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Abstract

Purpose: The aim was to quantitatively validate the hybrid angular spectrum (HAS) algorithm, 

a rapid wave propagation technique for heterogeneous media, with both pressure and temperature 

measurements.

Methods: Heterogeneous tissue-mimicking phantoms were used to evaluate the accuracy of the 

HAS acoustic modeling algorithm in predicting pressure and thermal patterns. Acoustic properties 

of the phantom components were measured by a through-transmission technique while thermal 

properties were measured with a commercial probe. Numerical models of each heterogeneous 

phantom were segmented from 3D MR images. Cylindrical phantoms 30-mm thick were placed 

in the pre-focal field of a focused ultrasound beam and 2D pressure measurements obtained 

with a scanning hydrophone. Peak pressure, full width at half maximum, and normalized root 

mean squared difference (RMSDn) between the measured and simulated patterns were compared. 

MR-guided sonications were performed on 150-mm phantoms to obtain MR temperature 

measurements. Using HAS-predicted power density patterns, temperature simulations were 

performed. Experimental and simulated temperature patterns were directly compared using peak 

and mean temperature plots, RMSDn metrics, and accuracy of heating localization.

Results: The average difference between simulated and hydrophone-measured peak pressures 

was 9.0% with an RMSDn of 11.4%. Comparison of the experimental MRI-derived and simulated 

temperature patterns showed RMSDn values of 10.2% and 11.1% and distance differences 

between the centers of thermal mass of 2.0 and 2.2 mm.

Conclusions: These results show that the computationally rapid hybrid angular spectrum 

method can predict pressure and temperature patterns in heterogeneous models, including 

uncertainties in property values and other parameters, to within approximately 10%.
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1. Introduction

The use of magnetic resonance-guided focused ultrasound (MRgFUS) to treat various 

pathologies is increasing rapidly [1], with current clinical treatment of Parkinsonian and 

essential tremors [2,3], uterine fibroids [4], prostate tissue [5,6], bone metastases [7], breast 

diseases [8,9], and desmoid tumors [10]. Accurate targeting of the focused ultrasound beam 

is critical to ensure treatment safety and efficacy. The complexity and accuracy of treatment 

planning, including both acoustic and thermal modeling, varies between equipment vendors 

and anatomical sites. Increased accuracy and utility of treatment planning can be achieved 

with acoustic and thermal modeling techniques that incorporate patient-specific anatomy and 

properties [11,12]. While there are many established accurate acoustic modeling techniques, 

their usefulness in clinical treatment planning and analysis depends to a large extent on their 

computational efficiency and speed.

For accurately modeling pressure waves in homogeneous tissues, there are numerous beam 

propagation techniques described in the literature. For instance, the Rayleigh-Sommerfeld 

integral [13] is a well-established method that performs linear wave propagation in 

homogeneous media. Current implementation of the Rayleigh-Sommerfeld integral with 

GPU-based computing libraries has substantially reduced computational times [14]. In 

[14], a multi-layer approach of the Rayleigh integral combined with a finite-difference 

time-domain implementation of the Pennes bioheat transfer equation allowed for reasonably 

timed MRgFUS treatment planning activities. For more complex tissue constructs that 

include voxel-wise inhomogenieties and non-linearities, several beam propagation equations 

may be applied, including the Khokhlov-Zabolotskaya-Kuznetsov (KZK) [15,16] and 

Westervelt [17,18] formulations. Simulation methods to account for inhomogeneities and 

non-linear responses include finite-difference time-domain (FDTD) [19], the Wen-Breazeale 

method of Gaussian decomposition [20] and the pseudospectral k-Wave technique [21]. 

There have been significant advances in reducing computational time for many of these 

techniques using the parallelization advances of graphics processing units.

The traditional angular spectrum approach performs beam propagation calculations in the 

spatial frequency domain [22], and while the inherent computational efficiency of fast 

Fourier transforms makes this method both rapid and accurate, the traditional angular 

spectrum technique cannot be directly applied to heterogeneous tissue models, limiting 

its application in patient-specific modeling. The hybrid angular spectrum (HAS) method 

[23] is a beam modeling technique that extends the traditional angular spectrum method to 

heterogeneous applications by modeling the heterogeneous media as small voxels, each with 

unique acoustic properties of speed of sound, attenuation, and density. Wave propagation is 

performed in a split-step manner, progressing along the beam propagation direction through 

successive transverse planes. For each plane of voxels, the propagation is calculated by 
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accounting for the components of the phase shift in two different steps: one in the space 

domain using voxel-specific phase variations from the average phase shift over the plane 

(also including voxel-wise attenuation effects) and one in the spatial frequency domain 

using the planar-averaged phase to propagate to the next plane. HAS makes several key 

assumptions to achieve computational efficiency, including linear propagation, property 

uniformity within a voxel, property uniformity over time, steady-state conditions, and 

propagating waves that do not spread out into large, divergent angles.

The HAS technique has been computationally compared to acoustic FDTD simulations, 

demonstrating a normalized root mean square difference of 2.8% over a 301 × 301 

× 300-voxel 3D breast model [23]. Additionally, HAS-simulated pressures have been 

compared to experimentally obtained pressures for propagation through an ex vivo skull 

[24], a photopolymer aberrator [25] and homogeneous gelatin phantoms [26]. However, 

these studies presented beam patterns whose magnitudes were self-referenced to the 

maximum value of each pattern instead of absolute measurement comparisons. Experimental 

temperature patterns have been compared to HAS results for homogeneous gelatin [26] and 

heterogeneous gelatin breast-shaped phantoms with canola oil inclusions [25] as well as a 

retrospective study comparing temperatures of transcranial ultrasound procedures [27]. In 

the heterogeneous cases [25,27], it was found that a subject-specific multiplicative scale 

factor was necessary to reasonably correlate the experimental to simulated temperature 

results.

This study aims to quantify the accuracy of focused ultrasound treatment planning using 

the hybrid angular spectrum method in controlled homogeneous and heterogeneous phantom 

environments by directly comparing simulations with experimental pressure and temperature 

patterns. In the many practical applications where inexactness due to the approximations 

of the HAS method is less or no greater than other uncertainties in the simulation, the 

computational efficiency of the HAS algorithm provides potential clinical utility in patient-

specific treatment planning performed during focused ultrasound treatments.

2. Materials and methods

Homogeneous and heterogeneous tissue-mimicking phantoms were constructed in three 

different sizes to accommodate the different measurement and testing techniques required to 

model and assess both the pressure predictions using the HAS simulation technique and the 

resulting thermal response during MRgFUS sonications.

2.1. Phantom design and construction

The phantoms were constructed based on a previously characterized gelatin recipe designed 

to model human tissue [28]. As detailed in Table 1, three phantom types, Witness (W-Type), 

Pressure (P-Type), and Thermal (T-Type), were used to accommodate the different testing 

conditions. Molds were constructed of acrylic cylinders whose ends were covered with clear 

vinyl or mylar film (0.085-mm and 0.1-mm thickness, respectively) and sealed with silicone 

adhesive. All phantoms were fabricated from porcine gelatin (250-bloom ballistics gelatin, 

Vyse Gelatin Co., Schiller Park, IL). The homogeneous phantoms were made using three 

evaporated milk concentrations (Nestlé Carnation Evaporated Milk, 30%, 50%, and 70% 
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by volume) to mimic different acoustic attenuation values (N = 9 total, N = 3 at each 

milk concentration). For each mixture, a 500-ml gelatin batch was divided into a W-Type 

phantom for speed of sound, attenuation and thermal property characterization, and a P-Type 

phantom for pressure measurements by hydrophone. The gelatin was poured through side 

access holes and cooled.

The heterogeneous phantoms were made in both P-Type (N = 3) and T-Type (N = 2) 

configurations. They contained gelatin with 70% milk by volume along with several 

variously sized canola-oil-in-balloon inclusions, as previously described [25]. The 70% milk 

mixture was used exclusively in the heterogeneous phantoms to emphasize the acoustic 

contrast with the canola-oil balloons. A photo of a P-Type heterogeneous phantom in 

mid-construction is shown in Figure 1(b). During fabrication, the gelatin was poured in 

layers and cooled, allowing the canola-oil inclusions to be placed between layers before the 

phantom was topped-off and sealed.

2.2. Material property determination

Acoustic and thermal property characterization was performed on each gelatin and canola-

oil component of the phantoms using techniques that have been previously described [25]. 

In particular, through-transmission testing was employed to measure the speed of sound and 

attenuation of the materials using the W-Type phantoms [28]. The density was calculated 

by dividing phantom mass by calculated cylinder volume. After through-transmission testing 

with the W-Type phantoms, a commercially available device (KD2 Pro Thermal Properties 

Analyzer, Decagon Devices, Pullman, WA) pierced the ends of the phantoms for transient-

line-source measurements of thermal diffusivity. This device has two 30-mm-long probes 

spaced 6 mm apart, with one probe being used for heating and the other for temperature 

measurements. Thermal measurements were not possible in the canola oil with this tool 

and therefore previously published values were used [29]. The measurement uncertainty 

of each technique was determined based on the variability of the experimental data or the 

manufacturer’s reported precision.

2.3. Pressure measurements

A scanning hydrophone (HNR-0500, Onda Corporation, Sunnyvale, CA) was used to 

directly measure the 2D pressure patterns of the ultrasound beam after propagation through 

the P-type phantoms. Both the homogeneous and heterogeneous P-Type phantoms were 

placed in the pre-focal zone of a focused ultrasound transducer mounted vertically in a 

degassed water-filled testing column, as seen in Figure 1(a). Phantoms were supported 

by a platform designed to avoid interference with the propagating beam and to secure 

the phantom’s position, ensuring positional consistency across each testing configuration. 

The focused ultrasound transducer was a 256-element phased array (Imasonic, Voray-

surl’Ognon, France; frequency: 940 kHz; focal length: 10 cm; aperture: 14.4 × 9.8 cm; 

full-width-half-maximum intensity pressure pattern: 1.8 × 2.5 × 10.9 mm in water; acoustic 

power: 2.3 W) [30]. The deionized water in the testing column was degassed prior to testing 

(<2 ppm) to prevent beam scattering and hydrophone damage. A 2D scan with 0.25-mm 

isotropic resolution over a 1.0 × 1.0-cm area was centered around the focal point of the 

beam. The measured 2D complex pressure pattern was then propagated into a 3D volume 
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matching the relevant portion of the simulated model size using the angular spectrum 

approach [22] for comparison with HAS- and k-Wave-simulated patterns.

2.4. MRgFUS sonications and MR thermometry

MRgFUS heating sonications were performed using the T-Type phantoms inside a Siemens 

3 T PrismaFIT scanner (Siemens Healthcare, Erlangen, Germany). The phantoms (N = 

2) were placed in the testing column seen in Figure 1(a) and suspended above the MRI-

compatible 256-element phased-array transducer described above. An 8-channel flexible 

receive coil array was placed around the testing column to provide sufficient imaging 

signal-to-noise ratio. The transducer was coupled to the face of the phantom with 

degassed, deionized water. An MR-compatible power generator (Image Guided Therapy, 

Pessac, France) was used to control the MRgFUS system. For each T-Type phantom, 

three sonications were applied at the geometric focus of the transducer (20.84 s, 50.1 

± 0.1 acoustic W each). Approximate 5-minute cooling intervals were allowed between 

sonications. The thermal response of each sonication was monitored in real time using 

3D MR temperature imaging (3D GRE with segmented EPI readout; TR/TE: 38/11 ms; 

resolution: 1.5 × 1.5 × 3 mm; FOV: 80 × 128 × 20 mm; flip angle: 15°; acquisition time: 5.5 

s/volume; ETL: 7). All MR temperature imaging (MRTI) data were interpolated to 0.5-mm 

isotropic resolution [31] before analysis.

2.5. Computational model creation

Segmented computational models were created for acoustic and thermal simulations for both 

the heterogeneous P-Type and T-Type phantoms. Because the phased-array transducer and 

heterogeneous phantoms were rigidly aligned together in the testing column, MR-imaging of 

the arrangement allowed registration of the simulation models to experimentally acquired 

data. Volumetric MRI scans (T1-weighted 3D VIBE 2-point Dixon; TR: 20 ms; TE: 

2.46/3.69 ms; flip angle: 25°; 256 × 240 × 176 mm; 1-mm isotropic resolution; band-

width: 350 Hz/pixel) were obtained of each phantom in the testing column. MRI data 

were interpolated to 0.25-mm isotropic resolution and the phantom was semi-automatically 

segmented into gelatin and canola oil materials using intensity thresholding of the fat- 

and water-separated images (Seg3D, version 2.4.4, NIH Center for Integrative Biomedical 

Computing, SCI Institute, University of Utah [32]). The transducer face was visible in the 

MR images, allowing for precise determination of the transducer position with respect to 

the phantom. For the T-Type heating phantoms, four independent observers calculated the 

geometric focus of the transducer using high-resolution MR images of each imaged phantom 

configuration. Figure 2 shows a representative MR image and the corresponding segmented 

model for one of the T-Type phantoms.

2.6. Acoustic simulations

Acoustic simulations in this study were done with the HAS algorithm [23] for all phantom 

configurations along with k-Wave version 1.3 [21] for the heterogeneous P-Type phantoms. 

The input parameters to the acoustic simulations, including the model position with respect 

to the transducer and the material acoustic properties, were determined by the previously 

described measurement and characterization techniques. The acoustic attenuation coefficient 

was assumed to be purely absorptive with negligible scattering. Attenuation values at 1.0 
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MHz were linearly scaled to apply at the 940-kHz frequency of this study. For the k-Wave 

simulations, the source pressure at the front face of the model was the same as used 

for the HAS simulations, obtained by a one-time Rayleigh-Sommerfeld integral of the 

transducer output field, scaled to accommodate various transducer power levels. The k-Wave 

simulations were allowed to go to steady state and the pattern of maximum pressure was 

stored during the last two or three complete cycles for comparison with the HAS results. All 

pressure simulations were performed at a computational resolution of 0.25 mm isotropic.

For the P-Type phantoms, both homogeneous and heterogeneous, the simulated 3D 

pressure patterns were directly compared to those derived from the scanning hydrophone 

measurements. For the T-Type phantoms, the simulated pressure patterns p (in units of Pa) 

were combined with the local acoustic impedance Z (in Rayl) and absorption coefficient α 
(in Np/m) to calculate the deposited power density Q (in W/m3) and thus the heat deposition 

term in the Pennes bioheat transfer equation [33] using the relation Q = αp2=Z [34], 

allowing thermal simulations to be performed.

2.7. Thermal simulations

A finite-difference time-domain implementation (0.1-s temporal resolution; 0.5-mm 

isotropic spatial resolution) of the Pennes bioheat transfer equation was used to simulate 

the MRgFUS sonication temperatures performed in the T-Type phantoms. Inputs included 

the power deposition pattern, adiabatic boundary conditions, a uniform initial condition, and 

the material-specific thermal properties directly measured from the phantoms or taken from 

the literature (see Table 2). The output was a 3D temperature pattern as a function of time 

during and immediately after the sonication period.

2.8. Data analysis – pressures

Comparisons were made between the beam pressure patterns obtained by simulation and 

hydrophone scanning after propagation through the homogeneous and heterogeneous P-Type 

phantoms. Peak pressure values and the full-width at half-maximum (FWHM) widths 

in all three directions were found and the average differences between simulated and 

experimental values within each phantom category (3 × 3 homogeneous phantoms and three 

heterogeneous phantoms) are reported as a mean ± one standard deviation. In addition, for 

the comparison of pressure patterns, a normalized root mean square difference (RMSDn) 

was calculated:

RMSDn =
∑i = 1

N psim, i − pexp, i
pmax, exp

2

N , (1)

where psim,i and pexp,i are the absolute magnitudes of the simulated and experimental 

pressures at voxel i, N is the total number of voxels in a 41 × 41 × 41 region around the 

focus, and pmax,exp is the global maximum pressure determined experimentally. Importantly, 

the individual pressure patterns were not self-normalized before entry into this equation.

To further quantify the similarity between the spatial distributions of the heterogeneous 

pressure patterns on a particular plane, an Earth Mover’s Distance (EMD) metric was 
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employed [35] as is sometimes used in image retrieval. This metric specifies the minimum 

effort, denoted as “work,” required to transform one pressure spatial distribution, or “mass” 

pattern, into another. In this case, “work” is measured as the total product of the normalized 

pressure values that need to be moved times the physical distance (the “ground distance”) 

they are moved to change one pattern into the other. The lower the EMD, given in units of 

pixel length, the closer the two patterns are to each other in their pressure distributions.

2.9. Data analysis – temperature

The predictive accuracy of the HAS algorithm in the heated T-Type phantoms was quantified 

by several metrics. The temporal responses of the simulated and experimental temperatures 

at the peak temperature location and averaged over a 16-mm3 region surrounding the peak 

temperature location were compared. The distance between the centers of thermal mass [25] 

of the experimentally measured and simulated temperatures was also calculated. Finally, the 

root mean square difference (RMSD) was calculated with non-normalized temperatures t as 

the variables,

RMSD =
∑i = 1

N (tsim, i − texp, i)2

N , (2)

as well as the normalized root mean squared difference, similar to Equation (1). These 

metrics are presented for each of the three sonications followed by a mean over the 

sonications for each of the T-Type phantoms.

3. Results

The material property values for the different gelatin mixtures and the canola oil used 

in the phantoms are reported in Table 2 as a mean value ± one standard deviation. The 

thermal conductivity and specific heat values for gelatin with 30% and 50% milk are not 

reported since no heating simulations were performed with those materials. While the mean 

is reported here, phantom-specific properties were used in simulations since the gelatin 

mixture for each phantom was measured separately.

Table 3 reports the comparison metrics for the hydrophone-measured and simulated pressure 

patterns using both HAS and k-Wave after propagation through the homogeneous and 

heterogeneous P-Type phantoms. For the homogeneous phantoms, the average variation 

between the experimental and simulated pressure patterns was better than 6% for all metrics 

(peak pressure, FWHM, and normalized RMSD). The values obtained with these simpler 

uniform phantoms approximates the level of variance that can be expected taking into 

account such uncertainties as medium properties, hydrophone characterization, transducer 

power and experimental measurement.

For the heterogeneous P-Type phantoms where the (non-phase-corrected) beams are strongly 

aberrated, the average variation seen in Table 3 was greater, 9.0% for peak pressures and 

11.4% RMSDn for HAS compared to hydrophone, but a smaller 5.0% RMSDn for HAS 

compared to k-Wave patterns.
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Further, to illustrate a typical example of the aberrated patterns seen around the geometric 

focus of the transducer, Figure 3 shows images of the absolute value of the pressure pattern 

on a transverse plane at the geometric focus as obtained by the HAS method, hydrophone 

scanning and k-Wave for one of the heterogeneous P-Type phantoms. Although significantly 

aberrated, all three beam patterns show clear similarities in the position and sizes of 

the lobes. To quantify these similarities, an Earth Mover’s Distance (EMD) analysis was 

performed pair-wise on these three images. The EMD between the HAS and the k-Wave 

patterns was 0.9, between the HAS and the hydrophone patterns was 1.3, and between the 

k-Wave and hydrophone patterns was 1.2, all values in units of pixel length. As mentioned 

earlier, the smaller the EMD value, the closer the patterns match. To give perspective to 

these values, the EMD calculated between the HAS pattern and the hydrophone pattern 

rotated 90° (representing two patterns that are not well matched) was found to be 1.8.

Table 4 shows calculated comparison metrics for the temperatures in the two heterogeneous 

T-Type phantoms. For each T-Type phantom, three separate sonications were performed, so 

the per-sonication values as well as the mean value ± one standard deviation are reported 

for each phantom. Figure 4 plots the simulated and experimental temporal peak temperature 

responses as well as a spatial mean centered at the peak temperature point over a 16-mm3 

cubic volume for each thermal phantom and each individual sonication. Figure 5 shows 

the simulated and experimental spatial temperature distributions in the plane containing 

the peak temperature point overlaid on T1-weighted images for the first sonication in both 

phantoms. The experimental data were acquired in coronal orientation with a limited field 

of view (20 mm) in the slice direction, which is why the experimental temperature map 

appears truncated in the vertical direction. The spatial overlap of the experimental and 

simulated temperature responses is visualized using isotherm surfaces displaying a 4 °C 

temperature-rise contour.

4. Discussion

Quantitative validation of algorithms intended for clinical MRgFUS treatment planning is 

important for viable MRgFUS development and translation. This paper has evaluated the 

hybrid angular spectrum modeling algorithm in aberrating conditions using comparisons 

to both hydrophone pressure measurements and MR temperature measurements. Although 

the HAS algorithm is based on several key assumptions (linearity, property uniformity over 

time, steady-state conditions, and paraxial beam propagation), this study demonstrates that 

this fast, clinically implementable treatment-planning technique can provide predictions 

of acoustic pressure and temperature response in strongly heterogeneous phantoms within 

11.4% and 10.7% (mean between Phantom 1 and Phantom 2), respectively, when compared 

to hydrophone measurements and experimental MRTI metrics.

The homogeneous P-Type phantom results that were described prior to the heterogeneous 

phantom results reveals the degree of variability that can be expected due to uncertainties 

in the modeling inputs for these simpler homogeneous cases. Because the hybrid angular 

spectrum method simplifies to the proven traditional angular spectrum approach for a 

homogeneous model, this variability can be attributed mostly to uncertainties in the input 

parameters, such as the measurement of medium speed of sound and attenuation, transducer 
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acoustic output power, and hydrophone calibration. Here the HAS simulation results 

matched the experimental values to within 4–6%. For the heterogeneous phantoms, where 

the beam was strongly aberrated and the HAS algorithm is tested much more severely, the 

results showed about twice as much variation (9–11% in pressures and 11% in temperature) 

between simulation and experiment. The closer 5% match of the HAS pressure patterns to 

those of k-Wave (widely considered to be a highly accurate beam modeling technique [21]) 

suggests that about half the larger variation found between simulations and experiment in 

the heterogeneous patterns may be due to model uncertainties and about half to inaccuracies 

in the HAS simulation method. Considering the variability expected to be found in patient-

specific tissue properties and that is inherent in MR temperature mapping, the variation 

seen in this study may be comparable in degree to the uncertainty in the assumed input 

parameters in clinical applications, so the rapid speed of a HAS treatment plan could be an 

over-riding and significant positive factor.

As mentioned, one benefit of the HAS method is its speed of computation. For example, 

computation times were recorded for 3D pressure simulations of one of the heterogeneous 

T-Type models in this study (which was trimmed on its edges and end to a size of 267 × 

251 × 300 voxels 0.25 mm isotropic to avoid exceeding the memory of the GPU) both for 

the HAS method on a CPU alone and for the k-Wave approach using its GPU-implemented 

version. The computer, running Windows 10, utilized an Intel i5-7600K 3.8 GHz CPU with 

4 cores and 32 GB memory. The GPU was an NVIDIA GTX 1070 with 1920 cores. The 

HAS calculation time with MATLAB 2020b (including two reflection passes) using the 

CPU with no additional parallelization (but multi-threaded FFT implementation) was 16.5 s. 

The k-Wave calculation time using the GPU was 599.9 s. (The subsequent thermal modeling 

was done by the FDTD technique with no parallelization with an additional calculation time 

of approximately 5 min.) Although both beam calculation times are within the acceptable 

range for clinical treatment planning, a faster simulation time would be desirable if the beam 

is expected to be targeted to several different tissue locations. The HAS routine is anticipated 

to be made faster when it is implemented on a GPU (in the planning stages).

Considering the degrees of variability found for the heterogeneous models, the HAS method 

did an impressive job in predicting the shape of the highly aberrated beam, as seen in 

Figures 3 and 5. These figures show beam shapes that are noticeably different from those 

expected at the tight focus of an unperturbed beam and are a result of the distinct differences 

in speed of sound and attenuation in the various zones of the phantoms. By design, the 

phantoms were constructed to emphasize contrast between acoustic properties and therefore 

to challenge the ability of HAS to handle these inhomogeneities in an environment even 

more aberrating than expected in human tissues. Within the constraints of the experimental 

procedures, the patterns match quite well. One measure of the similarity between the 

experimental and simulated patterns in Figure 3 was the Earth Movers Distance metric, 

shown to be lower (more similar) than for random patterns. (The reason that all the EMD 

values were small was that the total “mass” of each pattern was normalized to 1.0 to ensure 

convergence of the EMD optimization routine.)

The accuracy of any simulation will in part depend on the accuracy of the input parameters. 

Treatment-planning simulations in thermally based focused ultrasound applications require 
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both acoustic and thermal properties for the modeling algorithms. In this work, properties 

were directly measured from W-Type phantoms constructed from the same materials as the 

tested subjects. The property data in Table 2 show that the coefficient of variation for these 

acoustic and thermal properties are all less than 4% except for acoustic attenuation, where 

the coefficient of variation ranges from 14% to 41% depending on the gelatin type. These 

values are in line with the anticipated property variability reported in Johnson et al. [26]. 

In that study, a sensitivity analysis demonstrated that acoustic attenuation was the largest 

contributor to simulation output uncertainty. In Figure 4 and Table 3, it can be seen that 

Sonication 1 in both T-Type phantoms has better qualitative and quantitative agreement to 

the simulated data across all metrics than the two following sonications. It has been shown 

in past studies that local temperature changes in gelatin can cause alteration of property 

values over time, affecting the spatial temperature profile. Specifically, acoustic attenuation 

has been shown to decrease [36] and specific heat capacity increase [37] with elevated 

temperatures in gelatin. These combined potential effects can alter local heating and may 

account for the difference in peak temperature seen between sonication 1 and sonications 2 

and 3 in both phantoms. Although it is beyond the scope of this study, some studies have 

investigated incorporating thermally dynamic tissue properties into simulations [38,39].

Adequate spatial resolution of magnetic resonance thermometry is important to accurately 

characterize the thermal response. In the MRgFUS sonications described herein, MR 

thermometry was acquired at a spatial resolution of 1.5 × 1.5 × 3 mm. In [40], it was shown 

that for the an unaberrated ultrasound beam size similar to that used in the current studies, 

a spatial acquisition resolution of 1 × 1 × 3 mm achieved accurate characterization of the 

temperature rise. Since this resolution in this work was slightly larger than the 1 × 1 × 3 mm, 

it can be assumed that the measured temperatures were underestimated by approximately 

5–10%. Therefore, it can be reasoned that even with interpolation of the experimental data, 

the simulated temperature data would be slightly higher than the experimental temperature 

data, as is seen in Figure 4.

Implementation of any treatment-planning technique requires the generation of a subject-

specific model, either done at a pre-planning session or on the treatment day. The 

phantoms used in this study were segmented with Dixon fat/water reconstructed images. 

The assumption of spatially uniform thermal and acoustic properties within each segmented 

material type (gelatin, oil) is reasonable due to the physical nature of these tissue-

mimicking media. The segmentation process utilized automatic tools; however, some 

manual intervention was required because of the signal inhomogeneity across the MR 

images due to nonuniformly spaced radiofrequency coil placement. Despite this manual 

intervention and the variability of the segmentation process, the very good qualitative 

and quantitative agreement shown by the center of thermal mass agreement and the 

visual pattern comparisons in Figure 5 indicate that this segmentation variability did not 

substantially affect the accuracy of the simulation methods. Transducer positioning was also 

based on the transducer position as observed in the MR images. To minimize the effect of 

user bias in determining the transducer position, four independent observers identified the 

position, resulting in a standard deviation of 0.61 mm, on the order of the imaging resolution 

and therefore within an acceptable amount of variability.
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This study has several limitations. The validity of the linear approximation in HAS was not 

examined since the pressure comparisons using the P-Type phantoms were completed at low 

acoustic power (2.3 W) to avoid damaging the hydrophone. The thermal T-Type phantoms 

were evaluated at a higher power (50 W) and non-linear effects may have contributed 

to inaccuracies in that simulation. Also, the heterogeneous phantoms were constructed 

with only two components: gelatin and canola oil. While these substances were chosen 

to emulate the properties of breast fibroglandular tissue and breast fat, the construction is 

still a substantial simplification of human anatomy. However, this formulation did provide 

a structure to allow the evaluation of the performance of the HAS method in a largely 

heterogeneous and phase-aberrated model.

5. Conclusions

This work utilized homogeneous and unique heterogeneous phantoms to quantitatively 

evaluate the performance of the hybrid angular spectrum simulation method in 

the heterogeneous environment for which it was developed. HAS comparisons with 

experimental values were done both with pressure measurements and MR temperature 

imaging.

Normalization of the individual patterns was avoided where possible. The variation was 

larger (10.2% and 11.1%) for the heterogenous phantoms than for the initial homogeneous 

phantoms, but at least half of that increase could be attributed to uncertainties of material 

properties rather than inaccuracies in the modeling approach. The degree of variation 

reported in this study could be acceptable in treatment-planning situations where tissue-

property or other uncertainties are of a similar magnitude to this variation and where the 

speed of the simulation is of prime importance.
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Figure 1. 
Schematic of the experimental setup used for hydrophone scanning. (a) Hydrophone 

scanning setup with the placement of the thinner P-Type phantom shown in the testing 

column. (b) Photo of one heterogeneous P-Type phantom with exposed canola-oil inclusions 

before the final gelatin pour. Phantom diameter is 10.2 cm with a height of 3 cm. The testing 

column suspended the phantom such that positional accuracy was assured under all testing 

conditions.
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Figure 2. 
A representative T-Type heterogeneous phantom (102 × 150 mm) used for the MRgFUS 

sonication studies. (a) Axial T1w image of the phantom in the testing column with the 

focused ultrasound transducer, the ballistic gelatin and the canola-oil inclusions labeled. (b) 

Segmented computational model with three material types: water, gelatin and canola oil. 

Resolution of both images is 0.25 mm isotropic.
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Figure 3. 
Pressure patterns (in Pa) in the transverse plane centered on the geometric focus comparing 

the hydrophone measurement results with k-Wave and HAS simulations of the ultrasound 

beam after propagation through one of the heterogeneous P-Type phantoms.
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Figure 4. 
Experimental peak and mean temperatures measured with MRTI compared to simulated 

values during MRgFUS sonications in the heterogeneous T-Type phantoms. The upper 

figures plot the peak temperature voxel for each of the individual sonications along with the 

mean of the simulated values for Phantoms 1 and 2. The lower figures display the spatial 

temperature means over a 16-mm3 cubic volume centered at the peak temperature point for 

Phantoms 1 and 2.
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Figure 5. 
Experimental and simulated temperatures overlaid on an axial T1w MRI image for 

Sonication 1 of both T-Type Phantoms. Phantom 1 results are shown in the top row and 

Phantom 2 in the bottom row. The slice is located at the point of peak spatial and temporal 

temperature rise. The overlap between experiment and simulation result is visualized in 

the right column, where isotherm surfaces of the simulated (blue) and experimental (red) 

temperatures are overlaid at a threshold temperature rise of 4 °C. In all cases, the transducer 

is located at the bottom of the image, similar to the orientation seen in Figure 2. The white 

scale bars in the left column and the grid lines in the right column denote 1 cm.
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Table 4.

Comparison of quantitative temperature metrics for the T-Type heterogeneous phantoms.

Exposure conditions RMSD (°C) RMSDn (%) Δ COTM (mm)

Phantom 1

 Sonication 1 1.02 7.1 1.52

 Sonication 2 1.67 11.7 2.26

 Sonication 3 1.69 11.8 2.31

 Mean ± 1 SD 1.46 ± 0.38 10.2 ± 2.7 2.03 ± 0.44

Phantom 1

 Sonication 1 1.36 8.9 2.03

 Sonication 2 1.81 12.0 2.23

 Sonication 3 1.91 12.6 2.24

 Mean ± 1 SD 1.69 ± 0.29 11.1 ± 2.0 2.17 ± 0.12

RMSD, normalized RMSD (RMSDn) and distance between the simulated and experimental center of thermal mass (Δ COTM) are displayed for 
each individual sonication as well as the mean ± one standard deviation values for each phantom.
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