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Influence of tunnel ionization
to third-harmonic generation
of infrared femtosecond laser
pulses in air

Viktorija Tamuliené?, Greta Juskevi¢ioté!, Danas BuoZius?, Virgilijus Vaiéaitis?,
Ihar Babushkin?3“*! & Uwe Morgner?*

Here we present an experimental as well as theoretical study of third-harmonic generation in tightly
focused femtosecond filaments in air at the wavelength of 1.5 wm. At low intensities, longitudinal
phase matching is dominating in the formation of 3rd harmonics, whereas at higher intensities locked
X-waves are formed. We provide the arguments that the X-wave formation is governed mainly by the
tunnel-like ionization dynamics rather than by the multiphoton one. Despite of this fact, the impact
of the ionization-induced nonlinearity is lower than the one from bound-bound transitions at all
intensities.

Third harmonic generation (THG) and laser frequency tripling is one of the most important nonlinear optical
phenomena. Its application areas range from development of coherent radiation sources in ultraviolet (UV)
and vacuum UV (VUV) ranges"?, nonlinear media and plasma characterization>*, nonlinear spectroscopy and
microscopy™® to temporal laser pulse characterization”?, white light filament formation and remote atmosphere
sensing®'?.

THG in air is accompanied by plasma generation and filament formation. Kerr self-focusing leads to a beam
collapse which is arrested by plasma defocusing and nonlinear losses!!. An important part of this filament forma-
tion picture is a description of ionization process which is very often made in the terms of multiphoton dynam-
ics. In multiphoton ionization regime, as contrasted to tunneling one, ionization takes place on slow time scale
comparable to the pulse envelope and ionization rate grows as some power of intensity, whereas in the tunneling
regime the dynamics inside the laser cycle plays the key role, and ionization is described as an exponential func-
tion of instantaneous intensity. The key quantity defining which of these two seemingly very different regimes
plays a role, is so called Keldysh parameter y = 2w 77/T, describing the characteristic time at which the ionization
occurs 77 = +/2Ip/E, in relation to a single optical cycle T (here the expression for 77 is written in atomic units,
Ip is the ionization potential and E is the electric field). The multiphoton range takes place for y 3> 1, whereas
for y < 1the tunnel ionization is more appropriate description. For the filaments obtained from femtosecond
Ti:Sapphire laser pulses with the central wavelength of about 800 nm, intensity clamping takes place at intensities
of the order of 10'> W/cm?, which corresponds to y = 2, at the boundary of the multiphoton range. At longer
pump wavelengths, one can approach this boundary (y = 1) or even cross it'%. Such long wavelength filaments
can be obtained using pump from high power optical parametric amplifiers, and are actively studied nowadays.

One of the major difficulties arising in the intermediate region y & 1is that neither tunnel nor multiphoton
formulas work well. Nevertheless, there are few ionization models which are able to fill the gap'>!*. In particular,
in the work of Yudin and Ivanov'* an approach was developed which allowed to describe not only the scaling of
ionization with the driving field intensity correctly in tunnel, multiphoton and transient regions, but also both
the fast intra-cycle tunnel-like and slow intercycle multiphoton-like dynamics of ionization.

In the tunnel regime, ionization-based nonlinearity creates also harmonics of the fundamental, which are
often called Brunel harmonics'>'. In the multiphoton regime, the Brunel harmonics are not generated, because
in this case the ionization nonlinearity is “too slow” with respect to the cycle period of the third harmonic
radiation'” . Tonization-based radiation mechanism is related to transitions of electrons which were bounded
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Figure 1. Experimental set-up.

inside the atom before the pulse, but remain free after it. This is in contrast to transitions giving impact into y
nonlinearity, corresponding to electrons which remain bound before, after, and during the pulse. To mention
here is also the transitions resulting in so called high-harmonic generation (HHG), which start from bound state
and end there, but the electron spends some time outside the atom.

Third harmonic generated in filaments has impacts from the x ®-based nonlinearity as well as from ioniza-
tion-based nonlinearity. Theoretical estimations'” show that, whereas for many gases at 800 nm wavelength y )
-based mechanism should dominate, situation changes for longer wavelengths. In particular, in experimental
work!® arguments were provided, that at the mid-infrared wavelengths around 4 wm Brunel mechanism domi-
nates for several harmonics, presumingly including the third one.

In general, there are number of works which study THG induced by infrared (IR) laser pulses?—>%18-24,
One of the important pecularities by filament propagation is a generation of so-called X-waves. An X-wave is a
multicolor conical wave with each cone travelling at the same group velocity. Such X-waves were first suggested
to appear in the fundamental harmonic and are explained by spatio-temporal reshaping governed by dynamical
nonlinear phase-matched four-wave mixing processes®?°. Later on, such characteristic X-shaped distributions
were observed in the third harmonic?*-,

In this report, we present results of experimental and theoretical investigation of THG in air by IR femto-
second laser pulses at 1.5 pwm. Theoretically, we approached the process using two models: the multiphoton
one?”, which included only slow inter-cycle ionization and the nonadiabatic tunnel-based Yudin-Ivanov one',
demonstrating sub-cycle ionization features (see above). Comparison of the results of the two models with
experiment shows that the tunnel-based model explains the observed experimental data much better. In par-
ticular, the tunnel-based model predicts higher clamping intensities, stronger influence of ionization on the
dispersion of the fundamental and third harmonics and, as a result, a stronger divergence of X-waves. Moreover,
in the Yudin-Ivanov model we compared the impacts of the bound-bound and x ) nonlinearities to the third
harmonic.

Methods

Experimental set-up. For the experiments we have used a 1 kHz repetition rate femtosecond Ti:sapphire
chirped pulse amplification laser system (Legend elite duo HE+, Coherent Inc.), delivering 35-40 fs (FWHM)
light pulses centred at 790 nm with maximal pulse energy of 8 mJ. The laser output was used to pump an optical
parametric amplifier (OPA, Light Conversion, Inc.), which produced the tunable infrared (IR) signal and idler
wave pulses in the wavelength range between 1.2 and 1.6 um and 1.6 and 2.4 pum, respectively. The duration and
single-pulse energy of the IR signal wave pulses was about 40 fs and 1.3-1.75 m], respectively. The beam width
at FWHM was about 4 mm. The IR signal wave pulses were focused in air by the lenses of various focal lengths,
which resulted in a visible third harmonic generation.

Far-field patterns of third harmonic radiation were observed on a white screen placed at about 1 m beyond the
focal plane of the focusing lens and registered by a CCD camera (Fig. 1). The spectra of this radiation have been
recorded with a help of a fibre spectrometer sensitive in the visible and IR spectral ranges. Frequency-angular
distributions of third harmonic pulses were recorded with an imaging spectrometer Andor SR-500i-D1 by placing
its entrance slit in the focal plane of an objective lens of the short focal length (10-20 cm). Under such lens and
slit configuration the spectrometer disperses the light energy across a wide spectral range and produces a two-
dimensional image at the output imaging plane (the vertical coordinate is proportional to the light direction).
Assuming the axial symmetry of the emissions and by placing the CCD camera in the output imaging plane of
the spectrometer, the frequency-angular distributions can be captured in a single shot.

Numerical modelling of THG in air.  Here, we describe two mathematical models of THG in air, which we
call “MPI model” and “YI model” The MPI model is based on the slow varying envelope approximation (SVEA)
for the field, and accounts only the multiphoton ionization of air, neglecting the tunnel ionization. In contrast,
the YI model is free from SVEA, that is, formulated directly for the fast optical electric field, and uses the formula
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of Yudin and Ivanov (YI)!, which takes into account both slow multiphoton and fast tunnel components of the
ionization dynamics. In the MPI model, plasma density depends on the light intensity and the Brunel harmonics
are not generated. Third harmonic generation is predefined only by the third-order Kerr term. Because of SVEA,
two separate governing equations for the fundamental harmonic (FH) and third harmonic (TH) are used. On
the other hand, the YI model allows generation of the third harmonic also via plasma-based nonlinearity. In
both models, so called slowly evolving wave* and paraxial approximations were used.

MPI model. In the MPI model, we solve the following governing equations for the fundamental harmonic (FH)
and third harmonic (TH) waves:

S k& + PO 4 PP, (1)
0z

AE: o -

a—; = iks. & + PP 4+ PP, )

where 51,3(9, Bxs By»2) stands for the Fourier transform of the complex slow envelopes &1 3(t, x, ¥, z) of the FH
(index 1) and TH (index 3) of the fast optical field E(t, x, y, z). Here z is the propagation distance, x and y are the
transverse coordinates and ¢ is time. 2 = @ — wjo, where wjo = 27w c/Ajo is the central cyclic frequency of the jth
wave (j = 1, 3) and w is the cyclic frequency. Zjo is the central wavelength and ¢ is the speed of light.

The first rhs term in Eqs. (1) and (2) describes free-space propagation in air. kj; and
ks, are the z-projections of the wavevectors centered at the corresponding frequencies, e.g.
k132(R2) = k(w130 + Q) — (,32 + ﬁ )/ (2k1,30) — 2/u10 and uyg is the group velocity of the fundamental wave
in air. Here, k(w) = wn(2)/c, 1 = 27TC/CU is the wavelength, n is the wavelength-dependent refractive index
determined by the Sellmeier equations for air®, and k) 3¢ is the wavenumber at the central frequency wy 39. The
shift 2 /uyq is introduced to consider both harmonics in the reference frame of the FH pulse.

The nonlinear terms are given by:

ﬁ?) =(w10 + Q) (iﬁKerr,l + iﬁ(ﬂ))a (3)

ﬁg‘%) =(w30 + ) (i/lsKerr,S + iﬁ(b)) . (4)

The first term, IA’KM, includes self- and cross-phase modulations. It is the Fourier transform of the following
expressions:

1
Pkerr,1 = ;”2(11 +2BL)E, (5)

1
Pkerr3 = ;”2(211 + B3)&s, (6)

where n; is the nonlinear refractive index of air, I; = ceolé}lz/Z is the intensity (j = 1, 3), &o is the vacuum
permittivity.

P@ and P®) are the Fourier transforms of eom2&3E% /2 and g9y &2 /6, respectively. The last term generates
the third harmonic due t the x® nonlinearity.

The plasma terms P 1.3 are related to the plasma density described by the equation:

ap™
Jat

=[1 - p™OIW(®), 7)

where p® is the normalized to the neutral density po plasma density and W(¢) is the generation rate. In MPI
model,

W(t) = Z [0.200I%0 4 0.8 IMN].
=13

(8)

The plasma is generated both by FH (j = 1) and TH (j = 3). Two main constituents of air-oxygen (O) and
nitrogen (N)—are taken into account. Coeflicients I were calculated using the ADK-formula taken from?’
(in?, the misprints were corrected). The intensity dependence of the ionization rate was fitted by a line in
the logarithmic scale and I" was found, Fig. 2. The linear approximation was performed with the formula
log,o(Wapk) = log;,(I") + K log,,(I). K is the photon number needed for the multiphoton ionization. The
coefficients are given in Table 1.

In Egs. (1) and (2) the plasma terms read:

)
~(pl —lq
PP = e FT(p&1] /(@10 + @) — Jios1» (©)
2mece
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Figure 2. Intensity dependence of ionization rate. Black solid lines: ADK formula?, red dashed lines: linear

approximation with parameters of Table 1. Oxygen (1,3) and nitrogen (2,4); third (1,2) and fundamental (3,4)
harmonics. At high intensities, linear approximation overestimates the plasma density.

Parameter | Value Units

Kio 15

Kso 5

Tio 1072426 | (m2/w)!5!
I's0 107725 (m?/W)>s~!
Kin 19

Ksn 7

Ty 1073175 | (m2/w)l%s!
Ty 1071106 | (m2/w)7s!

Table 1. Parameters of the MPI model at wavelengths ;0 = 1.5um and /439 = 0.5 um.

i 2
~(pl —1
B = I PTpgs) /(3 + 9) — s, (10)
2mecey

where FT[o] denotes the Fourier transform, g, and m, are the electron charge and mass, respectively. The loss
terms for the multiphoton ionization are given by

1 _ _

Jioss1 = FT {551:00 (0-2K1oﬁwlor1olf<lo '+ 08K fiworo TN TN 1)} (11)
_ 1 Kzo—1 Ksn—1

Jioss3 = FT 553,00 0.2K30hw30M3015 + 0.8K3yhaw3el'sn I3 . (12)

YI model. In this model, we solve a single governing equation for the Fourier transform & (@, Bx, By, 2) of the
analytical signal £(t, x, y, z) (the real optical electric field is related to & as E(t,x,y,z) = R(E(¢, %, y,z)), where
(o) denotes the real part):

A€ PN
5 = ik, + P® 4 pPh. (13)

The fundamental and third harmonics are extracted from & by truncating the spectrum in the following inter-
vals: 0.5 < w/wyo < 1.5 (FH frequency interval) and 2.5 < w/wy9 < 3.75 (TH frequency range). In Eq. (13), the
linear dispersion is described by k; = k(w) — (ﬂf + ,Byz)/(Zka) — w/uy9, where Q = 3 for the TH frequency
interval and Q = 1 elsewhere.

The Kerr nonlinear term is calculated as:
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Figure 3. Numerical results for the MPI model at low input intensities. (a) Output TH spectrum. (b)
Dependencies of the FH (blue dashed line) and TH (red dashed line) intensities as well as plasma density (black
solid line) on the propagation distance (here and further the propagation only near the focal region is shown).
f =50cm, Iy = 0.044 x 10'° W/cm?. Dashed lines in (a) denote the longitudinal phase-matching angle (see
text).

P® — iwPy, (14)

where Py is the Fourier transform of Px = 4npeo[R(E)P/3.
Plasma generation is described by Eq. (7). Here, for the tunnel ionization rate, the Yudin-Ivanov'* formula
(in atomic units) for the instantaneous photoemission rate was used:

SI2\ [2371%0% g2
W(wt) = :—T exp (—00|w—|3) Lg—l} exp {—%01 sinz(arg(é’)) , (15)
where Z is the atomic charge, k = \/2¢, ¢ is the ionization potential (in atomic units), 7 = «/|€|,

09 = 0.5(y>+0.5)InC — 0.5y/1 + y2,y = wrr is the Keldysh parameter, C = 1 +2y+/1 + y2 + 2y? and
o1 =InC-2y/+/1 + y2.In Eq. (15), we used the fundamental harmonics & in place of € since YI formula was
derived for a single-color field. £ is obtained by truncating the spectral amplitude £ to the frequency interval
of the fundamental harmonic as defined after Eq. (13).

For the plasma term, the following formula is utilized:

. 2
—1
P = ﬁFT{pm/(w + V) — Jioss (16)

e

where® y, = 1/200 fs™!and

(0o — p)

= FT|(0.2 R —_— .
Jioss ( Wo(t)Uo+08WN(t)UN)m(51)2806

(17)
Up and Uy are the ionization energies of oxygen and nitrogen, respectively. These ionization potentials are also
utilized when calculating Wo n (t).

The input FH beam. We assume no TH at the input and the FH is focused by a lens with the focus length f
placed at z = 0. Then, at z = 0, the initial conditions read:

1 i 12
E1(t,x, ¥,z = 0) =Ej exp —(x? +y2) - + i exp| —— |, (18)
Tg A10f ‘L’2

&(t,x,y,z =0) =0 (19)

for the MPI model, and £(¢,x,y,z = 0) = &1(¢,x, 9,2 = O)e_i‘"mt for the YI model. Here, g is the beam radius
and 7 is the pulse duration. Ey is the peak amplitude and the corresponding input peak intensity is noted as Iy.

Results

Equations (1,2) and (13) were simulated assuming the cylindrical symmetry of the problem, thus the fast Hankel
transform for the space-domain was utilized?. For the integration, we used the Euler numerical scheme. For the
initial conditions, FH at 419 = 1.5pum was assumed, with7p = 5mm and t = 30 fs. In the MPI model, the space
window (0, 2] X rp was taken, with a grid consisting of 1500 points, as well as the temporal window[—77, 77),
with a uniform grid containing 128 points. For the YI model, the same spatial grid, and a temporal uniform grid
containing 512 points spanning the temporal window [—47, 47) were used.
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Figure 4. Numerical results for the MPI model (a,c,e) and YI model (b,d,f) for higher input intensities. (a—d)
Output TH spectra. (e,f) Dependencies of the FH (blue dashed line) and TH (red dashed line) intensities as well
as plasma density (black solid line) on the propagation distance. (Here and in other figures the peak intensity is
shown.) f = 50 cm, Iy [10' W/cm?]: 0.088 (a), 0.175 (c,e); 0.175 (b), 0.35 (df).

Two values of the focal length were examined: f = 50 cm (Figs. 3, 4, 5, 6) and f = 20 cm (Figs. 7, 8, 9). At
the larger value of fand lower input energy, two maxima in the TH frequency-angular spectrum are observed,
see Fig. 3a. These maxima mean the appearance of the one-color ring in the TH angular spectrum. The radius
of the ring was found from the longitudinal phase-matching condition (k3 cos 8, — 3k19p = 0) and is equal to
6, = 3.4 mrad®* (see dashed lines in Fig. 3a). In this case, the plasma density is low and the intensity clamping
is not yet achieved. From the curves in Fig. 3b we see that after passing the focus, the peak intensity of the TH
wave (red dashed line) decreases faster than the intensity of the FH wave (blue dashed line) since the ring is
formed in the TH spatial profile and consequently the central spot vanishes. At the focus, the TH beam obeys
the central spot and its width is smaller than the width of the FH beam.

For the intensities shown in Fig. 3 both MPI and YI models give the same result. This is not surprising, since
the peak intensity approaches 10! W/cm? in this case, that is, we are clearly in the multiphoton regime, where
both MPI model and YI models being valid. The Keldysh parameter y is equal to 1 at intensity around 3 x 10!
W/cm? for the fundamental harmonic, so we expect that as we approach this intensity, MPI and YI models start
to deviate, and the tunnel ionization which is not accounted in the MPI model, starts to play a role.
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Figure 5. Output TH spectra obtained in experiment for f = 50 cm for the input energies (m]): 0.23 (a), 0.37
(b), 0.53 (c). Dashed lines in (a) show the longitudinal phase matching analogously to Fig. 3.
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Figure 6. Patterns of TH radiation obtained experimentally, namely displayed on a screen placed beyond the
focal plane of the focusing lens. Input energy (m]J): 0.14 (a), 0.37 (b), 0.59 (c), 0.72 (d). f = 50 cm.

When the input energy increases, the ring merges into a single central spot as seen in Fig. 4a-d, which is
observed for both models, although for somewhat different input intensities. In the MPI model, the plasma den-
sity becomes saturated at high focal intensity, Fig. 4e, whereas the saturation in the YI model is not so prominent
(compare black solid lines in Fig. 4e,f). As a result, the intensity clamping is observed in the MPI model. After
passing the focus, the peak intensity of the TH beam falls with the same speed as the peak intensity of the FH
beam, compare blue and red dashed lines in Fig. 4e,f. The experimentally recorded spectra of the TH show the
same evolution from the ring-shaped spectrum to the central spot, as seen in Fig. 5. In Fig. 6, the experimental
TH patterns are shown, which show also the merging. This merging of the ring into a central spot may be attrib-
uted to cross- and self-phase modulations of the TH wave. To check this, we repeated the simulation of YI model
without the x ® term and the ring structure did not disappear (data not shown). We also checked the stability
of the results with respect to the change of I' and input intensity Iy, e.g. we repeated the simulations first with
10 times larger I'1y and second with Ij increased by 1 percent. In both cases, the results are undistinguishable
from the initial data.

At the smaller focal length, f = 20 cm, larger peak intensity can be achieved. The TH spectra become notice-
ably blue-shifted, see Fig. 7a,c,e. In these figures, only the results for the YI model are shown and the comparison
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Figure 7. Numerical results for the YI model. (a,c,e) Output TH spectra. (b,d,f) Dependencies of the FH (blue
dashed line) and TH (red dashed line) intensities as well as plasma density (black solid line) on the propagation
distance. f = 20 cm, Iy (10'° W/cm?): 0.175 (a,b), 0.525 (c,d), 1.05 (e,f). In (e), square root of the spectral
intensity is depicted.

with the MPI model will be provided below. The intensity clamping is observed, e.g. in Fig. 7b,d,f at the maximum
FH intensity around 7 x 10> W/cm? for all three I values. From the dashed lines in Fig. 7b,d.,f we see that TH
and FH intensities of the beams follow the same trend. We think that the signal at 400 nm (Fig. 7e) is a result of
the cascaded process of mixing of TH at 500 nm and FH at 1.6 um. This wavelength component in FH appears
due to nonlinear broadening of the pump (see Fig. 8b,d).

In Fig. 8, one can see that the locked FH and TH X-waves travelling at the same group velocity are formed?.
This result is obtained in both YI- and MPI-models, but the group velocities are different in both models (cf.
Fig. 8a,b and Fig. 8¢,d). In Fig. 8, we also depicted the X-wave dispersion curves by the dashed lines. The disper-
sion law is given by:

w — Wy

k13(w) cos6 = + k1,30 (20)
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Figure 8. Evidence of X-waves in TH (a,c) and FH (b,d) spectra obtained by the MPI model (a,b) and

YI model (¢,d). f =20 cm, Iy (x 1019 W/cm?): 1.4 (a,b), 1.05 (c,d). Square root of the intensity is shown
for better visibility. Dashed lines show dispersion according Eq. (20), with the X-wave group velocity:
3.0017 x 108 m/s (MPI model) and 3.01 x 10® m/s (YI model). The central fundamental wavelength of the
X-waves is 0.455 x 3m.

where kj 3 is the frequency dependent wavenumber and k; 30 was calculated at the central wavelengths of 0.455 x 3
pum (FH) and 0.455 pm (TH). V is the group velocity of the X-wave. The group velocity V was varied by the step
of10* m/s to get the best coincidence with the numerically calculated contours. The resulting 6 (1) following from
Eq. (20) is depicted in Fig. 8 by dashed lines. Good coincidence with our experiment and also? is observed in
the case of the YI model. In particular, we found the same group velocity V = 3.01 x 10® m/s as in*2. In contrast,
the group velocity obtained from the MPI model deviates from this value: V = 3.0017 x 108 m/s. This fact is an
evidence of the influence of tunnel ionization on the X-wave formation.

The experimental TH spectra are shown in Fig. 9. Comparison with the numerical results of the YI model in
Fig. 7 shows a good agreement. To facilitate such comparison, the dispersion curve resulted from the YI model
is shown on the experimental graph (Fig. 9¢) by a dashed line. We note that in the theoretical spectra, the angle

was calculated as 0 = k /kso, wherek; = /8% + ﬂ}% is the transverse projection of the wavevector. The formula

is only approximately correct. So, the experimental angle 6 is slightly smaller than the theoretical one at the
wavelengths shorter than 439 = 500 nm.

In order to examine the influence of tunnel ionization we provide an exemplary picture of the free electron
density (curve 1) and ionization rate (curve 2) shown in Fig. 10a, at the center of the beam for the case of
Fig. 8c,d. Here, the oscillations are prominent and the sub-cycle tunnel dynamics are dominant comparing to
the multiphoton ones. The question may arise if the Brunel harmonics provided by plasma dominate also the
third harmonic generated by x ) nonlinear term? To answer this question we switched off the x ® term in the
YI model and repeated the simulation for the parameters of Fig. 7f. The results are presented in Fig. 10b. Com-
parison of these two figures shows that the TH intensity of the plasma radiation is by around two orders lower
than the full TH intensity.

Discussion and conclusions

In conclusion, evolution of the third-harmonic spectrum from the ring-type to locked X-waves by increasing
the focal pump intensity was analyzed both theoretically and experimentally. For the theoretical consideration,
two models were used, the MPI model based on multiphoton ionization and YI model, working in multiphoton,
tunnel as well as in intermediate ranges. We observed several distinct stages of evolution of TH beam. At low
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Figure 9. Experimental results. (a—c) Output TH spectra, f = 20 cm, input energy (m]): 0.11 (a), 0.41 (b), 0.77
(c). Square root of the spectral intensity is taken in (a,b). Dashed lines in (c) denote the same dispersion curve as
in Fig. 8c. (d) Typical far-field pattern of output TH beam registered under the same conditions as in (c): f = 20
cm, input energy 0.77 m].

0.02 10°

-~ 10°

o
QL
~
QL

- < 44010

10—15
22

Figure 10. (a) Ionization dynamics for the YI model at the beam center for the simulation shown in Fig. 8¢,d.
Fast oscillations in the plasma density (1, black solid line) and its rate (2, red solid line), sub-cycle in respect to
the electric field E(f) (3, red dashed line) are visible. (b) The same as in Fig. 7f, simulated without x ) term. The
influence of Brunel harmonics is much smaller than the one from the x ) nonlinearity.

intensities, TH forms a ring, which radius is determined by the longitudinal phase-matching. This ring merges
into a single central spot at higher intensities due to self- and cross-phase modulations. At even higher intensi-
ties, locked X-waves in the third- and fundamental harmonics are generated and co-propagate with the same
group velocity. We found two different values of the group velocity of the X-waves: one from the MPI model and
another one from the YI model. We observe that the latter value coincides with the experimental one and it is in
agreement with the previous experimental work?, in contrast to the value given by the MPI model.
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We also observed that the MPI model gives rise to intensity clamping at smaller values of the peak intensity
than the YI model due to overestimation of the plasma density in MPI model. The spectral-angular X-wave dis-
tributions predicted by YI theory are much closer to the experiment than the ones predicted by the MPI model.
Since the YI model allows for both slow multiphoton and fast sub-cycle tunnel dynamics, we also checked that
for intensities, corresponding to formation of X-waves, the sub-cycle tunnel dynamics clearly dominates the
multiphoton one.

These arguments allow us to conclude that the tunnel ionization plays the critical role in the TH X-wave
formation in filaments, at least in air for 1.5 wm wavelength. Because of onset of tunnel ionization, one could
also expect that at least part of TH is produced by the plasma-induced nonlinearity and not by x ®-based one.
Nevertheless, the results presented here demonstrate, that x &) nonlinearity remains still the dominant TH source.

Received: 28 May 2020; Accepted: 31 August 2020
Published online: 15 October 2020

References

1. Backus, S. et al. 16-fs, 1-u] ultraviolet pulses generated by third-harmonic conversion in air. Opt. Lett. 21, 665-667. https://doi.
0rg/10.1364/0L.21.000665 (1996).

2. Lago, A., Wallenstein, R., Chen, C., Fan, Y. X. & Byer, R. L. Coherent 70.9-nm radiation generated in neon by frequency tripling
the fifth harmonic of a Nd:YAG laser. Opt. Lett. 13, 221-223. https://doi.org/10.1364/OL.13.000221 (1988).

3. Schins, J. M., Schrama, T., Squier, J., Brakenhoff, G. J. & Miiller, M. Determination of material properties by use of third-harmonic
generation microscopy. J. Opt. Soc. Am. B 19, 1627-1634. https://doi.org/10.1364/JOSAB.19.001627 (2002).

4. Rodriguez, C., Sun, Z., Wang, Z. & Rudolph, W. Characterization of laser-induced air plasmas by third harmonic generation. Opt.
Express 19, 16115-16125. https://doi.org/10.1364/OE.19.016115 (2011).

5. Squier, J. A., Miiller, M., Brakenhoff, G. J. & Wilson, K. R. Third harmonic generation microscopy. Opt. Express 3, 315-324. https
://doi.org/10.1364/OFE.3.000315 (1998).

6. Barad, Y., Eisenberg, H., Horowitz, M. & Silberberg, Y. Nonlinear scanning laser microscopy by third harmonic generation. Appl.
Phys. Lett. 70, 922-924. https://doi.org/10.1063/1.118442 (1997).

7. Meshulach, D., Barad, Y. & Silberberg, Y. Measurement of ultrashort optical pulses by third-harmonic generation. J. Opt. Soc. Am.
B 14, 2122-2125. https://doi.org/10.1364/JOSAB.14.002122 (1997).

8. Gaizauskas, E., Steponkevicius, K. & Vaicaitis, V. Fifth-order intensity autocorrelations based on six-wave mixing of femtosecond
laser pulses. Phys. Rev. A 93, 023813. https://doi.org/10.1103/PhysRevA.93.023813 (2016).

9. Bergé, L. et al. Supercontinuum emission and enhanced self-guiding of infrared femtosecond filaments sustained by third-harmonic
generation in air. Phys. Rev. E 71, 016602. https://doi.org/10.1103/PhysRevE.71.016602 (2005).

10. Kasparian, J. et al. White-light filaments for atmospheric analysis. Science 301, 61-64. https://doi.org/10.1126/science.1085020
(2003).

11. Bergé, L., Skupin, S., Nuter, R., Kasparian, J. & Wolf, ].-P. Ultrashort filaments of light in weakly ionized, optically transparent
media. Rep. Prog. Phys. 70, 1633-1713. https://doi.org/10.1364/OL.21.0006650 (2007).

12. Fedorov, V. Y. & Kandidov, V. P. Nonlinear optical model of air medium in the problem of filamentation of femtosecond laser
pulses of different wavelengths. Opt. Spectrosc. 105, 280-287. https://doi.org/10.1364/OL.21.0006651 (2008).

13. Keldysh, L. et al. Ionization in the field of a strong electromagnetic wave. Sov. Phys. JETP 20, 1307-1314 (1965).

14. Yudin, G. L. & Ivanov, M. Y. Nonadiabatic tunnel ionization: Looking inside a laser cycle. Phys. Rev. A 64, 013409. https://doi.
0rg/10.1364/0L.21.0006652 (2001).

15. Babushkin, I. et al. Terahertz and higher-order brunel harmonics: From tunnel to multiphoton ionization regime in tailored fields.
J. Mod. Opt. 64, 1078-1087. https://doi.org/10.1080/09500340.2017.1285066 (2017).

16. Jang, D. et al. Efficient terahertz and brunel harmonic generation from air plasma via mid-infrared coherent control. Optica 6,
1338-1341. https://doi.org/10.1364/0L.21.0006654 (2019).

17. Serebryannikov, E. & Zheltikov, A. Quantum and semiclassical physics behind ultrafast optical nonlinearity in the midinfrared: The
role of ionization dynamics within the field half cycle. Phys. Rev. Lett. 113, 043901. https://doi.org/10.1103/PhysRevLett.113.04390
1(2014).

18. Théberge, E, Akdzbek, N., Liu, W., Filion, J. & Chin, S. L. Conical emission and induced frequency shift of third-harmonic gen-
eration during ultrashort laser filamentation in air. Opt. Commun. 276, 298-304. https://doi.org/10.1016/j.optcom.2007.04.018
(2007).

19. Kolesik, M., Wright, E. M., Becker, A. & Moloney, J. V. Simulation of third-harmonic and supercontinuum generation for femto-
second pulses in air. Appl. Phys. B 85, 531-538. https://doi.org/10.1364/OL.21.0006657 (2006).

20. Théberge, E, Akézbek, N., Liu, W, Gravel, J. & Chin, S. Third harmonic beam profile generated in atmospheric air using femto-
second laser pulses. Opt. Commun. 245, 399-405. https://doi.org/10.1016/j.optcom.2004.10.020 (2005).

21. Vaicaitis, V., Jarutis, V. & Pentaris, D. Conical third-harmonic generation in normally dispersive media. Phys. Rev. Lett. 103, 103901.
https://doi.org/10.1364/OL.21.0006659 (2009).

22. Xu, H. et al. Formation of X-waves at fundamental and harmonics by infrared femtosecond pulse filamentation in air. Appl. Phys.
Lett. 93, 241104. https://doi.org/10.1063/1.3050523 (2008).

23. Xiong, H. et al. Spectral evolution of angularly resolved third-harmonic generation by infrared femtosecond laser-pulse filamenta-
tion in air. Phys. Rev. A 77, 043802. https://doi.org/10.1364/JOSAB.19.0016271 (2008).

24. Xu, H. et al. X-shaped third harmonic generated by ultrashort infrared pulse filamentation in air. Appl. Phys. Lett. 92, 011111.
https://doi.org/10.1063/1.2830017 (2008).

25. Conti, C. et al. Nonlinear electromagnetic X waves. Phys. Rev. Lett. 90, 170406. https://doi.org/10.1364/JOSAB.19.0016273 (2003).

26. Faccio, D. et al. Ultrashort laser pulse filamentation from spontaneous X wave formation in air. Opt. Express 16, 1565-1570. https
://doi.org/10.1364/JOSAB.19.0016274 (2008).

27. Ilkov, E. A, Decker, J. E. & Chin, S. L. Ionization of atoms in the tunnel regime with experimental evidence using Hg atoms. J. Phys.
B Atom. Mol. Opt. Phys. 25, 4005-4020. https://doi.org/10.1088/0953-4075/25/19/011 (1992).

28. Couairon, A. et al. Practitioner’s guide to laser pulse propagation models and simulation. Eur. Phys. J. 199, 5-76. https://doi.
org/10.1140/epjst/e2011-01503-3 (2011).

29. Ciddor, P. E. Refractive index of air: New equations for the visible and near infrared. Appl. Opt. 35, 1566-1573. https://doi.
org/10.1364/A0.35.001566 (1996).

30. Sprangle, P, Pefiano, J. R., Hafizi, B. & Kapetanakos, C. A. Ultrashort laser pulses and electromagnetic pulse generation in air and
on dielectric surfaces. Phys. Rev. E 69, 066415. https://doi.org/10.1364/JOSAB.19.0016277 (2000).

31. Banerjee, P,, Nehmetallah, G. & Chatterjee, M. Numerical modeling of cylindrically symmetric nonlinear self-focusing using an
adaptive fast hankel split-step method. Opt. Commun. 249, 293-300. https://doi.org/10.1016/j.optcom.2004.12.048 (2005).

Scientific Reports |

(2020) 10:17437 | https://doi.org/10.1038/s41598-020-74263-x natureresearch


https://doi.org/10.1364/OL.21.000665
https://doi.org/10.1364/OL.21.000665
https://doi.org/10.1364/OL.13.000221
https://doi.org/10.1364/JOSAB.19.001627
https://doi.org/10.1364/OE.19.016115
https://doi.org/10.1364/OE.3.000315
https://doi.org/10.1364/OE.3.000315
https://doi.org/10.1063/1.118442
https://doi.org/10.1364/JOSAB.14.002122
https://doi.org/10.1103/PhysRevA.93.023813
https://doi.org/10.1103/PhysRevE.71.016602
https://doi.org/10.1126/science.1085020
https://doi.org/10.1364/OL.21.000665
https://doi.org/10.1364/OL.21.000665
https://doi.org/10.1364/OL.21.000665
https://doi.org/10.1364/OL.21.000665
https://doi.org/10.1080/09500340.2017.1285066
https://doi.org/10.1364/OL.21.000665
https://doi.org/10.1103/PhysRevLett.113.043901
https://doi.org/10.1103/PhysRevLett.113.043901
https://doi.org/10.1016/j.optcom.2007.04.018
https://doi.org/10.1364/OL.21.000665
https://doi.org/10.1016/j.optcom.2004.10.020
https://doi.org/10.1364/OL.21.000665
https://doi.org/10.1063/1.3050523
https://doi.org/10.1364/JOSAB.19.001627
https://doi.org/10.1063/1.2830017
https://doi.org/10.1364/JOSAB.19.001627
https://doi.org/10.1364/JOSAB.19.001627
https://doi.org/10.1364/JOSAB.19.001627
https://doi.org/10.1088/0953-4075/25/19/011
https://doi.org/10.1140/epjst/e2011-01503-3
https://doi.org/10.1140/epjst/e2011-01503-3
https://doi.org/10.1364/AO.35.001566
https://doi.org/10.1364/AO.35.001566
https://doi.org/10.1364/JOSAB.19.001627
https://doi.org/10.1016/j.optcom.2004.12.048

www.nature.com/scientificreports/

32. Vaicaitis, V. Cherenkov-type phase-matched third harmonic generation in air. Opt. Commun. 185, 197-202. https://doi.org/10.1016/
S0030-4018(00)00997-4 (2000).

Acknowledgements

This research was funded by a Grant (No. S-MIP-19-46) from the Research Council of Lithuania. I.B. and UM
thank Deutsche Forschungsgemeinschaft (DFG; German Research Foundation), projects BA 4156/4-2, MO
850-19/2, and MO 850-23/1, Bundesministerium fiir Bildung und Forschung (BMBE, project: THG-Schicht
(13N14063)), as well as Germany’s Excellence Strategy within the Cluster of Excellence PhoenixD (EXC 2122;
Project ID 390833453) for financial support.

Author contributions
V.T., G.J. and L B. performed theoretical analysis. D.B. and V.V. performed the experiments. All authors reviewed
the manuscript.

Funding
Open Access funding enabled and organized by Projekt DEAL.

Competing interests
The authors declare no competing interests.

Additional information
Correspondence and requests for materials should be addressed to LB.

Reprints and permissions information is available at www.nature.com/reprints.

Publisher’s note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International

= License, which permits use, sharing, adaptation, distribution and reproduction in any medium or
format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the
Creative Commons licence, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons licence and your intended use is not
permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

© The Author(s) 2020

Scientific Reports |

(2020) 10:17437 | https://doi.org/10.1038/s41598-020-74263-x nature research


https://doi.org/10.1016/S0030-4018(00)00997-4
https://doi.org/10.1016/S0030-4018(00)00997-4
www.nature.com/reprints
http://creativecommons.org/licenses/by/4.0/

	Influence of tunnel ionization to third-harmonic generation of infrared femtosecond laser pulses in air
	Methods
	Experimental set-up. 
	Numerical modelling of THG in air. 
	MPI model. 
	YI model. 
	The input FH beam. 


	Results
	Discussion and conclusions
	References
	Acknowledgements


