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This work is aimed at formulating and analyzing a compartmental mathematical model to investigate the impact of rodent-born
leptospirosis on the human population by considering a load of pathogenic agents of the disease in an environment and the
incidence rate of human infection due to the interaction between infected rodents and the environment. Firstly, the basic
properties of the model, the equilibria points, and their stability analysis are studied. We also found the basic reproduction number
(Ry) of the model using the next-generation matrix approach. From the stability analysis, we obtained that the disease-free
equilibrium (DFE) is globally asymptotically stable if R, <1 and unstable otherwise. The local stability of endemic equilibrium is
performed using the phenomenon of the center manifold theory, and the model exhibits forward bifurcation. The most sensitive
parameters on the model outcome are also identified using the normalized forward sensitivity index. Finally, numerical simulations
of the model are performed to show the stability behavior of endemic equilibrium and the varying effect of the human
transmission rates, human recovery rate, and the mortality rate rodents on the model dynamics. The model is simulated using the
forward fourth-order Runge-Kutta method, and the results are presented graphically. From graphical stability analysis, we observed
that all trajectories of the model solutions evolve towards the unique endemic equilibrium over time when R, > 1. Our numerical
results revealed that decreasing the transmission rates and increasing the rate of recovery and reduction of the rodent population
using appropriate intervention mechanisms have a significant role in reducing the spread of disease infection in the population.

1. Introduction

Leptospirosis is an infectious bacterial disease caused by a
pathogenic spirochete bacteria called Leptospira interrogans,
and it occurs throughout the world but is most common in
tropical and subtropical regions, especially in developing
countries including South-East Asia countries and sub-
Sahara Africa [1-3]. It is one of the major direct zoonosis
diseases worldwide that affects humans and animals [4, 5].
Recent studies reported that more than one million human
cases with an estimated 60,000 deaths occur worldwide each
year due to the Leptospira interrogans [1, 4].

Human infection occurs through direct contact with
infected animal reservoir urine, tissues, or other body fluid,
or more commonly by contact with infected animal (reser-
voirs) urine-contaminated environment [1, 6, 7]. Person-
to-person transmission of the disease occurs very rarely.
Globally, the main animal reservoirs of human leptospirosis
are rodents (rats and mice), especially in urban slum envi-
ronments [8-10]. The high concentration of Leptospira
bacteria shed in slum environments mainly occurs due to
the high prevalence of infection in rat population [6].

The incubation period of leptospirosis disease is typically
5 to 14 days [1, 11]. The symptoms and signs of the disease
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are nonfixed and may be confused with other diseases’
symptoms (dengue, hantavirus, malaria, melioidosis, influ-
enza, etc.) due to the initially nonspecific presentation. Con-
sequently, its cases are sometimes underrecognized [11]. In
humans, leptospirosis illness can be demonstrated by two
stages. The primary (an acute) stage is illustrated by mild ill-
ness with nonspecific signs like higher fever, headache, and
conjunctival suffusion [1, 12], while syndromes in the
second (severe illness or immune) stage of leptospirosis
include jaundice, kidney failure, haemorrhage (especially
pulmonary), meningitis, cardiac arrhythmias, respiratory
insufficiency, and hemodynamic collapse [1, 11].

Human vaccine against leptospirosis is not widely prac-
ticed and accessible only in a few developed countries which
protect only against the serovar in the vaccine, and regular
boosting is required [11]. However, prevention and control
interventions can be implemented to avoid the risk of leptospi-
rosis infections (especially for people whose working environ-
ment exposes them to the risk of infections), to minimize the
acquisition of the infection, or to reduce the human infections
in infected population. Preventive measures include personal
protective equipment (PPE) (wearing rubber boots, water-
proof overalls/dressings to cover wounds or skin, goggles,
and rubber gloves) and personal hygiene. Environmental
modifications such as draining wet areas or improvements in
urban slum environment to reduce the concentration of path-
ogenic spirochete leptospiries from the environment [1, 12].

Patients with early leptospirosis infection (mild illness)
can be treated through antibiotic doxycycline, ampicillin or
amoxicillin, azithromycin, or clarithromycin. Patients with
severe illness can be treated through IV penicillin and ceftri-
axone drugs [1, 11].

Recently, a mathematical model has become an impor-
tant tool in underlying mechanisms of disease transmission
and spread and has been used to predict outcomes of dis-
eases in communities, help to explain key factors in the dis-
ease transmission process, suggest effective control and
preventive measures, and provide an estimate for the seri-
ousness and potential scale of the epidemic [13]. In particu-
lar, deterministic mathematical models have been used to
study the dynamics of infectious diseases within human
and vector hosts in the population by dividing the individ-
uals into different stages and making assumptions about
the nature and time rate of transfer from one compartment
to another [14].

A few researchers have been investigated a two-strain
deterministic mathematical model, one strain for the human
population and another strain for vectors (or animal popula-
tion), for the transmission process of leptospirosis disease in
various forms to demonstrate the dynamical spread of the
disease between the two population groups.

Pimpunchat et al. [15] proposed the susceptible,
infected, removed (SIR) model of leptospirosis which con-
sists of both human and vector host populations. In their
model, the human population is divided into three compart-
mental, susceptible, infected, and recovered humans,
whereas the vector population was divided into two classes,
susceptible and infected vectors. They performed numerical
solutions to analyze and examine the behavior of the disease.
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Likewise, another compartmental mathematical model was
developed by incorporating exposed cases in both human
and vector populations for transmission dynamics of lepto-
spirosis disease in [16]. They illustrated numerical simula-
tions of the formulated model by using the well-known
numerical method, the Runge-Kutta of fourth-order in the
MATLAB program. Authors in [17] presented a compart-
mental mathematical model for the dynamic behavior of
the leptospirosis disease with saturated incidence. They
described the model using nonlinear ordinary differential
equations by subdividing the host population of humans
into three classes, susceptible individuals, infected individ-
uals, and recovered individuals, and also by subdividing
vectors (animal) population into two compartments, suscep-
tible and infected vectors. They investigated the stability
analysis of the disease-free and endemic equilibrium by
using the basic reproduction number. From the results of
stability analysis, they obtained that the disease-free equilib-
rium is stable both locally and globally whenever the basic
reproduction number is less than one. Similarly, authors in
[18] investigated a mathematical model of the leptospirosis
disease using a compartmental approach. However, in view
of above models, the contraction of Leptospira interrogans
in environment for transmission had not been incorporated.

Although the human infection of the disease occurs in
multiple different ways, most of the infections acquired directly
or indirectly from environment (soil or water) contaminated
with Leptospira especially in urban slum areas [7-9].

Motivated from [5, 17], this study examines a two-strain
model, SEIRS model for the human population and another
SIRS model for rodent (vector) population taking account
the concentration leptospires population in environment
and the transmission rates between susceptible individuals
and the load of the pathogen in the environment and
between susceptible rodents and infected rodents for the
dynamics behavior of leptospirosis disease. Thus, in this
work, we present two host populations (namely, humans
and rodents) and the pathogenic population with its two
growth controls (namely, the natural death rate of Leptos-
pira and carrying capacity controls). The rest of this work
is organized as follows. The leptospirosis model is described
and formulated in Section 2. Section3 is concerned with the
basic properties of the model, local and global stability of
disease-free equilibrium, the phenomena of bifurcation anal-
ysis, and local stability of endemic equilibrium. Section 4 is
devoted to the sensitivity analysis for the basic reproduction
number (R)) of the model to each of the parameter values.
The numerical simulations and discussions are presented
in Section 5. Our conclusions are given in Section 6.

2. Model Formulation

Using system of nonlinear differential equations, we build up
a compartmental mathematical model for the transmission
process of leptospirosis epidemic. The model includes
human, vector (rodent), and bacterial populations. The total
human population denoted by N, (#) is subdivided into four
compartments: S (t), E;(¢), I,,(¢), and R, (¢). Thus,
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Ny, (t) = Su(t) + E(2) + 1 () + Ry (1) (1)

The total rodent population denoted by N,(t) is
subgrouped into three groups: S, (), I,(¢), and R, (¢) with

N, () =S,(t) + L,(1) + R, (t). (2)

Moreover, the state variables of the model are described
in Table 1.

In the formulation of the model, the following assump-
tions are considered:

(i) Each parameter of the model cannot be negative

(ii) We assume that susceptible human and rodent pop-
ulations increase at constant rates are given by
recruitment of the individuals A and IT, respectively

(iii) We assume that susceptible humans can be infected
in two different ways: through either direct contact
with infected rodents urine or contact with contam-
inated environments

(iv) Assume there is a homogeneous mixing between
human and rodent populations

The susceptible individuals can acquire infection with
the incidence rate A, =A,5+A,, with A z=p,B,/(x+B))
and Ay, = B,I,. The susceptible rodents can acquire infection
with the force of infection f3,I;,. The population B, increases
its size in contaminated environment from the release of
bacteria by infected humans and rodents with the rate of
7, and 7,, respectively. Further, description of the parame-
ters of the model is summarized in Table 2.

From the flowchart diagram in Figure 1, we obtained the
following set of differential equations for the compartmental
model of the leptospirosis disease.

ds
d_th =A+yR, = (A + @) Sps
dE
d_th =ApSy = (0 + p)Ey,
dI
d_th =0E, - (a+ 8+,
dR
d—th =081, - (y+u)Ry,
i (3)
dtv =1+ PR‘V - (ﬁBIh + Mv)sv’
dl,
E = ﬁ31hsv - (0 + /’lv)lv’
dtv = GIV - (P + AMV)RV’
dB,
ar T 0y + 151, — By,
where A, =B,B/(k+B;)+ f,1,. With the initial
conditions:
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3. Model Analysis

3.1. Positivity of Solutions

Theorem 1. Let ;(0) = (S,(0), E;(0),1,(0), R,(0), S,(0), I,
(0),R,(0), B,(0)) € R® U {0} be the initial condition for equa-
tion (3). Then, the set of solutions {S,(t), E,(¢), I,,(¢), R,(t),
S,(t),1,(t),R,(t), B/(t)} of equation (3) is nonnegative for
allt>0.

Proof. Given that a set of nonnegative initial conditions
51(0), E;(0), I,(0), R, (0), S,(0).1,,(0), R, (0), B;(0), consider
equation (3). Let t, =sup {t>0:S,(t)) >0, E,(t,) >0, 1,
(tg) > 0, Ry (£5) >0, S,(ty) > 0,1,(t) > 0, R, (£,) >0, By(t,) >
0,Vt,in[0, f]}. From the first equation of the system
(3), it follows that

S (1) + )8, = A+ YR (1), )

which can be rewritten as

% |:Sh(t)eyt+fo/\h(‘r)d1':| _ (A N }/Rh(t))eMHJ‘OAh(‘[)dT‘ (6)

Thus,

t

Sh(tl)e#h*'fnlﬂh(‘l’)d‘l’ _ Sh(o) — J (A + th(t)) |:eyz+jnlh<r)d1:| dz.

(7)

0

Therefore,

Sh(tl) _ Sh(o)e—wl—fo Ay (T)dr n |:e—yt1—jo /\h(‘f)d‘l’:|

t z
X J {e““f MO AL yR, (z))} dz>0.
0
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TaBLE 1: Description of variables of the leptospirosis disease model.

Variable Description
Sp (1) The susceptible individuals; individuals who are healthy but can be infected
E, (1) Latently infected individuals; individuals having the disease but not showing the symptoms
I, (1) The infectious individuals that are showing symptoms of the disease and can transmit disease to others
Ry, (t) Those that have recovered from the disease and have got temporary immunity
S, (1) Susceptible rodents
I, (1) Infected rodents
R, (1) Rodents that are recovered from the disease
B, Leptospirosis causing bacterial population
TaBLE 2: Description of parameters of the leptospirosis disease model.

Parameter Description
A The recruitment rate of susceptible humans
1 The recruitment rate of susceptible rodents
B1 The transmission coefficient of the disease from infected rodents to susceptible humans
B2 The transmission rate of infection from environment to human
B3 The transmission rate of infection from infectious individuals to susceptible rodents
y The disease waning immunity for humans
U The natural death rate of the human population
uv The natural death rate of rodent population
ub The natural death rate of leptospirosis causing bacteria population
0 The rate of the exposed human move to infected class
o The death rate due to the disease infection
8 The recovery rate from symptomatic infectious
P The disease waning immunity for rodents
o Rate of recovery from leptospirosis rodent infection
K The concentration of pathogenic population in environment
71 The rate of increase of bacteria by I,
T2 The rate of increase of bacteria by I,

Similarly, the fifth equation of the system (3) Applying the comparison theorem and variation of

yields that

Sv(tl)

t t
o (t)dr n |:€‘M[t1 —J'Ol /\l(r)d‘r:|

formula for (10) yields
E,,(t) 2 E,(0)e ¥ > 0,vt > 0. (11)

Similarly,

©)

5% Z
X J [eM’ZJrIOAI(T)dT(H + pRV(z))] dz>0.
0

Next, from the second equation of model (3), it
follows that

— 2 —(0+u)E,. (10)

I,(t) 2 1,(0)e” ) > vt >0,

Ry, (t) = R,(0)e "' > 0,¥t >0,

L,(t) > 1,(0)e )t > 0,¥¢ >0, (12)
R,(1)
By(t)

,(0)e” Pt > 0t > 0,

>R
> B)(0)e” ™)' > 0,vt > 0.

Therefore, all solutions of the system (3) remain
nonnegative for all nonnegative initial conditions. [
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FiGure 1: Compartmental flow diagram of leptospirosis disease
transmission.

3.2. Invariant Region

Theorem 2. All solutions of the leptospirosis model equa-
tion (3) remain in Q;={(S,, E,, I, R;, S,, I, R,,B;) €R® : 0
<N,(t) < Alu, 0< N, (t) <I/p,, 0 < B(t) <7y, ((Alp) +
(IT7u,))}-

Proof. From equation (1), we get

Tdt dt | dr | dr :

+ = (13)

The first four equations of the system (3) and equation
(13) give rise to

dN,,

=A-uNy, —al,. 14
a PNy — &y (14)

Since the parameter, «, and the state variable I, are non-
negative in (14), we have

— <A- . 1

Let Nj;(t) be the solution of the ODE dN,/dt = A — uN,
with an initial condition. Then,

dN;
— = A= uN; with Nj (0) = Njp¥t20.  (16)

Thus, equation (16) has a unique solution. By apply-
ing separation of variable on the differential equation
(16), we get

AN,

— 1 =dt. (17)
A—uNj

Integrating (17) on both sides yields

N; (t)=N;(0)e* + %(1 —et). (18)

We now apply the comparison theorem [19] on the
differential equation (15) and then N, (t) <Nj(t). Thus,

N,(t) <N (0)e™* +%(1—e‘”t) (19)

As t — oo, the population size N, — A/p.
Hence,

>

—.Vt=0. (20)

A
N, (t)< — for0 <N, (0) <
H 4

On the other hand, if N}, (0) > A/y, the solution decrease
to A/p as t — oo.
Also, the last equation of (3) and equations (20) and (23)

imply that
B A TI1
(iitl <t < + —) - u,B), (21)
“ou

where 7% = max {1,,7,}.
Equation (21) yields

A I
+

B(t)<B Oe”blt+T—*<— —> 1—e ™))Vt 0.
(0SB + 2 (22 ) (1= et))

Hence,

Q,= {(Sh,Eh, I, R, B)) €R : 0< N () <

(23)
is positively invariant region.
Finally, the 5th equation of (3) implies that
' < 0)=N,,. 24
— (=N (24

Then, equation (24) has a unique solution. Similarly,
applying the comparison theorem and integrating the differ-
ential equation (21) yield

+ L (1—e™t). (25)

ty

N,(t)=N,(0)e
Therefore,

II II
0<N,(t)< —for0<N,(0) < —,

v Hy

1
Q,= {(SV,IV,R JERL 0N, (1) < ”—}.



Therefore, the biologically feasible region for (3) is
given by

Q=0,xQ,cR, xR. (27)

Therefore, every solution of the differential equation
model with initial conditions in (2; remains in Q;Vt>0.
Thus, the region ; is positively invariant with respect to
the system (3). O

3.3. Disease-Free Equilibrium. The disease-free equilibrium
(DFE) of the model (3) only exists in the absence of infec-
tions. We compute DFE by setting left-hand side of the sys-
tem (3) equal to zero. Since Ej =1I; =R; =1, =R} =B =0
at DFE, we have

B*
A+ YR} - (Kﬁiél* +[321;‘+/,¢)SZ=0,

IT+pR; = (B3I} +4,)S, =0.

(28)

Thus, the system (28) yields S; = A/u and S; =I1/u,.
Therefore, the DFE point of the model (3) is given by

A I
ey =(8;,0,0,0,8,0,0,0) = (-,0,0,0,-,0,0,0). (29)
[Z [z

v

To compute the basic reproduction number for our
model (3), we follow the method presented in [20]. Consid-
ering only the infective compartments W = (E,, I, I,, B;) in
(3), then we have dW/dt = F(t) — V(¢),

[ A
0
B3S. I
. 0
- o, (30)
—-0E, + ¢&,1,

84Iv

L —T1ly — 7o, + 1y By
where

B
Ah: 182 l
K+ B,

+ﬁ11v’
g =0+u,

s=a+8+u,

The Jacobian matrices of F(t) and of V(t) at ¢, are,
respectively, given by
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0 o BA BT
pwooopx
|00 0 0
- - ,
0 Pl 0 0
Hy
0 0 0 0 | (32)
&g 0 0 0
Ve -0 & 0 0

o

[«]
J:’:

[«]

0 -1, -1, u,

Therefore, the next-generation matrix of the model is
given by

L0 0 o]
0 o BA BAY| S
uoopx 0 1
—_ — 0 0
0 0 0 0 &6 &
3G=FV!= -
0 P 0 0 0 0 h 0
Auv 84
L0 0 0 0 1| Or T 7, 1
LE1&Hy, &My, &My, Uyl
Y1 V2 Vs )y
0O 0 0 O
Ys Y 0 0
0O 0 0 O
(33)
where
B,A0T,
Nh=—_—————"
! KUpE 1€y
y, = B, Aty
2 ke,
_A(B,s + By
’ Kibtye, (1)
- oA
¢ Ky,
B,I16
y5=3—’
H,€1&,
yo - BsI1
6= ——.
AMVSZ
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Considering |G — M| = 0, we have

A Yy v

0 -A 0 0
=0=2*(A* - Ay, —y;5) =0.
Vs Yo —A 0

0 0 0 -A

(35)
Thus,
A =A,=0,
1 /
1
Av=5 ()’1 i +4y3y5) >0,

are the eigenvalues of the matrix G. Therefore, the basic
reproduction number of the model is given by

R(J:P(G):l BA6T, [ (P00, 2+4ﬁ3HA9(ﬁZTZ+ﬁ1K/4b) _
2\ KppyE, 8y K€1) K, €1 €284

(37)

The basic reproduction number R, can be written in
terms of the basic reproduction numbers corresponding to
the vector transmission R,, human transmission R, and
environment-to-human transmission R, as

1
Ro=3 {Rb +1/R} + 4th], (38)

where R, = 3,A0t,/kuu,e,€, and R, =R, + R, with R,
= By B IIAOT, [xup e 6,64 and R, = B, B3, ITAO i €, €,¢,.

3.4. Local Stability of the Disease-Free Equilibrium

Theorem 3. The disease-free equilibrium point, ey, is locally
asymptotically stable whenever R, < 1 and unstable otherwise.

Proof. The Jacobian matrices of the model (3) at DFE ¢, is
given by

7
- 3 A AT
w0 o gy o PA o A
u ux
A A
0 - 0 0 0 Pa R4
u px
0o 6 - 0 0 0 0 0
. 0 0 & - 0 0 0 0
J(eqr) = >
o o BT, 0 0
v P
Hy
I
o o BT oo &, 0 0
ty
0o 0 0 0 0 o -& O
L 0 0 T, 0 0 T, 0 Uy
(39)
where & =0+ue,=a+8+pu,es=y+ue,=0+u,
and e5=p+p,.

Expanding the determinant of the characteristic equa-
tion |J(ey) — AIl =0 by the first, fourth, fifth, and seventh
columns, respectively, we obtain four of the eigenvalues of
J(eg): A =—pAy==(y+u), Ay =—pandA,=—(p+p,).
The other four eigenvalues will be determined from the
following polynomial equation:

A A
—& - A 0 51_ ﬁz_
UK
0 -& - A 0 0 0
H - b
0 Bsl1 —g,— A 0 (40)
Hy
0 T T2 —ty, = A

=P, (M) =A"+ AL + A + AL+ A, =0,

where
Al =g +e& e+,

Ay =€y + 818 + €184 + &, + E4ly, + €y,
B,At,0 _ B\BsAITE

Ay = 818y + €184y, + €18264 F 84, —

pr Hi,
A AIT
=24y (81 + &) t ey (1 - ﬂ) +€186 (1 - M)
K1 £ U4, €168,

= &gy (&1 + &) +E164 (1 - Ry) + €664 (1 - R,),

B, A0t e, + BB A0y, + ﬁzﬁ3AH6T2>

Ay =188, — (

pr Hih, Kpt,
= €188y — (ﬁ2A9T1€4 + BIIAG(B, T, +ﬁ1".‘"b))
px ki, (41)
Al ITA
=168, {1 - (ﬁz or,é, + BI1AO(Byr, + ﬁlkﬂb)):|
ux K,

=g16,84,[1 - (Ry + Ry, )]



Since all the model parameters are positive, the above
four eigenvalues of the matrix J(ej;) are negative real num-
bers. To ensure that all the remaining four eigenvalues of
the matrix have negative real parts, the Routh-Hurwitz sta-
bility criterion (see Theorem 5.1 in [21]) requires A, >0,
Ay >0,A;>0,A,>0,A1A, —A; >0, and A;A,A;— (A3 +
A%A,) > 0. Among these, A, >0 and A, > 0 are obvious.

Similarly,

AA, — Ay =Ay (e + ) + (e T4+ 1)
e (&1, &6 + &1, + &8 +8€y)
+ B,At,0 + B\ ALTO S0.
yx Uy,

(42)

The other three inequalities hold when R > 1; the details
are described as follows.

Since R, <R;, 1 =R, >0 for Ry < 1. Similarly, 1 -R, =
(1-Ry)[1-R,+Ry] + R, +R;, >0 for Ry < 1. Thus,

Ay =e,u, (e + &) + €6, (1 -R,) +£8,6,(1 -R,))>0if Ry < 1.
(43)

Next,

Ag= &g [1 = (Ry + Ry, )] = €626, (1 = Ry ) [1 = Ry, + Ry] > 0if Ry < 1.
(44)

Finally, we need to show that A;A,A; — (A2 +A2A,)
>0. Let

by = €14y
¢ =18,
¢, = €184
b3 = &ty
by = eathyy (45)
b5 = €284

Vo = &y(€1 + &)
V), =&64,(1 - Ry),
V3 = €166 (1 - R,).

Then, A,=¢,+ ¢, +¢, +¢;+¢, +¢;, and A; =y, +
Y+,
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Now,

Al A Az =€ [y (¢ + by + ¢y + b3 + by + §5)
FY (o + ¢y + 05+ dy+ ¢s)
TP (Got @ty t st gyt ds)]
&Y (P + @1+ by + 3+ 04+ ¢s5)
FY (o + b+ ¢y +h5+ by + ¢5)
TP (Got Pty t st @yt ds)]
& [Yo(Po + @1+ by + b3+ by + ¢s5)
Y (P + @y + Gy + b3+ + )
TP (Go+ @ty t sty + ds)]
U [Wo(Qo + 1+ by + d3 + 4+ ¢s)
Y (o + b+ ¢y + 05+ Py + ¢s)
TP, (o + by + ¢y + G5+ Gy + ¢,

AT+ ATA = (Y +yy + V’z)z t(e tetey+ ."‘h)2815234!4b[1 —R,-Ry]
=Yo YT HYS 2(W0Y VoY, YY)
+ [sf + e% + ei + yi +2(e18) + &8y +E 11y, 88y
+ &y + gty )]€18584,[1 = R, = Ry, .

(46)
After manipulating the parameters algebraically, we obtain
AA A - (A+ATA,) =0+ O, (47)

where

Qo= [Yo(do + @1+ Gy + 4) + 1 (Pg + by + b)) + ¥, (6 + ¢, + ¢y)]
&Y (Qg+ Gy +dy+ b3+ b)) + Y (dg + Gy + by + G+ )]
+ &4 [y (91+ Gy + by) + V5 (G) + by + Gy + §5))]
i [Vo(Gr+ b3+ dy+¢s) Y (G + @y + ¢y + b3+ ¢y +¢5) > 0],

Q) =& [$3R, (A3 + ) + ;43R |
+ [(8%+£§+A2)¢1¢4(1 +Rh)+¢4(¢§+¢)§+£2A2) (48)
+ (Si + !4?; +A2)¢1¢4(Rh +Ry,)>0.

Clearly, O, > 0 and O, > 0.
Therefore, A;A,A;—(A2+A2A,)>0 if Ry<1. This
completes the proof. O

3.5. Global Stability of the Disease-Free Equilibrium. The
method illustrated in [22, 23] is used to investigate the global
asymptotic stability (GAS) of DFE point of the model.
Firstly, the model (3) must be written in the form:

dX

E = F(X, Y),

e (49)
— =G(X,Y),G(X,0)=0.

where X = (S;,, R;,, S, R,) represents the number of unin-
fected individuals and Y = (Ey, I, I,, B;) denotes the number
of infected individuals. Let X* be the disease-free equilib-
rium of the system dX/dt = F(X, 0). Then, X* = (A/u,0,I1/
t,»0). The DFE point of the model ¢, = (X*,0) = (A/u, 0,
0,0,I1/u,,0,0,0) is guaranteed to be GAS if R, < 1 (which



Computational and Mathematical Methods in Medicine

is locally asymptotically stable (LAS)), and the following two
conditions H, and H, hold:

H,: For dX/dt=F(X,0), X* is globally asymptotically
stable.

Hy G(X,Y)=AY-G*(X,Y),G'(X,Y)20,V(X,Y) €
Q, where A=0G(g;;)/0Y is an M-matrix and ; is the
region where the model makes biological sense. If the model
equation (3) satisfies the above two conditions, then the
following theorem holds.

Theorem 4. The disease-free equilibrium point, &} = (Alu, 0,
0,0,I1/u,,0,0,0), is GAS for the model (3) provided that R,
< 1 (LAS) and conditions H, and H, hold.

Proof. We only need to show that the conditions H, and H,
hold when R, < 1. Considering the system (3), we have

S (t) A+ YR, —uS,

Ry (t —(y+4)R A IT
F(X,0) = w(t) | _ (v + )R, ,X*:(_’O’ ’0>

S, (t) IT+pR,-u,S, u v

R, (1) ~(p+u,)R,

Note that the second and the fourth equations of the
system (50) are first-order linear ODEs, and their solutions
are given by, respectively,

Ry () = Rype 01, (51)

R, () = R e (PHH)", (52)

Comparing equation (51) and the first equation of the
system (50) yields

S'u(t) = A+ yR,ge ") — S, (8). (53)

Solving the first-order linear ODE (53), its solution is
found as

A
Su(t) = “ +8p 067 —Rh’oe_w’r”)t. (54)

Similarly,
S,(£) =IT + pR,ge” P4 — .8, (1), (55)

and its solution is given by

1
S,(f)= — +8,9e " =R, e P, (56)

v

Now, suppose that the time, t — 00, we need to show
that X — X*. Obviously, R,(t)—0, R, () —0 as ¢
— o00. Thus, S,(t) — Alu, S,(t) — II/p, as t — oo,
regardless of the values of S,(0), R,(0) and S,(0), R,(0),
respectively. Thus, all points with respect to this condition

converge at Xg = (A/p,0,I1/u,,0). Hence, X* = (A/u, 0,11/
H,»0) is GAS.
Next, we have

"/ BB _
G [ (L +p)si- @
G,(X,Y
G(X,Y)= 261 OF, - (a+8+u)l,
G3 (X’ Y) ﬁ3sv1h - (G + AMV)IV
G 7) Ty + 7,1, -y, By ]
(57)
We can then obtain
(04w 0 A BA
g Ky
Q060 |0 —(axdrp 0 0
oy - ’
0 L .
“,
. 0 3 P) —Hy |
(58)

which is clearly an M-matrix

s (As) s BB (A S,
AV Kk \u k+B

0

I1
ﬁSIh (//Tv - Sv)
0

G'(X,Y)=AY -G(X,Y) =

(59)

Since all parameters are nonnegative, 0 < (xS,,/(x + B;)) <
Sy < Alu((k/(k+B;)) <1),0<S, < IT/u,. It follows that (A/
u—S,) =0, ((Aly) — (kS,/(x+ By))) = 0,and (IT/p, - S,) > 0.

Hence, G*(X,Y) > 0V(X, Y) € I. Therefore, the disease-
free equilibrium point, ;= (A/p,0,0,0,11/u,,0,0,0), of
the model (3) is globally asymptotically stable. This
completes the proof. O

Remark 5. The model (3) does not exhibit a backward bifur-
cation at R, = 1 when R, < 1, since DFE is the only stable (or
positive) equilibrium point for R, < 1 in the Theorem 4.

The backward bifurcation has been observed in the lep-
tospirosis epidemic model [16].

3.6. Endemic Equilibrium (EE). The EE point of our model is
computed by setting the system of differential equations in
(3) to zero. Thus, it is obtained by dS;,/dt = dE; /dt = dI};/d
t=dR;/dt = dS;/dt = dI’;/dt = dR}/dt = dB; /dt =0, which
is given by E; = (S}, E;, I}, R}, S5, I, RS, B ), where all dis-
ease states are considered to be positive, and thus, I; must
be greater than zero for all the other states to be positive.
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Now, by setting the system of equations in (3) to zero
steady state, we have
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at

Hp

d_ :A+th - (ﬁ2K+BI* +ﬁ11v +V>Sh =
d * * *
— ﬁ2K+B* + B, ) S — (O +wE, =
dI;
—2 =0E, - (a+0+u)l; =
at e (« #l,
dRr;
=81} - (y+ WR} =
d h h (60)
=IT+pR, = (I} +4,)S, =0,
dI*
=Bs1S; — (0 +u,)I; =0,
=0l - (p+u,)R, =0,
 ~ oL - (pru)
dB;
d—tl—rlh+r2 - u,B =0.
Due to the complexity of the model system (3), all other  the steady state of I, which is denoted as I;. Accordingly,
state variables at the steady state are expressed in terms of  we found as
A+ YR} é IT+ pR; Ile I IloI; I I
= (S}, B I} R}, S2 10 R B ), = ( fy S Tt T MR Lo R L T U i )
AT+ 0 Bl + 1t (485 + Biglyy) b (465 + Beely)

where
=0+u,
s=a+8+yu,
&=y + U,
3=y T U (62)
g =0+,
E=ptH,

Eg=0+p+U,

By combining the equations of (61) and the first and
second equations of the model system (3), we obtained a
septic (or heptic) polynomial equation for I, which is
described as follows:

P(I) =1 (A(I;)6 +B(I}) + C(I)* + D(I3) + E(I})? + FI; + G) =0,
(63)

where

(61)

A=—[W,W,n, + W50+ p)(a+ 8+ p)(y + p)u] < Oalways,
B=-n,(¥,¥; +W3¥) + Wons (0 + p) (a+ 8+ ) (y + p)u)
: [qgkl’lb(Rh - 1) +137y (0 + /’lv)(P + MV)MV(RV - 1)

—15(n, Ty +1,7,) — W] <Oif Ry <1,

C= —114(‘1/1‘1/7 +¥,¥ + ‘113‘115) +¥,0,
—W s (0+p)(a+8+u)(y+pu+ el
=1, (V¥ + ¥, W + W3 ¥s) + Wl
+(y+ ) (0 +p)(a+ 8+ pulny s 2(R, — 1)
+(o+p)(p+p, )1, (R, = 2) (Msk, + 1,7, +17,7,)] <O Ry <1,

D=-n,(¥\¥s+¥,¥s+¥5¥,)

+ W[ -V, (0+u)(a+ 6+ p)(y + pu] + Ve, + ¥ss),

E=-n,(V Vs +V,¥,) + P +V5Q, + ¥V, Qs

F=-3¥ ¥, +¥sQ, +¥,Q,,G=V,0, <0if Ry < 1, (64)

with
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m =TIBs(p + 1),

=, (0+u,)(p+u,),
My =P, (0 +p+u,)s
My =0p(a+p) +p(a+d+u)(0+y+u)
¥y =1,(By(My 71 + 1y 72) + By i)
¥y = (170 + mT2) (Botts + Buny) + 115 (Byra Ty + Brwmyy,),
s =137, (Bons + Bumty)»
W,y = Ky,
Vs = 26,15y, + 1, (1,71 + 1, T)s
W =115 (KN31y + 20,71 +11T2),
Y, = rlgrl,
Q= (y+p)[¥,A0 =¥, (0 +p)(a+0 + )yl

= 1oy (0 + ) (@ + 8 + ) (y + )
(o) (p+u,)(Ry—1)(Ry— R, +1),

Q)= (y+u)[¥,A0 =5 (0 +p)(a+ 0 + )y
= (y+u)(0+u)(a+ 0+ p)uln,nyem, (2R, — 1)
+(0+p,)(p+u,)i, (R, — 1) (mxm, + 1,7 +1,75)],

Qy=(y+p) V300 - V(0 + p)(a+ 6+ p)ul
=115(0 + p) (@ + 8 + ) 3k, (R, = 1)
+157y (0 + i) (P + 1, ), (R, = 1) = (1,7, +1,72)).
(65)

3.7. Local Stability of the Endemic Equilibrium

Theorem 6. The endemic equilibrium E| of the model (3) is
locally asymptotically stable for Ry>1 (but near 1) (based
on Theorem 4.1 by [24]).

Proof. Now, consider the system of equations (3). To inves-
tigate the nature of the bifurcation, we use the method intro-
duced in Theorem 4.1 by [24]. To apply this method, the
following simplification and change of variables are made
first of all. Let S, =x,, Ej, =x,, [}, =%3, R, =x4, S, =%, [, =
Xg R, =x,, and B; = xg.

By using vector notation,

X = (%1, %, X3, Xy, X5 X X7, Xg) (66)

11
The model system (3) can be written as
dXx
— = F(X), 67
= FX) (67)

where F = (fl’fZ’f3’f4’f5’f6’f7’f8)T'

The following system of differential equations is
established:

dx B,x
cTtl =A+yx, - (Kj_js +ﬁ1x6+ﬂ)x1 =fvs
dx B,x
d_tz = (;cijg +ﬁ1x6+ﬂ>x1 (@ +u)x, =1,
e =0x, — (@ + 0 +p)x; = f,

dt

dx,

g =0x; — (Y +u)xy=fy (68)
X

d_i‘ =11 + px; = (Byxs + p,)Xs5 = f,

dx

d_t6 = Byx3xs = (0 + p,)X6 = fo

dx

d_t7 =0xs = (p+ )%, = f7,

dx

d_t8 =TyX3 + TyXg — YyXs = fg-

Choosing f] as bifurcation parameter and solving for
B, from equation (37) when Ry=1, we obtained as

B = Kyt €184 — B TTAO (T 1y, + By 11T,)

! B, 11 A0k, . ()

Considering f3, = |, the Jacobian of the system (68)
evaluated at (ejl, B;) is given by

[(—u 0 0 o -J, 0 -,
0 -J; O 0 o J 0 ]
o 0 -J, o0 0 0 0 O
0 o0 6 -J; O 0 0 O

J (i Br) = >

0 -Jg 0 -4 0 p 0
0 0 -Jg O 0o -J, 0 0
0 o0 0 0 0 o 0 0

L0 0 7, O 0 7, 0 —u]

(70)



12

where ], =B7Alu, J,=B,Alku, J3=0+u, J,=a+d
+ih Js=y+ph Jo=BsIu, J;=0+u, and Jy=p+u,

The characteristic polynomial equation of the matrix
J(e By) is given by

P*A)=MA+p)(A+p,)A+y+u)(A+p+u,) 1)
VAL AL+ A =0,
where
=(O+u)+ (a+0+p)+(0+up,)+
Ay=O0+p)(,+a+S+pu+o+u,)
+tuy(a+0+pu+o+p,)+(a+d+u)(o+u,),
Ay =Toup(J3 + T4) + T3 aty (1 = Ry) + J5J4J7(1 = R,),
=(o+up,)p,(0+2u+a+8)+ (0 +pu)(a+8+u)uRy
+(0+u)(a+d+u)(o+p,)uR,.
(72)

Thus, A, =0,A, ==, Ay =—p, A, =—(y+u), and A; =
—(p+u,) are the five eigenvalues of J(ej,B;). The
remaining three eigenvalues are the zeros of the polyno-
mial equation A* + A, A% + A,A + A, =0, since A, >0, 4, >
0,A;>0,A,A, —A;>0 for Ry=1 (see the proof of theo-
rem (3.3.3)). We conclude that zero is a simple eigenvalue
of J(ey, B7) and all other eigenvalues of J(ejl, B;) have
negative real numbers or real parts. This is an indication
that the center manifold theorem is applicable. We first
compute the left and right eigenvectors of the Jacobian
matrix J(e5l, By). let Y= ()’1’)’2’J’3’y4>)’5’y6’)’7’y8)T be
the right eigenvector of J(e;l, f7) corresponding to A =0.
Then, Y is computed as

% 0 0 y 0 -] 0 “h||n 0
0 -J; 0 o i 0 V2 0
0 6 —J, 0 0 0 0 0 ||y 0
0 0 & —J5 0 0 0 0 ||y 0
0 s 0 -4 0 p 0 [[y| |0
0 0 —Jg 0 0 ~—J, 0 0 ||y 0
0 0 0 0 0 o 0 0 Vs 0
Lo 0 7 0 0 7 0 —u]lys] LO]
(73)

Then, equation (73) can be expressed as
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“W = Ve s~ T2y =0,

~J6ys — s+ py; =0,

I3y, + T1ys + 12ys =0,
J6y3s=J756 =0, (74)

0y, = J4y3 =0,

Ve = JsV7 =0,

V3 =I5y, =0,

T3+ 1o — Hp)s = 0.

The components of Y can be obtained from (74) as

[Oy(a+p)+u(a+d+u)(0+y+y]

y :—y 0:
b Ou(y +u)
a+6+
o (S15) o
Y3=y3>0,

= 0 >0
Yi=V3 yip >

sy, 0+P+MV)) 50,

( Gwv (p+u,)
<

)

w7 (0 +u,)+ BsII(0+p,)T,
["wuh 0+Hv)

( 53170' )>0,
p (0 +u,)(p+u,)

)>o.

(75)

Next, the left eigenvector Z = (2,, 2y, 23> 24> Z5> Zg» 27 Zg) -
of the Jacobian matrix J(ejl, B;) corresponding to A =0 is
computed as

-4 0 0 0 0 0 0 ol -
Z 0
0o -J; 0 0 0 0 0 0
Z, 0
0 o -J, & -Jo Js 0 T
Z3 0
0 0 -J; 0 0 0 0
Z, 0
0 0 0 -u, O 0 0 = .
Zs5 0
-1 N 0 0 o -J, o 1
Zg 0
0 0 0 0 p 0 -Jg 0
z; 0
-, T, 0 0 0 0 0 -y,
L 28 L0

—~
N
)}

=



Computational and Mathematical Methods in Medicine

Thus, Z can be found as

2 (00, BT oo RO+ @8+ ) - fyA0T) By
B 2 BsITppi, k0 zm
(77)

where z, > 0 and it is calculated to ensure that the eigenvectors
satisfy the condition Z. Y =1, for R, = 1.

The local stability near the bifurcation point 3, = 8] is
determined by the signs of two associated constants a and
b. Based on the center manifold theorem 4.1 in [24], we
compute the coefficients a and b, as

C asz * *
a= Z Zk)’i)’j—ax‘ax‘(sol’m%
ki j=1 L (78)
b= 3 2, 2T (e ).
a0

Since the first, fourth, fifth, and seventh components of
Z are zero, we do not need the derivatives of f,, f,, fs, and
f,. The derivatives of f,, f,, f,, and f, are 8°f,/dx,0x¢ = 0°
f,10x40x, = B, 0°f,10x,0x5 = 0°f,/0x40x, = f,/x, (3°f,/0x¢
OB ) (e Br) = Alu, and (9°£,/0x3) (g, BY) = =2, A/,
and any other second order partial derivative of f, is zero,
Vk=1,2,3,4,5,6,7,8.

It follows that

n

o’f
a= z zkyzy]axak (Ol’ﬁl)
k.i,j=1
2 2 2

d
=22)1)s x, )afx (gon By )"‘Zz)’l}"sa ja[x (gon B )+Zz)’s afz (g0 BY)-
(79)

Substituting the values for partial derivatives and y,, y,,
we obtain

Dl t,(0 + + B.IIT
__Zzyg |:ﬁ3ﬁlﬂo_®+ ﬁZ [luv 1( Auv) ﬁ_’y 2]
Kiy, (80)
ﬁZ <A’"VT1(O~+M1/)+:83HT2> :| <0.
e foiy (0 + 11,)
where @ = [0y(a+p) +p(a+08+p)(0+y +u)]/Op,uly

+u)(o+pu,) and

L B,I1A
zzz)’sm(sol’ ﬁ1)=22y3< ’

—=2 | >0(always).
mﬂ("ﬂh)) (always)

(81)

Since a <0 and b >0 and with the help of Theorem 4.1 by
Castillo-Chavez and Song in [24], it is confirmed that the
system follows a forward bifurcation at Ry=1 (see
Figure 2), and hence, the endemic equilibrium is locally
asymptotically stable for R, > 1, but sufficiently close to 1
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The epidemiological implication of this shows that the
leptospirosis disease can be eradicated in infected population
as long as when R, < 1. The condition R, <1 is necessary
and sufficient for disease elimination for a model that
undergoes the forward bifurcation [25]. O

4. Sensitivity Analysis

In this section, we investigated the sensitivity of the param-
eters for the basic reproduction of the model using the idea
presented in [26-28]. It is important to carry out the sensi-
tivity of the basic reproduction number R, for its parame-
ters. This will give parameters with a high impact on the
leptospirosis model (3) and therefore allow to target on
control measures to reduce the transmission of the disease.
To measure the sensitivity index of R, to a given parameter
B, we use the following relation:

@ e

An analytical expression for the sensitivity index of each
parameter involved in R, is derived as follows:

R
Qb= So(R,>R,),
Ay Ry(2Ry - Ry) (Ro>Ry)

R,(2R, - R,) + R} + 2R,

b= >0,
& 2Ry(2Ry = Ry)
o - R, (2R, - R,) + R} + 2R, S0,
2Ry(2R, — Ry)
R
Qb 5,
RO(ZRO - Rb)

Ol = _ < [Rb(ZRo —R,)+ Ri + 2th] [e18; +p(e + 32)]) <0
“ 2R0(2R0 - Rb) '
th

Qo T 0,
By Ry(2Ry — Ry)

ko= M[Rh(ZRo ~Ry)+ R} + Zth] 50
0 2R,(2R, - R})
o= - (& + )Ry 0, (83)

Ry(2R, — Ry)

Of = R,(2Ry—R,) + R} +2R,, <0
¢ 52 2R(2R) - Ry) '

R, (2R~ Ry) + R
2Ry(2R) ~ R,)

an _ ) (Rb(ZR0 -R,)+R:+ 2th> <o,

Ry _
Qr= >0,

& 2R (2Ry - Ry)
Qo= R ) 0,
€,Ry(2Ry - Ry)
QRO = L > 0)
7 Ry(2Ry-R,)
Ol = RyRy + R, <o,
" Ry(2R)-Ry)

R __ RR +R,

o Ry(2R) - Ry)
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FiGure 2: Forward bifurcation.

The values of the sensitivity indices of R, to each of its
parameter values are computed and listed in Table 3 in
decreasing order of sensitivity indices from the most to the
least sensitive parameter. We used an algorithm Markov
Chain Monte Carlo (MCMC) to fit parameter values of the
model. The parameter values were used from previously pub-
lished papers, and others were estimated as shown in Table 3.

The negative and positive signs of sensitivity index values
in Table 3 represent the negative and positive (respectively)
influence of parameters on R,. Thus, from the table, it can
be observed that R, increases when the values of A,IT, 3,
B, B3> 0, 7}, T,are increase and vice versa. On the other hand,
increasing the values of y, u,, 4, 0, 8, a, k decreases R, and
vice versa. From the results of sensitivity analysis, the param-
eters A, I1, 3, B;, i, 4, 0 are the most influencing on R,.
Further, deceasing A by 10% decreases R, by 5.54%. Increas-
ing IT or 3, by 10% increases R, by 4.47%. In contrast,
increasing 6 by 10% decreases R, by 3.2%. Similarly, decreas-
ing (or increasing) p and p, by a given percentage increases
(or decreases, respectively) R, by half of the percentage. Epide-
miological implications of this is that preventive and control
efforts should be targeted on parameters A, IT, 3, 35, ,, 0
to reduce the burden of the disease in infected population
since it is not reasonable biologically or ethically to use the
mortality rate of humans as a control measure. In particular,
reducing the total number of rodent population can minimize
the transmission of disease, since u, is the reduction rate of
rodents and it has a highly negative influence on R,. Further,
the effect of the most sensitive parameters on disease dynamics
behavior is illustrated graphically in the next section.

5. Numerical Simulations and Discussions

In this section, we perform some numerical results for the
leptospirosis model (3) to demonstrate the results of the
qualitative analysis of the model that has been already
performed in the previous sections. To do this, we used the
fourth-order Runge-Kutta method in the MATLAB pro-
gram. The parameter values used in the simulations are
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TaBLE 3: Sensitivity indices of R, to each of the parameter values.

Parameter Value Sensitivity index
A 0.27 0.5421
uv 0.0029 -0.0306
u 0.0009 ~0.0058
I 2 0.4579
By 0.0007 0.4579
o 0.064 —-0.438
B, 0.00033 0.4167
) 0.072 —-0.3457
lo4 0.04 -0.1921
B, 0.0815 0.5

K 10000 -0.1254
T, 0.06 0.0842
T, 0.2 0.0412
™ 0.05 ~0.1254
0 0.092 0.0004879

given in Table 4. These parameter values have taken from
previously published papers, and others are estimated as
shown in Table 4.

The initial conditions are chosen as (S,(0), E,(0), I,,(0),
R, (0), S, (0), I, (0), R, (0), B, (0)) = (270,20,10,0, 510,10,0,
100). Using equation (63), parameter values of the Table 4 and
the initial conditions, we found that R, =~ 2.8552 > 1, a unique
positive endemic equilibrium which given by E; = (S}, E;,, I},
R, S5, I, RE, BY) = (47.668,6.5229,5.3154,4.2571, 628.6425,
34.9632,26.0494,146.2314) with unique positive value I ~
5.3154; the other six roots of the polynomial equation (63)
are obtained as I, =0, I, = —9658.1994, I, ~ —6509.1639, I;=
—54.7671, 1,~—47.8513, I;=—47.2545.

From graphical illustration of stability analysis of EE, we
observed that all trajectories of the model solutions eventually
move towards the steady-state E; as shown the in
Figures 3(a)-3(i) since E; the unique positive EE is locally
asymptotically stable for R, > 1. This shows that the disease
persists in population because R, =2.8552 > 1. On the other
hand, if changing the values of f3,, 3,, 5, ¢t,» and § into
0.0001, 0.0515, 0.0003, 0.0035, and 0.092, respectively, then it
yields R, =0.932 < 1. In this case, the model has the DFE
which is globally asymptotically stable, and hence, E;' is unsta-
ble. Thus, all trajectories of the model solutions tend to the
DFE over time as shown in Figures 4(a)-4(f). Biologically,
the implication is that the disease will die out from the com-
munity over time, while the susceptible humans and suscepti-
ble rodents eventually approach their maximum value for this
particular study. Therefore, we should reduce the value of R,
as much as possible to eradicate the disease rapidly.

5.1. Effect of the Transmission Rates of Humans and Rodents
(B, and ;) on Dynamics Behavior of the Disease. The trans-
mission rates 3, and 3, play a significant role on expansion
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TaBLE 4: Description of parameter values used in the simulations.

Parameter Description Value Unit Source
A The recruitment rate of susceptible humans U xNO Humans day™’ Assumed
II The recruitment rate of susceptible rodents 2 Rodents day’1 [5]

B, The transmission coeflicient between S, and I, 0.00033 (Rodents day)™ Assumed
B, The transmission coeflicient between S, and B, 0.0815 Day! Assumed
Bs The transmission coefficient between S, and I, 0.0007 (Humans day)™ Assumed
u The natural death rate of susceptible humans 0.0009 Day! [29]; [5]
o The disease-related death rate of humans 0.04 Day! Assumed
0 The rate at which latently infected individual transfer to infectious 0.092 Day'1 [30]

y Leptospirosis disease waning immunity from R, 0.089 Day! [31]

9 The rate at which infectious individual transfer to human recovery class ~ 0.072 Day! Assumed
o The rate of recovery from infectious rodent 0.064 Day! Assumed
P Leptospirosis disease waning immunity from R, 0.083 Day! Assumed
u, The natural death rate of the rodents 0.0029 Day’1 [29]
Hy The natural death rate of the bacteria 0.05 Day'1 [6]

T The rate of increase of bacterial population due to I, 0.06 No.of pathogen Fumansday  Assumed
7, The rate of increase of bacterial population due to I, 0.2 No.of pathogen fodentsday  Assumed
K The concentration of pathogenic population 10000 No.of pathogen Assumed

of the disease transmission by increasing the incidence rates
of humans and rodents in the infected population. In this
section, we illustrate the sensitivity of the model (3) in
human, rodent, and bacterial populations using different
values of the parameters. In Figures 5(a) and 5(b), it can
be seen that decreasing the human transmission rate (f,)
increases the sizes of susceptible humans and susceptible
rodents (eventually) and vice versa. On the other hand,
reducing this parameter reduces the sizes of infected individ-
uals, infected rodents, recovered rodents, and bacterial
population from the beginning and eventually as shown
Figures 5(c)-5(f), respectively. This was performed by taking
the values of 3, as 8, =0.00017, 3, = 0.00023, 3, = 0.00033,
B, =0.0005, and 3, =0.0008. In the same manner, we
observed the effects for the rodent transmission rate 3, by set-
ting its values as 3, = 0.0005, 3, = 0.0006, 3, = 0.0007, 3, =
0.00085, and 3, = 0.00099 as shown in Figure 6. A decrease
(or increase) in the value of human transmission rate 3, will
cause decrease (or increase, respectively) in the size of the
infected individuals, infected rodents, and recovered rodents
as indicated in Figures 6(b), 6(d), and 6(e), respectively. Simi-
larly, in Figure 6(f), it can be seen that decreasing 3, decreases
the growth bacterial population in an environment with time
as they are directly proportional. However, decreasing (or
increasing) the human transmission rate (f3;) increases (or
decreases, respectively) the size of the number of susceptible
humans and susceptible rodents as shown in Figures 6(a)
and 6(a), respectively. In view of the simulations of the model
in Figures 5 and 6, the smaller parameter values (as possible)
will result in the smaller R, value and will decrease the inci-
dence rates of human and rodent infections. This shows that

reducing the expansion of human infection depends on the
reduction of the transmission rates 8, and 8, on susceptible
individuals and susceptible rodents. Therefore, by minimizing
the values of 3, and f3; significantly, the number of infected
humans, infected rodents, and the growth of leptospires in
the environment can be reduced and could finally vanish. This
can be achieved by treating infected individuals (using treat-
ment control), avoiding contact with the contaminated envi-
ronment (soil or water), or by reducing infected rodents as
well as the total number of rodent population.

5.2. Effect of the Human Recovery Rate (8) on Dynamics
Behavior of the Disease. The infectious individuals can be
reduced by increasing the value of the human recovery rate
(8) using control interventions (treatment of disease infec-
tion). In this section, we simulate the model to observe the
effect of § in human, rodent, and bacterial populations by
varying the value 8. From Figure 7, we observed that § is
directly proportional with susceptible and recovered individ-
uals as revealed in Figures 7(a) and 7(c). Moreover, it can be
seen in Figures 7(b), 7(e), and 7(f) that the population of
infected humans and infected rodents and population of
bacterial increase (or decrease) from the beginning and
eventually as § decreases (or increases, respectively), whereas
the size of susceptible rodents increases (or decreases) from
the beginning and eventually as § increases (or decreases,
respectively) with time as shown in Figure 7(d). From an
epidemiological perspective, human leptospirosis infection
can be minimized by reducing the number of infected indi-
viduals significantly using treatment control effort on
infected individuals.
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FIGURE 5: Plots showing the sensitivity of model (3) using different values of f3;.

of rodent population slowly (as can be seen in the figures).
Thus, the control mechanism for growth of the rodent
population (for instance, rodenticide) should be imple-
mented to reduce the total number of rodent population.
The effect of mortality rate of rodents y, in human,
rodent, and bacterial population is illustrated in this
section by using the different values of p, as p, =0.001,

u, =0.0029, p, = 0.0059, y, = 0.009, and p,=0.014. It can
be observed, from Figures 8(b)-8(f), that the number of
infected individuals, the total number of rodents
(Sy+I,+Ry), and the size of bacterial population
decrease as y, increases. Conversely, decreasing the mor-
tality rate of rodents decreases the number of susceptible
humans as shown in Figure 8(a).
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FIGURE 6: Plots showing the sensitivity of model (3) using different values of 3.

Therefore, controlling the major direct zoonotic infections
in a human population depends on the reduction of animal
reservoirs, as in the case of leptospirosis infection. Reduction
of the rodent population may also reduce the number of
human infections as well as the concentration of Leptospira
interrogans in the environment. Thus, the rodent born lepto-

spirosis infections of humans can be controlled by implement-
ing rodents’ reduction mechanism. Further, since
R, =2.8552 > 1, all trajectories of the model solutions eventu-
ally move towards the unique positive E;'. Thus, it should be
intensified to use optimal efforts on interventions to eliminate
the disease in the infected population as much as possible.
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6. Conclusion

In this work, we presented and analyzed a deterministic
mathematical model for the transmission process of lepto-
spirosis disease, which includes human, vector (rodent),
and bacterial populations. Firstly, the qualitative properties
of the model are studied. Based on the next-generation

matrix approach, the basic reproduction number (R,) of
the formulated model is computed to perform sensitivity
analysis of the model parameters. From the stability analysis
of the model, we found that the disease-free equilibrium
(DFE) is globally asymptotically stable if R < 1 and unstable
otherwise. The local stability of an endemic equilibrium is
performed based on the general center manifold theory,
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and EE is locally asymptotically stable when R, < 1. The
model exhibits forward bifurcation. This shows that the lep-
tospirosis disease can be eradicated in infected population as
long as when R, < 1. The most sensitive parameters for R,
are A, I1, u, B, B35, 14,, and 8, among other parameters. This
illustrates that minimizing the number of infected individ-
uals depends on the reduction of 3; on susceptible individ-
uals and the increase of recovery rate §. This shows that
minimizing the human infection depends on the reduction
of B, on susceptible vectors and the increase of mortality
rate of rodents y,. Epidemiological implications of this illus-
trate that preventive and control efforts should be targeted
on the parameters f3;, f3;, and yu, to reduce the burden of
the disease in human populations since it is not reasonable
ethically or biologically to use the death rate of humans as
a control measure. Finally, the model is simulated to show
the changing effects of the most influencing parameters on
the disease expansion as well as the stability behaviors of
the steady states. From graphical stability behavior of EE,
all trajectories of the model solutions eventually move to
the unique EE for R, =2.8552 > 1. In this case, the disease
persists in the population. On the other hand, all trajectories
of the model solutions gradually move towards the DFE for
R, < 1. The biological implication of this shows that the
disease will die from a community as long as when the
basic reproduction number of the model is less than unity.
Therefore, the value of R, should be reduced as much as
possible to eradicate the disease rapidly in an infected
population. Moreover, our numerical results of the model
demonstrate that reducing the transmission of human lep-
tospirosis infection can be achieved by implementing the
presentation and control interventions. Thus, our study
recommends the following intervention efforts to minimize
the risk factors and control the disease infection that
should be implemented in human, rodent, and bacterial
populations in an infected community:

(i) Reduce the rodent population using rodenticide or
resource reduction. Implementation of this inter-
vention also reduces the shedding rate of leptospire
into the environment

(ii) Prevention interventions on susceptible humans.
Avoid contact with infected rodents and rodents
urine-contaminated environment (floodwater, lakes,
rivers, or soil) using an appropriate personal protec-
tive equipment (PPE) such as wearing rubber boots,
waterproof dressings to cover wounds or skin, gog-
gles, and rubber gloves as well as maintaining good
personal hygiene. These practices will minimize the
acquisition of the infection in the community

(iii) Use the treatment control on infected individuals.
Although the leptospirosis infection shows nonfixed
symptoms and signs initially, its clinical manifesta-
tion can be detected by microbiological laboratory
tests. This control mechanism can minimize the
expansion of the disease by treating infected indi-
viduals through antibiotics that are recommended

Computational and Mathematical Methods in Medicine

for treatment of the disease in the infected popula-
tion following clinical rules

(iv) Increase mortality rate of Leptospira interrogans in
environment (especially, urban slum environment)
using appropriate environmental modifications

These clinical interpretations (interventions) can be
implemented by heightening the awareness of public
health-care sectors on the spread and impacts of the disease
on human health and by providing information for infected
populations to use an effort to minimize the risk factors of
the disease through intensifying successive education (or
training) on the disease. However, to illustrate the effective-
ness and cost-effectiveness of these intervention efforts an
optimal control intervention should be studied.
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