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ARTICLE INFO ABSTRACT
Keywords: In this work, variety of complex dynamics are found in a fractional-order antimicrobial resistance
The AMR system (AMR) model based on the generalized Gamma function. Firstly, the extended left and right

Extended Caputo fractional differential Caputo fractional differential operators, respectively, ELCFDO and ERCFDO are introduced. The

operator basic features of the ELCFDO are outlined. The ELCFDO is shown to have a new fractional
Discretization of the ELCFDO .. .
Bifurcations parameter that affects the occurrence of the complex dynamics in the fractional AMR system.

Secondly, discretization of the ELCFDO is studied using piecewise constant arguments. Then,
complex dynamics of the discretized version of the fractional AMR system involving the ELCFDO
are investigated such as the existence of Neimark-Sacker (NS) and flip bifurcations, the existence
of closed invariant curves (CIC), the existence of strange attractors with fractal or multi-fractal
structures, and chaotic attractors. Finally, an extension of the fractal-fractional operator (FFO)
that combines fractal and fractional differentiation is carried out based on the generalized Gamma
function. The extended FFO (EFFO) is applied to the proposed AMR system, which also generates
similar complex dynamics.

Extended fractal-fractional operator

1. Introduction

The mathematical modeling provides essential and precise tools to describe and understand the complex behaviors in some real-
world problems through the simulations of these problems in the form of differential equations that can have ordinary derivatives
[1-3], partial derivatives [4,5], or fractional derivatives [6,7]. On the other hand, the study of real-world nonlinear problems through
fractals has become a focal topic for research [8].

In fact, the investigations of the mathematical properties of fractional derivatives give rise to the so-called fractional calculus (FC)
which has received increasing interest by engineers, scientists and economists, who become able to make more realistic descriptions
and precise analyses for their related real-world problems using the aid of FC [9-17]. The high importance of the FC in mathematical
modeling is due to its highest adequacy for measuring the natural phenomena. In addition, the biological models that are described in
terms of FC involve the memory effect, which is considered to be a powerful tool in modeling the epidemiological diseases and viral
dynamics. For example, Padder et al. studied the generalized tumor model using the Caputo fractional differential operator (CFDO)
[18]. In Ref. [19], Qureshi and Memon analyzed a model of measles disease using the Caputo-Fabrizio-Caputo derivatives. In Ref. [20],
Jan et al. investigated a model for the human immunodeficiency virus using the CFDO.

Indeed, the CFDO is considered to be a vital tool for modeling many scientific and engineering phenomena because its related initial
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values can easily be determined [21]. Consequently, the CFDO is widely used in real-world applications. Obviously, the fractional
operator has one order represented by the.

fractional order (parameter). On the other hand, the concept of fractal-fractional operators (FFOs) has been introduced in Ref. [22].
The FFO is shown to have two orders; the fractal dimension in addition to the fractional parameter. Hence, the FFO can better explain
the hereditary properties and memory effects of some ecological, financial and physical models. One of the most familiar FFOs is the
Atangana-Baleanu FFO in the Caputo sense (FFO-ABC), which consists of a Mittag-Leffler function. Another famous type of the FFOs
has a power law-type kernel and is known as the fractal-fractional operator in the Caputo sense (FFO-C).

The discovery of the Gamma function dates back to the 18th century. It is considered to be one of the most interesting special
functions, which has useful applications in statistics, physics and engineering. A generalization (or an extension) of the gamma
function was introduced in Ref. [23] that has promising applications to interdisciplinary fields, such as, mathematical physics,
mathematical modeling, engineering and analytical number theory. Actually, both the CFDO and FFO-C depend on the Euler Gamma
function. So, inserting the extended Gamma function in these fractional operators will lead to demonstrating a variety of rich
dynamical behaviors in the mathematical model. In addition, the extended operators will provide higher adequacy and better esti-
mation of the natural phenomena.

Recently, the recurrence of some diseases which were thought to have disappeared has been discovered. Antimicrobial resistance
and multi-drug resistance are considered to be among the possible reasons for such observations. In Ref. [24], Ahmed and Matouk
introduced a simple antimicrobial resistance model, or simply the AMR model, that can be used to describe the competition between
susceptible and resistant species. The dynamics of the fractional AMR system on complex networks have also been discussed in
Ref. [24], where the classic CFDO was used.

Here, we intend to investigate the complex dynamics of the AMR system involving the ELCFDO and the extended FFO-C (EFFO-C).
To summarize the advantages of the AMR model based on the generalized Gamma function, we first draw attention to the fact that the
new fractional operators have more degrees of freedom than the classic fractional ones, which enable the AMR system to display more
complex dynamics compared with other AMR models involving the classic operators. In addition, the motivations of this work are
clearly provided by comparing the results obtained via the new fractional operators with the results obtained via the classic fractional
operators. The outcome of this comparison confirms that the proposed new fractional operators are better candidates to handle the
complex dynamics in the AMR models. Then, we study the discretization of the ELCFDO with piecewise constant arguments in the AMR
model since the transmitted data on diseases are typically discrete. Furthermore, the discrete AMR model enables us to obtain rich
complex behaviors in contrast to its continuous-time form. Moreover, the discrete AMR model enables us to obtain its solutions in
terms of a finite representation of elementary functions, unlike its continuous-time counterpart which often has unknown precise
analytical solutions. The discrete-time AMR system is shown to exhibit NS and flip bifurcations, CIC, chaotic attractors and coexistence
of multi-strange attractors.

The structure of the rest of this work is outlined as follows; In Section 2, the ELCFDO and ERCFDO are introduced based on the
generalized Gamma function. The related fractional integrals are also presented. The mathematical analyses of the new derivatives are
clearly derived and rigorously proved in this Section. Furthermore, the FFO-C is modified based on the generalized Gamma function. In
Section 3, the mathematical equations of the AMR model are presented in integer- and fractional-order forms. In addition, the dis-
cretization of the AMR system involving the ELCFDO are studied using piecewise constant arguments. Complex dynamics in the AMR
system involving the ELCFDO are investigated in Section 4. The rich complex dynamical behaviors of the fore mentioned discretized
AMR system are illustrated in Section 5. The complex dynamics of the AMR system involving the EFFO-C are investigated in Section 6.
In Section 7, the concluding statements and the discussion points about this work are summarized.

2. Fundamental concepts of fractional calculus

The ELCFDO is described by Eq. (1)

i
Eyar £ gqdo(t)
Cozzw(l‘):mliﬂj” ail

>0, (@D)

t

where [ = [q] and ;Iiﬁ(p(t) = / (t — x)* Y p(x)dx] /Txe. (€, 7), € > 0, > a, represents the ¢ th-order extended left Riemann-Liouville

(ELRL) fractional integral, and I'gy (.) is the generalized Gamma function defined by
+o0

¥
FE,\‘I.(ésr]): / dy,§7’7>0

e

0

Notations: The superscript “T” represents the transpose of the matrix. By the abbreviation ‘IVP’, we mean the initial value problem.
By N,Z*,R,C, we refer to the sets of all natural numbers, positive integers, real numbers and complex numbers, respectively. The
number j is v/—1. The number e is the Euler’s number. The notation “Re” refers to the real part of the number. L' ([a, b]) (for simplicity
L1) is the set of Lebesgue integrable functions on [a, b]. The set of all continuous functions on [a,b],a,b € R is represented by C([a,b]).
The set of all absolutely continuous functions on [a, b] is represented by AC([a,b]). The set of m— times differentiable functions such that
the m-th derivatives are continuous on [a, b] is represented by C™([a,b]). I'(.) is the Euler Gamma function. B(.,.) is the Beta function.
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The operation (., .) refers to the standard scalar product in R". The Euclidean norm is denoted by ||.||. The floor function is denoted by [.].

By ceil(q), we mean the ceiling function of q, or simply [q]..
Now, the classic CFDO is presented as (See Eq. (2))

O w(t) =1 EOM (7). )
So, the classic left Riemann-Liouville (LRL) integral is defined by Eq. (3)
3 3)

1k
RLIi+tp(t) = %RLI;?Z‘/J(I)'

The LRL integral satisfies the following theorem [25] and lemma [26].
Theorem 1. Suppose that w(t) € L' and ¢(t) € L!. Then, the LRL operator satisfies the interpolation, the linearity and the

commutative prosperities. i.e.
(6))] lin}RLIg Lo(t) = RLI{) ,@(t),l € N, where the LRL integral is the classical operator for I— fold integration;
¢

I, [iw () + k()] = ki g, 1, (1) + ko, T 0(1), Vo Ky € C C)

RL™0+

(i) (5 10) (152 @) (6) = (g, 157") (o165, @) (1), where & € {0} UR*,i =1,2..

Lemma 1. If¢€ (0,1) and w € C[0,b] then the LRL integral RLI@ L o(t) o vanishes.

The & th-order extended right Riemann-Liouville (ERRL) fractional integral is

Wl () = [ / (x— r)élco(x)dx} / Tru(€,1),6 > 0,1<b.

t
Hence, the ERCFDO is given by.
1
E ~q. E g, .
Otw(t) = 1 ”(—d%) w(t),q > 0,1 = ceil(q).
Furthermore, the ELCFDO and ERCFDO satisfy the following properties.
Lemma 2. (i) Let ¢ # 0 be a constant real number then 03¢ = EOETC =0.

w ()

(i) Let w(t) € AC(Ja,b]) and q € (0, 1), then mgofjfm(t) =30

Proof. To prove part (i), we firstly rewrite the ELCFDO as follows

t

1
Fogm(t :7/ t—x) "' w0 (x)dx.
C Ta+ () Flixt,(l_qyﬂ) ( ) ( )

a

where the 1 th derivative @) (x) = 0. So, the ELCFDO is integrated as

b =1 Ja=x" -2\,
C0a+m(t)_FExl.(l_q7ﬂ)|: l_q :|ﬂm()(X)FExl.(l_qvn)< l_q >(0)0

Similarly, we can prove that EOETC =0..
To prove part (ii), we use integration by parts as follows

t
1
Eyan - — ) YV
Ol (r) FEX,,(I—q,ﬂ)/(t x) @' (x)dx
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The following lemmas hold for the ELRL fractional integral.

Lemma 3. RLlﬂ+ = n/m (x)d

Proof. | el (t [/ x)dx]/Tex. (1,1) 71]/11: x)d

Lemma 4. The semi-group property is satisfied. i.e. If w(t) € L!, then

E p E 0 E _¢ )
(i) (et @) (0 = (o 1i ™) 0.

Proof.

(RLIEIJ) (RLI(%#” )( . 51 / E‘_I If,i" )(x)dx‘
1 &-1 &1
- - _ )8 e dvdx
FE.rl.(§17’7)FEx1.(§27n) 0/0/(t %) (x y) W(y) Y

_ 1 tw t A (e
‘rEX,.<«:l,n>rEx,,(5z,n>0/ O e e

y

Then, we use the change of variables x =y + (t —y)z, which yields

t

(rtis”) (i) ()= (gf'f(gz) [ =T aBe ay

where

; e TETE)
0/ Ot = T +6)

hence,

S1+&
I ’7)( 124 ) _ ’7 / fl*éz*lm y)dy
(wli) (i) O =t o)

0
t

- _pjate-l E e
o FE,xr.(é] + 52, 7]) U/(t y) w(y)dy (RLIO+ )(Z)

|

Lemma 5. 11mRLI0 Tw(t) = ELIB“+ (t) uniformly on [0,b],1 € N.

proof. Accordmg to part (i) of Theorem 1 and Eq. (3), the proof is straightforwardly obtained. []

Lemma 6. The ELRL fractional integral is a linear operator.

proof. Multiplying both sides of Eq. (4) by 1%, where 1 > 0, the proof is directly obtained. []
Lemma 7. (RLIET)(EL%TW)(O (RLIET)(RLIEL“ )(t), where &,i= 1,2 are non-negative reals.

Proof. According to Eq. (3) and the linearity property of the LRL operator, we get
(i) () (0= (17 15, ) (12 g 16 ) (0 =175 (12, ) () 0):
then, according to the commutative property of the LRL operator, the last relation is reduced to

<RLI§I+V) (RLIgﬁj7 ) (t) = ”51+5Z (RLI(5)2+> (RLI()+w) (t)

Again using the linearity property, we get

<RLI€I+,7) (RLI€Z+,] >(’) (’7 RL 0+> (’7 RLIé‘ ‘w) (t).

Then, using Eq. (3), the proof is completed. []
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E jene _ Tea(etln) ete
Lemma 8. | I§t" = Bn sttt fore+ 1> 0.

Proof. The LHS is written as

t
E ., _
RLIS‘lf“: /(t—x)5 "Xedx /FEM_(f.’T[).

0

Lety =x/t,e +1 >0, then

1
: : il e e I'(e+ 1) .
it = | [a-pyay / Fa e = o Ble 1,8 =t TE e
0

7rExl.(§7 7]) _FEM-(év ’l)r(€+ §+ l)b

Now, since ['(¢) = *Te. (£,17), We obtain

E 6 ¢e — [ T (e L) Tee (E)] yote — T (e+1) gte 0
RL 0+ Trxe (Em) I g (e++1) T (e+E+10) -

Lemma 9. Let¢ € (0,1); if w € C[0,b] then the quantity ngﬂw(t) . vanishes.
t=

Proof. According to Eq. (3), we obtain
E £
RLIgzw([) o = WERLI(g)er([) =0’

where 1 > 0. Then, based on Lemma 1, the quantity in the RHS is vanished. []

E . .
Lemma 10. RLIEﬂm(t) = (t —a)®, whenever w(t) = ¢ is a constant function.

(Y
Elex. (E0)
Proof. Let w(t) = c be a constant function, then based on the definition of the ELRL fractional integral, we get

t

E Cc _ —C 4 —C A
i :—/ =) ldr=———|(t— %)} ==———— 0= (t—a)
RL “+6 rExL(g: 77) ( X) grExt.(fv 77) [( X) :|” grExL(fv ’7) [ ( a) :|

C £
=———({t—a).
e
on the other hand, the EFFO-C is defined as
t
1 d w(x)dx
EFF ~q.pn _ “
c ogy" (w (1)) _FExz.(l —q.n) dr /(t 7x)l+q—[7 5)
0

where p > 0 represents the fractal-fractional parameter, g > O represents the order of the fractional derivative such that q,p €
(1-1,1),l € Nand 2 = lim,_ .72 .

Obviously, both the ELCFDO and the ERCFDO have the memory effect and hereditary features that can be very suitable for
modeling biological systems. In addition, the new extended fractional operators include all the dynamics of their classic fractional
counterparts since they have higher degrees of freedom (such as the positive parameter #), which make them better candidates to
handle the complex dynamics in biological models.

3. The biological system

The AMR system [20] is defined by Eq. (6) as follows:

d ,
—U:aU(l —U)-UV,
dr
(6)
dl*ﬂ'UV— 3%
i YV,

where U and V represent susceptible species and resistant species, respectively. The model’s positive parameters are mentioned in the
parameter set A = {a, 8, 7} and they have dimensions of 1/time. The system’s equilibrium points are Py = (0,0),P; = (1,0) and P/2 =
(v/B,@(8 —7) /F) provided that § >y .
The fractional form of the AMR system (6) can be written in terms of the ELCFDO, as defined by Eq. (7), as follows
gogfu(t) =oau(l —u) — uv,

)
ﬁogfv(t) = Buv —yv,
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in which the new state variables are redefined as u = U@,y = V(9 that, respectively, refer to portion of susceptible species and
resistant species. The initial conditions (ICs) of the AMR system (7) are described as

u(0) = uy and v(0) = vp.

Then, we define the new positive parameters a,, f, and y,, whose dimensions are of 1/time. Thus, the new parameters of system (7) are
defined as

a=a},p=p3 and y = y},in which the dimensions are of 1/(time)?. Thus, system (7) has the parameter set A = {a, #,7}. The
advantages of using the ELCFDO for the AMR model are summarized as; Firstly, the ELCFDO generalizes the classic Caputo operators
that are widely used in real-world problems, and therefore the ELCFDO is more convenient for modeling real-world phenomena.
Secondly, the hereditary features, memory effects, and higher degree of freedom that are captured by the ELCFDO enable the re-
searchers to have a more precise description of the model’s dynamical behaviors.

Then, we will apply a discretization method to system (7) with piecewise constant arguments in which the system is rewritten in Eq.
(8) as

08 u(t) = au([2)m) (1 = u([A)m)) — u([Zlm)v([AJm)), ®
cO5Iv() = pu([2m)v((2)m) — yv((2]m).

where 1 = t/mand m > 0 represents the discretization parameter. Firstly, when t € [0,m), it follows that 0 < 1 < 1 which implies that

ingu(t) = aup(1 — up) — upvo,

; 9
Engv(t) = Puovo — yvo.
System (9) has the solution given by Eq. (10) as follows
[q
23] (f) =up + ingﬁ(rtuo(l —up) — Upvy) = g + ————— ((lun(l - Mo) — upVp),
qFEXI. (qs 77)
q (10)
Vi (1) =V + iLIgﬁ (ﬂuo\’o —7vo) = Vo + m (ﬂuovo —yVvo)-
Secondly, we assume that t € [m,2m), which implies that 1 < 4 < 2. So, we obtain system (11)
’éOgﬁu(t) =ou (1 —wy) — uyvy, an
IéOgﬁv(f) = purvi — yvi,
which has the following solution
t— q
() = ) 20 )1 = ) = o ) = ) = ) (1= ) = o ),
Ext.\Y
E yqu (r—m)’
va(t) = vi(m) + g I (Bur (m)vi (m) — yvi(m)) = vi(m) + ———— (Bui (m)vi(m) — yvi(m)).
e (q,1)
After n times, we obtain system (12)
_ q
Upi1 (1) = uy(nm) + (o= nm)” (au,(nm)(1 — u,(nm)) — u,(nm)v,(nm)),
qrExt. (qv f’])
(12)
Vuy1 (1) = vy (nm) + (1 = nm)” (Pu,, (nm)v, (nm) — yv,(nm))
n = Vn = \PUx n —7Vn )
- T (4,1) 4
where t € [nm, (n+1)m). For t—(n+1)m, system (12) can be formulated in terms of equation (13) as follows
Uptp = Up +ﬂ(47m7 r])[aun(l - un) - MnVnL (13)

Vp1 = Vp + ll(q7m,l’]) [ﬁ”nvn - J/Vn],

where u(q,m,n) = #‘ZM). The last system has the equilibrium solutions Po,P; and Py = (v /B,a(8 — v) /B)-
4. Complex dynamics in the AMR system (7)

4.1. New PECE scheme for the numerical simulations of system (7)

To explain our numerical method which is based on the well-known PECE scheme [27], we introduce the following IVP
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14

wherel = ceil(q),q > 0,7 > 0,a > 0 and w € C™([a, T]). Based on Ref. [28] and the definition of the ELRL integral, we find that the IVP

(14) is equivalent to the following relation

1

g -
= Zﬁwé m/(’—)’) @(y, w(y))dy

—
a

provided that the function w is continuous. Setting e = T/L,L € Z*, wy = ke,k = 0,1, ...,

given by Eq. (16), as follows

" &l

-1
1
De(te1) = Z%Wor

r=0

] + ZW,HIW(Z“ ms(ti))v

) W (ter1, @ (1141)) 2

1°Tea (2 +q,n
where @" (1) refers to the prediction value and
K9 (140" (k= g),

(k—i+2)"" "+ (k=)™ =20k —i+ 1)1 <i<k
Li=k+1,

Vikr1 =

-1
!

@ (tesy) = E Il

e(teer) < 0 T ( 1+q,

r=

Z}(szer t,@e (1)) Yian =€k + 1 = 1) =

(k= i)7].

0 T L

0 0.005 001 0.015 0.02

0025 003 0.035 004 0.045 0 0.005 0.01

0015 002 0025 003 0035 004 0045
u

(b)

L

u
(a)
6 T 6
5 5
4 4
>3 9 >3
2 2
1 1
0 " L " T 0 T
0 0005 001 0015 002 0025 003 0035 004 0045 0 0.005 0.0
u
(©)

0.015 002 0025 003 0.035 004 0.045
u

(d)

(15)

L, the solution of Eq. (15) is approximated, as

(16)

a7

Fig. 1. The phase portraits of the AMR system (7) using the set A = {0.5,100,0.2},gq =0.99and (a) =1, (b)) =3, (c) y=10and (d) n = 15..
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The error of the modified scheme can be estimated via formula (18) that can be represented as

max;_oy 1 |@(t) —w.(t;)| =0(¢), (18)

in which p = min(1 + ¢,2)..
4.2. Numerical results

System (7) is numerically integrated based on the above-mentioned PECE scheme, in which we use the step size of 0.01, the ICs
uo = 0.0002,vy = 0.0002, the parameter set A = {0.5,100,0.2} and varying the fractional parameters ¢ and #. The numerical results,
which are summarized in Fig. 1(a—d) and Fig. 2(a-d), show that the new fractional parameter  enables system (7) to exhibit various
dynamical behaviors.

5. Complex dynamics in the discrete-time AMR system (13)

To check the existence of NS bifurcation in system (13) near the coexistence point P,, we use the parameter values @ = 2,7 = 0.3,
£(0.85,0.01,5) ~ 0.0829 and the critical parameter ., ~ 12.3667. A limit cycle around the coexistence point P, is illustrated in Fig. 3.
The stability conditions of the NS bifurcation can be investigated as follows; we begin with considering a general form of system (13),

with the bifurcation parameter p, as described by Eq. (19)
Yo :fp (Yn) (19)

The coexistence point P, # (0,0), so with setting (A,p) = (Y — P,,p — p,), we use the following transformation (20) as follows

Auit :J((o, 0),p)A, +0.5M(A,, A,) +W+ o(lA.l%), (20)
6 6
5 5
4 4
>3 ] 3l ]

2 2
1 1

0

0 T L
0 0.005 001 0.015 002 0.025 003 0035 004 0045 0005 001 0015 002 0025 003 0035 004 0045
u u

o

(a)

0 =
0 0.005 001 0.015 002 0.025
u

(©

Fig. 2. The phase portraits of the AMR system (7) using the set A = {0.5,100,0.2},q = 0.9999 and () n =1, (b)y =3, (c)p =10and (d) n = 15..

0.03

0.035

0.04

0.045

(b)

0
0 0005 001 0015 002 0025 003 0.035 004 0.045 005

u

(d)
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0.8

Fig. 3. The appearance of a stable limit cycle in system (13) when @ = 2,4 = 12.37,y = 0.3 and p ~ 0.0829.

05' 68

opfo-k Nilp.0.6)= Z 68568,(68

s, k;m=1

Pi0kS,,i=1,2.
e=0

s,k=1

in addition, we obtain the following Jacobian defined by Eq. (21)

(21)

J(0,0)= 0.9959792253 —0.002010387578
| 1.999999794 1 ’

whose eigenvalues are given by e*®- . The stability of the NS bifurcation can be checked by calculating the following quantity [29] that
is defined by Eq. (22)
e—zjmc _ ze—jnu

A (0) =05 |:RC(&2187jm") —Re (&20(511 1— oo

) - |511\2 - 0-5|5oz|2] ) (22)

where
62 = (0, M(p,p)),611 = (6,M(p,p)), b0 = (6,M(p,p)),
_e —jo.

82 = (0,N(p,p.p)) +2(0,M(p, (diag(1,1) — J)"'M(p.D))) + (0, M(/_), (e¥”diag(1,1) — J)"M(p.,p)) W&m«iu

2
602 *

1— e ol ¥ — 1
in which the vectors 0 and p must satisfy the relations (23)
J@)p=¢"p, Jpp=e7"p,J" (p)0=e7"0,J" (p)0=e"0,(0,p)=1. (23)
So, the numerical values of # and p are obtained via equation (24) as follows

p = (—0.03168885416 — 0.001005193804j,j)", (24)
0 = (— 11.09733262 + 2.236120619j, —0.08201507022 + 0.6505859797j)" .

Moreover, we obtain the matrices defined by equation (25) as follows

_ [ —nQ2ap,61 + p,62 + p,01) _(0
Mlp.0)= ( ﬂﬂ%lho'z +lﬂzo'1) ’ >,N(p,6,g) - <0>" (25)

The following quantities defined in Eq. (26) are straightforwardly obtained

820 = —0.02518999422 — 0.05294915055;,
011 = 0.002017868406 -+ 0.001712999489),
002 = 0.03593048476 + 0.05250057217j,

021 = —0.00479011521 — 0.01082334344/,

(26)

which imply that 7;(0) = —0.00255 < 0. Hence, the NS bifurcation around the coexistence point P, is stable.
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bifurcation plot

Fig. 4. A bifurcation diagram of system (13), showing flip bifurcation when g = 0.5,y = 1,4 = 0.1701654293 and varying a..

Then, we study the conditions of flip bifurcation in system (13). It is clear that the axial equilibrium point P; exhibits flip bifur-
cation when = 0.5,y = 1,(0.8,0.01,10) = 0.1701654293 and a, = 11.75326862..
To discuss the stability of flip bifurcation, we firstly use the matrices defined in Eq. (20) using the critical value a, and

pP= (lﬂo)T‘,
0 =(1,0.4319)". (27)

The stability of the flip bifurcation can be checked by calculating the following quantity [29], which is defined by Eq. (28)

_{O.N(p.p.p)) (0, M(p,(J —diag(1,1)) 'M(p.p)))

Q(0) 6 2 (28)
Here, it is found that (See Eq. (29))
M(p,(J — diag(1,1)) 'M(p,p)) = — 2(c4s%,0)", (29)

which implies that Q(0) = a?u? > 0. Hence, the bifurcating period 2 orbits around the axial equilibrium point P; are stable. Fig. 4 gives
the bifurcation diagram that illustrates this interesting bifurcation phenomenon.

Finally, rich complex dynamics in system (13) are observed when the ICs are selected as uy = 1.01,vy = 0.01, and the parameters
are fixed at f =32,y =1,4 = 0.1,m = 0.01,5 = 2/3 and varying . The results are illustrated in Fig. 5(a—e), in which the CIC, the
strange attractors with fractal or multi-fractal structures, the coexistence of multi-strange attractors, and the existence of chaotic
attractors are shown.

6. Complex dynamics in the AMR system using the EFFO-C

Here, we will discuss the complex dynamics in the AMR system using the EFFO-C, which is given by equation (5). The resulting
system is described as
o O (u(0) =au(l—u)—uy,

O (v(8)) = uv —yv.

(30)

The results of numerical integration for system (30) are depicted in Fig. 6(a—-d) and Fig. 7(a—d).

Obviously, the results illustrated by Figs. 6 and 7 are similar to the results illustrated by Figs. 1 and 2, respectively. Hence, modeling
the complex dynamics in this system can adequately be estimated using these types of equivalent fractional operators. Moreover, the
extended fractal-fractional operator is a better candidate to display more complex dynamics since it has a higher degree of freedom.

7. Conclusion

The ELCFDO and ERCFDO have been introduced. Some basic features of the new fractional differential operators and the new
fractional integrals have been presented in the form of new mathematical lemmas in order to provide detailed and rigorous theoretical
derivations that can support the application of the generalized Gamma function to the extended fractional operators. All the new
lemmas have been proven.

The fractional AMR model has been investigated using the ELCFDO. The relevance between the fractional operators and the AMR

10



A.E. Matouk Heliyon 9 (2023) e18645

35 T T T T T T T T

/ ~. 25

25 /

et — L
0 0.1 0.2 0.3 0.4 05 06 0.7 08 o 01 02 03 04 05 0.6 07 08 09

35F

(e)

Fig. 5. The phase portraits of system (13) using f=3.2,y =1,4 = 0.1,m = 0.01,5 = 2/3 showing: (a) CIC for &« = 3, (b) continuous merging of
strange attractors for @ = 3.6, (c) a merged chaotic attractor for &« = 4.1, (d) coexistence of multi-strange attractors for « = 4.5, and (e) a chaotic

attractor for @ = 5..
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Fig. 6. The phase portraits of the AMR system (30) using the set A = {0.5,100,0.2},¢ =0.99,p =099 and () n =1, (b) =3, (c) y = 10 and (d)

n =15..

model has also been discussed to enhance the credibility and validity of such a model. To numerically integrate the proposed fractional
system using the ELCFDO, a modification to the PECE algorithm has been explained. It has been found that the new parameter of the
ELCFDO enables the AMR system to exhibit a variety of complex dynamics. Furthermore, the discretization of the ELCFDO has been
obtained using piecewise constant arguments. Then, a variety of complex dynamics in the discrete-time version of the fractional AMR
system involving the ELCFDO have been obtained such as the existence of the NS bifurcation and the period-doubling bifurcation, the
existence of CIC, the existence of strange attractors with fractal or multi-fractal structures, and chaotic attractors.

On the other hand, the EFFO-C has been introduced based on the generalized Gamma function. Then, the EFFO-C is also applied to
the AMR system, which displays complex dynamics that are similar to those in the case of the corresponding ELCFDO. Thus, the two
new extended fractional operators display similar dynamic phenomena when applied in this system with a specific choice of parameter
values. In addition, the EFFO-C has a higher degree of freedom that makes the system able to display more complex dynamics.

Throughout this work, many comparisons have been carried out between the results obtained using the generalized Gamma
function and other established numerical methods for solving fractional-order systems. The results of such comparisons assert that the
proposed new fractional operators are better candidates to handle the complex dynamics of the AMR model.

This work can be extended in future studies to investigate the higher dimensional AMR systems involving the ELCFDO or the
ERCFDO. In addition, this kind of study provides higher adequacy and a better understanding of the model’s complex dynamics, which
can help to estimate and predict the spread of diseases that appear due to antimicrobial-resisting bacteria. Furthermore, all the
proposed operators can be applied to many systems arising from different disciplines in order to obtain a more precise description of

the model.

s’ natural phenomena.
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