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Increasing the number
of topological nodal lines
in semimetals via uniaxial pressure

Adolfo O. Fumega®?*, Victor Pardo’? & A. Cortijo*

The application of pressure has been demonstrated to induce intriguing phase transitions in
topological nodal-line semimetals. In this work we analyze how uniaxial pressure affects the
topological character of BaSn;, a Dirac nodal-line semimetal in the absence of spin-orbit coupling.
Using calculations based on the density functional theory and a model tight-binding Hamiltonian, we
find the emergence of a second nodal line for pressures higher than 4 GPa. We examine the topological
features of both phases demonstrating that a nontrivial character is present in both of them. Thus,
providing evidence of a topological-to-topological phase transition in which the number of topological
nodal lines increases. The orbital overlap increase between Ba dy, and dy,; orbitals and Sn p, orbitals
and the preservation of crystal symmetries are found to be responsible for the advent of this
transition. Furthermore, we pave the way to experimentally test this kind of transition by obtaining a
topological relation between the zero-energy modes that arise in each phase when a magnetic field is
applied.

In the last decades the concept of topology has provided a different perspective to look at materials. This field
was initiated with the discovery of topological insulators’ followed by topological semimetals?. Inside the latter
category, topological nodal-line semimetals (NLSM) are three dimensional systems in which the valence and
conduction bands near the Fermi level cross each other forming a one-dimensional loop in momentum space®*.
These crossings produce drumheadlike surface states, which prompt the possibility to study strongly correlated
surface phases such as superconductivity or ferromagnetism>~’. Moreover, topological NLSM have been recently
stated to occur also in two-dimensional nitrogen-based systems®1°.

Three dimensional topological nodal lines have been reported in the family of ZrSiX materials (where X
corresponds to a chalcogen atom)'!"%. In recent studies, it has been shown that pressure can induce topologi-
cal phase transitions in these nodal-line semimetals. On the one hand, in the case of ZrSiS pressure induces a
topological nontrivial-to-trivial transition'*. It has been attributed to a weak lattice distortion by nonhydrostatic
compression in which crystal symmetries are not preserved'®. On the other hand, infrared spectroscopy experi-
ments have suggested that ZrSiTe undergoes two phase transitions at 4.1 and 6.5 GPa!®. Raman spectroscopy and
X-ray diffraction measurements as well as calculations have found that they correspond to Lifshitz transitions,
in which the topology of the Fermi surface changes without breaking any lattice symmetry. Interlayer interac-
tions caused by pressure are found to be responsible of these transitions'”. However, the topological character of
these transitions cannot be elucidated from these experiments. Another question is whether similar transitions
appear in other materials hosting NLSM, or instead pressure-induced topological transitions always go in the
same direction, from topologically non-trivial to trivial as pressure increases.

BaSn; has been reported to be a strong topological insulator with a bulk band gap of about 200 meV*S.
However, in the absence of spin-orbit coupling (SOC) the system becomes a Dirac nodal-line semimetal'. It is a
layered material that crystallizes in the space group no. 164 (Fig. 1a). Due to this layered structure, it is expected
that BaSn; is a representative material different from the ZrSiX family to analyze possible pressure-induced
topological transitions.

In this work, we study the effect of applying uniaxial pressure to BaSn in the absence of SOC. We have found
that at around 4 GPa a Lifshitz transition occurs and a second topological nodal line emerges. We provide a
microscopic insight to explain this transition and analyze how it affects the topological properties of BaSn,. We
also examine a route to experimentally test this kind of novel topological-to-topological transition. Although
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Figure 1. Crystal structure of BaSn,, Ba (Sn) atoms in purple (grey). (a) Side view of the layered structure
of BaSn;, where Sn atoms octahedrally coordinate the Ba cations. (b) Unit cell of BaSn,. Uniaxial pressure is

applied along the depicted off-plane c direction.
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Figure 2. (Color online) DFT band structures for BaSn;. The orbital character is highlighted in colors: Sn s

in blue, Sn p; in red and Ba d in green. The Fermi level is set at zero. (a) Band structure for P = 0 GPa (T1),
there is one band crossing point in the A-H line. (b) Band structure for P = 6 GPa (T2), a second band crossing
appears near the M point.

BaSn, displays a non negligible SOC coupling in reality, BaSn; in absence of SOC constitutes an ideal system
to analyze the possibility of pressure-induced topological phase transitions from a theoretical point of view,
as it offer some advantages compared to more realistic NLSMs: is a layered nodal line semimetal at ambient
pressure, and the effects of pressure can be easily analyzed. Also, it is a well known system in basis of ab initio
calculations®. For these reasons, we will use BaSn; as a model system to discuss possible scenarios of topological
phase transitions driven by pressure.

Results and discussion

We start our analysis by performing first principles electronic structure Density Functional Theory (DFT)
calculations?*?! on BaSn; using an all-electron full potential code (wieN2k)*%. The exchange-correlation term
was the generalized gradient approximation (GGA) in the Perdew-Burke-Ernzerhof?* scheme, which properly
describes the electronic structure of this system'®'°. The calculations were carried out with a converged k-mesh
and a value of Ry:Kiax= 7.0 and a Ry, value of 2.5 a. u. for both Ba and Sn. Uniaxial pressure was imposed by
fixing the experimental® lattice parameter a = 4.652 Aconstant and compressing the c lattice parameter (Fig. 1b).
Energy calculations allow us to obtain c as a function of pressure P given in GPa, ¢ = 5.717 — 0.136P A, see Sup-
plementary material S1. The crystal symmetry is fixed for all the calculations.

Figure 2 shows the DFT band structures of BaSn; for two different pressure regimes (SOC is not included).
The orbital character of the bands is shown as different colors. At low pressure (Fig. 2a) one band crossing appears
in the A-H line. We can see that a band inversion occurs between p, (in red) and s (in blue) orbitals at that cross-
ing point. The Fermi surface (Fig. 3a) shows that this crossing point corresponds to a topological snake-like
nodal line around the A point, with an axis parallel to the z-direction. These main features of the low-pressure
phase, that we will call T1, have already been studied in detail in Ref."”®. The Ba d orbitals (in green in the band
structure) are fully unoccupied.

We now turn uniaxial pressure on by reducing the c lattice parameter. The effect in the band structure is that a
second crossing point appears along the K-M symmetry line (Fig. 2b). The orbital character of the bands involved
in this second crossing is Sn p, and Ba d, which suggests that a transition to a different phase (T2) might be
taking place. The calculation of the Fermi surface (Fig. 3b) shows that this new crossing corresponds to a nodal
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Figure 3. DFT Fermi surfaces for BaSnj: (a) for P = 0 GPa (T1), it presents a snake-like nodal line around the
A point, (b) for P = 6 GPa (T2), new nodal lines emerge around the M points.
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Figure 4. Tight-binding model band structures for BaSn; (a) for P=0 GPa (T1), the first band crossing point at
the A-H line is well reproduced by the model, (b) for P=6 GPa (T2), the second band crossing near the M point
is also reproduced.

line around the M point. The plane where this new nodal line lives is leaned 45° with respect to the z-direction.
Since the M point has three arms, three new nodal lines emerge in this new T2 phase.

Note that when SOC is included in these calculations, band crossings are opened and lead to topological
insulating states in both phases (see Supplementary material S1).

In order to study the topological features and the microscopic origin of the transition, we have constructed
a tight-binding (TB) Hamiltonian as a function of uniaxial pressure. It comprises the s and p orbitals of the
two Sn atoms in the unit cell and the d orbitals of the Ba atom (thirteen orbitals). Details about the hopping
parameters and on-site energies can be seen in the Supplementary material S1. We have used the PythTB*
and Pybinding?® packages to perform the calculations with our TB Hamiltonian. In this TB model the only
parameters that depend on pressure are the hopping energies between the Ba d,, and dy, with the Sn p; orbitals as
td..p, = td,p, = 0.7 + 0.2P, P being the pressure expressed in GPa and the hopping parameters in V. Therefore,
the phase transition is thus governed by this particular hopping. It has been previously reported that an increase
of interlayer interactions without breaking any crystal symmetry might be responsible of the appearance of
Lifshitz transitions in ZiSiTe'”. Here we find that pressure changes hopping processes within the same Sn-Ba-Sn
layer leading to the appearance of a new topological nodal line, without breaking the PT symmetry responsible of
the stability of the nodal lines. This is in contrast to the case of ZrSiS, where it has been shown that a topological
nontrivial-to-trivial phase transition takes place due to a crystal symmetry breaking'®.

Figure 4 shows the computed TB band structures for two given pressures below (P = 0 GPa) and above (P = 6
GPa) the transition. The constructed TB model reproduces fairly well the obtained DFT band structures close
to the Fermi level in both phases. The analysis of the TB band crossings is shown in Fig. 5. It can be seen that, in
agreement with the DFT calculations, the TB Hamiltonian correctly predicts a snake-like nodal line around the
A point for low pressure. For pressures greater than 4 GPa new nodal lines arise around the M points. Again,
these are leaned 45° with respect to the z-direction.

In order to analyze the nontrivial topological character of the nodal lines, we have computed the sum of
the Wannier charge centers along a high symmetry path in the k,-k, plane over the z-direction (WCC; (ky, ky)
)?7%8. This is equal (up to a factor of 277) to the total Berry phase of the occupied Bloch functions accumulated
along the k; direction, which has to be either 0 or 7 for an arbitrary loop in the Brillouin zone. Thus, the WCC
z(kx, ky) is expected to be quantized as either 0 or 1/2 and a jump of 1/2 will appear when passing through a
projected nodal line. At low pressure there is only one nodal line around the A point, which produces a jump of
1/2 in WCC, (ky, ky) when crossing it (see Fig. 6a). This confirms the topological character of that nodal line, as
already reported in Ref.”. In the high pressure regime new nodal lines emerge around the M points. Figure 6b
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Figure 5. Top view of the TB band touchings within the first Brillouin zone at the Fermi level. The valence
(conduction) band is shown in red (blue): (a) for P = 0 GPa (T1), the snake-like nodal line is formed around
the A point, (b) for P = 6 GPa (T2), new nodal lines appear around the M points.
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Figure 6. Wannier charge centers (a) For P = 0 GPa (T1), around the I" point and due to the snake-like nodal
line a jump of 0.5 happens. (b) For P = 6 GPa (T2), due to the new topological nodal line a second jump of —
0.5 appears around the M point.

shows that they produce a jump of —1/2in WCC; (k. k). This is a proof of the nontrivial character also for these
nodal lines. Note, however, that nodal lines around the M points have opposite sign to that around A. Since the
M point has 3 branches it contributes three times. Adding contributions from all the nodal lines, at high pres-
sures the system behaves as it would have two nodal lines, i.e. this phase transition has increased the amount of
topological nodal lines by 1.

It is important to remember that topological phase transitions are subject to energy considerations to take
place as other phase transitions. In the present case, as we are neglecting SOC, the system is spin rotation invari-
ant, so the symmetry protecting the nodal line at ambient pressure is the combined symmetry of inversion and
time reversal symmetries. As this symmetry is not removed during the transition, as can be easily concluded from
the fact that the initial nodal line remains unaltered, and the same combined symmetry protects the second nodal
line appearing after P = 4 GPa. Then, only energetic considerations are behind this topological phase transition.
This simple reasoning also allows to write a symmetry-allowed k - p model for the second nodal line around the
M point dictated by PT symmetry, similar to the initial nodal line at ambient pressure':

H(k) =F(ky — k;)o

+ (A - Blky + k) — CE)a3. M

The effective k - p model in Eq. (1) captures the symmetry properties of the system at the M; point. Contrary
to the case of the nodal line at the A point, the M points posses lower symmetries: C; symmetry (k, — —k,)
and an inversion symmetry (ky — —ky, k; — —k;). These symmetries do not fix the tilting angle of the plane
containing the nodal lines around these points. In the present case, it is observed that this tilting angle is about
/4. The nodal lines around the other two M points can be obtained from Eq. (1) by 27/3 rotations. Also, this
model captures the peculiarity that the new nodal lines lie on a 77 /4 plane with respect the I' — M plane. We
omit higher order terms in the model Eq. (1) that do not qualitatively change the topological content of the new
nodal lines, as they only introduce distortions from the perfect elliptical shape of the nodal line. The combined
analysis of ab initio calculations and the tight binding model suggests that the parameter A changes sign after
the critical pressure, and this captures the features of the hopping parameter ¢4, ,, that controls the transition in
the TB model. The parameters in the model (1) can be fitted to the numerical TB calculation. We found that the
Fermi velocity parameter F is weakly dependent with the pressure as well. For P = 6GPa, above the transition
pressure, we find that A ~ 66meV, F ~ 0.39aeVm, C ~ —1.60a%eVm?, and B ~~ 0.10a%¢Vm?. All these parameters
are written in terms of the lattice constant a = 4.652A.
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Figure 7. Energy states in a 50-layer structure stacked along the z-direction (Sn-dangling bond terminated).
The colormap represents the expectation value of the position operator along the z-direction, in blue (red) the
bottom (top) layer and in grey the bulk states. (a) For P = 0 (T1), the surface states fill the region outside the
projected nodal line around the I" point (b) For P = 6 GPa (T2), the surface states get opened around the M
point due to the new nodal lines.

As mentioned above, one important feature of the topological NLSM is their drumhead-like surface states.
The TB Hamiltonian allows to compute them for each phase separately. Figure 7a shows the energy states of a
50-layer structure stacked along the z-direction for the T1 phase, i.e. at low pressures. The colormap represents
the expectation value of the position operator along the z-direction, in blue (red) the bottom (top) layer and in
grey the bulk states. We can see the crossings related to the topological nodal line that appears in the bulk. The
edge states fill the space outside the projected nodal line around I". This behavior is a consequence of the 1D
atomic chains with time-reversal and spatial inversion symmetries'. In the high pressure T2 phase (Fig. 7b)
new crossings, related to the new topological nodal line, appear around the M point for the bulk states. In this
phase, the surface states get modified by the presence of the new nodal line projected around M. As in the low
pressure phase, inside the nodal line the surface states are not present. Moreover, the dispersion of all surface
states is increased by uniaxial pressure. In the T1 phase the bandwidth of the surface state is about 0.2 eV, while
in the T2 phase it increases to more than 1 eV. Note also that the surface states are highly sensitive to the kind of
truncation imposed to the structure. Here we chose to terminate with a Sn-rich plane for our calculations in the
z-direction, but different cuts can be used to obtain surface states inside or outside the projected nodal loop as
explained in Ref.”®. Cuts in different directions are presented in the Supplemental material S1.

Magnetotransport measurements are the most extended experimental tests employed to analyze the topologi-
cal character of NLSM through the analysis of the corresponding Landau level fan diagrams. It is also known that
the same information can be obtained from quantum oscillations in the density of states (DOS)*-*!. Together
with the Berry phase contribution to the phase of the quantum oscillations, non-trivial topological phases in
NLSM are characterized by the appearance of zero-energy Landau levels*” in the presence of a magnetic field. The
orbits associated to this zero-energy Landau level would be in turn responsible for the presence of a nontrivial
Berry phase in the Landau level fan diagram.

Therefore, we have included a magnetic field (B) in our TB Hamiltonian through a Peierls flux with 80 unit
cells in each direction. The kernel polynomial method?® was used to compute the DOS as a function of the
applied magnetic field (Fig. 8). All the calculations were well converged with respect to the input parameters.

In the low-pressure regime T1, there is only one nodal loop, lying in the OZ plane. When the magnetic field is
applied perpendicular to the nodal line (9 = 0), no zero-energy modes are present since all the magnetic oscilla-
tions are trivial (Fig. 8a). However, when the field is applied perpendicular to the OZ plane (9 = 7/2) the DOS
associated to a zero-energy Landau level is observed (Fig. 8c). These results are in agreement and equivalent to
those of a single nodal line lying in the k.-, plane produced by a cubic lattice™.

In the high-pressure phase T2, new nodal lines tilted 77 /4 with respect to the OZ-direction are present around
the M points. Thus, when the magnetic field is applied along the OZ-direction (6 = 0) only the contribution from
these new nodal lines is observed in the DOS at zero energy (Fig. 8b). The presence of this zero-energy mode
is related with the nontrivial Berry phase that can be measured by the analysis of the quantum oscillations in
magnetotransport. When the magnetic field B is applied perpendicular to the OZ plane (§ = 7/2), the original
nodal line and the new ones contribute to the DOS at E = 0. Since both zero-energy modes correspond to an
extreme orbit that dominates the amplitude of the quantum oscillations, we expect a substantial increase in the
magneto-oscillation amplitude (Fig. 8d). We are focusing on the qualitative analysis of the pressure-induced
topological phase transitions in NLSM, a fully quantitative analysis of the topological character of the quantum
oscillations goes beyond the scope of the present work. However, we can obtain more quantitative results by
focusing on the features of the zero-energy DOS of each phase.
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Figure 8. Colormap of the density of states as a function of an applied magnetic field B along the z-direction
(a,b) and perpendicular to it (c,d) for the T1 phase (a,c) and for the T2 phase (b,d). Magnetic oscillations and
zero-energy modes are analyzed in the text.

Figure 9. Zero-energy modes for different pressures as a function of the magnetic field. Linear fittings were
performed for each phase. The ratio between slopes is 1.98, demonstrating the existence of a topological-to-
topological phase transition (see text).

Figure 9 shows the DOS at zero energy as a function of B, for § = /2 and for different pressure values. Both
phases can be identified in this plot. While in the T1 phase there is only one nodal line contributing to the DOS
at the Fermi level, in the T2 phase the emergence of 3 new nodal lines with opposite sign (as previously shown
in the WCC, (ky, k) analysis) makes the system behave as it would have 2 independent nodal lines. Therefore,
the DOS at the Fermi level in the T2 phase is expected to be two times that in the T1 phase. To check whether
this argument is correct, we have performed linear fittings of the DOS as a function of B. While the dependence
of the DOS with B in the T1 phase is almost linear since there is only 1 nodal line, the behavior in the T2 phase
appears to be more complex as there are multiple nodal lines oriented along different directions. For this reason,
we have restricted the fittings to a range of values in which the DOS shows a linear trend (shaded area in Fig. 9).
We have also averaged the slopes of each phase to reduce the uncertainty. We have obtained a ratio between the
slope of phase T2 (s12) and T1 (s71) of s72/s71 = 1.98 = 2. Therefore, this demonstrates a clear signature of
the topological-to-topological phase transition. Note that this smoking gun cannot be anticipated when SOC
is included in the system. Calculations that go beyond the scope of the present work should be performed to
answer that. However, it has been argued that for systems where SOC is sufficiently weak topological effects will
still be observable in experiments!®*+%.

Conclusions

It has been widely reported, both theoretically and experimentally, that pressure can induce changes in the Fermi
surface of different materials®-*%, and in some cases pressure has been found to modify the topological character
of the compound. For instance, it has been shown that pressure can induce a transition to a nontrivial topological
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phase from a trivial one**~*%. The opposite case has been reported too. Pressure is able to induce a transition
from topological to trivial in which topological objects such as nodal pairs*” or nodal lines are annihilated'*. In
our work, we report a different kind of transition (topological-to-topological) in BaSn, when SOC is neglected.
Using BaSn;, as a model, we have shown that pressure can increase the number of topological nodal lines in an
already nontrivial compound.

Our DFT calculations show that for uniaxial pressures along the z-direction greater than 4 GPa new nodal
lines emerge in the Dirac NLSM BaSn,. The topological character of these new nodal lines was studied with a
model TB Hamiltonian that reproduces the DFT calculations as a function of pressure. The analysis of the WCC
2(kx, ky), surface states and zero-energy modes when a magnetic field is applied, demonstrate that BaSn; in the
absence of spin-orbit coupling undergoes a topological-to-topological phase transition at around 4GPa. Mul-
tiorbital character of the bands and crystal symmetry preservation have been found to be key factors to increase
the number of topological nodal lines. In the present case, we propose a way to experimentally test this kind
of topological-to-topological transition by noticing that the observation of the Berry phase in the fan diagram
strongly depends on the tilting angle 6 between the magnetic field and the nodal line®. Thus, for a given tilting
angle 6 where the magneto-oscillations look trivial, the appearance of another nodal line with different tilting
angle with respect to the magnetic field will generate topologically nontrivial magneto-oscillations. Therefore,
providing a way to directly observe the topological transition described in the present work.

Data availibility
The data that support the findings of this study are available from the corresponding author upon reasonable
request.
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