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Optical scheme for generating
hyperentanglement having
photonic qubit and time-bin
e via quantum dot and cross-Kerr
T nonlinearity
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. We design an optical scheme to generate hyperentanglement correlated with degrees of freedom

. (DOFs) via quantum dots (QDs), weak cross-Kerr nonlinearities (XKNLs), and linearly optical
apparatuses (including time-bin encoders). For generating hyperentanglement having its own
correlations for two DOFs (polarization and time-bin) on two photons, we employ the effects of optical
nonlinearities using a QD (photon-electron), a parity gate (XKNLs), and time-bin encodings (linear
optics). In our scheme, the first nonlinear multi-qubit gate utilizes the interactions between photons

. and an electron of QD confined in a single-sided cavity, and the parity gate (second gate) uses weak

© XKNLs, quantum bus, and photon-number-resolving measurement to entangle the polarizations
of two photons. Finally, for efficiency in generating hyperentanglement and for the experimental
implementation of this scheme, we discuss how the QD-cavity system can be performed reliably, and
also discuss analysis of the immunity of the parity gate (XKNLs) against the decoherence effect.

Hyperentanglement is caused by the entanglement of a single system having correlations with several degrees of
freedom (DOFs)!->. Such hyperentanglement with various types of DOFs has been researched for enhancement
of channel capacity*®, including factors such as polarization and momentum®, polarization and orbital angular
momentum’, and time-bin®'°. Thus, many quantum information processing schemes assisted by the advantages
of hyperentanglement have been proposed, such as generation of hyperentanglement!*-!?, hyperentanglement
concentrations'*-"7, purifications'®-?? and distribution® of hyperentanglement, analysis of hyperentangled Bell
state®®?+-2 and quantum communications”*0-32,
For the feasibility and efficiency of quantum information processing, schemes that could realize quantum
- information processing should be designed using physical resources and experimental implementation. From this
. point of view, quantum optics assisted by optical nonlinearities plays a significant role in experimentally realizing
© quantum information processing.
: Quantum dots (QDs) inside micro-cavities can store quantum information long-term using long elec-
: tron spin coherence time (TS ~ ps)*'~* within a limited spin relaxation time (T} ~ ms)*. They are good can-
: didates for efficient, feasible designs of quantum information processing schemes involving: quantum
communications?*4*47-50 quantum controlled operations®*°!->°, and the analysis and generation of
entanglement?3%56%7,
Cross-Kerr nonlinearities (XKNLs) have also been exploited for experimental implementation of diverse
applications!0-28:58-68

20,33-40

in quantum information processing. However, because the decoherence effect in the
designed applications is induced due to loss of photons in optical fibers, the fidelity of these applications will
decrease as the output state evolves into a mixed state®~74. Fortunately, by applying photon-number-resolving
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Figure 1. (a) A singly charged QD inside a single-sided cavity interacting with a photon, with side leakage rate
(k) and decay rate () of X™. (b) By the spin selection rule in the QD, the photon |L) (|R)) drives the interaction
as[ 1) = [TL M (1) = [LTU)),where| T) = |+1/2), ||) = | —1/2) are the spin states of the excess electron,
and|f)), |U) (J, = +3/2, —3/2)represent heavy-hole spin states.

70,71,74 70,71

measurements , and a displacement operator’®’! or quantum bus beams’ with the increasing amplitude of
the coherent state, the decoherence effect can be made arbitrarily small’®717,

In this paper, we propose an optical scheme to generate hyperentanglement having its own correlations for two
DOFs (polarization and time-bin) on two photons using the QD-cavity system, XKNLs, and linearly optical appa-
ratuses (including time-bin encoders). For the generation of hyperentanglement, our scheme includes nonlinearly
optical devices and linearly optical apparatuses, used as follows. Nonlinear parts: (1) The QD-cavity system is
used in the interaction between photons and an excess electron of QD confined in a single-sided cavity?***-%, and
(2) The parity gate (polarization entanglexr) uses XKNLs, quantum bus beams, and photon-number-resolving
measurement®*®”72-74 Linear parts: (1) The time-bin encoder uses circularly polarizing beam splitters (CPBS)
and a delayed loop (DL), and (2) Another time-bin encoder uses Pockels cells (PCs)!*1620237> Consequently, we
design a scheme for generating hyperentanglement, and herein report our analysis of the performance and effi-
ciency of nonlinearly optical devices (QD-cavity system and parity gate using XKNLs) for practical experimental
implementation.

Nonlinear parts: QD-cavity system and parity gate using XKNLs
The QD-cavity system. Here, we introduce the concept of a singly charged QD confined in a single-sided
cavity. The QD-cavity system (single-sided cavity)****-* consists of two GaAs/Al(Ga)As distributed Bragg reflec-
tors (DBRs) and a transverse index guide for three-dimensional (3-D) confinement of light, where 4; and 4, are
the input and output field operators, (k) is the side leakage rate, and the decay rate () of a negatively charged
exciton (X~) consists of two electrons bound to one hole’, as described in Fig. 1(a).

In Fig. 1(b), when the left circularly polarized photon|L) (right circularly polarized photon |R)) is injected into
the QD-cavity system, the polarized photon can create the spin state|T | /) (|| T |)) coupled to X~ in the spin
state[1') (|| )) of the excess electron in QD according to the Pauli exclusion principle. By these spin-dependent
optical transitions, the hot cavity (R)[| ) or|L)|T): the QD is coupled to the cavity) and the cold cavity (R)|T) or
L)} ): the QD is uncoupled from the cavity) can induce different reflectances [|ry(w)|, |ro(w)|] and phases
[pm(w) =arg(r,(w)), vro(w) =arg(ry(w))] of the reflected photon, as follows:

hot cavity: 7 (w) = |r(w)|e

li(w, — w) + /2] li(w, — w) — KI2 + K /2] + g
li(w, — w) + /2] [i(w, — w) + KI2 + K 2] + g*

cold cavity: r(w) = [r,(w)|e
i(w, —w) = K24 K2
i(w, — w) + K2 + KJ2 (1)

where r;,(w) and ry(w) are the reflection coeflicients, w, and w are the frequencies of cavity mode and external field,
and k and g are the cavity decay rate of the cavity mode and the coupling strength (X~ <= cavity mode). In the
weak excitation approximation’’, we can obtain reflection coeflicients for the steady state in Eq. 1 from the
Heisenberg equation of motion with the ground state in QD (i.e.,(6,) ~ —1,6,4 = —d), and the resonant inter-
action with w, = wy - (wy-: the frequency of the dipole transition of X~)20%-%0, Thus, the reflection operator R(w),
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Figure 2. Plot representing the parity gate (polarization entangler) using XKNLs: a parity gate consists of
XKNLs, quantum bus beams, photon-number-resolving measurement, and linearly optical apparatuses [PBSs,
BSs, phase shifter (PS)]. The input state (product states of two photons) can be entangled between polarizations
(single DOF) through this parity gate employing nonlinearly optical effects (XKNLs).

depending on the interaction between a polarized photon and the spin state of an electron inside a single-sided
cavity, is given by

RW) = [ YRR ® |L){L] + [L){L] ® [1){T])
+r(w)le A RYR| @ [T)(T] + L)L @ [L)(LD. )

Here, if the QD-cavity system having the small side-leakage rate, «, (x, < k), the strongly coupling strength
g > (k, v) with small v (about several peV) for wy- = w,, as shown in**78-%, we can acquire |r(w)| = | (w)| = 1,
¢m(w) =0, and p4(w) = £7/2 through adjustment of the frequencies between the external field and cavity mode
(w — w, = T#/2), and by omitting the leaky modes $,, and vacuum noise N2*33-0, Finally, when we take the
experimental parameters g/~ = 2.4 and k,= 0 (negligible) with w — w, = £/2 and 7/ = 0.1, the reflection operator
R(w)in Eq. 2 can be expressed as

R~ ([RYR| @ [L){L] + (L)Ll @ 1)(A) — i RYR| @ [1){T] + [L)(L] @ |L)(LD- 3)

Subsequently, we will utilize this interaction of the QD-cavity system as a nonlinear optical device for the gener-
ation of hyperentanglement in our scheme.

The polarization entangler (parity gate). The XKNLs Hamiltonian is given as Hg,,, = AxN,N,, where N;
is photon-number operator and y is the magnitude of nonlinearity in the Kerr medium. If we consider |#n), (pho-
ton state: n means photon-number) and |« ), (coherent state or probe beam), the state of photon-probe system is
transformed to Uy, |n)| ), = e’lf)Nll\]z|n)1 |a), = |n); |aei"9)2 after the interactions in the Kerr medium, where
0= xt and t are the conditional phase-shift and the interaction time. Figure 2 shows a parity gate (polarization
entangler), which can be operated using XKNLs, quantum bus beams, and photon-number-resolving measure-
ment, to create entanglement between the polarizations of two photons. This parity gate!®¢0:61646874 js composed
of four polarizing beam splitters (PBSs), four conditional phase-shifts (positive phases) in Kerr media, two linear
phase-shift (minus phase), and two beam splitters (BSs) in quantum bus beams, as described in Fig. 2.

Here, let us assume the input state is|R), |R)p ® |)* and define the relations of the circularly polarized states
{|R), |L)} and the linearly polarized states {|H), |V)}as|R) = (|H) + |V))/~2 and|L) = (|H) — |V))/~/2. After
this input state passes through the PBSs, the Kerr media (XKNLs), and the BSs, the output state, |pp), of the par-
ity gate is given by

ow) = lof ® %{%QH)A\‘/)B + \V>A\H>B>} ® (o)

1 _ . 2
-HO{COSO)a ® ——e (asinf)“/2

- (iasin )" L e .
xrg N {@(\V)A\V)B + (=1 |H)A|H)B)} ® |nP, »

a b asing)? v
where the BS transforms|a)* |3) into| (e 4+ 3)/~/2) [(a — 8)/+/2)’, and| +icsin0) = 3 Zi(}%hﬁ
for o € R. Then, we operate the photon-number-resolving measurement on the quantum bus beam of path b.
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Figure 3. In our proposed scheme, the input state (product state) of two photons is encoded for two DOFs
(polarization and time-bin) via (1) the time-bin encoder, which consists of CPBSs and delayed-loop (DL).
Then, after the QD-cavity system (nonlinear part) in Sec. 2, (2) time-bin encoder based on PCs!%1620:2375 and
DL can encode to polarizations (product state) and time-bin (entangled state) in two photons, respectively,
where the switches (S1 and S2) in the time-bin encoders are operated according to a time-table. Subsequently,
the polarization entangler parity gate (nonlinear part) using XKNLs completes to generate hyperentanglement
having correlations for two DOFs (polarization and time-bin) in two photons (A and B).

When the measurement outcome is|0)° (dark detection), the output state will be (|H), [V + |V, |H)p)/~2.
Otherwise, |n)® " n = 0, the output state as (| V),|V)y + |H)s|H)p)/~/2 via feed-forward [shifting of relative
phase by PS (®")] in accordance of measurement outcome # in Fig. 2. The error probability (P,,), which is the
probability of detection as |0)® (dark detection) in |n)> on path b, of this parity gate can be calculated by
P, ~ ¢ 12, where sin?0 ~ 6 for the strong magnitude of coherent state (probe beam: o > 1) and # < 1. This
means that the error probability, P,,,, can approach zero when increasing the magnitude of the probe beam or the
conditional phase-shift (8) of XKNL. However, the magnitude of XKNLs is tiny (very weak: 6 ~ 10718)3!, although
the magnitude of the conditional phase-shift could be enhanced by electromagnetically induced transparency
(EIT), 6 ~ 102828 Furthermore, as ref.®, it is experimentally difficult to implement the minus conditional
phase-shift in the XKNL. Thus, we will utilize this polarization entangler (parity gate) employing quantum bus
beams and photon-number-resolving measurement, which requires no negative XKNL (—0) as a nonlinear opti-
cal device for the generation of hyperentanglement in our scheme.

Scheme of generating hyperentanglement in two photons using a QD-cavity system,
parity gate, and time-bin encoders

We represent the generation of hyperentanglement having correlations for two DOFs (polarization and time-bin)
via nonlinear optical devices (the QD-cavity system and parity gate) and linear optical apparatuses (including
time-bin encoders), as shown in Fig. 3.

For a detailed description of this procedure, we assume the initial state of two photons as| V), ® |H)g. If the
polarization of photon A is a vertically polarized state,| V), then we perform the spin-flipper (SF) by feed-forward
before the polarization entangler, as described in Fig. 3. After (1) time-bin encoder, the state ), of two photons
is given by

(1) time—bin encoder

|V>A ® |H)B |</71)AB
= %<|R>A|sss> — Ly Jsls) @ %(|R>Busz> + [Lyglii), -

where the path length of photon B is longer than the path of photon A by DL (photon A: time interval s in the
short length, photon B: time interval / in the long length) before CPBSs. Then, we can adjust the paths regarding
two circular polarizations |R) and |L) of two photons by CPBSs, such as |L) obtaining the time interval [ in the
long length and |R) obtaining the time interval s over the short length. Finally, photon A (B) can obtain the time
interval s (/) in the optical length, because the path length of photon A is shorter than the path of photon B before
Switch 1 (S1).

Subsequently, we prepare a spin state, | 4 ), = (\ T )1 + \ 1 )1)/ AJ2, of electron 1 in QD. After the photons A and
B pass through S1 according to the time-table of switches in Fig. 3, they interact with the QD-cavity system, in
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sequence. The output state |p,), s Of electron 1 and two photons, after the interactions between photons and an
electron of QD as described in Eq. 3, is transformed as below

QD —cavity system
—

|+ 0 ® [@s l02)1a8
= %H +h® %(|R>A|qSSS>A ® [Lyglglilyy — |L)y|gsshy ® |R)p|qsil)y)

—1
il -he ﬁ(lR%lqﬁS)A @ [R)plgsil)y + |Lalqsshy @ |L)g|qlil)p)], ©
where we consider that the total time interval of the path length and the interaction time of the QD-cavity is g,
and also that|—); = (), — | ))/~/2,and|qlsl) = |gsll), |gsls) = |gssl).

In (2) the time-bin encoder, after the photons A and B pass through S2 due to the time-table of switches in
Fig. 3, photon A (B) can obtain the time interval / (s) in the optical length because the path length of photon
A is longer than the path of photon B before PCs. Then we utilize PCs, which affect a bit-flip operation on the
polarization at a specific time!®162%237% to flip the polarizations of the photons. Here the action of the PCs flips
the polarizations of the photon A at time-bin gssll(=Igssl), and the photon B at time-bin gslll(=sqlll). After PCs,
the photon A (B) can acquire the time interval [ (s) in the optical length because the path length of photon B is
shorter than the path of photon A by DL. Thus, after passing the (2) time-bin encoder, the output state is given by

(2) time—bin encoder, SF (photon B): feed —forward
—

l©2)1aB [’ )ap1

= |[Ru|L)p @ %l[l + h(|lgsss)y |ssqlll)g — [llgssl)y [ssqsll)g)
+ =) (|llqsss)A|ssqsll)B + |lgssly, |ssqlilyp)]

= [RilL)y © [fl + )1( [s"Wl)s = [F)als")e)

(| >1«/_ s als s + [ al17)8)], @
where we define as |s”) = |ligsss or ssgsll) = |l x 2 + s x 3) (short interval) and |I) = /ssqlll or ligssl)=
|l x 3 + s x 2) (long interval). Because the initial state of photon A is a vertically polarized state, | V),, we per-
form SF to photon B by feed-forward (|R); — |L)p), as described in Fig. 3 before the polarization entangler.

In the polarization entangler (parity gate) using XKNLs, as described in Sec. 2, the output state|y;), s, accord-
ing to Eq. 4, is transformed, as follows:

| (p3>AB1polarization entangler | gpﬁlAB
= 0@ e + | =0 @ [#0) @ [la) ®r r<|H>A|V>B
— [V H)p)} @ [0)°
—1 ~(asing)?r2 (iasind)"
+]acost)' @ — J— nz:()—m ﬁ — V3| V)
+(=1)"|H)|H)p)}t @ |n)b], ©

where we define the four types of polarization state (two photons), and the time-bin state (time interval), as
follows:

(Polarization) |\Il§) = AV £ [V)a|H)g)

(),
ﬁ(‘H)A‘H)B = [V)alV)s)

®5) 45
. . £ o 1

(Time—bin)  [¥y),, = ﬁ(‘sl)A 1)g £ [I)als)s)
1

&) = (s = I 117%)s
[P )p = (5015l £ [0l )e) ©)
where {|H), |V)} is the horizontal, vertical polarization on the photon, and {|s), |I'}}is short interval, long interval
due to the path length of the photon. Subsequently, if the measurement outcomes of the QD-cavity system (elec-
tron 1), and the quantum bus beam on path b by the photon-number-resolving measurement are
{| + ) |n)° " 1 = 0}, then the final hyperentangled state having its own correlations for two DOFs (polarization
and time-bin) on two photons will be|®; ) .5 ® |¥7); Where the outputstate(— | V), | V) + (—1)"|H), [H)g)/+/2
in Eq. 8 is transformed to | ®} ), via feed-forward [shifting of relative phase by PS (®")] according to result n.

Table 1 shows that the possible hyperentangled states (having two DOFs) of two photons can be generated in
accordance with the preparation of the initial states (product state), and the measurement outcomes of electron

SCIENTIFICREPORTS | (2018) 8:2566 | DOI:10.1038/s41598-018-19970-2 5



www.nature.com/scientificreports/

o o) ) © 195,
1
|y |80),, © [¥5)
IH), ® 5(R)y * [L)y) : TAR A
) [0) [¥5) s @ [PT),p
/1
|n)® 198),5 © 127,
) [0y [Tp)ap @ “I’¥>AB
1
Iny? |®5)as © [¥)
Vs ® (R} % [L)y) ; R A
O o) o)as @ 1B5),,
Y b
[m) [®p)ap @ “I)¥>AB

Table 1. The generated hyperentanglement having its own correlations for two DOFs (polarization and time-
bin) on two photons, according to the initial state, the results of electron spin 1 in QD and photon-number-
resolving measurement of the quantum bus beam on path b.

spin 1 inside the QD-cavity system, and the quantum bus beam on path b through the photon-number-resolving
measurement.

So far, we designed a scheme to generate hyperentanglement having its own correlations for two DOFs (polar-
ization and time-bin) utilizing nonlinear optical devices (the QD-cavity system and the parity gate using XKNLs),
and the linear optical apparatuses (time-bin encoders). In our schemes, the important parts (nonlinear optical
devices) are the QD-cavity system and polarization entangler (parity gate) utilizing XKNLs, quantum bus beams,
and the photon-number-resolving measurement. Therefore, we will analyze the performance and efficiency of the
nonlinear optical devices for the experimental implementation in practice.

Analysis of nonlinear parts: QD-cavity system and parity gate using XKNLs

The QD-cavity system. The QD-cavity system interactions, which can induce difference in the reflectances
and phases of the reflected photon according to the hot cavity (coupled) and cold cavity (uncoupled) conditions
in Eq. 1, are significantly utilized for the reliable performance of our scheme. Thus, we should analyze the actual
efficiency and experimental performance of these interactions of the QD-cavity system. For the reflection coeffi-
cient r(w) with the noise N(w) and leakage S(w) coefficients, the Heisenberg equations of motion for a cavity field
operator (@), a dipole operator (6_) of X~, and the input-output relations”’, are given by

da . AR N N o
- = —[z(wc—w)—kz—k?sa—ga_— Ry, — R Sin
dé . A A A .
% = —|ilwx- —w) + %07 — g6,4 + JY6,N,
aout = ain + JEa, (10)

where §,_is an input field operator from leaky modes due to sideband leakage and absorption, and N is the vac-
uum noise operator for &_. In the weak excitation approximation’” and the ground state in QD (i.e,, (6,) ~ —1,
6,4 = —a) withw, = w2, we can calculate the reflection coefficient R(w) with the noise N(w) and leakage
S(w) coefficients, as follows:

li(w, — w) + /2] li(w, — w) — KI2 + KJ2] + g
li(w, — w) + /2] [i(w, — w) + KI2 + K J2] + g*
Nw) = — 778 -
li(w, — w) + /2] [i(w, — w) + K2 + KJ/2] + g
— [FEliw, — w) + 7/2]
[i(w, — w) + /2] [i(w, — w) + K/2 + KJ2] + g2~ (11)

R(w) =

S(w)

Considering the hot (g=0) and cold (g=0) cavities, the reflection coefficients [r,(w) and ry(w)] are repre-
sented in Eq. 1. In addition, the noise [n;,(w) and ny(w)] rates; and leakage [s;(w) and sy(w)] coeflicients are given
by

hot cavity: = i) — 758 = N(w),
ot cavity: my(w) [m(w)le li(w, — ) +712] [i(w, — w) + 5 12+ 1y 2] + g )

cold cavity: ny(w) |1g(w) e @) = 0,

. ; - [i(w, — w) + /2]
h . = xgosh(w) — Kk c — R
ot cavity: s(w) [sn(w)le li(w, — w) + /2] [i(w, — w) + K 2+ &, 2] + g S(@)
ity = i (w) _ TSR
cold cavity: sy(w) = |[so(w)|e ™ = o=t R TR (12)
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where [|n,(w)|, @un(w): hot cavity] and [|ny(w)|, @no(w): cold cavity] are the noise rates and the phase shifts, and
[|sn(w)], paw): hotAcavity] and [|sy(w)], pg(w): cold cavity] are the leakage rates and the phase shifts. Thus, the
reflection operator R(w) in Eq. 2 after the reflection from the QD-cavity system should be revised as

ﬁp(w) = [\rh(w)\ewrh(“) + \nh(w)\ei@nh(“’) + \sh(w)\ei“"sh(“’)]
X(IRYR[ @ [L)(L] 4 [LNL] @ [T)(T])
FlIrp(w)] ) 4 [sg(w)] )]
X(IRWR| @ [TIT] + [LIL] @ [L)(L])s (13)

where ny(w) = |ny(w)|e“) = 0 from Eq. 12. When the QD-cavity system having the experimental parameters
as g/k=2.4and v/k =0.1 (g> (k, 7)) for small y (about several peV)**”8-8 with wy - = w,, the reflectances and
the phase shifts (|r], ¢y hot cavity) and (|rg|, i cold cavity), the noise rates and the phase shifts (|n|, ¢,: hot
cavity) and (|ng|, ,0: cold cavity), and the leakage rates and the phase shifts (|s|, ¢g,: hot cavity) and (|sy|, ¢g: cold
cavity) are plotted for frequency detuning 2(w — w,)/k according to the difference in side-leakage rates x,=0 and
k4 k= 1.0, as shown in Fig. 4. In Fig. 4, if we take the negligible side-leakage x (x, < «)and the adjusted frequen-
cies as w— w, = k/2 for g/k =2.4, 7/k=0.1, and wy- = w,, the reflectances, rates, and phase shifts for the reflec-
tion operator can be obtained as || = |ro| = 1, |n,| &0, |1y| = |su] =|so| =0, and 4, %0, Yo~ —7/2, P <0,
Pno= P = P =0. Thus, the leaky modes §m and vacuum noise N can be ignored by choosing the parameters
g/k=2.4and k,;=0with w—w.= k/2 and 7/k =0.1. After the interaction with the QD-cavity system, the reflected
photon and electron spin states of the photon-electron system from Eq. 13 can be given by

[R)T) = —i[R)T), (L)1) — (D)), |R)L) — [R)L), [L)L) — —dlL)L)- (14)

In Section 3, for the reliable performance of our scheme in practice, we should calculate the fidelity Fqp, of the
interactions between a photon and QDs inside a single-sided cavity including the leaky modes §,, and vacuum
noise N. If we consider the parameters g/k =2.4, y/k =0.1, and k,=0 for wy- = w, and w — w, = K/2, then the
reflectances, rates, and phase shifts can be obtained as |ry| = |ro| & 1, |ny| 2 0, |ng| = |s,| = [so] =0, and 3, =0,
ProR =12, Pup R0, Yo = Pgn = P5o =0 from Egs 1 and 12. Thus, the ideal output state |¢)4) from Eq. 14 and the
practical output state |1)p,) from Eq. 13 of the photon-electron after the interaction of the QD-cavity system can
be expressed as

S i 1
1) = 5| ORI + 1B + (R + L))
1 [+ 5) R L (hy + ny + sp) R L ]
We) = =5 (RN + DY) + =——2——==(R)L) + L)1) 15)
where the input state is (|R) + [L))/+/2 @ (| 1) + [1))/~/2,andN = |1, + so/* + |1, + 1y, + s>
Subsequently, the fidelity Fqp, between [, 4) and |1/p,) in the QD-cavity system can be calculated as
_ L | [l + so) + ( + my + 5P
F = r T = — .
o0 = W lieg | = = J P N PR .

As described in Fig. 5, when the coupling strength, g/, is strong (g > (k, 7)), and £,/x is the small side leak-
age rate (k > k) with w — w,= k/2 (single-sided), we can conclude that the fidelity Fqp, of the output state
approaches ‘1, and the effect of the leaky modes $,, and vacuum noise N can be omitted. Consequently, by our
analysis of the QD-cavity system, we can acquire the reliable performance of the interaction between a photon
and an electron in QD for the generation of hyperentanglement in our scheme.

The polarization entangler (parity gate). In the parity gate using XKNLs, the decoherence effect gives
rise to photon loss of quantum bus beams and dephasing of coherent parameters of photon-probe systems in
optical fibers®-748>8¢ Thus, the probability of success (Py,. =1 — P,,,) and the fidelity Fyxy, of the output state
between the ideal case and the practical case will decrease due to photon loss and dephasing (evolving quantum
state to mixed state) in practice. For analysis of the influence of the decoherence effect, we introduce a master
equation® to describe the parity gate.

% =fp+Lp, Jp=dapat, Lp=-— %((frap + pa*a),
where A and #(= /) are the energy decay rate and the interaction time in the solution p(t) = expl[( J + D)1 p(0).
Due to this solution, we can calculate the interaction of XKNL x with the decoherence effect (photon loss and
dephasing), D, by the process of D,X, for (interaction time), as follows”%77%:

17)
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Figure 4. The left figures represent the reflectances [|r,(w)], |ro(w)|], the noise rates [|n,(w)|, |#,(w)|], and the
leakage rates [|s,(w)|, |so(w)|], and also the right figures represent the phase shifts [ (w), @ro(w), Pon(W), Pro(w),
Pa(W), @o(w)] for frequency detuning 2(w — w,)/k, according to the difference in the side leakage rates (k,=0
and k,=1.0k). In these plots, we take the parameters as g/k =2.4 and v/k =0.1 (g> (k, 7)) with wy- = w74,

Fidelity
parameters K, / K ( QD)
0.0 0.997
g/xk=24
0 =0 0.5 0.948
X c
y/x=01 10 0917
2( -0, ) /x=1
15 0.891

0.5 1.0 1.5 2.0 25 3.0

g/ x

Figure 5. The left plot represents the fidelities Fp, (QD inside a single-sided cavity) of the output state with
respect to the differences in side leakage rate x,/x and the coupling strength g/ between the QD and the cavity
with fixed 7/x = 0.1 and wy- = w,. The right table is a list of the values of Fqp, for /x=0.1, 0.5, 1.0, and 1.5
with fixed parameters g/k =2.4 and 2(w —w,)/k=1.
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N
_a2(1 _ e—)\At)Ze—/\At(n—l)(l _ emAG)

n=1

Dy Xa)™ |H)(VI®@]a)(a] = exp

x [H)(V]®|Aae”) (Aal, (18)

where we consider the divided interaction time A#(=t/N) with N=10° and 6 = yt= yNAt= NA® for a good
approximation of our analysis [D,X, = (Dy,Xx)" for =NA#)]. Moreover, A,=e " is the photon decay rate
(photon loss) after the probe beam emerges from the Kerr medium. When the parity gate is implemented in prac-
tice for generating the controlled phase shift (XKNL) 6 =, the requirement for the length of the optical fiber is
about 3000 km, according to x/A=0.0125 (0.364 dB/km) the signal loss of commercial fibers®>®, and
X/A=0.0303 (0.15dB/km) of pure silica core fibers®. Therefore, we should consider the decoherence effect (pho-
ton loss and dephasing) in the experimentally realized parity gate via our analysis. By the modeling in Eq. 18
(from the master equation) and the practical optical fiber, the output state |pgg) in Eq. 4 of the parity gate, as
described in Section 2 will evolve to a mixed state pyy, as follows:

1 KPlCP P JoficP
pow = - \K\Z\ZC\Z 21 i o |cP |1;\2 |
4l LFJorer 1 IMFC
OF|CP[LP [MPICE 1 (19)
where the row and column of pgg are A a)* |HV )5 |0, |A,a)* [VH)5]0)°, |A,cvcosB) | VV )| iA,rsin B)°, and

|A;acos0) |HH) g | —iA,asin 0\°. The coherent parameters (C, M, L, O, and K) of the off-diagonal terms from
Eq. 18 are given by”

>

N
C = exp _(a2/2) (1 _ e—)\At)Ze—)\At(n—l)(l _ emAg)
n=1

N
M = expl _(az/z)ef)\t(l _ efAAt)EefAAt(nfl)(l _ et(nA¢9+9))

n=1

>

N
L = exp _(a2/2)e—/\t(1 _ e—)\At)Ze—)\At(n—l)(l _ emAG)

n=1

>

N
0 = exp|—(a?/2)e M1 — e ™ (1 — e’y)zeﬂm("*l)

n=1

>

N
K = exp—(a/2)e (1 — efmz)zefmz(nfl)(l _ et(nA&&))].

n=1

(20)

Figure 6 represents the absolute values of coherent parameters (the off-diagonal terms in pgg, Eq. 19) with
regard to the difference in the amplitudes of the probe beam, @ with the fixed af = axt=2.5 for P,,, < 107% in the
optical fiber having a signal loss x/\=0.0303 (0.15 dB/km)7%71.7486,

In Fig. 6, we can conclude that the amplitude of the coherent state (probe beam «) should be increased to
constrain the output state pgy to the pure state (coherent parameters approaching ‘1’) for experimentally reliable
performance of the parity gate. Thus, the reliable performance of the parity gate can be acquired by using a strong
coherent state (probe beam) when the fixed a6 =2.5 for P,,, < 107 in the optical fiber, x/A=0.0303 (0.15dB/
km), according to our analysis via the master equation (Eq. 17).

Due to the above result, we calculate the fidelity Fxyy; between the output state |pg), Eq. 4, in the ideal case
and the output state pgg, Eq. 19, in the practical case. When we take the parameters N=10%, af = arxt =~ 2.5 for
P... < 1073 in the optical fiber, x/A=0.0303 (0.15 dB/km); the fidelity Fyy; is given by

1
Faow = |(@udbgelond | = SW1 + [LF + [OFICE + (KF[CF + IMFICP)2], a1

where C, M, L, O, and K are coherent parameters (off-diagonal terms in pgg, Eq. 19) in Eq. 20.

Figure 7 shows that we can obtain high fidelity for the output state (Fyxy; — 1) by using a strong coher-
ent state (probe beam) in the optical fiber, y/A =0.0303 (0.15 dB/km)® when the fixed a6 =2.5 for P,,, < 107°.
Furthermore, if the strong coherent state is utilized for efficient and reliable performance (high fidelity and the
robustness from photon loss and dephasing induced by the decoherence effect) of the parity gate, this should
decrease the magnitude of the conditional phase-shift by XKNL, as described in Fig. 7 (the left table). Therefore,
we can improve the experimental feasibility of implementation of the parity gate because the natural XKNLs are
extremely weak®!. Consequently, this gate can be operated with reliable performance and the immunity from the
decoherence effect for the generation of hyperentanglement in our scheme because this analysis of the parity gate
using XKNLs, quantum bus beams, and the photon-number-resolving measurement.
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Figure 6. When the fixed parameter o = axt=2.5 for P, < 107> and N=10? in the optical fiber, x/A=0.0303
(0.15 dB/km), the absolute values of the coherent parameters of pp, are plotted in diagrams depending on
a =500, 10%, and 10°.

5000

optical fiber  Fidelity 4000
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Figure 7. The left table is a list of the values of Fyyy; for & =500, 10°, and 10° in the optical fiber having
X/A=0.0303 (0.15dB/km). The right plot represents Fyyy; of the output state with respect to differences in
the amplitude of the coherent state («) and the signal loss X/ in the optical fiber. Here we take the parameter
af=2.5 for the error probability P,,, < 1072.

Conclusions
We herein propose an optical scheme to generate hyperentanglement having its own correlations for two DOFs
(polarization and time-bin) on two photons using a QD-cavity system, a parity gate (XKNLs), and linear optical
apparatuses (including time-bin encoders). For the reliable performance of this scheme, the most important
components are two nonlinear optical devices, such as the QD-cavity system (QD in a single-sided cavity) and
the polarization entangler gate (parity gate via XKNLs).

From the results of our analysis (the QD-cavity system) in Sec. 4, when the coupling strength, g/x, is strong
(g > (K, 7)), and /K is the small side leakage rate (x > k) with w — w,= k/2 (single-sided), we can acquire
high fidelity Fqp, of the output state (photon-electron) with a negligible amount of leaky modes $,. and vacuum
noise N. For this result, many researches have been studied, as follows: For the experimental requirements (strong
coupling strength and small side leakage) in practice, Reithmaier et al.’® obtained the coupling strength
g/(k + k) ~ 0.5in a micropillar cavity at d = 1.5 pm for the quality factor Q =8800. When Q =40000, increas-
ing the coupling strength as g/(k + k) ~ 2.4 could be experimentally obtained as in%. For strong coupling, Bayer
et al.® demonstrated that micropillars with d =1.5pum and /K ~ 1 peV (the decay rate of X~) could be acquired
from In, ¢Ga, ,As/GaAs (QDs) with the temperature T~ 2 K®. The side leakage rate x, can be reduced by optimiz-
ing the etching process (or improving the sample growth) with g/(x + k) &~ 2.4, when g~ 80 eV and Q =40000
(including the side leakage rate ) have been realized with Iny4Ga,,As’®. Moreover, the small side leakage rate
can be obtained by improving the quality factor to Q =215000 (k= 6.2 peV)*.
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In the case of the parity gate using XKNLs, for immunity (Fxxy; — 1) against the decoherence effect, we utilize
quantum bus beams and photon-number-resolving measurement with the strong coherent state according to our
analysis in Section 4. The multi-qubit gates using homodyne measurements®**% cannot prevent evolution of the
result (pure) state to a mixed state induced by the decoherence effect®74, and also require a minus conditional
phase-shift, —0 (which is not easy to implement due to®!). However, our parity gate (polarization entangler)
via XKNLs, quantum bus beams, and the photon-number-resolving measurement has the following advantages:
First, the acquisition of robustness (preventing the dephasing of coherent parameters in Fig. 6) against the deco-
herence effect is possible to utilize the strong coherent state (probe beam) via our analysis using the master equa-
tion, as described in Section 4. Second, there is no requirement for the minus conditional phase-shift, —0, which
is generally known as the impossibility of changing the sign of the conditional phase-shift3. Third, the feasibility
and experimental realization (the natural XKNLs are extremely weak®!) are enhanced. This is because we can
much reduce the magnitudes of the conditional phase-shifts, as listed in Fig. 7, if we employ the strong coherent
state for the suppression of decoherence effect (preventing the photon loss and dephasing).

Consequently, we designed our scheme to generate hyperentanglement on two DOFs (polarization and
time-bin) of two photons via the QD-cavity system, and the parity gate (polarization entangler) using XKNL,
quantum bus beams, photon-number-resolving measurement, and linear optical apparatuses (time-bin encod-
ers). Furthermore, we demonstrated by analysis the efficiency (with performance) and experimental feasibility of
the nonlinear parts [QD-cavity system and parity gate (XKNLs)], which are critical components in our scheme to
reliably generate hyperentanglement.
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