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New disordered anyon phase 
of doped graphene zigzag 
nanoribbon
Young Heon Kim  1, Hye Jeong Lee  1, Hyun‑Yong Lee  2,3,4 & S.‑R. Eric Yang  1*

We investigate interacting disordered zigzag nanoribbons at low doping, using the Hubbard model to 
treat electron interactions within the density matrix renormalization group and Hartree-Fock method. 
Extra electrons that are inserted into an interacting disordered zigzag nanoribbon divide into anyons. 
Furthermore, the fractional charges form a new disordered anyon phase with a highly distorted edge 
spin density wave, containing numerous localized magnetic moments residing on the zigzag edges, 
thereby displaying spin-charge separation and a strong non-local correlation between the opposite 
zigzag edges. We make the following new predictions, which can be experimentally tested: (1) In the 
low doping case and weak disorder regime, the soft gap in the tunneling density of states is replaced 
by a sharp peak at the midgap energy with two accompanying peaks. The e−/2 fractional charges 
that reside on the boundary of the zigzag edges are responsible for these peaks. (2) We find that 
the midgap peak disappears as the doping concentration increases. The presence of e−/2 fractional 
charges will be strongly supported by the detection of these peaks. Doped zigzag ribbons may also 
exhibit unusual transport, magnetic, and inter-edge tunneling properties.

Topological phases of matter are classified into two categories1,2: symmetry-protected topological (SPT) phase 
and topologically ordered (TO) phase. The SPT phase is distinguished by short-ranged entanglement, whereas 
the TO phase is distinguished by long-range entanglement. Furthermore, the SPT phase protects boundary 
gapless states, and it cannot be adiabatically connected to a trivial product state under perturbations preserving 
a certain symmetry. In contrast, in the TO phase, the global pattern of entanglement causes topological ground 
state degeneracy, which is robust to local perturbation regardless of symmetry. Furthermore, the topological 
degeneracy generates a universal subleading term in the entanglement entropy, which is known as the topological 
entanglement entropy (TEE)3,4. This entanglement entropy has been mainly used to detect the topological order5. 
Topological order frequently results in topological excitations with fractional quantum numbers. Entanglement 
entropy may also show signs of topologically ordered insulators6.

Recently, it was revealed that undoped interacting disordered graphene7–9 zigzag ribbons10 are a new TO 
Mott–Anderson insulator displaying e−/2 fractional charges, spin-charge separation, and two degenerate ground 
states11,12. The disorder is a singular perturbation that couples electrons on opposing zigzag edges, resulting in 
instantons. This effect converts zigzag ribbons from a STP to a TO phase and generates e−/2 fractional charges 
on the opposite zigzag edges. These fractional charges are protected13 by an exponentially decaying soft gap14,15 
�s , as shown in Fig. 1. Furthermore, numerical work16 showed that an interacting disordered zigzag nanoribbon 
has a finite TEE.

Recent advancements in fabrication methods have enabled the production of atomically precise graphene 
nanoribbons17,18. But it is unclear how to unequivocally measure the presence of fractional charges. We believe 
that doped zigzag nanoribbons are ideal for observing exotic anyons with fractional charges. The properties of 
doped disordered zigzag ribbons, on the other hand, are largely unknown. A doped ribbon is not expected to be a 
topologically ordered insulator because there is no hard gap (the density of states (DOS) at the Fermi is non-zero 
but small). However, the system is still an insulator with localized edge states near the Fermi energy, displaying 
doubly degenerate ground states. In the dilute limit the added fractional charges will still be well defined. Let us 
explain this, following Ref.13. These fractional charges are analogous to quasiparticles of the fractional quantum 
Hall effect’s 1/m Laughlin state (m is an odd integer). In such a system’s low doped regime, the added electrons 
divide into fractional charges. Recent experimental works provide evidence for these anyons19,20. Suppose one 
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adds δN electrons to such a state. In the dilute limit, each of these electrons fractionalizes into m quasiparticles 
that are well separated from each other (the charge of a quasiparticle is e−/m ). The total energy of the new system 
is thus E− = Em + δNm�− , where Em is the ground state energy and �− is the quasiparticle excitation energy. 
Despite that the quasiparticles form quasi-degenerate states, the excitation gap � and localization of quasiparticles 
protect fractional charges against quantum fluctuations12,13.

The role of fractional charges in low doped disordered systems is one of the fundamental questions in doped 
disordered zigzag ribbons. What exactly is the ground state? This concerns the applicability of mean field 
approaches to such a system: quantum fluctuations13 not included in the Hartree–Fock (HF) approximation 
may be significant because gap states are no longer empty. Furthermore, in contrast to the uniform spin density 
of undoped ribbons, the ground state of a doped disorder-free ribbon exhibits an edge spin density wave. It is 
unknown how localization and charge quantization affect the nature of the ground state. We use the density 
matrix renormalization group  (DMRG) approach in the matrix product states (MPS) representation to investi-
gate the ground state of a doped ribbon and the importance of quantum fluctuations beyond the HF approach. 
The MPS representation is a powerful tool for solving eigenvalue problems of quantum many-body systems21,22.

Ribbons are in a new disordered anyon phase, according to our investigation of the low doping regime23,24. 
We discover that a low doped disordered zigzag ribbon contains a large number of anyons with a fractional 
charge (but as doping concentration increases they disappear). They cause numerous magnetic domain walls 
and localized magnetic moments residing on the zigzag edges. Also, objects that display spin-charge separation 
proliferate in this phase. As a result, the ground state is drastically reorganized, with highly distorted edge charge 
and spin modulations, as well as non-local correlations between the left and right zigzag edges. We will define 
this new phase as a disordered anyon phase because its electron and spin densities are highly inhomogeneous. 
Furthermore, we make the following new experimentally testable predictions. (1) The disordered anyon phase 
has an unusual shape of tunneling density of states (TDOS), depending on the number of extra electrons (for 
experimental measurement of a soft gap in the TDOS, see, for example, Refs.25,26). The TDOS has one sharp 
peak at the midgap energy and two other peaks, one on each side of the sharp peak at the midgap energy, at the 
low doping limit. (2) However, the midgap peak disappears as the doping concentration increases. The detec-
tion of these peaks will provide strong evidence for the presence of e−/2 fractional charges. Furthermore, our 
findings indicate that doped zigzag ribbons may have unusual transport, magnetic, and inter-edge tunneling 
properties. Theoretical calculations27 of disorder-free zigzag ribbons show that antiferromagnetism is favored 
over ferromagnetism for ribbon widths < 100 Å. In the presence of disorder, the new disordered anyon phase 
is expected for these width values.

Results
Model.  To model the graphene zigzag nanoribbons, we apply the Hubbard model with the nearest neighbor 
hopping and a diagonal disorder Vi.

where i = (x, y) denotes the site indices (see Fig. 2a), c†i,σ/ci,σ are the creation/destruction operators at site i, t is the 
nearest neighbor hopping parameter and U is the on-site repulsion. The ratio of the numbers of impurities and 
carbon atoms is given by nimp = NI/Ns . The values of the disorder strength Vi at NI impurity sites are uniformly 

(1)H = −t
∑

�ij�,σ
c†i,σ cj,σ +

∑

i,σ

Vic
†
i,σ ci,σ + U

∑

i

ni,↑ni,↓,

Figure 1.   (a) Schematic band structure of a disorder-free interacting zigzag graphene nanoribbon at half-filling 
with a hard Mott gap � ∼ 0.1t , where the hopping parameter t ∼ 3 eV. Soliton zigzag edge states are near 
k = ±π/a0 , and their charge is e− (the ribbon period is a0 ). (b) Schematic density of states (DOS) of a half-filled 
disordered zigzag ribbon (dashed line). It decays exponentially with an energy scale of �s (a soft gap), which 
decreases with increasing disorder strength11. The van Hove singularities of the DOS at ǫ = ±�/2 , originating 
from the band structure displayed in a, are reduced due to the formation of the gap states. These gap states are 
spin–split, and many of them are soliton states with fractional charge e−/2 . Note that the DOS has particle-hole 
symmetry after disorder averaging. The soft gap �s protects the fractional charges from quantum fluctuations.
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distributed in the interval [−Ŵ,Ŵ] (the sum in the second term of H is only over impurity sites). The dimension-
less coupling constant of the problem is the ratio of the disorder strength and on-site repulsion g = Ŵ

√
nimp

U  . The 
doping concentration is defined as δN/Ns , where δN is the total number of added electrons. The mean field ver-
sion of this Hamiltonian for a doped ribbon is given in method, see Eq. (3). The HF results of undoped zigzag 
ribbons show that fractionalization occurs independent of the disorder potential range, density, and strength. 
Note that disorder is a singular perturbation11,12.

In graphene systems mean field approximations are widely used because they give accurate results28. How-
ever, there are several nearly degenerate HF ground states in graphene nanoribbons that can be generated using 
different HF initial states,and one does not know which of these states is close to the true ground state because 
quantum fluctuations are missing in the HF approximation. In this paper, we conducted the DMRG to deter-
mine which HF initial state generates the HF state that is close to the true ground state. We will concentrate on 
two types of HF initial states in this section. The first, labeled AF, is generated from an antiferromagnetic initial 
state, while the second, labeled PM, is generated from a paramagnetic initial state with a small spin-splitting. 
The DMRG found that the undoped ground state at clean limit exhibits the Néel magnetic ordering, where spins 
at two zigzag edges align antiparallel to each other (these results agree with those results obtained using the AF 
initial state). Nonetheless, the addition of enough extra electrons results in an edge spin density wave. The cor-
responding DMRG results, presented in Supplementary material, agree with those results obtained using the 
PM initial state, see Fig.  2b. The results were then tested at half-filling for an undoped disordered interacting 
zigzag nanoribbon. The PM initial state produces a state with fractional charges. Site spin values computed 
from this ground state agree well qualitatively with those of the DMRG approach, as shown in Fig. 2c,d. We 
will show below that DMRG results for doped interacting disordered zigzag ribbons also support the results 
obtained from the PM initial state. The methods of both DMRG and HF approximation are explained in detail 
in Supplementary material.

New anyon phase and TDOS of low doping region.  Using the PM initial state, we investigated the 
shape of the TDOS as a function of doping concentration (all the HF results below are generated by using this 
HF initial state). As shown in Fig. 3, adding a few extra electrons to the half-filled ribbon results in a sharp peak 
near the midgap energy E = 0 inside an exponentially decaying small soft gap. The peak’s physical origin is as 
follows: A tunneling electron enters into a soliton state and divides into two fractionally charged quasiparticles

(Ref.29 gives a good account of this process). A soliton state is described by a non-local wave function, as shown 
in the upper left inset of Fig. 3. The width of the central peak is ∼ 0.02�/2 . In the low doping limit, when an 
entering electron has a non-zero energy E  = 0 , it has a significant chance not to split into e−/2 charges because 
fractionalization is only approximate at non-zero energies12. The lower left inset of Fig. 3 shows the highly 
non-linear dependence of the peak value at E=0 on doping concentration δN/Ns . The zero energy peak in the 
DOS disappears for δN/Ns > 0.005 (the shape of this DOS will be shown below). Such non-linear behavior is 
unusual and provides compelling evidence for fractional charges. The shape of the TDOS at the low doping limit 
differs significantly from that of the half-filled undoped state (there are also two side peaks, one on each side of 
the sharp peak at the midgap energy. These peaks are not shown in Fig. 3 because their energies lie outside the 
energy range |E| > 0.05�/2 ). Edge site occupation numbers and site spins are displayed in Fig. 4. These findings 
show modulated ferromagnetic edges.

Many of the added electrons have qA values ∼ 1/2 , which can be seen by comparing Fig. 5a,b (the quantity 
qA gives the total probability to find an electron with energy E on A-type carbon atoms. Charge fractionalization 
occurs when qA = 1/2 ). As a result, the extra electrons enter soliton states with well-defined fractional charges. 
Thus, our results for low doped ribbons indicate that doping does not destroy anyons. The average energy cost to 
create13 an e−/2 fractional charge from the undoped ground state with an exponentially small gap is �s/2 , which 
corresponds to the midgap energy E = 0 in the excitation spectrum. This effect is similar to the formation of 

(2)e− → e−/2+ e−/2.

Figure 2.   (a) Vertical and horizontal lines of carbon atoms are numbered. All lengths and widths in this paper 
are measured in the number of these lines. (b) Site spin values siz of a disorder-free doped zigzag ribbon. This 
state is generated from Ne = Ns + 20 ( δN/Ns = 0.017 ), Lx = 301 , Ly = 4 , and U = t . (c) DMRG result of the 
ground state site spins siz at half-filling for U = t , nimp = 1 , and Ŵ = 0.5t ( g = 0.5 ). We discover that other spin 
components six and siy are very small. (d) HF site spin values at half-filling are shown. Here, U = t , nimp = 0.1 , 
and Ŵ = 0.5t ( g = 0.16 is smaller compared with the value used in (c)).
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Figure 3.   The HF results for Ne = Ns + 3 ( δN/Ns = 0.0037 ), Ŵ = 0.01t , Lx = 101 , Ly = 8 , nimp = 0.1 , and 
U = t (g = 0.0032) . DOS of a slightly doped ribbon away from half-filling is shown in the weak disorder regime. 
Sharp peak is present inside the soft gap at the midgap energy E = 0 (the magnitude of this peak is rather 
small in comparison to the peaks at E = ±�/2 shown in Fig. 1). Since there are excess electrons, the Fermi 
energy EF/(�/2) = 0.14 is above the mid gap energy. The DOS of L = 300 in a larger energy interval E < � is 
shown in the lower right inset. A charge fractionalized HF eigenstate is shown in the upper left inset. Note that 
energy is measured in units of �/2 . The number of disorder realization is ND ∼ 400 . A tunneling electron is 
fractionalized in the upper right inset. The DOS is determined by measuring the differential I-V. Lower left inset 
displays the dependence of the midgap peak on doping concentration for L = 100.

Figure 4.   The HF results for Ne = Ns + 3 ( δN/Ns = 0.0037 ), Ŵ = 0.01t , Lx = 101 , Ly = 8 , nimp = 0.1 , and 
U = t (g = 0.0032) . Their disorder-free values are represented by dashed lines. (a) A disorder realization of 
zigzag edge site occupation numbers niσ for a doped ribbon. (b) Total site occupation numbers ni are shown. 
Some charges are transferred between the zigzag edges on the left and right. (c) Site spins siz are plotted. Their 
disorder-free values are represented by dotted lines.
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polyacetylene soliton midgap states30. An undoped zigzag ribbon, unlike the chiral edges of Laughlin fractional 
quantum Hall states, lacks significant gapless edge excitations.

Following Ref.24 let us argue that an e−/2 fractional charge of a disordered ribbon is an anyon. Consider two 
single-particle HF mixed chiral states that display e−/2 fractional charges, as shown in Fig. 6. If we exchange 
these two electrons, the total many-body wave function of N electrons acquires a statistical phase of eiπ = −1 . 
This exchange is also equivalent to exchanging two e−/2 charges on the left zigzag edge and two others on the 
right zigzag edge. Thus, we expect that each of these exchanges generates the statistical phase of eiπ/2 to yield the 
final phase of eiπ = −1 . An anyon with the statistical phase eiπ/2 is called a semion31,32. The presence of semions 
is consistent with the presence of anyons in TO phases. It is also consistent with the shape of the entanglement 
spectrum. It is believed that the ground state entanglement spectrum of a TO phase resembles the corresponding 
edge spectrum of the system6,33,34. The shape of the entanglement spectrum is computed and found to be similar 
to the DOS of the edge states (see Supplementary material). The entanglement spectrum of undoped interacting 
disordered zigzag ribbons differs from that of zigzag ribbons in the disorder-free SPT phase16.

As more electrons are added, the sharp peak at the midgap energy disappears in the DOS, but the two side 
peaks near E ∼ ±0.05�/2 persist, as shown in Fig. 7. Simultaneously, the edge occupation number profile 
becomes highly nonuniform, as shown in Fig. 8a. These edge occupation numbers and site spin profiles appear 
to be quite different from those with fewer electrons, see Fig. 4a–c. The nature of the disordered ground state 
of the doped system is as follows. To begin, it is important to note that the ground state of doped disorder-free 
zigzag ribbons differs from that of undoped ribbons, which have ferromagnetic edges that are antiferromagneti-
cally coupled. In sufficiently doped disorder-free ribbons both the DMRG (see Supplementary material) and 
HF display spin density type periodic modulations on the zigzag edges, see Fig. 2b (the opposite edges are still 

Figure 5.   qA values of the HF eigenstates of a ribbon are plotted for (a) Ne = Ns and (b) Ne = Ns + 3 
( δN/Ns = 0.0037 ). A gap state electron with qA = 1/2 is fractionalized. Here Lx = 101 , Ly = 8 , ND = 400 , 
nimp = 0.1 , U = t , Ŵ = 0.01t , and Ne = Ns + 3 (g = 0.0032) . In case of (b), the spectrum does not have 
particle-hole symmetry.

Figure 6.   The HF results for Two HF mixed chiral states are shown. Exchanges of two e−/2 charges on the left 
zigzag edge and two others on the right zigzag edge are displayed.
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antiferromagnetically coupled). The ground state changes again in the presence of disorder, and the periodic spin 
density is destroyed (a disorder potential is a singular perturbation12). As the vertical dashed lines in Fig. 8a show 
many HF values of siz of each zigzag edge change sign at sites where ni abruptly changes (see Fig. 8b). Similar 
behavior is also observed in the DMRG calculation, as shown in Fig. 8c. Moreover, sites i, where the values of 
niσ and siz abruptly change, have almost identical values for the x-coordinate on the left and right zigzag edges. 
This effect is a consequence of the nonlocal correlation between the left and right zigzag edges. This correlation 
between opposite zigzag edges strongly suggests that the formation of non-local soliton states is responsible for 
the drastic reorganization of the ground state, as well as the zigzag edge modifications. Furthermore, we find 
local magnetic moments with non-zero values of siz that is extended over several sites. These objects proliferate 
in comparison to the case of undoped ribbons. There are also objects extended over several sites with rather 
small values of si = 1

2
(ni↑ − ni↓) ≈ 0 , see Fig. 8b. In such an object, spin-charge separation would take place. 

The following procedure is used to create these objects. An e−/2 fractional charge moves along the zigzag edges 
from left to right, while another fractional charge with the opposite spin moves in the opposite direction (see 
Ref.12 for a detailed explanation).

The resulting ground state displays a highly distorted edge spin density. This phase is characterized by local-
ized edge magnetic moments, spin-charge separation, and correlation between the left and right zigzag edges, a 
disordered anyon phase of zigzag nanoribbons. Charge fractionalization is not exact in this phase since some of 
the nearly zero energy states are not fractionalized, see the left inset in Fig. 7. This is in contrast to the results of 
slightly doped and undoped disordered ribbons, where the fractional charge of zero energy states is well-defined 
(see Fig. 3 of the current manuscript and Fig. 9 in Ref.12, respectively). When doping concentration is increased 
further ( δN/Ns ∼ 0.04 ), the distorted edge spin density wave and charge fractionalization almost disappear. 
We also discover that the HF gap states are no longer localized along the ribbon direction. These findings imply 
that as doping concentration increases from zero, a topological phase transition with a significant crossover 
region occurs.

Discussion
Quantum fluctuations beyond the HF approximation do not mitigate charge fractionalization in a ribbon at low 
doping concentration, according to our findings. Despite the presence of disorder, as doping increases, the edge 
magnetic ordering weakens and charge fractionalization disappears. Furthermore, we discovered that the low 
doped state is a new disordered anyon phase with highly distorted edge charge and spin modulations, as well as 
localized magnetic moments with non-local correlations between the left and right zigzag edges. Anyons play a 
key role in the formation of this new phase.

As a result of spin-charge separation, our findings suggest that doped zigzag nanoribbons may exhibit new 
magnetic and low temperature transport properties: the conductivity may display a usual behavior while the spin 
susceptibility may be rather small, as was observed in polyacetylene35. Furthermore, we demonstrated that the 
TDOS profile is significantly affected by doping concentration. The measurement of the differential I-V curve 
may reveal this effect and may provide a strong test for the presence of e−/2 fractional charges. Ribbons with 
width less than 100 Å  are well-suited for the observation of these fractional charges as the antiferromagnetic 
phase is more stable than the ferromagnetic phase27.

The following additional investigations may be interesting to pursue. A worthwhile but challenging task is to 
compute the anyon statistical phase using a microscopic approach. Recently such an adiabatic DMRG simulation, 
utilizing the quantized Hall response, was successfully conducted36 for the non-Abelian Moore-Read state on a 
Haldane honeycomb lattice model. A similar DMRG calculation in a Mott-Anderson insulator of disordered zig-
zag nanoribbon with Abelian quasiparticles, where electron localization is critical, is not clear. Another method 
is to compute the statistical Berry phase of Abelian quasiparticles using a trial wave function37. But a good trial 
wave function is not yet available for disordered zigzag ribbons.

In the limit of small doping and in weak disorder regime, ribbons with a sharp midgap peak in the DOS 
have a universal value of the TEE16. When doping is high enough, the midgap peak disappears, as does the exact 

Figure 7.   The HF results for Ne = Ns + 20 ( δN/Ns = 0.0083 ), Ŵ = 0.06t , Lx = 301 , Ly = 8 , nimp = 0.1 , and 
U = t ( g = 0.019 ). Two side peaks on the DOS. In the limit of large ribbon length or, equivalently, in the limit 
of zero doping, the profile of these two peaks becomes symmetric. Since there are excess electrons, the Fermi 
energy EF/(�/2) = 0.46 . The number of disorder realization is ND ∼ 200.
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fractionalization of zero energy states. When this occurs, we can expect non-universal TEE values. It may be 
worthwhile to probe the topological phase transition as doping concentration increases. The following issues must 
be addressed: Does the TEE of doped disordered ribbons decay to zero as a function of doping concentration, and 

Figure 8.   The HF results for Ne = Ns + 20 ( δN/Ns = 0.0083 ), Ŵ = 0.06t , Lx = 301 , Ly = 8 , nimp = 0.1 , 
and U = t ( g = 0.019 ): (a) Vertical lines indicate sites where ni or siz abruptly change. On the zigzag edges, 
there are numerous localized magnetic moments. (b) Site occupation numbers niσ of a disordered ribbon. The 
arrows point to locations where spin-charge separation occurs. (c) DMRG results for δni ≡ ni − ncleani  plotted 
as a function of x and y. Here, ncleani  is the site occupation number for Ŵ = 0 . Site spins siz are also shown. The 
parameters are as follows: Ne = Ns + 12 ( δN/Ns = 0.025 ), Ŵ = t , Lx = 120 , Ly = 4 , nimp = 0.2 , and U = t . 
Note that the length of this ribbon is considerably shorter than the one used in (a) and (b). These are the results 
for a more strongly disordered ribbon with g = 0.45 , and the overall magnetization is significantly reduced.
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does the transition exhibit non-universal dependence on physical parameters16? This investigation may require 
very high cpu resources to compute accurately small values of the TEE16. This type of calculation could provide 
more information about the phase transition from modulated ferromagnetic edges at zero doping to distorted 
spin-wave edges at finite doping.

The following experiments would also be fascinating. Investigation of tunneling between zigzag edges, as seen 
in fractional quantum Hall bar systems38, may be fruitful. Scanning tunneling microscopy can reveal the presence 
of fractional charges by measuring the electron density on the zigzag edges39. Finally, it would be interesting to 
look into the new disordered anyon phase in other antiferromagnetic zigzag nanoribbon systems, e.g., silicene 
and boron nitride nanoribbons40,41. Chiral gauge theory can be used to describe e−/2 fractional charges42. It 
would be fascinating to look into the new anyon phase using random chiral gauge fields.

Methods
HF approximation.  To model graphene zigzag nanoribbons, the mean field Hubbard model is commonly 
used

where �hix� = −2U�six� and �hiy� = −2U�siy� are the self-consistent “magnetic fields.” The last term of Eq. (3) 
describes spin flips and is present but only separately from half-filling. This term mixes spin-up and spin-down. 
Note that the band structure no longer has particle-hole symmetry when away from half-filling.

DMRG.  We apply the DMRG21,22,43 to obtain the ground state of the model Eq. (1) in the MPS representation. 
Furthermore, we illustrate the geometry of the MPS for the graphene zigzag nanoribbon of the size (Lx × Ly) 
(see Supplementary material). For a quasi-one-dimensional system, the complexity of the DMRG scales expo-
nentially in the width of the system (Ly ), whereas it scales polynomially in the length (Lx ) of the system. There-
fore, our MPS setup allows us to consider the graphene strip with long zigzag edges, and we focus on the system 
with (Lx , Ly) = (120, 4) , which is far beyond the reach of exact diagonalization in the present calculations. The 
precision of the DMRG can be controlled by the number of basis states kept or the maximum bond dimension 
of the MPS ( χmax ), and we use up to χmax = 1600 to achieve the typical error of the total energy lower than 10−6 
(For a short introduction to MPS, see Supplementary material). To fix a gauge redundancy of MPS specially, i.e., 
the canonical form, the DMRG optimizes each tensor considering the global information of the wave function, 
which makes the algorithm extremely stable and reliable22. Nonetheless, the DMRG can become trapped in a 
local minimum, particularly for models with a quasi-one-dimensional lattice. To avoid local minima, we apply 
the noise perturbation44 with the two-site algorithm22 at each optimization step. Moreover, we exploit the U(1) 
symmetry of the model such that the DMRG preserves the total number of electrons, e.g., 

∑
i,σ c†i,σ ci,σ = Ns/2 , 

thereby improving greatly its convergence speed and accuracy22.

Data availability
On reasonable request, the corresponding author will provide all relevant data in this paper.

Code availability
On reasonable request, the corresponding author will provide all numerical codes in this paper.

Received: 16 June 2022; Accepted: 18 August 2022

References
	 1.	 Wen, X.-G. Colloquium: Zoo of quantum-topological phases of matter. Rev. Mod. Phys. 89, 041004. https://​doi.​org/​10.​1103/​RevMo​

dPhys.​89.​041004 (2017).
	 2.	 Wen, X.-G. Topological order: From long-range entangled quantum matter to a unified origin of light and electrons. Int. Sch. Res. 

Notices 2013, 198710. https://​doi.​org/​10.​1155/​2013/​198710 (2013).
	 3.	 Kitaev, A. & Preskill, J. Topological entanglement entropy. Phys. Rev. Lett. 96, 110404. https://​doi.​org/​10.​1103/​PhysR​evLett.​96.​

110404 (2006).
	 4.	 Levin, M. & Wen, X.-G. Detecting topological order in a ground state wave function. Phys. Rev. Lett. 96, 110405. https://​doi.​org/​

10.​1103/​PhysR​evLett.​96.​110405 (2006).
	 5.	 Jiang, H.-C., Wang, Z. & Balents, L. Identifying topological order by entanglement entropy. Nat. Phys. 8, 902–905. https://​doi.​org/​

10.​1038/​nphys​2465 (2012).
	 6.	 Li, H. & Haldane, F. D. M. Entanglement spectrum as a generalization of entanglement entropy: Identification of topological order 

in non-abelian fractional quantum hall effect states. Phys. Rev. Lett. 101, 010504. https://​doi.​org/​10.​1103/​PhysR​evLett.​101.​010504 
(2008).

	 7.	 Novoselov, K. S. et al. Two-dimensional gas of massless Dirac fermions in graphene. Nature 438, 197–200. https://​doi.​org/​10.​1038/​
natur​e04233 (2005).

	 8.	 Zhang, Y., Tan, Y.-W., Stormer, H. L. & Kim, P. Experimental observation of the quantum Hall effect and Berry’s phase in graphene. 
Nature 438, 201–204. https://​doi.​org/​10.​1038/​natur​e04235 (2005).

	 9.	 CastroNeto, A. H., Guinea, F., Peres, N. M. R., Novoselov, K. S. & Geim, A. K. The electronic properties of graphene. Rev. Mod. 
Phys. 81, 109–162. https://​doi.​org/​10.​1103/​RevMo​dPhys.​81.​109 (2009).

	10.	 Fujita, M., Wakabayashi, K., Nakada, K. & Kusakabe, K. Peculiar localized state at zigzag graphite edge. J. Phys. Soc. Jpn. 65, 
1920–1923. https://​doi.​org/​10.​1143/​JPSJ.​65.​1920 (1996).

	11.	 Jeong, Y. H., Yang, S.-R. E. & Cha, M. C. Soliton fractional charge of disordered graphene nanoribbon. J. Phys. Condens. Matter 
31, 265601. https://​doi.​org/​10.​1088/​1361-​648X/​ab146b (2019).

(3)

HMF = −t
∑

�ij�,σ
c†i,σ cj,σ +

∑

i,σ

Vic
†
i,σ ci,σ + U

∑

i

[ni,↑�ni,↓� + ni,↓�ni,↑� − �ni,↓��ni,↑�] +
∑

i

[six�hix� + siy�hiy�]

https://doi.org/10.1103/RevModPhys.89.041004
https://doi.org/10.1103/RevModPhys.89.041004
https://doi.org/10.1155/2013/198710
https://doi.org/10.1103/PhysRevLett.96.110404
https://doi.org/10.1103/PhysRevLett.96.110404
https://doi.org/10.1103/PhysRevLett.96.110405
https://doi.org/10.1103/PhysRevLett.96.110405
https://doi.org/10.1038/nphys2465
https://doi.org/10.1038/nphys2465
https://doi.org/10.1103/PhysRevLett.101.010504
https://doi.org/10.1038/nature04233
https://doi.org/10.1038/nature04233
https://doi.org/10.1038/nature04235
https://doi.org/10.1103/RevModPhys.81.109
https://doi.org/10.1143/JPSJ.65.1920
https://doi.org/10.1088/1361-648X/ab146b


9

Vol.:(0123456789)

Scientific Reports |        (2022) 12:14551  | https://doi.org/10.1038/s41598-022-18731-6

www.nature.com/scientificreports/

	12.	 Yang, S.-R. E., Cha, M. C., Lee, H. J. & Kim, Y. H. Topologically ordered zigzag nanoribbon: e/2 fractional edge charge, spin-charge 
separation, and ground-state degeneracy. Phys. Rev. Res. 2, 033109. https://​doi.​org/​10.​1103/​PhysR​evRes​earch.2.​033109 (2020).

	13.	 Girvin, S. M. Topological aspects of low dimensional systems. Les Houches lectures 29, 53 (1999).
	14.	 Éfros, A. L. & Shklovskii, B. I. Coulomb gap and low temperature conductivity of disordered systems. J. Phys. C Solid State Phys. 

8, L49–L51. https://​doi.​org/​10.​1088/​0022-​3719/8/​4/​003 (1975).
	15.	 Yang, S.-R. E. & MacDonald, A. H. Coulomb gaps in a strong magnetic field. Phys. Rev. Lett. 70, 4110–4113. https://​doi.​org/​10.​

1103/​PhysR​evLett.​70.​4110 (1993).
	16.	 Kim, Y. H., Lee, H. J. & Yang, S.-R. E. Topological entanglement entropy of interacting disordered zigzag graphene ribbons. Phys. 

Rev. B 103, 115151. https://​doi.​org/​10.​1103/​PhysR​evB.​103.​115151 (2021).
	17.	 Ruffieux, P. et al. On-surface synthesis of graphene nanoribbons with zigzag edge topology. Nature 531, 489–492. https://​doi.​org/​

10.​1038/​natur​e17151 (2016).
	18.	 Kolmer, M. et al. Rational synthesis of atomically precise graphene nanoribbons directly on metal oxide surfaces. Science 369, 

571–575. https://​doi.​org/​10.​1126/​scien​ce.​abb88​80 (2020).
	19.	 Nakamura, J., Liang, S., Gardner, G. C. & Manfra, M. J. Direct observation of anyonic braiding statistics. Nat. Phys. 16, 931–936. 

https://​doi.​org/​10.​1038/​s41567-​020-​1019-1 (2020).
	20.	 Bartolomei, H. et al. Fractional statistics in anyon collisions. Science 368, 173–177. https://​doi.​org/​10.​1126/​scien​ce.​aaz56​01 (2020).
	21.	 White, S. R. Density matrix formulation for quantum renormalization groups. Phys. Rev. Lett. 69, 2863–2866. https://​doi.​org/​10.​

1103/​PhysR​evLett.​69.​2863 (1992).
	22.	 Schollwöck, U. The density-matrix renormalization group in the age of matrix product states. Ann. Phys. 326, 96–192. https://​doi.​

org/​10.​1016/j.​aop.​2010.​09.​012 (2011).
	23.	 Leinaas, J. M. & Myrheim, J. On the theory of identical particles. Nuovo Cimento B 37, 1–23. https://​doi.​org/​10.​1007/​BF027​27953 

(1977).
	24.	 Wilczek, F. Quantum mechanics of fractional-spin particles. Phys. Rev. Lett. 49, 957–959. https://​doi.​org/​10.​1103/​PhysR​evLett.​49.​

957 (1982).
	25.	 Ashoori, R. C., Lebens, J. A., Bigelow, N. P. & Silsbee, R. H. Equilibrium tunneling from the two-dimensional electron gas in GaAs: 

Evidence for a magnetic-field-induced energy gap. Phys. Rev. Lett. 64, 681–684. https://​doi.​org/​10.​1103/​PhysR​evLett.​64.​681 (1990).
	26.	 Eisenstein, J. P., Pfeiffer, L. N. & West, K. W. Coulomb barrier to tunneling between parallel two-dimensional electron systems. 

Phys. Rev. Lett. 69, 3804–3807. https://​doi.​org/​10.​1103/​PhysR​evLett.​69.​3804 (1992).
	27.	 Pisani, L., Chan, J. A., Montanari, B. & Harrison, N. M. Electronic structure and magnetic properties of graphitic ribbons. Phys. 

Rev. B 75, 064418. https://​doi.​org/​10.​1103/​PhysR​evB.​75.​064418 (2007).
	28.	 Stauber, T. et al. Interacting electrons in graphene: Fermi velocity renormalization and optical response. Phys. Rev. Lett. 118, 

266801. https://​doi.​org/​10.​1103/​PhysR​evLett.​118.​266801 (2017).
	29.	 Girvin, S. M. & Yang, K. Modern Condensed Matter Physics (Cambridge University Press, 2019).
	30.	 Yang, S.-R. E. Soliton fractional charges in graphene nanoribbon and polyacetylene: Similarities and differences. Nanomaterials 

9, 885. https://​doi.​org/​10.​3390/​nano9​060885 (2019).
	31.	 Kalmeyer, V. & Laughlin, R. B. Equivalence of the resonating-valence-bond and fractional quantum hall states. Phys. Rev. Lett. 59, 

2095–2098. https://​doi.​org/​10.​1103/​PhysR​evLett.​59.​2095 (1987).
	32.	 Canright, G. S., Girvin, S. M. & Brass, A. Superconductive pairing of fermions and semions in two dimensions. Phys. Rev. Lett. 

63, 2295–2298. https://​doi.​org/​10.​1103/​PhysR​evLett.​63.​2295 (1989).
	33.	 Turner, A. M., Zhang, Y. & Vishwanath, A. Entanglement and inversion symmetry in topological insulators. Phys. Rev. B 82, 241102. 

https://​doi.​org/​10.​1103/​PhysR​evB.​82.​241102 (2010).
	34.	 Fidkowski, L. Entanglement spectrum of topological insulators and superconductors. Phys. Rev. Lett. 104, 130502. https://​doi.​org/​

10.​1103/​PhysR​evLett.​104.​130502 (2010).
	35.	 Chung, T.-C., Moraes, F., Flood, J. D. & Heeger, A. J. Solitons at high density in trans-(CH)x : Collective transport by mobile, spin-

less charged solitons. Phys. Rev. B 29, 2341–2343. https://​doi.​org/​10.​1103/​PhysR​evB.​29.​2341 (1984).
	36.	 Zhu, W., Gong, S. S., Haldane, F. D. M. & Sheng, D. N. Topological characterization of the non-abelian moore-read state using 

density-matrix renormalization group. Phys. Rev. B 92, 165106. https://​doi.​org/​10.​1103/​PhysR​evB.​92.​165106 (2015).
	37.	 Arovas, D., Schrieffer, J. R. & Wilczek, F. Fractional statistics and the quantum hall effect. Phys. Rev. Lett. 53, 722–723. https://​doi.​

org/​10.​1103/​PhysR​evLett.​53.​722 (1984).
	38.	 Kang, W., Stormer, H., Pfeiffer, L., Baldwin, K. & West, K. Tunnelling between the edges of two lateral quantum hall systems. Nature 

403, 59–61. https://​doi.​org/​10.​1038/​47436 (2000).
	39.	 Andrei, E. Y., Li, G. & Du, X. Electronic properties of graphene: A perspective from scanning tunneling microscopy and magne-

totransport. Rep. Prog. Phys. 75, 056501. https://​doi.​org/​10.​1088/​0034-​4885/​75/5/​056501 (2012).
	40.	 Yao, Y., Liu, A., Bai, J., Zhang, X. & Wang, R. Electronic structures of silicene nanoribbons: Two-edge-chemistry modification and 

first-principles study. Nanosc. Res. Lett. 11, 371. https://​doi.​org/​10.​1186/​s11671-​016-​1584-5 (2016).
	41.	 Barone, V. & Peralta, J. E. Magnetic boron nitride nanoribbons with tunable electronic properties. Nano Lett. 8, 2210–2214. https://​

doi.​org/​10.​1021/​nl080​745j (2008).
	42.	 Jeong, Y. H., Kim, S. C. & Yang, S.-R. E. Topological gap states of semiconducting armchair graphene ribbons. Phys. Rev. B 91, 

205441. https://​doi.​org/​10.​1103/​PhysR​evB.​91.​205441 (2015).
	43.	 Rommer, S. & Östlund, S. Class of ansatz wave functions for one-dimensional spin systems and their relation to the density matrix 

renormalization group. Phys. Rev. B 55, 2164–2181. https://​doi.​org/​10.​1103/​PhysR​evB.​55.​2164 (1997).
	44.	 White, S. R. Density matrix renormalization group algorithms with a single center site. Phys. Rev. B 72, 180403. https://​doi.​org/​

10.​1103/​PhysR​evB.​72.​180403 (2005).

Acknowledgements
S.R.E.Y. was supported by the Basic Science Research Program through the National Research Foundation of 
Korea (NRF), funded by the Ministry of Science and ICT (MSIT) NRF-2021R1F1A1047759. The DMRG simu-
lations were partially performed on the Cedar cluster, hosted by WestGrid and Compute Canada. H.Y.L. was 
supported by the National Research Foundation of Korea under the grant numbers NRF-2020R1I1A3074769 
and the BK21 FOUR (Fostering Outstanding Universities for Research).

Author contributions
Y.H.K. and H.J.L. performed the HF calculations. H.Y.L. performed the DMRG computations. S.R.E.Y. conceived 
the project and supervised the study. All authors contributed to the writing of the manuscript.

Competing interests 
The authors declare no competing interests.

https://doi.org/10.1103/PhysRevResearch.2.033109
https://doi.org/10.1088/0022-3719/8/4/003
https://doi.org/10.1103/PhysRevLett.70.4110
https://doi.org/10.1103/PhysRevLett.70.4110
https://doi.org/10.1103/PhysRevB.103.115151
https://doi.org/10.1038/nature17151
https://doi.org/10.1038/nature17151
https://doi.org/10.1126/science.abb8880
https://doi.org/10.1038/s41567-020-1019-1
https://doi.org/10.1126/science.aaz5601
https://doi.org/10.1103/PhysRevLett.69.2863
https://doi.org/10.1103/PhysRevLett.69.2863
https://doi.org/10.1016/j.aop.2010.09.012
https://doi.org/10.1016/j.aop.2010.09.012
https://doi.org/10.1007/BF02727953
https://doi.org/10.1103/PhysRevLett.49.957
https://doi.org/10.1103/PhysRevLett.49.957
https://doi.org/10.1103/PhysRevLett.64.681
https://doi.org/10.1103/PhysRevLett.69.3804
https://doi.org/10.1103/PhysRevB.75.064418
https://doi.org/10.1103/PhysRevLett.118.266801
https://doi.org/10.3390/nano9060885
https://doi.org/10.1103/PhysRevLett.59.2095
https://doi.org/10.1103/PhysRevLett.63.2295
https://doi.org/10.1103/PhysRevB.82.241102
https://doi.org/10.1103/PhysRevLett.104.130502
https://doi.org/10.1103/PhysRevLett.104.130502
https://doi.org/10.1103/PhysRevB.29.2341
https://doi.org/10.1103/PhysRevB.92.165106
https://doi.org/10.1103/PhysRevLett.53.722
https://doi.org/10.1103/PhysRevLett.53.722
https://doi.org/10.1038/47436
https://doi.org/10.1088/0034-4885/75/5/056501
https://doi.org/10.1186/s11671-016-1584-5
https://doi.org/10.1021/nl080745j
https://doi.org/10.1021/nl080745j
https://doi.org/10.1103/PhysRevB.91.205441
https://doi.org/10.1103/PhysRevB.55.2164
https://doi.org/10.1103/PhysRevB.72.180403
https://doi.org/10.1103/PhysRevB.72.180403


10

Vol:.(1234567890)

Scientific Reports |        (2022) 12:14551  | https://doi.org/10.1038/s41598-022-18731-6

www.nature.com/scientificreports/

Additional information
Supplementary Information The online version contains supplementary material available at https://​doi.​org/​
10.​1038/​s41598-​022-​18731-6.

Correspondence and requests for materials should be addressed to S.-R.E.Y.

Reprints and permissions information is available at www.nature.com/reprints.

Publisher’s note  Springer Nature remains neutral with regard to jurisdictional claims in published maps and 
institutional affiliations.

Open Access  This article is licensed under a Creative Commons Attribution 4.0 International 
License, which permits use, sharing, adaptation, distribution and reproduction in any medium or 

format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the 
Creative Commons licence, and indicate if changes were made. The images or other third party material in this 
article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the 
material. If material is not included in the article’s Creative Commons licence and your intended use is not 
permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from 
the copyright holder. To view a copy of this licence, visit http://​creat​iveco​mmons.​org/​licen​ses/​by/4.​0/.

© The Author(s) 2022

https://doi.org/10.1038/s41598-022-18731-6
https://doi.org/10.1038/s41598-022-18731-6
www.nature.com/reprints
http://creativecommons.org/licenses/by/4.0/

	New disordered anyon phase of doped graphene zigzag nanoribbon
	Results
	Model. 
	New anyon phase and TDOS of low doping region. 

	Discussion
	Methods
	HF approximation. 
	DMRG. 

	References
	Acknowledgements


