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In this paper, we analyze the synchronization problem of master-slave probabilistic Boolean networks
(PBNs). The master Boolean network (BN) is a deterministic BN, while the slave BN is determined
by a series of possible logical functions with certain probability at each discrete time point. In this
paper, we firstly define the synchronization of master-slave PBNs with probability one, and then
we investigate synchronization with probability one. By resorting to new approach called semi-
tensor product (STP), the master-slave PBNs are expressed in equivalent algebraic forms. Based on
the algebraic form, some necessary and sufficient criteria are derived to guarantee synchronization
with probability one. Further, we study the synchronization of master-slave PBNs in probability.
Synchronization in probability implies that for any initial states, the master BN can be synchronized
by the slave BN with certain probability, while synchronization with probability one implies that
master BN can be synchronized by the slave BN with probability one. Based on the equivalent
algebraic form, some efficient conditions are derived to guarantee synchronization in probability.
Finally, several numerical examples are presented to show the effectiveness of the main results.

Recently, researches on the behavior and close relationships of all the RNAs, DNAs, proteins, and cells in
a genetic regulatory network have been a new hot topic'2. Boolean networks (BNs) were originally intro-
duced to model large-scale genetic regulatory networks®=, and then they have become a powerful and
appropriate tool to model long-term behavior of genes. On one hand, BNs can be a convenient model to
describe lots of phenomena whose describing variables display only two operation values (active/inactive,
on/off, ...). For example, each gene in a cell behaves just like a switch, switching either on “active” or on
“inactive’, which can also be expressed by 1 and 0. Meanwhile, each gene is activated or inhibited by a
series of Boolean functions. Great attention has been paid to the study of BNs, such as investigation of
topological structure of BN, including the fixed point, cycles, attractors and transient time®s. On the
. other hand, the algebraic state representation for BNs, developed by Cheng and co-authors, allows to con-
. vert BNs into the framework of linear state-space models®'!. Cheng and his group develop a new matrix
. product, called semi-tenor product (STP) of matrices, which presents a new way to multiply two matrices
with arbitrary dimensions®. By resorting to STP, a Boolean function can be converted into an algebraic
form, and then a BN (Boolean network) can be expressed as a discrete algebraic dynamic'®. This original
set-up opens new perspectives on systematical analysis of many problems about BNs. And, indeed, using
this approach, many problems concerning BNs like stabilization'?, controllability’*-'7, observability's,
optimal control'®, and synchronization?*?!, just quote a few, have been widely investigated.
It should be noted that one main drawback of the algebraic state expression of BN is its computational
complexity. The algebraic state representation converts a BN with n state-variables into a state-space of
size 2". Thus, any algorithm based on this approach has an exponential time-complexity. Moreover, many
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problems like determining fixed points and observability of Boolean control networks have already been
proved to be NP-hard. Hence, the computational complexity is intrinsic and also independent of the
models adopted to describe BNs.

It is a curious phenomenon of some real-world systems that they can evolve in perfect synchroni-
zation. Synchronization is an important property, which makes two coupled systems oscillate in typi-
cal collective behavior. In recent years, synchronization problem of dynamic systems have drawn great
attention, sucn as synchronization of complex networks??-%%, consensus in multi-agent systems®*, syn-
chronization of Kauffman networks?, cooperation of networks®-! and so on. Since BNs can provide
general features of living organism, and well illustrate genetic regulatory networks, the synchronization
problem has been extended to BNs. The researches on synchronization of BNs can provide lots of useful
information on the evolution of biological systems whose corresponding subsystem influences with each
other. For example, investigation on synchronized BNs is beneficial to better understand synchronization
between two coupled lasers®. Hence, studying the synchronization problem of BN is of both theoretical
and practical importance. In the past few years, Some necessary and sufficient criteria of complete syn-
chronization for two deterministic BNs has been obtained®, then Li et al. generalized the synchroniza-
tion problem of BNs with time delays*. In**, Li studied synchronization of coupled large-scale BNs. In%,
Zhong et al. have investigated synchronization of master-slave BNs with impulsive effects.

In>13%, the target state of nodes in BNs is predicted by deterministic Boolean functions. Deterministic
BNs always follow a static transition mechanism supervised by binary logical functions, and ultimately
reach a limit set, from which the system cannot move. However, the stochastic feature of genetic regu-
lation and micro array data used to infer the structure of networks may have errors because of external
noise in the complex measurement processes. Hence, the stochastic factor is an important feature, and
BNs with stochastic factor is more practical and favorable to such situations, resulting in the develop-
ment of probabilistic Boolean networks (PBNs). In*, Shmulevich et al. firstly proposed PBNs model,
which deals with the problem of uncertainty. A PBN can be regarded as a collection of BNs, in which
the state of each node chooses its transition rule according to some probabilistic rules at discrete time
point. And the transition rule for updating each node is randomly chosen among several possible rules
with a given probability distribution. Hence, a PBN allows the model to have more flexibility, which is
the basic idea of PBNs.

Recently, PBNs have been widely applied to infer functional connectivity between brain regions and
to investigate the connectivity abnormality in Parkinson’s Disease®. Some fundamental and interesting
results on PBNs have been obtained, such as optimal control problem in context-sensitive PBNs*, con-
trollability of PBNs with forbidden states'’, steady-state probability distribution of PBNs*.. Due to its
rule-based and uncertainties properties, PBNs seem more practical to model genetic regulatory networks
than usual deterministic BNs. And phenomenon of coupling is very common in real world systems.
Hence, it is meaningful and challenging to study the synchronization problem of PBNs, and there has
been no result investigating on synchronization of PBNs, to the best our knowledge. Thus, motivated by
the above discussions, in this paper, we aim to investigate the synchronization problem of PBNs coupled
in the master-slave configuration, in which the master BN is a deterministic BN while the slave BN is
a PBN. In this paper, we firstly investigate synchronization of master-slave PBNs with probability one,
then investigate synchronization in probability. New approaches based on STP are proposed to derive
necessary and sufficient conditions for synchronization.

Notation: The following standard notations will be used in this paper. Throughout this paper, R"
denotes the set of real matrices of order nx m, and N™ denotes the positive integers. 1, denotes the
n-dimensional column vector with all entries being 1, and I, is the identity matrix of order k. 6kj is the
j-th column of identity matrix I}, and A, denotes the set of all k columns of I,. In particular, when k=2,

we use A 2 A,. Let Coli(A) (Row)) be the j-th column (j-th row) of matrix A, and Col(A) (Row(A)) be
the set of columns (rows) of matrix A. A k x p matrix A is called a logical matrix if Col(4) C A, and
the set of all k X p logical matrices is denoted by & .

Xm

Preliminaries
Given two integers k, n € N, with k<n, we use [k, n] to denote the set of integers {k, k+ 1, ..., n}. A
k x p logical matrix [6,51, 6,52, . 6,(11’] can be simply written as &li;, i ..., i,], for suitable indices
iy, iy -y i, € [1, k. We consider Boolean vectors, taking values in D = {0, 1} with usual operations
(sum +, product -, and negation —). A k x p matrix A is called a Boolean matrix if A;€ D for each i€ [1, k]
and j€ [1, p]. Let ® denotes the Kronecker product of matrices.

Firstly, we introduce a bijective correspondence between Boolean vectors X €D and vectors x€ A,
which is defined by the relationship:

= (%)
-X/ (1)

Then, we introduce semi-tensor product (STP) “x” between matrices (and in particular, vectors) as
follows'®: given two matrices, L; € R"*"™ , L, € R, we set
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LyxL, = (L1 ® Ic/m) (Lz ® Ic/p)’
¢ =lcm. (m, p), @

where l.c.m.(m, p) denotes the least common multiple of m and p.
As we can see, STP of matrices is an extension of standard matrix product, by this meaning if m=p,
then we can get L;xL,=L, L,. Note that if x, € A, and x,€ A ,, then x;xx,€ A,,,,. Throughout this

paper, we sometimes just omit “®” for convenience. By resorting to STP, we can present a bijective cor-

respondence between D" and A,,. It can be obtained in following way: given X = [X,, X,, ..., X,]' € D",
where “T” represents the transpose, we set
X X X
x:[ l]lx[ ZJIX...[X[ ”].
-X, -X, -X, (3)

Thus, we can obtain that

XX, v XX,
XX, ..X,, X,
x = | XX, e X, X, | € Ay
=X, X, ... X, ; X, (4)
1 2 111
Example 1 Consider two matrices A :[3 4},32 2 2 2| Then, according to Eq. (2), we can obtain
333
the STP of matrices A and B as follows:
AxB = (A®I;)(B®I,)
1002001 01010
01 0020010101
_|001 002202020
300400(|020202
0300401303030
003004103 03¢03
1 4 1 4 1 4
6 1 6 1 6 1
_ 126 26 26
3 8 3 8 3 8
12 3 12 3 12 3
6 12 6 12 6 12 (5)

Definition 1 An mn x mn matrix W, ,, is called a swap matrix, if it is constructed in following way:
label its columns by (11, 12, ..., 1n, ..., ml, m2, ..., mn) and similarly label its rows by (11, 21, ..., ml,
..o In, 2n, ..., mn). Then its element in the position ((I, ]), (i, j)) is assigned as

1, I=iand]=j
Wi =8 =1, el =
), i 0, otherwise. (6)

Ifo,€ A, and 0,€ A, then o,X0y= W\, (0,X0)). If m=n, we denote Wy, ,; by Wy, for convenience.
Example 2 According to Definition 1, we can construct the swap matrix W3, and obtain the matrix
W3, as following:

1 0000O0
001000
00001 0
Wiy, = )
B2A7101 0000
000100
000001 (7)

By resorting to STP and the bijective correspondence between D" and A,,, we can acquire an alge-
braic representation of logical functions. To do so, we have to identify the Boolean vectors 1 and 0 with
the vectors §, and §;. That is to say, we consider a Boolean variable X€D as a vector x€ A, thus a
Boolean function of n variables f: D" — D is equivalent with a map f: (A,)" — A,. Then, using STP,
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1 0 0 1 0
0 1 1 1 1
0 0 1 0 1

Table 1. Truth table.

we can simply express a series of Boolean variables and obtain its equivalent algebraic form of a logical

function.
Lemma 1° Let f: (A,)" — A, be a Boolean function. Then there exists a unique matrix F € £,
such that f (o, 04, ..., 0,) = FX0,X0,X-X0,, for every (o, 04, ..., 0,) € (A,)". Fis called the

structure matrix of the logical function f.
Example 3 Consider the followingtwo logical functions f (x,, x,) = x, V x,and g (x;, x,) = (=x;) V x,.
Then, according to Lemma 1 and the Truth Table 1, we can obtain its corresponding structure matrices M

and M, satisfying:
£ (xy, x5) =M x XX, g (x1, %) =M x XX,
(1110 (1011
_(0 00 1)"1”2’ _(o 10 o)xlmz' (8)
Lemma 2°

@IfoeA,, thenox A= (I,® A) x o for every A.

(2) IfoeA,, then oxo=®,0, where ®, = §,[1,2" +2,2-2"+3, ..., (2" —=2)-2"+2" —
2.

(c) The dummy matrix is defined as E ;:= 6,[1, 2, 1, 2]. Then for any two logical variables u, v, we have
Euv=v, or EgWpuv=1u.

(d) Let Xe A,, and Y€ A, be two arbitrary columns. Then, according to the definition of swap matrix,
we have W, /X X XY = Y XX, W, , XY xX = X x Y.

Results and Methods
Matrix expression of master-slave probabilistic Boolean networks (PBNs). Recall that two
BNs coupled in master-slave configuration, and each network has n nodes, which can be described as:

f1 (xl(t)’ o xn(t))

xi(t+1)

5(41) = £, (0, x5 0)
yl(t+ 1) = g101<t)(x1(t)7 B xn(t)7y1(t)v "'7yn(t))

(1) = g (x (), e x(8), 3, (0, s 7, (D) ()

where x; is the i-th node of master BN, and y; is the j-th node of slave BN, respectlvely f;:D"—=D,
ie(l, n], g D D, i€(l, n] are logical functions; o;: Nt — W, =1{1,2,...,w} can be regarded
as sw1tch1ng signals; t=0, 1, 2, ..., and here we 51mp1y denote N:= 2 We simply denote
x () = (x,(¢t), ..., x,(t))and y (¥) = (yl (), sy, (1) ) to be the states of the master BN and the slave
BN at time instant #, respectively. Moreover, we can observe that the state evolution of the master-slave
BNs depends on the following initial states: x ](O) €D, je[l, n]and Y, (0)eD,je [l nl.

The master-slave BNs (9) becomes a master-salve PBNs if the probablhty of g being g/ is p’ denoted
aSIP’{g =g |j€W} pif ie[l,n] jell, wl That1Sgie{gi gi,, ,gi }andzjzlpil_l,
i € [1, n]. In this section, we assume that the slave PBN is independent, that is g, g,, ..., g, are inde-
pendent from each other, i.e. Pr{gi = gij, g = glk} = Pr{gi = gij} . Pr{gl = glk}

Using the matrix K to denote the index set of possible models®,
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1 1 - 1 1
1 1 - 1
1 1 1 W,
K=]1 1 2 1
11 - 2 w,
“.’1 \“‘;2 o Whoa ‘V‘;n (10)

where L = I}, v Thus, K is a L x n matrix.

Remark 1 If there are some identical switching signals, assuming that o, (t) = o,(t)ando,(t), ..., 0,(t)
are pairwise distinct, then we can denote 1: =w,[1’_;w; Hence, in the following sequel, we assume that
the switching signals o,(t), ..., 0,(t) are pairwise distinct.

Each row of matrix K  represents a  possible network with  probability
p; = P, {network i is selected} = []_, pinf, where K;; is the ij-th entry in matrix K. Now define
x () = xi_,x;(t),and y (t) = xi_,y,(t), which is a bijective mapping pointed by D. Cheng™'’. For each
logical functions f, i € [1, n], we can find its corresponding structure matrix F;. Thus, using Lemma 1,
for the master logical functions, we can obtain its algebraic form:

x;(t+ 1) = FEx(1). (11)

Multiplying Eq. (11) yields x (¢t + 1) = Fx (t), where F = [®%_,Col,(F,), ®", Col,(F,), ..., ®L,
Col,,(F,) 1.

Then, for each logical functions giKif, i € [1, n], we can find its structure matrix L,.Kif. Thus, using
Lemma 1, for the slave logical functions, we have

y(t+1) = L7 (1)y (1), (12)
Multiplying Eq. (12) yields that y(t+1)=Lx(t)y(t),ie [1,L] where
L, = [®7,Col (L"), ..., @1, Col,(L;“)1

Thus, for master-slave PBNs (9), we obtain the following equivalent algebraic expression:

x(t+1) = FEx(t)
y(t+1) = Lx(t)y(1), i€ 1, L. (13)
In fact, the master-slave PBNs (9) can be regarded as a whole system. Let z (1) = x (t) Xy (t) € Ay

be the state of the whole system. Then for the master-slave PBNs (9), we can obtain following dynamics
of the whole system:

z(t+1) = x(t+1y(t+1)
Ex () Lix (1)y (t)
F(ly @ L) ®yx(t)y(t)

Tz(t),iell, L] (14)

[I>

Hence, the overall expected value of z(t+ 1) satisfies:

Ez(t+1) = ii]::lpi\I/iEz(t)é LEz(1). 5)

Remark 2 According to Eq. (14), we know that the state z(t+ 1) is updated by the logical function ¥,
with a certain probability, i.e. p;. And actually, z(t+ 1) has . number of choices to update its states. Unlike
deterministic BNs, PBNs do not have accurate state evolutional process, and all the possible state evolutional
processes exist with some certain probabilities.

Remark 3 According to Eq. (14) and Eq. (15), we can obtain that the pq-th entry of matrix L; is equal
to>"1p, (), € Lpg = Sip, (©y), Since W; € Lz then we can obtain the following equation:

Z?IzLij = 1, which means the sum of column entries is unitary.

Remark 4 According to Eq. (15), we can observe that if the master BN is a PBN and the slave BN is a
deterministic BN, we can still obtain an algebraic equation similar to Eq. (15). However, due to the coupling
property between master BN and slave BN (slave BN is also affected by master BN), the slave BN is also a
PBN. Thus, in order to investigate synchronization for this kind of system, we only need to check whether

SCIENTIFIC REPORTS | 5:13437 | DOI: 10.1038/srep13437 5



www.nature.com/scientificreports/

z(t) (state of the whole system) can reach the set of synchronized states with probability one. Hence, sim-
ilar methods for synchronization of deterministic BNs can be used to investigate synchronization of these
systems.

Example 4 Consider the following master-slave PBNs:

xi(t+1) = x(t)
x(t+ 1) = x,(t)
yt+1) = x()
nE+1) = g7V (0, x(8), 7, (), 7, (1)) (1)

where the switching signal on logical function g, is o (t) : N* — {1, 2} and

gzl = x,(1)
L; b (6) A (0] V() A D) A Gy (8) A=y, ()] 17)

Here, the probabilities of g, being g) and g22 are ]P’,(g2 = gzl) = 0.4 and ]P’,(g2 = gzz) = 0.6. Denote
x(t) = x,(t)x,(t) and y (t) = y (t)y,(t). By resorting to STP and Lemma 1, we can obtain its equivalent
algebraic form as follows:

[x(t+ 1) Fx (1)
Y+ 1) = L(t)y(),i=1,2, a8)

where the probabilities of L; being L, and L, are P, (L, = L,) = 0.4 and P,(L, = L,) = 0.6, and

F = 6,[1,2,3,4]
L 0,01,1,1,1,2,2,2,2,3,3,3,3,4,4,4, 4]
L, = 6,(1,1,1,1,2,2,2,2,3,3,3,3,4,3, 4, 4]. (19)

Further, denotez (t) = x (t)y (t), wecan obtain the wholesystemas follows:z (t + 1) = Wiz (t), i = 1, 2,
where

U, = §,[1,1,1,1,6,6,6,6,11, 11, 11, 11, 16, 16, 16, 16]
U, = 6,1,1,1,1,6,6,6,6,11, 11, 11, 11, 16, 15, 16, 16]. (20)

The state transition digraph of system (16) is shown in Fig. 1. Hence, we can obtain that the overall
expected value of z(t+ 1) satisfies:

Ez(t+ 1) = LEz (t), (21)
where

_ 1 1 1 1 6 6 6 6 11 11
L = [616’ 6167 616ﬂ 6167 6167 616? 6167 6161 5167 6167

Big: b1g: Bigs 04815 + 0.6y, 615, 616 ]. (22)

Synchronization of master-slave PBNs with probability one. In the following sebsection, we
firstly define the definition of synchronization of the master-slave PBNs (9) with probability one as
follows.

Definition 2 Consider the master-slave PBNs (9). System (9) is said to be synchronized with probability
one if for any initial state x ;(0) € A, j € [1, n] and b2 (0) € A, j € [1, n), there exists a positive integer
k, such that t> k satisfies

P ix;(t) =y, ()i € [1,n]} = 1. (23)

Remark 5 If the master-slave PBNs (9) can be synchronized with probability one, then there must exist
an integer k such that for t >k, P {x (t) = y (t)} = 1. By this meaning, the slave BN has only one deter-
ministic trajectory after finite steps, which is exactly the same as the trajectory of master BN, i.e. x(t) = y(t)
for t> k. Denote x (t) = y (t) = &%, according to z (t) = x (t)y (t), we have z (t) = 515;;1)N+i. Thus, let
2= {6;;‘2—1)1\1%: iell, N]} be the set of synchronized states  about  z(t). Let
S ={(i—-1)N+i:i€[l,N]} be the index set of =.
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Figure 1. State transition digraph of system (16), where the positive number beside each arrow is the
probability under which state transfers to its next state.

Remark 6 In***, Li et al. have investigated the complete synchronization of BNs coupled in drive-response
configuration. In those models, the drive BN and response BN are both deterministic BN, which implies that
the trajectory of drive BN will coincide with that of response BN after finite steps. Since the stochastic factor
is an important feature in real world, BNs with stochastic factor is more practical and favorable. Here, we
consider that the master BN is a deterministic BN, while the slave BN is a probabilistic BN. Due to the fact
that the master BN is a deterministic BN which means there will be only one trajectory, the slave BN must
have only one trajectory coinciding with master BN after finite steps. Thus, the main difference between syn-
chronization with probability one and general synchronization is that there will be some possible trajectories
at the beginning of a period time but only one deterministic trajectory after finite steps.

According to Eq. (9), we observe that the master BN is a deterministic BN. Thus, the trajectory will
enter into a cycle after finite steps starting from any state. Let ky = min{i: F' = F/, 1Z > i} be the tran-
sient period of system and T'> 0 be the smallest positive number satisfying F ko — F*'T Thus, we can
obtain the following proposition.

Proposition 1 Starting from any state, the trajectory of master BN (9) will enter into a cycle after k,
steps.

Example 5 Consider the following master BN with 3 nodes:

xi(t+ 1) = x(t) Axj(t)
x(t+ 1) = x()
x3(t+ 1) x,(1). (24)

Denote x (t) = x,(t) X x,(t) X x5(t), it is easy to calculate that x (t + 1) = Lx (t), where L follows
immediately as L= 0643, 7, 8, 8, 1, 5, 6, 6]. Thus, it is easy to check that ky=2 and L>=1L’, i.e. T=5, which
implies that the trajectory of BN will enter a cycle after 2 steps. The dynamic graph of system (24) is shown
in Fig. 2, from which we can see that each state will enter a cycle with length 5 after 2 step.

Based on Proposition 1, we can obtain the following necessary and sufficient condition for synchro-
nization of master-slave PBNs (9) with probability one.

Theorem 1 Consider the master-slave PBNs (9). System (9) can be synchronized with probability one if
and only if the following conditions hold:
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Figure 2. The dynamic graph of system (24).

e Fork € [ky, kg + T},

Col (L¥) C =; (25)

ko — kot T (26)
Proof. According to Eq. (15), we can obtain that
Ez(t) = L'z (0). (27)

(Necessity) If the master-slave PBNs (9) can be synchronized with probability one, then there must exist
an integer k, such that for t> k satisfying P {x (t) = y (¢t)} = 1. Since the trajectory of master BN will
enter into a cycle after k iterations, we only need to consider whether the limit set of slave BN can be
coincided with that of master BN or not. For any initial state x(0), based on Proposition 1, the trajectory
of master BN will reach a cycle: {Fx(0), F*"'x(0), ..., F*"Tx (0)}. Denote F*ux (0) = 6},
Froty (0) = 64, ..., FrotTy (0) = 8,7 Since Ffo = FA*T \e have FfotTx (0) = Fhox (0), ie. ip=i.
Since the master-slave PBNs (9) can be synchronized with probability one from any initial states x(0),
(0), we can obtain that the trajectory of slave BN also reach the same cycle: {69, 61, ..., 5;?+T}. By this
meaning, we have P {y(k,) = 6;}’} =1 Piy(ky+1) = 61’} =1,..,Piylke+ T) = 5;}} =1
Thus, it is equivalent to

P {z (k) = 8l Ve ) =1,

_ s (ip—1)N+i =1 _

Piz(ko+ 1) = 8N gl — 1. (28)

According to Eq. (27), this implies that Col{L*z (0)} € =, k € [k, ko + T} Since the initial state
2(0) is arbitrary, we can derive that Col (LX) C Z, k € [ky, ko + T] As F*"'" = F*, for any initial states
x(0), ¥(0), we have z (k) = z (k, + T) which implies that b = [FotT The necessity is proved.

(Sufficiency) Assuming that conditions (25) and (26) hold, we prove that under these conditions the
master BN can be synchronized by the slave BN with probability one. Suppose that
z(0) = 51\1}2 = 5}\1;(0) Kézfry(o)> jen, N Je@ iy € [1, N]. If (25) holds, after k, steps, we have
P{z(ky) €E} =1, ...,P{z(k, + T) € Z} = 1. Since the set = is synchronized set, one has

P, {x (ko) =y (ko)} = 1,

Poix (ko + T) = y (ko + T)} = 1. (29)

If (26) holds, we obtain that z (k;) = z (ky + T), which means that {z (k;), ..., z (ko + T)} is a
cycle. By this meaning, the trajectory of system (14) enter into a cycle. This together with (29) yields that
the master BN can be synchronized by the slave BN with probability one, as the index j is arbitrary. This
completes the proof.
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Remark 7 According to Theorem 1, we observe that condition (25) guarantees that the master BN can
be synchronized by slave BN for states in limit set with probability one. And condition (26) guarantees that
the slave BN has the same cycles or fixed points with probability one after k, steps. Thus, condition (26) is
a necessary condition to guarantee synchronization. Even for some systems satisfying condition (25), it can
not reach synchronization.

Remark 8 According to Proposition 1, we can conclude that the trajectory of master BN will enter into
a cycle after k, steps. To investigate the synchronization with probability one, we only need to consider the

following time sequence ky, ky+ 1, ..., ky+ T, because the matrix F satisfies F ko — PR Since the set 2 is
the set of synchronized states, condition (25) implies that the slave BN can reach synchronization with
probability one at time sequence ky, ky+ 1, ..., ko+ T, but can not guarantee synchronization after time

ko+ T. However, due to the fact that F ko — F**T the slave BN also need to guarantee a periodic trajectory
with the same length as the trajectory of master BN if the slave BN wants to reach synchronization. Thus,
condition (26) guarantees that the periodic trajectory of slave BN coincides with that of master BN.
According to Theorem 1, we can easily obtain following corollary to check whether a given master-slave
PBN can be synchronized with probability one or not.
Corollary 1 Consider the master-slave PBNs (9). System (9) can be synchronized with probability one
if and only if the following conditions hold:

o Fork € [ky, ko + T}, Q% € &, y» where matrix QF is the matrix obtained from L* by deleting the
rows with index p € S={(i — 1)N+j:i=j€ [1,N]}
o Lko — kot T

Theorem 2 Consider the master-slave PBNs (9). The master-slave PBNs can be synchronized with prob-
ability one, if following two conditions hold:

(1) there exists a positive number 0 < k < ky+ T, such that Col (Lk) C 5
(2) Col(L)EE, j € &.

Proof. For any initial states x(0), y(0), according to Eq. (15) and after k iterations, we have
Ez (k) = L*z(0) = L*x (0)y (0). Suppose that condition (1) holds, then we have Ez(k)€ =, which
implies that P,{z (k) € =} = 1. Then for the next step, we have Ez (k + 1) = Lz (k). The facts that
z(k) € = and condition (2) holds means that Ez(k+ 1) € =, which further implies that P {z (k + 1)} = L
Thus using mathematical iteration, we obtain that P,{z (k + 7) € =} = 1, 7 € N™. By this meaning, for
any initial states x(0), (0), we have P {x (¢t) = y (¢t)} = 1, t> k. Thus, it implies that the master-slave
PBNs (9) can be synchronized with probability one.

Corollary 2 Consider the master-slave PBNs (9). The master-slave PBNs can be synchronized with
probability one, if following two conditions hold:

(1) there exists a positive number 0 < k< k,+ T, such that T* € £ \2» where matrix Y* is the matrix
obtained from L* by deleting the rows with index p € S = {(i — )N +j: i =j € [1, N]}

(2) A € L N> Where matrix A is the matrix obtained from L by deleting the column and rows with
indexpeS={(i—1)N+j:i=je[l,N]hL

Synchronization of master-slave PBNs (g) in probability. In the above section, we have investi-
gated synchronization of master-slave PBNs (9) with probability one. Since the master BN is a determin-
istic BN, synchronization with probability one implies that the slave BN has deterministic trajectories
coinciding with trajectories of master BN after finite steps. As we can see, this condition is relative strict
in some real-world systems. If the slave BN has some trajectories coinciding with trajectories of master
BN with some certain probability, what happens? Thus in following section, we will investigate synchro-
nization of master-slave PBNs (9) in probability, which implies that the master BN can be synchronized
by the slave BN with some certain probability. Now, we firstly define the definition of synchronization
in probability as follows.

Definition 3 Consider the master-slave PBNs (9). System (9) is said to be synchronized in probability if
for any initial state x ;(0) € A, j € [1, n] and ¥ (0) € A, j € [1, n), there exists a positive integer k, such
that t > k satisfies

0 <P x;(t) =y, ()i € [1,n]} < 1. (30)

Remark 9 In Definition 2, we have presented the definition of synchronization with probability one.
Since the master BN is a deterministic BN, under this definition of synchronization, the slave BN must have
a deterministic set of trajectories after some finite steps. Moreover, the set of trajectories have to coincide
with that of master BN. However, since the slave BN is a probabilistic BN, the slave BN may have lots of
possible trajectories, among which there may exists one possible trajectory coinciding with the trajectory of
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master BN. The main concern of synchronization in probability is that whether there exists one possible
trajectory coinciding with the trajectory of master BN or not. The main difference between synchronization
with probability one and synchronization in probability is that whether there exists one deterministic tra-
jectory or one possible trajectory which coincides with the trajectory of master BN.

Here, we still let = = 5;}’; DN+ G e, N]} be the set of synchronized states about z(f). Let
SG={(i-1)N+i:ie[l,N]} be the index set of = and denote
0= {a * 615]"[1)1\]“: i€ [1,N],0 < a < 1}. Based on Theorem 1, we have the following algebraic
criterion for synchronization in probability.

Theorem 3 Consider the master-slave PBNs (9). System (9) can be synchronized in probability if and
only if the following conditions hold:

o Fork € [ky, kg + T},

Col (£¥) C O, (31)

where % is the matrix obtained from LF by substituting zeros in the rows with index
peS={(i—-1)N+ji=je[l, N}k

Col (Ag,r) < ©, (32)

where Ay 1 = Tho 4 Tkt Tk gnd TR are matrices obtained from L* and L*tT by substituting zeros
in the rows with index p € S = {(i — )N+ j: i = j € [1, N]}.

Proof. (Sufficiency) Assuming that conditions (31) and (32) hold, we prove that under these condi-
tions, the master BN can be synchronized in probability by the slave BN. It should be noted that for any
initial state, the trajectory of master BN will enter into some cycle after k; steps, i.e. x (ko) = x (k, + T).
Moreover, the master BN is a deterministic BN. Thus, we only need to check whether the master BN can
be synchronized in probability by slave BN at the limit states: {x (k,), ..., x (k, + T)}. Suppose that
2(0) = 51\,}2 _ 6};’];((0) [X 5#(0),]- e, Nz]’jx(o) €, N]’jy(O € [1, N]. According to Eq. (27), we have
Ez (k) = L%z (0) = Col (L"), ..., Ez (ky + T) = L""z(0) = Col (L* + T). If condition (31)
holds, it means that for each matrix L*, ..., L™ there is only one entry having a positive number in
each column with index p € & = {(i — 1)N + i: i € [1, N]}. It implies that for any j € [1, N°] and
after k, steps, we have 0 < P {z (k) € Z} < 1, ..., 0 < P {z (k, + T) € E} < 1. Thus, it implies that

0 < Pix(ky) =y(ky)t <1,

6<P,{x(k0+T)=y(k0+T)}<1. (33)

Moreover, it should be noted that the master BN is a deterministic BN. Hence, it will reach a cycle
after k, steps, i.e. x (k,) = x (k, + T). Condition (32) means that for each column of matrices L% and
L**T the index peS&={(i—-1)N+i:iec[l,N]} is the same. Then, if condition (32) holds,
according to Eq. (27), we have

Ez (ko + T) = LTz (0) = L%z (0) = Ez (k,). (34)

By this meaning, the slave BN can reach cycle coinciding with that of master BN with certain prob-
ability, i.e. 0 < P {x (ko) = y (ko) = y (ky + T) = x(ky + T)} < 1. Thus, the master BN can be syn-
chronized in probability by slave BN at the limit states: {x (k,), ..., x (k, + T)}. Hence, the master-slave
PBNSs (9) can be synchronized in probability.

(Necessity) If the master-slave PBNs (9) can be synchronized in probability, we prove that conditions
(31) and (32) hold. Note that the master BN is a deterministic BN. Hence, it has exact trajectories.
According to Proposition 1, we know that the trajectory will enter into certain cycle after k, steps. Due
to the fact that 0<a <1, there must also exist some positive number in the rows with index
S={(i—-1)N+j:i=j€e[l,N]}L Thus, for k € [ky, kg + T] we must have
0<Piz(ky) €E}<1,...,0<Pz(ky+ T) € E} < 1, the probability can not be equal to 1. By
this meaning, we have following equations:

0 < Pix(ky) =y(ko)t <1,

0 < Pix(ky+ T) = y(ky + T)} < 1. (35)
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It implies that for any initial states x(0), ¥(0), we have

0<Piz(ky) €E} <1,

6 <PAiz(ky+ T) € Z} < 1. (36)

Thus, based on the equations of Ez (k,) = L*z(0), ..., Ez (k, + T) = L*""z(0), we derive that
there exist some entries having positive number in each column withindexp € {(i — 1)N + i:i € [1, N]}
for each matrix L%, ..., L¥" T, Moreover, since master BN is a deterministic BN which implies that each
state x (ky), ..., x (kg + T) is deterministic, there is only one entry having positive number in each
column with index p € & = {(i — 1)N + i: i € [1, N]} for each matrix LR, ..., LT Tt implies that
for k € [ky, kg + T}, Col([,k)g@, where £* is the matrix obtained from L* by substituting zeros in the
rows with index p € S={(i — )N+ j:i=j € [I, N]}

Now, we prove condition (32) holds, provided the master-slave PBNs (9) can be synchronized in
probability. Note that for any initial state x(0), we can always find k, such that x (k,) = x (k, + T). Thus,
if the master-slave PBNs (9) can be synchronized in probability, it implies that
0 <P ix(ky) =y(ky) =x(kg+ T)=y(ky+ T)} < L Thus, we have

0<Piz(ky+ T)=2z(ky)} < 1. (37)

Let £ and £%"" be the matrices obtained from L* and L*o*” by substituting zeros in the rows with
index pe S={(i — 1)N+j:i ¢] € [1, NJ}. Since Col(£) C © and Col(£5"T) C ©, it implies
that for each column of matrices L* and L**”, the index peS={(Gi—-1)N+i:iec[l, N]} must
be the same. By this meaning, we derive Col Ak T) C ©, where Ay = = Ik 4 Tkt T, ko gnd TR T
are matrices obtain from L' and L** by substituting zeros in the rows with index
peS={(i—1)N+j:i=je [l, N]} This completes the proof.

Remark 10 Due to the fact that the trajectory of master BN will enter into a cycle after k, steps, we also
only need to consider the time sequence ki, ky+1, ..., ky+T. Since the set
e = {a * 6 UNHL e [1,N],0< a< 1}, if condition (31) holds, we can derive that
0<Piz(k ) El<1,...,0<Piz(ky+ T) € Z} < las 0<a< 1. Thus, we can conclude that at
the time sequence ky, ko+ 1, ..., ky+ T, the master-slave PBNs can reach synchronization in probability.
Moreover, since Ay 1 = =Tk + I‘k0+T, condition (32) implies that the slave BN can generate one possible
periodic trajectory with the same length as the trajectory of master BN. So, condition (32) guarantees that
the master-slave PBNs can reach synchronization in probability after time ky+ T.

Theorem 4 Consider the master-slave PBNs (9). The master-slave PBNs (9) can be synchronized in
probability, if following two conditions hold:

(1) there exists a positive number 0 < k< ky+ T, such that Col(& MCO, where £ is the matrix obtained
from L¥ by substituting zeros in the rows with index p € S = {(i — 1)N + j: i =j € [1, N]}

(2) Col(£)€0O,jc & ={(i —1)N+i:ic (1, N]}, where L is the matrix obtained from L by substi-
tuting zeros in the rows with index p € S={(i — 1)N+j:i=j € [1, N]}L

Proof. Suppose that there exists a positive number 0 < k <k, + T, such that Col(L¥)C O, where L is
the matrix obtained from L*¥ by substituting zeros in the rows with index
peES={(i—1)N+j:i=je[1,N]}. Then one can conclude that for each column of matrix L,
there is only one entry having positive number with certainindexp € & = {(i — 1)N +i:i € [1, N]}.
Then according to Eq. (27), for any initial state z(0), we have 0 < P, {z (k) € Z} < 1, which implies
0 < P,{x (k) = y (k)} < 1. Suppose that there are y possible states for z(k), denote

IP’,{Z (k) = 5152‘ € E} = a,,
Piz(k) =802 22} = a,

{(k)_6 ¢ } (38)

wherep € & = {(i — )N +i:i € [1,N]}hpy ..., p,€S,0<ay, ay, ..., a,. Considering the next step
t—k+1 we have
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Ez(k + 1)

LEz (k)

aLs! + a8 + o + a6l
aIColpl(L) + azCOsz(L) + o+ auColP#(L). (39)

Since Col(£)€©,j € & = {(i — )N+ i:i € [1,N]jandp € & = {(i — )N + i:i € [1, N]},
we can derive that 0 < P {z (k + 1) € Z} < 1, which impliesthat0 < P {x(k + 1) =y (k + 1)} < L
Thus, using mathematical iteration, we can obtain that 0 < P {x () = y(¢)} < 1, t>k. Hence, the
master-slave PBNs (9) can be synchronized in probability.

Numerical Simulation
In this section, we present two numerical examples to demonstrate the applications of our main results.
Example 6 Let us consider the following two PBNs with 2 nodes coupled in the master-slave configuration:

xi(t+1) = x(t) Axy(t)

x(t+ 1) = x(t) A-xy(t)

y(t+ 1) = g7 (x(t), x,(t), y, (1), y, (1))

y(t+ 1) = g7V (xy(t), x5(£), y, (1), y, (1)) (40)

where the switching signal is given by o (t): N* — {1, 2} and

g = x(t) Ax,(t) |g® = FALSE
g21 = FALSE, g22 = x(t) A x,(1). (41)

Moreover, the probability  for gll, gzl, gl2 and g22 are ]P’,{g1 = g11’ g, = gzl} = 0.4,
Pr{gl = g127 g, = gzz} = 0.6. The possible model index of matrix K is listed as follows:

K= (5 3) (42)

Thus, there are 2 possible BNs for the slave BN to be chosen with some certain probability. One of the
possible BN has the probability 0.4, while the other possible BN has the probability 0.6.

Our objective is to check whether these master-slave PBNs (40) can be synchronized with probability one
or not. Denote x (t) = x,(t)x,(t) and y(t) =y, (t)y,(t). By resorting to STP and Lemma 1, we can
obtain its algebraic form of system (40) as follows:

x(t+1) = Fx(t)
y(t+1) = Lx(t)y(t),i=1,2, (43)
where the probabilities of L; being L, and L, are respectively P, (L, = L,) = 0.4 and P,(L;, = L,) = 0.6,

and
F = §,[2,3,4,4]
Ll = 64[2’ 47 47 47 27 47 47 47 2) 47 47 47 27 4) 47 4]
L, = 6,03,4,4,4,3,4,4,4,3,4,4,4,3, 4, 4, 4]. (44)
Since the master-slave PBNs can be regarded as a whole system, we can obtain the following dynamics
of whole system by letting z (t) = x (t) xy (t): 2z (t + 1) = Uz (), i € 1, 2], where
U, = 5,6,8,8,8,10,12, 12, 12, 14, 16, 16, 16, 14, 16, 16, 16],
U, = 6,[7.8,8,8,11, 12, 12, 12, 15, 16, 16, 16, 15, 16, 16, 16]. (45)

Hence, we can obtain the overall expected value of z(t+ 1) satisfies:

Ez(t+ 1) = (0.4 + U, + 0.6 * U,)Ez ()= LEz (1), (46)

where
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Figure 3. State transition digraph of system (40), where the synchronized state is filled with red colour.

L =1[04x%65406x6%08% 6% 6% 04x62+06x%6Y,
611627 51162a 611627 51162a 0.4 511646 + 0.6 % 611657 51166a 51668’
512,04 % 6 406 % 62,65, 618 6.]. (47)

The state transition digraph of system (40) is shown in Fig. 3.

To apply Theorem 1, we firstly calculate the transient period of master BN ky and the smallest positive
number T > 0 satisfying F ko — photT, According to Proposition 1, we can firstly obtain the transient period
of master BN, i.e. ky=3, and the smallest positive number T=1 satisfying F*=F*. Then, according to
Theorem 1, we can obtain that Col (L°) = 61166} and L*=L*, which implies that conditions (25) and (26)
hold. Thus, this master-slave PBNs (40) can be synchronized with probability one. From Fig. 3, we observe
that all the possible trajectories of system (40) starting from any initial state z(0) € D* will eventually enter
into the synchronized state (0, 0, 0, 0) at the third time step, and it will never escape.

Example 7 Now, we present another example to illustrate synchronization of master-slave PBNs in
probability. Let us consider the following two PBNs with 2 nodes coupled in the master-slave configuration:

x(t+1) = x()

X+ 1) = [x(H) A-xy(0)] V (2x (1))
y(t+ 1) = g7V (x(t), x,(8), y, (1), y, (1))
y(t+ 1) = g7V (x,(t), x5(£), 3, (1), y, (1)) (48)

where the switching signal is given by o (t): N* — {1, 2} and

1

& = ) Alxa(t) v (2xa()) Ay A=y, ()11
{1 () A e (8) V[ (0) A (2, () A =y, ()1,
=[x () A= xy(0)] V= xy (1), (49)

3L
|
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g = {x(t) A Llxa(t) Ay (1) Vv (mxy(t) Ay, ()]}
ViR () A L(xa(t) Ay, (1) Vv (mxa () Ay (1)1},
g = () A Ay () vV (1) Ay, (0)]) vV (mxp(t) Ay ()1
Vi (t) A L) A () A=y, ()]
Vi, (t) ALy Ay, (1) V() A=y, ()11 (50)

Here, we let the probabilities be ]P’r{g1 =g g, = gzl} = 0.4 and P,{gl =glg, = gzz} = 0.6. Thus,
we can obtain the following possible model index of matrix K, which is listed as follows:

K= (5 3) (51)

Hence, the slave BN has 2 possible BNs to be chosen. One of the possible BN has the probability 0.4, while
the other possible BN has the probability 0.6.

In order to check whether these two PBNs (48) can be synchronized in probability or not, we need to use
Theorem 3. Denote x (t) = x(t)x,(t) and y(t) = y (t)y,(t). By resorting to STB, we can obtain the
following equivalent algebraic form of system (48):

x(t+1) = Fx(t)
y(t+1) = Lx(t)y(t),i=1,2, (52)
where the probability of L; being L, and L, is P,(L; = L,) = 0.4 and P,(L, = L,) = 0.6, and

F = 6,02,3,1,3]
Ll = 54[2:2,272)37173)371517171)373337 1]
L, 0401,1,3,4,1,3,2,4,2,3,2,4,1,2,4,3]. (53)

Thus, we can obtain the overall expected value of z(t+ 1) satisfies:

Ez(t + 1) 2 LEz (1), (54)
where
0 0 0 0 0 0 0 0 04 04 04 04 0 0 0
o o o0 o o o o O o060 060 0 o0 o0
o o o0 o o o o O o 060 0 O0 o0 o0
o o0 o0 o o o o o0 o o o o060 o0 o0
06 06 0 0 0 O O O O O O O O o o0
04 0404040 0 O O O O O O O o0 o0
o 0 060 O O O O O O O o o0 o o
L — o 0 O 060 O O O O O O o o0 o o
o o0 o o 06040 O O O O O 060 o0
o 0 o0 o O O 060 O O O O o0 o060
o 0 O O 0406 04040 O O O 040404
o 0 o0 o o0 O O 060 O O O O0 o0 o0
o o o0 o o0 o o o o o o o o o o
o o0 o0 o o0 o o o0 o o o o o0 o o
o o0 o0 o o0 o o o o o o o o o o
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 (55)

To better illustrate dynamic of the master-slave PBNs, the state transition digraph of system (48) is
shown in Fig. 4.

Since the master BN is a deterministic BN, then we can firstly obtain the transient period of master BN
ky and the smallest positive number T > 0 satisfying F ko — PRt swhich are ky=1 and T=3. In order to
check whether these two PBNs (48) can be synchronized in probability or not, we need to check whether
conditions (31) and (32) hold or not. Firstly, we need to calculate matrices Lk", Lk"H, e LotT e L 12
13, L% since &* is the matrix obtained from L¥ by substituting zeros in the rows with index
peS={(i—1)4+j:i=je€ [1,4]},itis easy to check that for k=1, 2, 3, 4, Col(ZM)Co. Secondly,
since Aj ;=T +T* T and T'* are matrices obtained from L and L* by substituting zeros in the rows with
index pe S={(i—1)4+j:i=j€[l,4]}, one can conclude that Col(A,3;)CO. Thus, according to
Theorem 4, this master-slave PBNs (48) can be synchronized in probability.
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— — —— — —

Figure 4. State transition digraph of system (48), where the synchronized states are filled with blue
colour. The red dash line implies that state transfer to its next states with probability 0.4, while the black
solid line implies that state transfer to its next states with probability 0.6.
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Figure 5. The row index for each column of matrices L and L? in system (48). Each point corresponds to
the row index, in which has a positive number in corresponding matrices L and L%

In Figs 5 and 6, the row index having positive number of each column L', i=1, 2, 3, 4 are plotted. And
Fig. 7 plots the row index having positive number of each column of L+ L*. From Figs 5 and 6, we can draw
a conclusion that for each column of matrices L, L?, L* L* and (L+L*), there is only one index
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Figure 6. The row index for each column of matrices L* and L* in system (48). Each point corresponds to
the row index, in which has a positive number in corresponding matrices L* and L*
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Figure 7. The row index for each column of matrices L+ L* in system (48). Each point corresponds to the
row index, in which has a positive number in corresponding matrices L+ L*.

pe=={(i—-1)4+i:i€[l,4]} =11, 6, 11, 16} having a positive number. Thus, it implies that con-
ditions (31) and (32) hold in the same way, which well illustrate our main results.

Conclusions

In this paper, both synchronization of master-slave PBNs with probability one and synchronization in
probability have been investigated. One restriction in this paper is that master BN is a deterministic BN,
while slave BN is a probabilistic BN. Slave BN is determined by a series of possible logical functions
with certain probability at each time point. The definitions of synchronization with probability one and
synchronization in probability are firstly presented in this paper. Due to the fact that the master BN is
a deterministic BN while the slave BN is a probabilistic BN, this paper considers two different cases:
synchronization with probability one and synchronization in probability. The main concern of synchro-
nization in probability is that whether there exists one possible trajectory coinciding with the trajectory
of master BN or not. The main difference between synchronization with probability one and synchroni-
zation in probability is that whether there exists one deterministic trajectory or one possible trajectory
which coincides with the trajectory of master BN. Based on STP and its equivalent algebraic form, several
necessary and sufficient conditions for two types of synchronization are derived. According to obtained
necessary and sufficient conditions, we derive some effective conditions to judge whether some given
master-slave PBNs can be synchronized with probability one or not. And then, some effective conditions
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are also obtained to judge whether some given master-slave PBNs can be synchronized in probability or
not. Moreover, the main results are well illustrated by numerical examples.

Unfortunately, determining whether the master-slave PBN can be synchronized or not is still NP-hard.

Some interesting and meaningful topics that deserve further research include the following: to investigate
synchronization problem with different (or time-varying) delays, to investigate the feedback controller
based on switching signals, and so on.
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