCC monotone24,45, and we 
leave it open for future research. Finally, we also generalized our results to multipartite settings.

Quite remarkably, one-way basis-dependent quantum deficit in the bibapartite quantum system is equal to the 
amount of the total coherence lost by the von Neumann measurement with respect to the reference basis of one of the 
subsystems11. These results suggest that the quantum properties of correlations originate from the quantum properties 
of coherence and quantum correlations can be unified understood within the framework of coherence. We hope that 
this work is helpful for further understanding quantum correlations and developing quantum technologies.

Methods
Proof of Theorem 1 in the main text. Here, we prove that a state ρAB with vanished quantum correlated 
coherence has a decomposition given in Eq. (5) in the main text.

For a given state ρAB with vanished quantum correlated coherence, its symmetric quantum discord is equal to 
zero, i.e., D(ρAB) = 0. Then, ρAB is a classical-classical state40 with the form

,
(11)AB

,
∑ρ λ ψ ψ φ φ= ⊗
α β

αβ α α β β

where {|ψα〉} and {|φβ〉} are orthonormal bases of subsystems A and B, respectively. From the main text, we see 
that

S S( ) 0 ( ) ( ( ) ( ) ( )) (12)re
cc

AB AB A B A B AB A A B Bρ ρ ρ ρ ρ ρ ρ= ⇔ ⊗ = Π ⊗ Π Π ⊗ Π .

where the von Neumann measurements ΠA and ΠB are with respect to the local reference bases {|i〉A} and {|j〉B} of 
subsystems A and B, respectively.

Recall that the quantum relative entropy is unchanged under a quantum operation  , i.e., 
ρ σ ρ σ=S S( ) ( ( ) ( ))  , if and only if there is a recovery operation  satisfying39: R E( ) ρ ρ= ,  ( )R E σ σ= . 

Moreover, there is an explicit formula for the recovery operation: X X( ) ( ( ) ( ) )
1
2

1
2

1
2

1
2†σ σ σ σ= − −R E E E . Here,   is the 

local von Neumann measurement Π ⊗ Π = Π ⊗ Π †( )A B A B . Applied to the Eq. (12), the recovery condition says 
that

( ) ( )
i j

i j

i i j j

( ( ))

(13)

A B AB
i j

A A B B

,

,
2 2

,
2

,
2

1
2

1
2

1
2

1
2

 ∑ρ
λ ψ φ

λ ψ λ φ

ρ ρ ρ ρ

Π ⊗ Π =
∑

∑ ∑

×










⊗









.

α β αβ α β

α β αβ α α β αβ β

By letting Eqs (11) and (13) be equal, and pre- and post-multiplying by A B
1
2

1
2ρ ρ⊗− − , we obtain

( )

( ) ( )

i i j j

(14)

i j

i j

i j,

,

,
2 2

,
2

,

2∑

∑ ψ ψ φ φ

⊗

= ⊗ .

λ ψ φ

λ ψ λ φ

α β

λ

λ λ α α β β

∑

∑



∑






∑ ∑

α β αβ α β

α β αβ α α β αβ β

αβ

ξ αξ γ γβ

Remarkably, A
1
2ρ−  and ρ −

B
1
2  are defined as

∑ ∑ρ
λ

ψ ψ ρ
λ

φ φ≡
∑

≡
∑∑ ∑α λ β αβ

α α
β λ α αβ

β β
−

≠

−

≠β αβ α αβ

1 , 1 ,A B

1
2

: 0

1
2

: 0

where all λ∑β αβ and |ψα〉 are the eigenvalues and eigenvectors of ρA, and all λ∑α αβ and |φβ〉 are the same require-
ments of ρB. Thus in Eq. (14) we exclude terms on either side which are not in the support of ρA and ρB.
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Let i′, j′, α′ and β′ be the values of i, j, α and β in Eqs (11) and (13). After taking the inner product 
ψ φ′ ′ α β′ ′i j ()  on either side of Eq. (13), we have

ψ φ ψ φ′ ′ = ″ ′ .
λ ψ φ

λ ψ λ φ
α β

λ

λ λ α β

∑ ′ ′

∑ ′



∑ ′






′ ′ ∑ ∑ ′ ′
α β αβ α β

α β αβ α α β αβ β

α β

β α β α αβ

′ ′

′ ′( ) ( ) ( )
i j i j

(15)

i j

i j

,
2 2

,
2

,

2

If ψ φ′ ′ ≠α β′ ′i j 0, Eq. (15) means that

λ ψ φ

λ ψ λ φ

λ

λ λ

∑ ′ ′

∑ ′ ∑ ′
=

∑ ∑
.α β αβ α β

α β αβ α α β αβ β

α β

β α β α αβ

′ ′

′ ′( ) ( ) ( )
i j

i j ( ) (16)

,
2 2

,
2

,
2

Due to Eq. (16), we confirm that the left sides of (16) are the same for all i′ and j′ satisfying ψ φ′ ′ ≠α β′ ′i j 0 
when we fix α′ and β′. As the same reason, the right sides of (16) are the same for all α′ and β′ satisfying 

ψ φ′ ′ ≠α β′ ′i j 0 when we fix i′ and j′.
Expanding Eq. (13) continuously, we obtain that

 ∑

∑ ∑

∑ ∑ ∑ ∑

∑ ∑

ρ
λ ψ φ

λ ψ λ φ

λ ψ ψ

λ ψ ψ λ φ φ

λ φ φ

Π ⊗ Π =
∑

∑ ∑

×












×











⊗












×










.

α β αβ α β

α β αβ α α β αβ β

α β
αβ α α

α β
αβ α α

β α
αβ β β

β α
αβ β β

( ) ( )
i j

i j

i

i j

j

( ( ))

(17)

A B AB
i j,

,
2 2

,
2

,
2

By letting Eqs (11) and (17) be equal, we firstly consider the case that ψ| 〉α1
 φ| 〉β( )

1
 and all the other |ψα〉 (|φβ〉) have 

disjoint coherence support. Without loss of generality, let {|i1〉, |i2〉} and {|j1〉, |j2〉} be the coherence support of 
1

ψ| 〉α  
and 

1
φ| 〉β , respectively. A litle thought shows that the sum of only the four terms (i1, j1), (i1, j2), (i2, j1) and (i2, j2) in 

Eq. (17) coincides with the term λ ψ ψ ψ ψ| 〉〈 | ⊗ | 〉〈 |α β α α α α1 1 1 1 1 1
 in Eq. (11).

∑

ψ ψ ψ

ψ ψ ψ

ψ ψ ψ ψ

ψ ψ ψ ψ

φ φ φ

φ φ φ

φ φ φ φ

φ φ φ φ

×




+

+

+






⊗




+

+

+





.

λ ψ φ λ λ λ λ

λ ψ λ φ

λ

λ λ α α α

λ

λ λ α α α

λ λ

λ λ α α α α

λ λ

λ λ α α α α

λ

λ λ β β β

λ

λ λ β β β

λ λ

λ λ β β β β

λ λ

λ λ β β β β

=
=





∑




 ∑ + ∑ ∑ + ∑

∑



∑






∑

∑ + ∑

∑

∑ + ∑

∑ ∑

∑ + ∑

∑ ∑

∑ + ∑

∑

∑ + ∑

∑

∑ + ∑

∑ ∑

∑ + ∑

∑ ∑

∑ + ∑

α α α
β β β

αβ α β β α β β α β α αβ α αβ

α α α β αβ α α β β β αβ β

β α β

β α β β α β

β α β

β α β β α β

β α β β α β

β α β β α β

β α β β α β

β α β β α β

α αβ

α αβ α αβ

α αβ

α αβ α αβ

α αβ α αβ

α αβ α αβ

α αβ α αβ

α αβ α αβ

=
=

= =

( )

( ) ( )

( ) ( )

( )

( )

( ) ( )

( ) ( )

i

i

i i

i i

j

j

j j

j j
(18)

i i i
j j j

i j

i j, ;
,

2

2

2

2

1 2

1 2

1, 2;

1, 2

2 2

1 2 1 2

1, 2;
2

; 1, 2

2

1

1 2 1 1 1

2

1 2 2 2 2

1 2

1 2 1 2 1 2

1 2

1 2 2 1 2 1

1

1 2
1 1 1

2

1 2
2 2 2

1 2

1 2
1 2 1 2

1 2

1 2
2 1 2 1

Secondly, we consider the case that the coherence support of ψ| 〉α1
 has some intersection with that of other |ψα〉, or 

the coherence support of φ| 〉β1
 has some intersection with that of other |φβ〉. Without loss of generality, let {|i1〉, |i2〉} 

be the coherence support of 
1

ψ| 〉α  and 
2

ψ| 〉α , and the set of {|i1〉, |i2〉} has no intersection with the coherence support of 
other |ψα〉 except ψ| 〉α1

 and 
2

ψ| 〉α . Similarly, let {|j1〉, |j2〉} be the coherence support of φ| 〉β1
 and φ| 〉β2

, and the set of 
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{|j1〉, |j2〉} has no intersection with the coherence support of other |φβ〉 except φ| 〉β1
 and φ| 〉β2

. The sum of only the four 
terms (i1, j1), (i1, j2), (i2, j1) and (i2, j2) in Eq. (17) will be written as the above formula (18).

Using Eq. (16), we know that the formulas

λ ψ φ

λ ψ λ φ

∑

∑ ∑

α α α
β β β

αβ α β

α α α β αβ α α β β β αβ β

=
=

= =( ) ( )
i j

i j
,

, ;
,

2 2

, ;
2

; ,
2

1 2

1 2

1 2 1 2

are the same for any i = i1, i2 and j = j1, j2. Then, using the orthonormality of states in sets { , }
1 2

ψ ψ| 〉 | 〉α α  and 
φ φ| 〉 | 〉β β{ , }

1 2
, and removing the cross terms that contain 

1 2
ψ ψ| 〉〈 |α α , 

2 1
ψ ψ| 〉〈 |α α , φ φ| 〉〈 |β β1 2

 or φ φ| 〉〈 |β β2 1
 in formula 

(18), we obtain the simplified form of formula (18):

µ ψ ψ µ ψ ψ η φ φ η φ φ| 〉〈 |+ | 〉〈 | ⊗ | 〉〈 |+ | 〉〈 |α α β β α α α α β β β βp ( ) ( ), (19)1 2 1 21 2 1 2 1 1 2 2 1 1 2 2

where μ1(2), η1(2) and 
α α β βp

1 2 1 2
 are non-negative, and satisfy

∑

µ

η

µ µ
η η

λ

=

=

+ =
+ =

= .

λ

λ λ

λ

λ λ

α α β β α α α
β β β

αβ

∑

∑ + ∑

∑

∑ + ∑

=
=

β α β

β α β β α β

α αβ

α αβ α αβ

p

,

,

1,
1,

1(2)

1(2)

1 2

1 2

, ;
,

1(2)

1 2

1(2)

1 2

1 2 1 2
1 2

1 2

What’s more, formula (19) coincides with the sum of partial terms in Eq. (11):

∑ λ ψ ψ φ φ⊗ .
α α α
β β β

αβ α α β β
=
=

, ;
,

1 2

1 2

Finally, other cases that there exist some intersection of coherence support of |ψα〉 or |φβ〉 can be discussed sim-
ilarly, and the results like formula (19) will be obtained. Hence, the equality of Eqs (11) and (17) means that ρAB 
has a decomposition as given in Eq. (5) in the main text. □

References
 1. Bartlett, S. D., Rudolph, T. & Spekkens, R. W. Reference frames, superselection rules, and quantum information. Rev. Mod. Phys. 79, 

555 (2007).
 2. Aberg, J. Quantifying Superposition. arXiv:0612146v1 (2006).
 3. Levi, F. & Mintert, F. A quantitative theory of coherent delocalization. New J. Phys. 16, 033007 (2014).
 4. Baumgratz, T., Cramer, M. & Plenio, M. B. Quantifying Coherence. Phys. Rev. Lett. 113, 140401 (2014).
 5. Winter, A. & Yang, D. Operational resource theory of coherence. Phys. Rev. Lett. 116, 120404 (2016).
 6. Chitambar, E. & Gour, G. Critical Examination of Incoherent Operations and a Physically Consistent Resource Theory of Quantum 

Coherence. Phys. Rev. Lett. 117, 030401 (2016).
 7. Streltsov, A., Adesso, G. & Plenio, M. B. Colloquium: quantum coherence as a resource. arXiv:1609.02439v2 (2017).
 8. Streltsov, A., Singh, U., Dhar, H. S., Bera, M. N. & Adesso, G. Measuring quantum coherence with entanglement. Phys. Rev. Lett. 115, 

020403 (2015).
 9. Ma, J., Yadin, B., Girolami, D., Vedral, V. & Gu, M. Converting coherence to quantum correlations. Phys. Rev. Lett. 116, 160407 

(2016).
 10. Chitambar, E. & Hsieh, M. H. Relating the resource theories of entanglement and quantum coherence. Phys. Rev. Lett. 117, 020402 

(2016).
 11. Xi, Z., Li, Y. & Fan, H. Quantum coherence and correlations in quantum system. Sci. Rep. 5, 10922 (2015).
 12. Yao, Y., Xiao, X., Ge, L. & Sun, C. P. Quantum coherence in multipartite systems. Phys. Rev. A 92, 022112 (2015).
 13. Chuan, T. K., Kwon, H., Park, C. Y. & Jeong, H. Unified view of quantum correlations and quantum coherence. Phys. Rev. A 94, 

022329 (2016).
 14. Chitambar, E. et al. Assisted distillation of quantum coherence. Phys. Rev. Lett. 116, 070402 (2016).
 15. Streltsov, A., Rana, S., Bera, M. N. & Lewenstein, M. Towards resource theory of coherence in distributed scenarios. Phys. Rev. X 7, 

011024 (2017).
 16. Bromley, T. R., Cianciaruso, M. & Adesso, G. Frozen quantum coherence. Phys. Rev. Lett. 114, 210401 (2015).
 17. Yu, X. D., Zhang, D. J., Liu, C. & Tong, D. Measure-independent freezing of quantum coherence. Phys. Rev. A 93, 060303(R) (2016).
 18. Lostaglio, M., Jennings, D. & Rudolph, T. Description of quantum coherence in thermodynamic processes requires constraints 

beyond free energy. Nat. Commun. 6, 6383 (2015).
 19. Lostaglio, M., Korzekwa, K., Jennings, D. & Rudolph, T. Quantum Coherence, Time-Translation Symmetry, and Thermodynamics. 

Phys. Rev. X 5, 021001 (2015).
 20. Bennett, C. H., DiVincenzo, D. P., Smolin, J. A. & Wootters, W. K. Mixed-state entanglement and quantum error correction. Phys. 

Rev. A 54, 3824 (1996).
 21. Vedral, V., Plenio, M. B., Rippin, M. A. & Knight, P. L. Quantifying entanglement. Phys. Rev. Lett. 78, 2275 (1997).
 22. Vedral, V. & Plenio, M. B. Entanglement measures and purification procedures. Phys. Rev. A 57, 1619 (1998).
 23. Vidal, G. Entanglement monotones. J. Mod. Opt. 47, 355 (2000).
 24. Plenio, M. B. & Virmani, S. An introduction to entanglement measures. Quantum Inf. Comput. 7, 1 (2007).
 25. Ollivier, H. & Zurek, W. H. Quantum discord: a measure of the quantumness of correlations. Phys. Rev. Lett. 88, 017901 (2001).
 26. Luo, S. L. Using measurement-induced disturbance to characterize correlations as classical or quantum. Phys. Rev. A 77, 022301 

(2008).



www.nature.com/scientificreports/

9ScIENTIfIc REPORtS | 7: 12122  | DOI:10.1038/s41598-017-09332-9

 27. Rulli, C. C. & Sarandy, M. S. Global quantum discord in multipartite systems. Phys. Rev. A 84, 042109 (2011).
 28. Modi, K., Paterek, T., Son, W., Vedral, V. & Williamson, M. Unified view of quantum and classical correlations. Phys. Rev. Lett. 104, 

080501 (2010).
 29. Modi, K., Brodutch, A., Cable, H., Paterek, T. & Vedral, V. The classical-quantum boundary for correlations: discord and related 

measures. Rev. Mod. Phys. 84, 1655 (2012).
 30. Ekert, A. K. Quantum cryptography based on Bell’s theorem. Phys. Rev. Lett. 67, 661 (1991).
 31. Bennett, C. H. et al. Teleporting an unknown quantum state via dual classical and Einstein-Podolsky-Rosen channels. Phys. Rev. 

Lett. 70, 1895 (1993).
 32. Jozsa, R. & Linden, N. On the role of entanglement in quantum computational speed-up. Proc. R. Soc. Lon A. 459, 2011 (2003).
 33. Lanyon, B. P., Barbieri, M., Almeida, M. P. & White, A. G. Experimental quantum computing without entanglement. Phys. Rev. Lett. 

101(20), 200501 (2008).
 34. Giovannetti, V., Lloyd, S. & Maccone, L. Advances in quantum metrology. Nature Photon. 5, 222 (2011).
 35. Luo, S. L. Entanglement as minimal discord over state extensions. Phys. Rev. A 94, 032129 (2016).
 36. Nielsen, M. A. & Chuang, I. L. Quantum Computation and Quantum Information, Cambridge University Press, Cambridge UK 

(2000).
 37. Yadin, B., Ma, J., Girolami, D., Gu, M. & Vedral, V. Quantum Processes Which Do Not Use Coherence. Phys. Rev. X 6, 041028 (2016).
 38. Liu, Z. W., Hu, X. Y. & Lloyd, S. Resource Destroying Maps. Phys. Rev. Lett. 118(6), 060502 (2017).
 39. Petz, D. Monotonicity of quantum relative entropy revisited. Rev. Math. Phys. 15(01), 79–91 (2003).
 40. Hayden, P., Jozsa, R., Petz, D. & Winter, A. Structure of states which satisfy strong subadditivity of quantum entropy with equality. 

Commun. Math. Phys. 246, 359 (2004).
 41. Piani, M., Horodecki, P. & Horodecki, R. No-local-broadcasting theorem for multipartite quantum correlations. Phys. Rev. Lett. 100, 

090502 (2008).
 42. Bai, Z. F. & Du, S. P. Maximally coherent states. Quant. Inf. Coumput. 15, 1355–1364 (2015).
 43. Li, N. & Luo, S. L. Classical states versus separable states. Phys. Rev. A 78, 024303 (2008).
 44. Rains, E. M. A Semidefinite Program for Distillable Entanglement. IEEE Trans. Inf. Theory 47, 2921 (2001).
 45. Horodecki, M. Simplifying monotonicity conditions for entanglement measures. Open Sys. Inf. Dyn. 12(3), 231–237 (2005).

Acknowledgements
We thank Jia-Jun Ma for his useful comments. This work is supported by the National Natural Science Foundation 
of China (Grants No. 61572081, No. 61672110, No. 61601171).

Author Contributions
X.-L.W. and C.-H.Y. contributed the idea. X.-L.W. performed the calculations and wrote the main manuscript. 
Q.-L.Y. and S.-J.Q. checked the calculations. S.-J.Q. and F.G. made an improvement of the manuscript. All authors 
contributed to discussion and reviewed the manuscript.

Additional Information
Competing Interests: The authors declare that they have no competing interests.
Publisher's note: Springer Nature remains neutral with regard to jurisdictional claims in published maps and 
institutional affiliations.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International 
License, which permits use, sharing, adaptation, distribution and reproduction in any medium or 

format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the Cre-
ative Commons license, and indicate if changes were made. The images or other third party material in this 
article are included in the article’s Creative Commons license, unless indicated otherwise in a credit line to the 
material. If material is not included in the article’s Creative Commons license and your intended use is not per-
mitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the 
copyright holder. To view a copy of this license, visit http://creativecommons.org/licenses/by/4.0/.
 
© The Author(s) 2017

http://creativecommons.org/licenses/by/4.0/

	Relating quantum coherence and correlations with entropy-based measures
	Results
	Measures of quantum coherence, entanglement and discord. 
	Quantum correlated coherence and quantum discord. 
	Quantum correlated coherence and quantum entanglement. 

	Discussion
	Methods
	Proof of Theorem 1 in the main text. 

	Acknowledgements




