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enerator and memory mass device
using a quantum ring driven by three-color laser
fields

Dario Cricchio * and Emilio Fiordilino

We study the behaviour and applications of a quantum ring (QR) under a three-color laser field. In particular

we study the emission of harmonics and their temporal evolution through wavelets. These results suggest

the use of QR for three important applications: (1) generation of single short pulses, (2) creation of a variable

clock generator, (3) a memory mass device through the angular momentum acquired by the electron.
1 Introduction

Modern technology allows us to foresee a new class of
computing devices with astounding performances. Among
these, we highlight computers that can learn – aer being
trained, they can work out problems which they have not been
exposed to before, thus mimicking characteristics considered
intrinsic in mammal brains1,2 and, by the same token, have high
speed working features.3 Their application would be useful in
the highly efficient diagnosis of diseases, translation, language
recognition and efficient matrix operation.3,4 Such progress
would be made possible by signicant improvements in the
fabrication and characterisation of newmaterials; among these,
paramount importance is found in reduced dimensional
objects such as quantum rings, nanotubes and two-
dimensional (2D) lattices such as graphene.5–7 From a concep-
tual point of view it is possible to develop computers exploiting
pure quantum effects with no classical counterparts.2

Therefore, the demand for the development of new tech-
nologies that gradually allow the construction of smaller and
faster logic circuits is growing. To full this, technology that
combines electronics and optics has been developed,1–3

however, this combination limits the speed of input/output
transmission; hence it is important to create entirely new
optical devices. The importance of using only optical devices is
due to the much faster data transmission and to the lower
energy consumption than when using traditional devices. For
these reasons research is focusing on new kinds of materials
and devices that show electrical and optical properties that can
be suitable for the manufacturing of logic circuits. Graphene
and quantum rings (QRs) (liform structures with circular
geometry) are examples, for their interesting application in
nanotechnology, optics and computer science thanks to their
electrical and optical properties.
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Indeed, the versatility of QRs in the design of fast operating
all-optical logic gates is noteworthy and has been discussed.
Thus a QR driven by a two color laser eld has been studied8,9 as
a function of the relative intensity and phase of the two color-
elds; the ne tuning of these two parameters controls the
presence and absence of groups of harmonics. By assigning
a logic value to the presence or absence of a particular harmonic
it is possible to obtain two/three/four-state logic gates – thus
extending the traditional binary logic – operating in the time
range of 10�15 s, therefore in a faster range than the usual gates.

The circular symmetry of the rings makes them particularly
apt to be used in the presence of a magnetic eld piercing their
plane. In this case, the electron spin can be exploited and fast
logic gates can be investigated.10,11 A point of interest lies in
large graphene annuli7 where the peculiar dispersion properties
of massless Dirac electrons can be utilised to create localised
liform currents of large angular momentum apt to store many
bits of information.

Atoms and molecules driven by an intense laser pulse of
angular frequency uL irradiate electromagnetic waves whose
spectrum essentially contains harmonics of uL, this processes is
called high harmonic generation (HHG).12,13 The phenomenon
provides an important benchmark to non-linear theories and is
becoming an effective source of high frequency and coherent
radiation; experimental work shows that the plateau can be as
large as uM z 100uL, i.e. using a laser wavelength lL ¼ 800 nm
0 ħuL y 1.55 eV (as in this paper), to obtain a cutoff energy
ħuM z 150 eV is possible. Several studies show that the use of
a two-color laser eld or a laser photon energy resonant between
the ground state and the rst excited state, can generate
a spectrum with a wide plateau.14–16 Fiber lasers of constant
mode are used to investigate the linear and non linear photonic
properties of 2D materials.5,6,17

In this paper we study the behaviour of a QR in the presence
of a three-color laser eld, and evaluate the spectrum of the
emitted radiation and, via a wavelet transform, its temporal
evolution. All calculations are made with different
© 2021 The Author(s). Published by the Royal Society of Chemistry
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combinations of the three driving frequencies, nding a rela-
tionship between these and the emitted spectrum. In particular
we nd congurations of the incident electric eld favourable to
the creation of single short pulses and other congurations that
can be used for the operation of future quantum computers,
namely for the creation of a variable clock generator and for
a memory mass device.
2 Theory

Adopting the dipole and single active electron approximations,
we consider one electron bound to a QR of radius R driven by
three laser elds polarised in the x � y plane:

~E LðtÞ ¼ E 0fðtÞ
X3
k¼1

�b3x cosðqkÞcosðuLktÞ þ b3y cosðqkÞsinðuLktÞ
�
;

(1)

where E 0 is the electric eld strength, b3x and b3y are unit vectors
along the x and the y axes, qk is the angle between the k-electric
eld and the x axis, and f(t) the so called pulse prole. For the
sake of simplicity in this paper, f(t) has been considered
constant for a duration of 20 optical cycles (oc). The Hamilto-
nian of our system is:

H ¼ ħ
2meR2

l z2 þ e~rðtÞ$~E LðtÞ; (2)

with me the mass of the electron, l z the z component of the
angular momentum operator in units of ħ and

~rðtÞ ¼ hJðtÞjb3xxþ b3yyjJðtÞi (3)

the quantum averaged electron position calculated from the
electron state jJ(t)i. Numerically solving the time dependent
Schrödinger equation of the system, we nd the expansion

coefficient cm of the wave function jJðtÞi ¼ PþN

�N
cmðtÞjmi, with

jmi the eigenvectors of the angular momentum: l zjmi ¼ mjmi
We also calculated the absorbed energy K(t) and the absor-

bed angular momentum Lz(t) as a function of time:

KðtÞ ¼
XN
m;�N

jcmðtÞj2ħum (4)
Fig. 1 Laser field path: (a) and (b) when all the fields are different and (c
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LzðtÞ ¼
XN
m;�N

jcmðtÞj2ħm: (5)

with ħum ¼ ħ2m2/(2mer
2). There is a relationship between K(t)

and Lz(t):

KðtÞ ¼ ħ2

2meR2
hJðtÞjl z2jJðtÞi ¼ ħ2

2meR2

�ðLzðtÞÞ2 þ ðDl zÞ2
�
; (6)

where ðDl zÞ2 is the variance. The rst term is related to the
motion along the ring, and the second term to the dispersion of
the wave function.
3 Results

In our calculations we use a QR with radius R ¼ 20a0 (a0 is the
Bohr radius) and with different congurations of the total eld
~E LðtÞ. The three colors have the same intensity I ¼ 3 � 1014 W
cm�2, but different polarisation as given by qk ¼ 2(k � 1)p/3.
The conguration of the three colors is expressed by a triplet of
numbers: 6 / (61, 62, 63). For example with 6 / (1, 2, 3) we
denote uL1 ¼ uL, uL2 ¼ 2uL, uL3 ¼ 3uL. When not expressly
specied, we use a laser photon energy of ħuL ¼ 1.55 eV. In
circular coordinates, the total electric eld follows the path
determined by 6. When the three laser frequencies are equal,
the total electric eld is zero, when they are all different, we have
an intricate path and in all other cases, we have a linear path. In
Fig. (1) we show these paths calculated for an arbitrary high
number of oc, and later we will see how the response of the
harmonics and the generation of short pulses changes,
depending on whether the elds are of integer or irrational
ratio, or if they are all different or only one of them is different.
All calculations are performed using 20 oc laser duration.

In Fig. (2) we show the energy and the angular momentum
absorbed by the electron evaluated by means of eqn (4) and (5).
We can therefore say that the whole process transfers energy to
the electron by giving it angular momentum; by controlling the
electric eld duration, it is possible to transmit angular
momentum which can be as large as 4 or 5 ħ. If we call a bit one
unit of angular momentum we may say that one QR can store
several bits of information.

Fig. (3) shows the Fourier power spectra of ~rðtÞ whose
frequency components provide the energy spectrum emitted by
) and (d) when two fields are equal.
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Fig. 2 Energy (top) in au and angular momentum (bottom) in units of ħ
absorbed by the electron; 6 / (1, 2, 3).
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the QR. We can see that there are differences depending on
whether the electric elds are all different or two are equal.
When the three frequencies are different we have very dense
spectra with, possibly, few harmonics concentrated in the initial
part and in the nal part of the spectrum, while when two
frequencies are equal, almost the whole spectrum is composed
of both even and odd harmonics. The use of frequency ratios
Fig. 3 Fourier power spectrum of the electron position in the ring in
units of a0

4/c2. Top 6 / (1, 2, 2); bottom 6 / (1, 2, 3). The spectrum
with 6 / (1, 2, 2) presents more resolved harmonics with respect to
the case with6/ (1, 2, 3). In the inset the zoomed-in view shows that
weak harmonics appear in the high frequency part.
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with integer or irrational values affects both the resolution in
separated lines of the spectrum and the path of the electric
eld. Irrational ratios of the frequencies (spectra not shown in
the present paper) produce a generally more intricate path of
the electric eld and a quasi-continuum spectrum. From
a purely mathematical point of view this is obvious, as irrational
values in 6 destroy any form of periodicity of the eld and even
make the determination of a frequency and its harmonics
meaningless. This may appear to be a disadvantage for the
generation of harmonics but is an advantage for the generation
of short pulses.18

The Fourier power spectrum gives a perfect determination of
the frequencies content of a signal s(t) but says nothing on their
emission time. This information, fundamental for our purpose,
can be retrieved by means of a wavelet transform which is
a particular windowed Fourier transform. The wavelet trans-
form of the signal s(t) is dened as

swðt0;uÞ ¼
ðN
�N

sðtÞwt0 ;uðtÞdt (7)

with wt0,u(t) an opportune window function. In what follows we
use the Morlet wavelet wt0,u(t) / Mt0,u(t): with

Mt0 ;uðtÞ ¼
ffiffiffiffi
u

p
 
e�iuðt�t0Þ � e�

s0
2

2

!
e
�u2ðt�t0Þ2

2s02 (8)

where s0 is a parameter that indicates the time-frequency
resolution of the integration and t0 provides the center of the
window.19 We may loosely say that the Morlet transform gives
the Fourier transform of a clip of signal around t0, the width of
the clip being s0/u. Since the wavelet power spectrum jsw(t0, u)j2
depends upon the window width s0/u, it is customary to plot the
wavelet transforms in arbitrary units.

In our calculation, we choose s0 ¼ 1, that corresponds to one
oscillation of the signal within the Morlet wavelet window. In
Fig (4) we show the wavelet analysis calculated for 6 ¼ (1, 2, 2).

In Fig (5) we show the temporal evolution of the single 15th
harmonic where we notice that the emission presents a one oc
periodicity which is different from the half oc periodicity in
atoms; this discrepancy ags a physical difference between the
atomic and the ring case. In fact in the atomic case the emission
is essentially due to impulsive collisions of the active electron
with the nucleus while in the case of the ring, the reason for the
emission is due to the centripetal and tangential accelerations
induced by the laser on the active electron. Indeed, Fig. (4)
shows that higher harmonics are emitted a few times within any
optical cycle.

Our ndings naturally lead us to look for the creation of
short pulses. In fact their Fourier transform contains a broad
continuum of frequency components, and such a rich spectrum
is seen in the spectra of Fig (3). Thus, we calculate the inverse
Fourier transform (IFT) of the signal in an appropriate range of
frequencies, and we notice that it is easier to get short isolated
pulses in the case of two equal frequencies, and if we choose the
central region of the spectra to perform the IFT. In Fig. (6) we
show the short pulses calculated for 6 / (1, 3/2, 3/2) (le) and
© 2021 The Author(s). Published by the Royal Society of Chemistry



Fig. 4 Wavelet power spectrum of~rðtÞ in arbitrary units for the case6/ (1, 2, 2). The time abscissa gives the center t0, of the wavelet. The color
scale on the right gives the relative intensity of the spectrum. As the frequency of the harmonics increases, the spectrum oscillates several times
in one optical cycle.

Fig. 5 Time evolution of the 15th harmonic extracted from Fig. (4) [6
/ (1, 2, 2)]. The emission has a periodicity of one optical cycle.
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6/ð1; ffiffiffiffiffiffiffiffi
3=2

p
;
ffiffiffiffiffiffiffiffi
3=2

p Þ (right), with ħuL ¼ 3.1 eV. Their full width
half maximum (FWHM) is of the order of 10�17 s. By appro-
priately choosing the system parameters, such as 6 / (1, 2, 3),
it is also possible to generate a train of short pulses as shown in
Fig. (7).
Fig. 6 Left: short pulses with 6 / (1, 3/2, 3/2) with ħuL ¼ 3.1 eV
obtained by integrating the Fourier transform in the range 15–40 u/uL.
The FWHM for the two pulses at 2 and 4 oc is ds y 3.13 � 10�2 oc y

4.13 � 10�17 s. Right: short pulses with 6/ð1; ffiffiffiffiffiffiffiffi
3=2

p
;
ffiffiffiffiffiffiffiffi
3=2

p Þ with
ħuL ¼ 3.1 eV obtained by integrating the Fourier transform in the range
15–50 u/uL. The FWHM of the pulse at 4.5 oc is dsy 3.13� 10�3 ocy
4.13 � 10�18 s.
4 Applications: quantum computing

The results can be used in quantum computing; in particular in
the creation of a dynamic clock and memory mass devices.
© 2021 The Author(s). Published by the Royal Society of Chemistry
These two devices are of great importance in quantum
computing. In fact, with the advancement of technology and
therefore with the introduction of optical and ever faster
components, there is a need for a clock to manage operations
RSC Adv., 2021, 11, 26168–26173 | 26171



Fig. 7 Train of short pulses with 6 / (1, 2, 3) with ħuL ¼ 1.5 eV ob-
tained by integrating the Fourier transform in the range 13–32 u/uL.
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and a memory storage device to store information; and these
two devices must have very high operating speeds.
4.1 Dynamic clock

In electronics, the term clock indicates a periodic signal,
generally a square wave, used to synchronize the operation of
digital electronic devices. The signal consists of a voltage level
that periodically makes a transition from zero to a xed value.
These two levels have binary values, 0 and 1. The clock can be
generated by any oscillator, the quartz type is generally used for
its high oscillation stability.

We can create a clock by exploiting the emitted spectrum. In
Fig (8) we show three signals by calculating the time evolution of

the 51st harmonic for the cases: 6/ð ffiffiffi
2

p
;
ffiffiffi
3

p
;
ffiffiffi
3

p Þ,
6/ð1; ffiffiffi

2
p

;
ffiffiffi
2

p Þ, 6 / (2, 3, 3). If T is the total duration of the
Fig. 8 Duty cycle for three different configurations. For each configur
harmonic, and the upper diagram the relative duty cycle. It is easy to notic
and different clock frequencies.
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signal and P is the total time spent by the system at the high
level (with value 1), we dene the duty cycle D as:

D ¼ P

T
; (9)

it is the fraction of period in which a signal or system is in the
higher level.

We can see how it is possible to vary the duty cycle, hence the
clock frequency, by changing the frequency of the eld
components.
4.2 Memory storage

A driving circularly polarised laser eld is the most efficient way
for transmitting an angular momentum ~L to the electron; also
we have seen that the conguration of three laser elds can
induce an average circular motion on the electron. This motion
generates a current I. Let~S be the vector surface of the QR, and
the magnetic moment generated by the motion of the electron
is dened as:

~M ¼ I

ð
d~S; (10)

then the gyromagnetic ratio g is dened as: ~M ¼ g~L. The pres-
ence of a residual angular momentum depending on the laser
conguration allows us to use the ring to store information. In
fact, using three lasers with different frequencies it is possible
to have a residual angular momentum, while in all other cases
we will not have any. By associating the Boolean value 1 to the
presence of a residual angular momentum, and the value 0 to
ation the lower plot shows the Morlet temporal evolution of the 51st
e that by changing the laser parameters we obtain different duty cycles

© 2021 The Author(s). Published by the Royal Society of Chemistry
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the null case, we can use the angular momentum as an infor-
mation bit. If we have a planar array of QRs and if ~A is the
surface of the laser spot containing several QRs, the magnetic
momentum generated will be proportional to the summation of
the contributions of each QR within the laser spot surface. Then
we can use the QR to store information with the magnetic
momentum. These simple behaviours make the QR an inter-
esting object to store information.

5 Conclusions

In this paper we study the response of a QR driven by three laser
elds polarized along three equally spaced axes at different
frequency. We have seen how it is possible to exploit various
combinations of the frequencies of the incident laser to obtain
different types of harmonic spectra. We have also calculated the
path of the electric eld and the energy and angular momentum
absorbed by the electron. From these results we noticed that
using two equal frequency lasers we obtain a total linear electric
eld that results in a spectrum rich in both even and odd
harmonics, and in an average angular momentum different
from zero. In all other cases the mean angular momentum was
zero.

This behaviour allowed us to assign Boolean values to the
presence and absence of an average angular momentum, and
therefore to create a bit of information. From the wavelet
analysis of the spectra we have seen that the emission of
harmonics occurs periodically. The importance of this
phenomenon lies in the fact that obtaining periodic and regular
pulses allows us to build a variable frequency clock without
using resonator crystals. Finally, we have seen how this system
can be considered an excellent candidate for the generation of
isolated short pulses.
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