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severing due to damage repair

Chloe E. Shiff,1 Jane Kondev,2 and Lishibanya Mohapatra3,4,*
SUMMARY

Microtubule-based cytoskeletal structures aid in cell motility, cell polarization, and intracellular transport.
These functions require a coordinated effort of regulatory proteins which interact with microtubule cyto-
skeleton distinctively. In-vitro experiments have shown that free tubulin can repair nanoscale damages of
microtubules created by severing proteins. Based on this observation, we theoretically analyze microtu-
bule severing as a competition between the processes of damage spreading and tubulin-induced repair.
We demonstrate that this model is in quantitative agreement with in-vitro experiments and predict the
existence of a critical tubulin concentration abovewhich severing becomes rare, fast, and sensitive to con-
centration of free tubulin. We show that this sensitivity leads to a dramatic increase in the dynamic range
of steady-state microtubule lengths when the free tubulin concentration is varied, and microtubule
lengths are controlled by severing. Our work demonstrates how synergy between tubulin and microtu-
bule-associated proteins can bring about specific dynamical properties of microtubules.

INTRODUCTION

Cells contain a cytoskeleton that aids in various cellular processes such as maintaining cell polarization, motility, and transport. The cytoskel-

eton is highly dynamic—it is composed of various structures that are constantly built and dismantled to assist in various functions. For

example, the single-cell alga Chlamydomonas uses microtubule-based flagella for motility.1,2 Microtubule-based fibers in the mitotic spindle

shorten for chromosome separation during mitosis and meiosis.3–5

Such dynamic changes in cytoskeletal structures require a rapid turnover which involves an exchange of their molecular building blocks

(that is freely diffusing in the cytoplasm) with the pool. The time scales associated with turnover of cytoskeleton filaments in vivo are quite

different from those measured in vitro, as a result of regulatory proteins that exist in cells that interact with cytoskeleton proteins. While actin

networks within cells are disassembled on the order of seconds, the process takes a fewminutes in vitro.6–9 Similarly, the polymerization rate of

tubulin in vivo is about five to ten-fold higher than in vitro at a similar concentration of free tubulin.10,11 Further, microtubules are known to

switch between phases of slow growth and rapid shrinking by a process known as dynamic instability, which has been studied extensively

in vitro.10 The rates of switching from shrinking to growth and vice versa (called rates of rescue and catastrophe, respectively) are sensitive

to, and are believed to bemodulated by several microtubule-associated proteins in vivo.12–16 Turnover rates can also be different at different

stages of the cell cycle – for example,microtubule turnover ratesmeasured in Xenopus extracts range from 3min to 20s during interphase and

mitosis, respectively.4 While much is known about the biochemical processes that facilitate the turnover of these structures in isolation from

in vitro studies, it is still not clear how different cytoskeleton-associated proteins work together to promote filament turnover in cells.

Recently, several studies have addressed this question by combining multiple regulatory proteins with cytoskeletal filaments in vitro and

have reported novel synergistic effects.17 Cofilin-induced depolymerization rate of actin filaments increases 200-fold in the presence of

cyclase associated protein/Srv-2.18 Similar studies have been done using microtubules with a recent study finding that collective effects of

microtubule-associated proteins like MCAK and XMAP215 can lead to microtubule treadmilling.19 Here, inspired by recent experiments,

we consider the interplay between the free pool of tubulin dimers andmicrotubule severing proteins, which bind to the sides of microtubules

and break them into two.20

Free tubulin is known to affect microtubule dynamics by modulating rates of nucleation and polymerization.14,21–23 Notably, using FRET, it

was shown that a local release of tubulin promoted microtubule extensions into lamellipodia, demonstrating a feedback between filament-

bound and free tubulin pools.24 However, there are also reports of free tubulin affectingmicrotubule disassembly via its interactions with pro-

teins such as kinesin-13,12,25 kinesin-826,27 and severing proteins.20,28 Here we theoretically describe the effect of free tubulin on microtubule

severing via a recently discovered process of tubulin-induced repair of damages to the microtubule lattice by severing proteins.20
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Severing proteins can play a key role in the reorganization of the cytoskeleton by breaking down existing structures and freeing upmono-

mers for use in new structures.29–31 Recent studies have found that severing proteins can seed new filament growth by releasing filaments from

nucleation sites and allowing their transport within the cell.30 Katanin, fidgetin, and spastin are well characterized examples of severing pro-

teins for microtubule-based structures,32–35 while cofilin and Srv-2 sever actin-based structures.28,36–39 Katanin is thought to play two functions

in mitosis and meiosis – to amplify the number of microtubules in the spindle and to uncap microtubule plus ends from the kinetochore and

enable depolymerizing kinesins to target microtubules.30 Inhibition of katanin results in abnormally long mitotic spindle length in Xenopus

extracts.40 Severing proteins play an important role in neurons as well.41 It has been proposed that katanin stimulates axon growth by

releasing microtubules from centrosomes and severing them into shorter segments that can be transported along longer microtubules

down the axon to seed new microtubule growth.42 Mutations in Drosophila spastin reduce dendritic arborization (branching),43 suggesting

that spastin seeds microtubule growth within newly forming regions of the dendrite.

Electronmicroscopy images of microtubules have revealed themechanisms by which severing proteins induce a break in themicrotubule.

One study reported that once severing proteins land on amicrotubule, they create nanoscale damages20 and found that not all of the damage

sites proceeded to a severing event, as free tubulin could repair the damage.20 Additionally, some experimental studies have also reported

free tubulin in solution can reduce the amount of severing,44 delay the severing onset and prolong the severing process.45 Further, in-vitro

studies and computational studies have reported that severing proteins promote the regrowth of severedmicrotubules by enhancing the rate

of rescue in microtubules46,47 and lead to a net increase in microtubule number andmass.20,28,29,48,49 It is unknown whether severing proteins

have the same effect in vivowhere they interact with othermicrotubule-associated proteins. Interestingly, incorporation of new tubulin dimers

into microtubule lattice has also been reported at defects arising from mechanical stress,46,47 or damages created by molecular motors.50,51

Severing proteins have another remarkable property that we explore in this paper, namely they can control the lengths of cytoskeletal

filaments. The probability that a severing protein which is diffusing in solution lands on a filament is proportional to its length.52 Therefore,

the process of severing is a length-dependent disassembly mechanism wherein longer filaments are more likely to be severed. This results in

negative feedback of filament length on a growing filament and leads to control of length of cytoskeletal filaments. This property of severing

proteins has been explored by a number of theoretical and experimental studies,28,46–49,53–56 however, how these proteins work with other

proteins to control the sizes of filamentous structures in vivo is not well understood.

Flagella in Chlamydomonas2,57,58 and Giardia,59,60 and the mitotic spindle40 are well studied examples of microtubule-based structures

that are known to maintain size. Control of the size of these structures can arise by controlling the nucleation, as observed in the context

of spindles61 or the rates of elongation - achieved by modulating either the assembly as proposed in flagella in Chlamydomonas2,62 or

the disassembly of these structures.29,63,64 Recently, disassembly proteins kinesin-13 were shown to control flagella lengths in Giardia.64

Severing proteins, that are the focus of this study, have been shown to modulate microtubule lengths in neurons42 and alter the size of spin-

dles in vivo.29,40 How severing proteins work in conjunction with other cytoskeletal proteins to control sizes of these structures in vivo is an

open area of investigation. Here, we consider theoretically the role of severing proteins in controlling the length of microtubules and how

their length-control function is altered by tubulin-induced microtubule repair.

Inspired by recent experimental observations,20,45–47,56 we consider a theoretical model for microtubule severing that incorporates the

newly discovered repair process by free tubulin. Using theory and simulations, we show that thismodel, suggested previously,20 quantitatively

agrees with in vitro experiments andmakes predictions for new in vitro experiments. Significantly, we predict the existence of a critical tubulin

concentration above which severing becomes rare but fast. This model also has several implications for the dynamics of microtubules in vivo -

we show that length control via severing is ultrasensitive to changes in tubulin concentrations, resulting in a dramatically expanded dynamic

range of filament lengths.We also report the probability distribution of lengths, themean length and its coefficient of variation as a function of

themodel parameters, which can be used to test themodel. In summary, our work describes how the concerted action of tubulin and severing

proteins produces dynamical properties of microtubules that are not seen when these proteins are studied independently.
RESULTS

Model of microtubule severing with repair

Inspired by recent experiments,20,44,45 we consider that a microtubule severing event begins when a severing protein lands on a filament,

binds to the side, and creates a damage spot (Figure 1A). The fate of the damage created by a severing protein is determined by a compe-

tition between the removal and addition of tubulin at the damage site, eventually leading to severing or repair as suggested in ref.20,31 In our

model we do not take into account the geometry of the damage sites, how they are arranged in the two-dimensional lattice of tubulin dimers

at the surface of a microtubule. Instead, we consider a coarse-grained model of damage spreading that only keeps track of the size of the

damage in terms of the number of tubulin dimers that have been removed. A further simplifying assumption in describing the spreading

is that the rates of adding or removing a tubulin dimer, which increase or decrease the size of the damage by one, are constant and do

not depend on the size or geometry of the damaged region.

We assume that tubulin dimers (‘‘subunits’’) are added to the damage site at a rate proportional to the concentration of free tubulin

kT ½T � ðs� 1Þ and are removed from the damage site at a rate kr ðs� 1Þ. If the size of the damage reaches ND removed tubulins, the filament

is severed. On the other hand, if the size reaches zero, then the damage is repaired. In this way, the size of the damage (x; measured in sub-

units) is modeled as a one-dimensional random walk with absorbing boundaries at x = 0 and x = ND (Figure 1B).

In this model of severing with repair, a damage site can either be repaired or progress to a severing event. Using the classic one-dimen-

sional randomwalkmodel to describe the growth of damage size, we find an analytical expression for the probability of severing (described in
2 iScience 27, 108874, February 16, 2024
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Figure 1. Microtubule severing with repair

(A) Severing proteins (in blue) create small damages on microtubule lattice which either get repaired by free tubulin or lose enough subunits to sever the

microtubule.

(B) One-dimensional random walk model for studying the competition between removal of tubulin subunits at a rate kr and the addition of subunits at a rate

proportional to the free tubulin concentration, kT ½T �.
(C) We use published data20 for the severing times as a function of tubulin concentration to estimate parameters of the severingmodel, which are listed in Table 1

(Figure S1).

(D) The same parameters are used to compute the standard deviation (inset) and probability distribution of severing time using stochastic simulations. Each

distribution was computed from 400,000 trajectories. Error bars on experimental data obtained by bootstrapping method (in STAR methods). The error bars

on the standard deviation from simulations show SEM calculated from 750 values, with each value computed from 20,000 trajectories. Comparison with

published experimental data from ref.20, in blue is shown (Figure S2).
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STAR methods), and the mean time it would take to sever a filament as a function of model parameters (kT ; kr ; and ND ). These calculations

map to the classic first passage problem in physics65 which has also found applications in many other contexts.66

Assuming an initial damage size of one subunit, and defining the ratio of the tubulin addition and removal rate as a dimensionless tubulin

concentration ~T = kT ½T �
kr

, we predict that the time to sever a filament has the following form ( ~T s1Þ

TsevðkT ; kr ;NDÞ =

0
BB@

1

kr
~T � 1

1
CCA
 
ND

�
~TND+1

�
�
~TND � 1

� �
~T+1

~T � 1

!
(Equation 1)

In the case, ~T = 1; TsevðkT ;kr ;NDÞ = 1
6kr

ðN2
D � 1Þ. (See STAR methods).

Considering the situation when the damage size that leads to severing ND [ 1; Equation 1 has two limits. When the rate of tubulin

removal is greater than the rate of tubulin addition, i.e., ~T � 1;TsevðkT ;kr ;NDÞzND

kr
ð1 + ~TÞ; the severing time is linear in tubulin concentration.

When ~T [ 1; TsevðkT ;kr ;NDÞz
�
ND

kr
1
~T

�
, the severing time decreases as tubulin concentration increases. These limits indicate that there is a

critical concentration of tubulin, ½T �c = kr
kT
, which simply delineates different functional dependencies of the severing time on the concentra-

tion of free tubulin. We also note that the severing timescale is given by ND

kr
; which is the mean time for completingND tubulin removal steps,

each lasting 1
kr
; on average. Equation 1 was checked against stochastic simulation of severing with repair (described in STAR methods and

Figure S3).

Next, we use published data to estimate the parameters of our model of severing with repair. We consider the measured probability to

sever and severing time as a function of tubulin concentration published in Figures 3D and 3H in ref. 20 and fit our model parameters (kT ; kr ;

andND ) using themethod of least squares, described in STARmethods; see Figure 1C. The sensitivity of our results on the chosen parameters

is shown in Figure S1. Using the estimated parameters, listed in Table 1, we conduct stochastic simulations of the model (see STAR methods

and Figure S1 in the SI) to compute the distribution of severing times as a function of tubulin concentration and compare it to published data.

Notably, just as in the published data,20 we find that the distribution of severing times is asymmetric around themaximumand skewed toward

large times; see Figures 1D and S2. A quantitative comparison between the measured standard deviation of the severing time and the pre-

diction from our model is shown in the inset of Figure 1D.
iScience 27, 108874, February 16, 2024 3



Table 1. Parameters used in the models for the model of severing and length control with tubulin-induced repair

Parameters Value used in paper Reference

Concentration of Tubulin, [T] 0-5 mM Vemu et al.20

Rate of replenishment, kT 0.11 mM�1s�1 Estimated

Rate of removal, kr 0.54 s�1 Estimated

Minimum size of damage 1 monomer Assumed

Maximum size of damage ND 25 Estimated

Rate of growth, k 3.4 mM�1s�1 Mickolajczyk et al.67

Concentration of severing proteins, [S] 50 nM Vemu et al.20

Severing protein landing rate, kd 0.002 mM�1s�1nm�1 Kuo et al.48

Estimated values were attained by fitting the theoretical expression for the mean severing time to experimental data in ref.20; see Figure 1C.
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The published experiment20 suggests that severing time is monotonic in the tubulin concentration up to 5 mM. Interestingly, our model

(Equation 1) predicts a non-monotonic relationship between severing time and the concentration of tubulin (see Figure 2A). We find, as re-

ported in the study, that severing time increases as the concentration of tubulin is increased but only until a certain critical concentration of

tubulin. Above this concentration, as shown in Equation 1, we predict that the severing time should decrease. This model prediction of non-

monotonicity of severing time needs to be validated.

The probability of severing is the probability that the one-dimensional random walker reaches the x = ND boundary before the x = 0

boundary:

Psevð ½T �Þ =
~T � 1

~TND � 1
; (Equation 2)

where we have chosen the initial damage size of 1, whileND is the damage size that produces a severing event, and we expectND [ 1 (see

Table 1). Again, this expression has two limits (shown in dotted black lines in Figure 2): when ~T < 1; ( ½T � < ½T �cÞ, Psevð½T �Þz1 � ~T , whereas

when ~T > 1, Psev ð½T �Þz
�
1
~T

�ND � 1
. Thus, above the critical concentration, the probability of severing is very small, almost all damages are likely

to quickly be repaired by the free tubulin. With increasing tubulin concentration, the event of the initial damage to progressing to a severing

event is unlikely and can only occur only if it happens in less time than the time to repair.

We confirmed our analytical expression for themean severing time (Equation 1) and the probability of severing (Equation 2) as a function of

tubulin concentration by stochastic simulations (See Figure S3).

Note that the fact that the waiting time for an ‘‘absorption event’’ decreases with increasing probability of removal has been discussed

before in the context of escape problems in complex environments.68 In this particular case, the non-monotonicity in the severing time

(here due to the repair) is a prediction of the model that can be used to experimentally test the mechanism of severing with repair.
Length control in the presence of repair

The process of severing is a length-dependent disassembly mechanismwherein longer filaments are more likely to be severed. This results in

negative feedback of filament length on a growing filament and leads to the control of length of cytoskeletal filaments.54 Given the obser-

vation that damages created by severing proteins can be repaired by free tubulin,20 we next ask how repair affects the length-control function

of severing proteins.

Most microtubule-based structures in cells have microtubules growing from a nucleator, such as centrosome for a spindle, and centrioles

for cilium. To account for this we consider amodel of a singlemicrotubule growing from a nucleating site, whose assembly rate is proportional

to the concentration of free tubulin in the cytoplasm, and is subjected to severing by a severing protein (Figure 3A). We assume that both the

free concentration of tubulin and the concentration of severing protein are constant in the cell. A severing event produces two microtubule

fragments and we only follow the fate of the one that remains attached to the nucleator. The key question we address is how the length dis-

tribution of this microtubule, attached to the nucleator, is affected by tubulin-induced repair, which thus far has only been observed in vitro.20

While microtubule-based structures such as cilia and spindles are composed of many individual microtubules, the length of individual fila-

ments directly effects the size of the whole structure.69

Dynamic instability, steady microtubule assembly interspersed with rapid disassembly events called catastrophes, is a feature of microtu-

bule filament dynamics in vitro.10 Dynamic instability has also been recorded in vivo,70 even though in microtubule-based structures such as

cilia, catastrophes have not been observed. Furthermore, several microtubule-associated proteins, such as Kip2 and tau, reduce the rate of

catastrophe.71 Therefore, we analyze here dynamics of microtubules in the presence of severing, both without and with dynamic instability

(see STAR methods, and Figure S6). We find that our main results about the effect of tubulin-induced repair on the steady-state microtubule

length are qualitatively the same, whether we include dynamic instability or not. Additionally, ignoring dynamic instability makes the model

analytically tractable.
4 iScience 27, 108874, February 16, 2024
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Figure 2. Theoretical prediction for model for microtubule severing with repair

(A) The model predicts a non-monotonic relationship between severing time and free tubulin concentration (Inset: plot on a log scale) and the existence of a

critical concentration of tubulin, ½T �c ; beyond which severing time decreases.

(B) Probability of severing decreases as the tubulin concentration is increased (Inset: plot on a log scale). The dashed lines in both plots show the asymptotic

behavior at large ½T �[ ½T �c and small ½T � � ½T �c free tubulin concentrations. Parameters used to plot these graphs are listed in Table 1.

ll
OPEN ACCESS

iScience
Article
When considering the effect of tubulin-induced repair on the assembly dynamics of microtubules at least two time scales need to be kept

inmind: one is the time between consecutive damage creation events, due to different severing proteins landing on the side of amicrotubule,

and the time it takes to complete severing. First, we consider the situation when the severing timescale is very short and can be ignored. In this

limit we obtain analytic results, which we test using stochastic simulations. In the case when the severing time cannot be ignored, we employ

stochastic simulations, and reach similar conclusions as in the simpler case.

Using the computational schemedescribed in the STARmethods, we conduct stochastic simulations of the filament length as a function of

time and analyze the process with and without the repair of severing protein induced damage (Figure 3A). In our simulations, individual fil-

aments grow at a rate proportional to the tubulin concentration, k ½T�, where k is the second order rate constant for the tubulin binding to the

end of microtubules and has the units of ðmM:sÞ� 1. Severing proteins land on the side of the filament with a rate proportional to the concen-

tration of severing proteins ½S� and to the length of the filament, L. For the simulations without the repair process, severing along the filament

proceeds with a rate kd ½S�L. In the simulation with the repair process, we take kd ½S�L to represent the rate at which a damage site is created

along the length of the microtubule. Assuming this is the rate limiting process in severing (i.e., ignoring the time to sever), the rate of severing

can be written as kd ½S�LPsev where Psev is the probability to sever (Equation 2).

For the two cases (severing without and severing with repair), we generate trajectories of length over time and notice that, after a steep

growth phase, the filament length fluctuates around different steady-state lengths. We generate trajectories at three different tubulin con-

centrations and find that the mean lengths achieved by the filaments are much larger when the process of repair is included (Figure 3B).

For the case, when severing times are assumed short and can be neglected, we also obtained analytic results for the mean filament length

at steady state as Lwithout repairs =
ffiffiffiffiffiffiffiffiffiffiffi
pk½T �
2 kd ½S�

q
, and Lwith repair

s =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

pk½T �
2 kd ½S�Psev ð½T �Þ

q
. These expressions were confirmed using simulations. As shown in

Figure 3C, while the steady state length Ls �
ffiffiffiffiffiffi½T �p

without repair, we observe two regimes with tubulin-induced repair present – when ½T �<
½T �c , Ls �

ffiffiffiffiffiffi½T �p
and when ½T �> ½T �c , Ls � ½T �ND=2, suggesting ultrasensitivity of the steady state microtubule length to tubulin concentration,

when above the critical concentration (for details see STAR methods). It is to be noted that the model (with repair) is the same as the one

(without repair) and differ only in the severing rate. In the event that Tubulin induced repair is not possible, then Psevð½T �Þ = 1 and the two

models will give exactly the same behavior.

Note that our results for severing without repair (in particular the scaling result, Ls �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi½T �=½S�p Þ are qualitatively similar to the predictions

for the ‘‘no catastrophemodel’’ in a recently published paper which studied the effect of the severing protein spastin onmicrotubule length,48

and tracked both parts of the microtubule after severing (Figure S4). We find that including the possibility of repair of severing events in our

model predicts a new regime of microtubule dynamics that was not described previously in,48 where the steady state length varies very

strongly with the tubulin concentration, Ls � ½T �ND=2:

To characterize the fluctuations of the microtubule length in steady state we calculated the coefficient of variation (CV = standard devi-

ation/mean, commonly referred to as the noise) of the steady-state lengths, with and without repair. Significantly, we find that CV doesn’t

change with ½T � (See Figure 3D, inset and in STARmethods) even though the mean lengths are very different for the twomodels for ½T � above
½T �c . This results can be used to discern this mechanism from other control mechanisms from experiments that measure length fluctuations of

cytoskeleton structures.54,72

So far we have ignored the time to sever assuming it is much shorter than the time between two consecutive damage-creating events,

when severing proteins bind to the side of the microtubule and induce damage. When this assumption is no longer true several damage

events can happen at once, before the microtubule is severed, and damage spreading can happen at multiple locations at once. In order

to study the implications of this scenario, we performed stochastic simulations in which we tracked the locations of multiple damage sites
iScience 27, 108874, February 16, 2024 5
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Figure 3. Effect of repair on microtubule filament length control via severing

(A) Schematic of the twomodels considered. Severing without repair: Amicrotubule filament (in green), attached to a nucleator (brown) grows with a rate k½T � and
is severed with a rate kd ½S�L, where L is the microtubule length. Severing with repair: Microtubule filaments grow with a rate k½T � and either get severed with a rate

kd ½S�LPsev or repaired with a rate kd ½S�Lð1 � Psev Þ where Psev (probability of severing) is calculated using Equation 2. If severing occurs, the end portion of the

filament (right part) is removed.

(B) Dynamics of filament length (average of 3 length trajectories shown for clarity) for the twomodels obtained using stochastic simulations. Dynamic range of the

steady state filament lengths as [T] is tuned is larger with repair than without.

(C) Mean steady state length as a function of tubulin concentration (Log-Log plot inset). Dots are from simulations; lines are from analytic calculations for the

model with repair (orange) and without (purple). The dashed lines represent the show the asymptotic behavior at large ½T �[ ½T �c and small ½T � � ½T �c .
(D) Distribution of steady state lengths and coefficient of variation (inset) as a function of tubulin concentration, each computed from 106 trajectories. Parameters

in the steady-state simulations are listed in Table 1.
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on amicrotubule lattice (See in STARmethods and Figure S5). Each damage site has a corresponding severing time, drawn from a distribution

of severing times obtained from the stochastic simulation of the damage spreading simulations.

When examining the steady state microtubule length in this case using simulations, we find results that are similar to what we obtained

from the simple model above, in which we ignore both catastrophes and the time it takes to sever. In particular, we again observe the ultra-

sensitive response of the steady state length to the change in the free tubulin concentration (see Figure S5). The fluctuations of the filament

length in this case are different, and are characterized by a tubulin concentration dependent coefficient of variation (see Figure S5).
DISCUSSION

Dynamics of protein filaments in cells are very different from what is observed in vitro.11 For example, actin networks in cells disassemble on

the order of seconds whereas in vitro actin filaments disassemble over minutes.7,8 These observations suggest that the dynamics of filament

assembly are affected by proteins that associate with filaments in vivo and exert control over assembly and/or disassembly.29,30,73 Inspired by

recent experiments on microtubules,20 we consider one such control system and demonstrate that it leads to dynamics that are distinct from

those described for microtubules in isolation.

We model the severing of microtubules as a competition between the process of removal of subunits from the damage site created by a

severing protein and the repair of the damage site by binding of free subunits. We use a one-dimensional random walk model of damage

spreading to describe this competition and compute quantities that can be measured in experiments, such as the probability of severing,

and the time taken to successfully sever a microtubule, as a function of the free tubulin concentration. We quantitatively compare our theory

to a number of experimental observations20 pertaining to the effect of severingproteins onmicrotubules. Notably, we predict a distribution of

severing times (Figure 1D) skewed toward large severing times, which was observed in experimental results.20 Additionally, using our model,

we predict that the time to sever has a non-monotonic dependence on tubulin concentration and reaches a maximum at a critical tubulin

concentration. Finally, we examined theoretically the implication of this repair process on the dynamics of a growing filament and found

that it leads to a very sensitive dependence of the steady state filament length as a function of the free tubulin concentration.
Signatures of severing as a length-control mechanism

Often in cells, several mechanisms can be at play to control the size of a sub-cellular structure, making it challenging to distinguish between

them. Key results of this paper can serve as quantitative signatures of the severing mechanism.

A key feature of length-control mechanisms is that they lead to a peaked distribution of steady-state filament lengths. Several theoretical

and experimental studies have demonstrated that severing can control the length of filaments.48,54,74 Longermicrotubules havemore binding
6 iScience 27, 108874, February 16, 2024
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sites for severing proteins, and therefore have a greater probability of being severed than shorter ones. This leads to negative feedback on the

length of a growingmicrotubule which eventually reaches a steady-state length once the disassembly rate balances the rate of assembly. The

resulting distribution of steady-state lengths, in addition to being peaked, has a skewness (see Figure 3D) which makes it distinct from other

control mechanisms studied thus far.54 This skewness, predicted in theoretical studies,48,54,55 was observed in recent experimental

studies.20,48 Additionally, we also find that the coefficient of variation (CV) of steady state microtubule lengths is independent of the concen-

tration of tubulin and has a constant value equal to 0.523 (See Figure 3D inset and STARmethods). This result relies on an assumption that the

severing process is uniform along the filament, as was recently reported for spastin.48 Factors like tubulin glutamylation could invalidate this

assumption,75 as Spastin and katanin have been shown to have significantly higher severing rates on polyglutamylated microtubules or tyro-

sinated ones.75,76 Additionally, Both spastin and katanin are also inhibited by MAPs77,78 which form patches on microtubules. All of these fac-

tors can create uneven severing on a microtubule in a cellular setting.
Experimental predictions

Probability of severing as a function of tubulin concentration

We have shown that a one-dimensional random walk model quantitatively accounts for recent experiments on microtubule severing. Using

this model, we find the probability of severing decreases as the concentration of tubulin increases (See Figure 2B). This prediction of the

model can be used to further test it. Many studies have used a ‘‘severing assay’’ to study the effect of severing proteins on

microtubules.20,44,45,79,80 In these experiments, severing proteins are flown into a reaction chamber with pre-formed microtubules and quan-

tities like the number of successful severing events per unit length of the microtubule (the severing rate) can thus be measured. Note that the

maximal rate of severing is achieved when there is no free tubulin to repair the initial damage caused by a severing protein. Therefore, the

ratio of the severing rate in the presence of free tubulin to the severing rate with no free tubulin is the probability of severing. At zero con-

centration of free tubulin, we expect that all severing initiation events lead to successful severing, but that the proportion would decrease as

free tubulin can lead to repair, which is captured by Equation 2, and Figure 2B. Interestingly, this prediction of the probability of severing

decreasing with the increase in free tubulin concentration has already been observed by some studies.20,44,45

Non-monotonic relationship of severing time and free tubulin concentration

Importantly, our model predicts a critical tubulin concentration ½T �c = kr=kT , where kr is the first order rate of removal and kT is the second

order rate of addition of tubulin from the damage site. Above this critical concentration, the probability of severing drops rapidly, causing the

severing time to peak at ½T �c ; see Figure 2A. By using our estimated parameters, we predict that the mean severing time should increase for

0% [T]% 5mM, a prediction which agrees with results from experiments described in a recent study20 and also observed in ref.45 However, at

tubulin concentrations above those which were experimentally investigated in ref. 20 i.e., ½T �> 5 mM, our model predicts that severing time

should decreases. This prediction can be used to test the model using the set-up described in studies.20,45

We also note that although our study here is focused on tubulin-induced repair at damages created by severing proteins onmicrotubules,

our model of damage spreadingmay be useful for analyzing other situations where reincorporation of new tubulin on a microtubule shaft has

been observed, such as at sites of defects created by mechanical stress46,56 or motor protein-induced damage49,50 on microtubules.

Ultrasensitivity of microtubule length control

Ultrasensitivity in living systems is usually defined in terms of an input-output function with the property that the output varies strongly, for

example as a large power, of one or more of its inputs.81 Examples of such ultrasensitivity can be found in signaling networks and also in

the cooperative assembly of large complexes, such as viruses.82 Here, as shown in Figure 3C (where Ls � ½T �ND=2 when ½T �> ½T �c ) we describe

the ultrasensitive response of the microtubule length (the output) to changes in free tubulin concentration (the input) when the length is

controlled by severing where the severing process proceeds by tubulin dependent spreading of damage to the tubulin lattice induced by

the binding of a severing protein.

In Figure 4, we show results of calculations of the steady-state length (LS ) and the coefficient of variation as a function of two experimentally

tunable knobs – tubulin and severing protein concentrations.We find a sharp increase in LS with ½T � above the critical concentration ½T �c = kr
kT
,

while the coefficient of variation remains the same across all concentrations of severing proteins. These results can be tested by creating an

in vitro system20,28,36 in which growingmicrotubules are exposed to severing proteins.We also compute the probability distribution of steady-

state lengths as a function of tubulin concentrations which can be used as a more stringent test of the model (see Figure 3D).
Examining the assumptions of the model

In order to make the model of severing with repair analytically tractable, we made a few simplifying assumptions. Below we examine how

robust our conclusions are with respect to these assumptions.

Effect of finite severing time on microtubule dynamics

In our calculations of microtubule length-control (Figures 3 and 4), we ignore the time it takes for the severing event to complete once the

initial damage is created. This is equivalent to assuming that the time between subsequent damage creation events is much bigger than
iScience 27, 108874, February 16, 2024 7
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time to sever. This is a reasonable assumption in the limits of low and high tubulin concentrations, but not a valid one for intermediate tubulin

concentrations (Figure S5 and STAR methods).

Using the rates in Table 1, for small tubulin concentrations ½T �z0:01mM, typical microtubules lengths are small, about 50 nm (using equa-

tion Ls �
ffiffiffiffiffiffiffiffiffiffi
pk½T �
2kd ½S�

q
at small ½T � approximation) and Psev ½T � is close to 1, which means practically all damage events lead to severing. Time taken

for a severing protein to bind to a microtubule and induce damage isz 1
kd ½S�L = 200s for a microtubule of length around 50 nm. In comparison,

the severing time after initial damagezND

kr
= 50 secs. Thus, at low tubulin concentrations, severing time is shorter than the severing protein

binding time, making it unlikely that multiple damage sites are created. At high tubulin concentrations ½T �> 5 mM, the microtubules are > 1

micron in length, and the time for a severing protein to bind is around 10 s. At these tubulin concentrations, the probability of severing is small

((0:025) and on average, at least 40 binding events are required for one severing event. Waiting time for 40 binding events is about 400 s,

which is greater than the severing time (200s or less) (Figure S5D, inset). Thus, our simplified model that ignores the possibility of multiple

damage sites, in addition to being analytically tractable, provides a good approximation to study the effect of severing onmicrotubule length

control in the limits of low and high tubulin concentrations.

At intermediate tubulin concentrations, however, time between severing events is comparable to severing time (Figure S5D, inset), making

it possible that several damage events are happening at once. This can lead to correlations between severing events which our calculations

ignore. In order to study the implications of this scenario, we performed stochastic simulations wherein we tracked the locations of multiple

damage sites on a microtubule lattice. Each damage site has a corresponding severing time, drawn from a distribution of severing times ob-

tained from the stochastic simulation of the damage spreading simulations (described in STAR methods and Figure S5). We observe that re-

sults of large dynamic range in steady-state length from this simulation are similar to what was seenwith the simplemodel (Figures 3C and S5).

Additionally, the noise as a function of free tubulin concentration from the full simulation was identical to the one obtained from the simple

model at low and high tubulin concentration. However, at intermediate values of tubulin concentrations, we notice a peak in the CV vs. tubulin

concentration plot (Figure S5D), which was in contrast to the constant value seen with the simplemodel (Figure S5) but to be expected due to

correlations in severing events.

Dynamic instability

Microtubules are known to switch between phases of slow growth and rapid shrinking by a process known as dynamic instability. The rates of

switching from shrinking to growth and vice versa are called rates of rescue and catastrophe, respectively. In our simulations leading to Fig-

ures 3 and 4, we assumed that the microtubule are stabilized, and are not undergoing dynamic instability. In order to check the robustness of

our results, we includeddynamic instability in our simulations (see in STARmethods for simulation protocol). We found that dynamic instability

did not qualitatively change the observation of large dynamic range of filament lengths. Coincidentally, a previous theoretical study analyzed

the effect of the severing protein spastin on dynamic microtubules, and reported that their model predictions were similar to a model which

ignored the dynamic instability (‘‘no catastrophe’’ model).48

With stabilizedmicrotubules, we had calculated that the coefficient of variation (CV) for the steady state length fluctuations for the models

of severing without repair and severing with repair was constant with respect to tubulin concentration. In contrast, when dynamic instability

was included, we observed a non-monotonic relationship in CV for both models (see Figure S6). In our simulations, microtubule filaments

grow at a rate proportional to tubulin concentration. Since severing depends on microtubule length, which is typically small at low concen-

trations of tubulin, dynamic instability dominates over severing in both models. In this regime, the length distributions are exponential and

resulting in CV being close to one.28,83 However, we observe different behaviors for both models (severing without repair and severing with

repair) at higher tubulin concentration. In this regime, filaments grow longer and severing dominates over dynamic instability, as the number

of subunits lost in a catastrophe event is small compared to the number of subunits lost due to severing. So, as expected, in the model of

severing without repair, CV converges toward 0.523 at large concentration of tubulin. In severing with repair, we observe that CV shows a

non-monotonic behavior with tubulin concentration, where it first decreases and then increases, and the dip in CV depends on the rescue
8 iScience 27, 108874, February 16, 2024
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rates chosen. Additionally, in-vitro studies have reported an increase in rescue rates in presence of severing proteins. Several hypotheses have

been proposed to explain this, such as, the incorporation of new tubulin creating a ‘‘GTP-island’’, which promotes rescue20 and the accumu-

lation of severing proteins on the tips of shrinkingmicrotubules, where they slow shrinkage and promote rescue.28 At this point, it is unknown

whether severing proteins have the same effect in vivo, where they may interact with other microtubule associated proteins. For example,

studies have reported that molecular motor kinesin-1 can damage the microtubule shaft and induce incorporation of GTP-tubulin,50,51

thus increasing probability of rescue and affecting microtubule length and stability.17

In summary, our calculations show that tubulin and severing proteins can cause qualitatively new dynamics of microtubules. Using simu-

lations and theory, our study describes the role of a free pool of building blocks on the process of repair of damage created by severing pro-

teins and its implications for the control of length of microtubules. Here we show the existence of a critical tubulin concentration above which

severing becomes strongly dependent on ½T �, leading to a rare but fast severing. We find that microtubule length control via severing with

tubulin-induced repair is ultra-sensitive to changes in the concentrations of tubulin leading to a dramatically increased dynamic range of fila-

ment lengths at steady state. This mechanism may have biological significance in processes like mitotic spindle size scaling during develop-

ment where relatively small changes in microtubule growth rates have been correlated with large changes in mitotic spindle size.84 Our study

shows how the antagonistic action of assembly and disassembly factors can influence dynamical properties of microtubules.

Limitations of the study

We made several simplifying assumptions in our models of damage spreading and severing protein mediated length-control. The guiding

principle behind these assumptions is to make simple models with a few parameters that make quantitative predictions for experiments,

which can be tested. In our damage spreading model, we assume that the rates of adding or removing a tubulin dimer, which increase or

decrease the size of the damaged region, do not depend on the size or geometry of the damaged region. We also assume that the rate

of severing is uniform along the length of themicrotubule, whichmay not be true in cellular environments due to the presence of other micro-

tubule associated proteins. To the extent that future experiments falsify the key quantitative predictions of our models these assumptions will

have to be revisited, and in doing so we hope other relevant contributions to the severing dynamics will be revealed.
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METHOD DETAILS

Calculation of probability of severing

Here we apply ideas from ‘‘first-passage’’ problems in random walks (Redner, 200165, Calef and Deutch, 198366) to understand the effect of

tubulin-based repair on the severing process. The spreading of the damage to the tubulin lattice leading to a severing event is modeled as a

random walk with absorbing boundary conditions.

We assume that once a severing protein lands on the side of a microtubule it creates a damage. This damage can spread or be repaired

and size of the damage we describe by a one dimensional variable (x) that counts the number of missing tubulin-dimers at the site of damage.

We assume that once a critical damage size (x = ND ) is reached the microtubule will fragment into two pieces. The fate of the damage is

determined by a competition between the removal and addition of tubulin at the damage site, eventually leading to severing or repair as

shown in Figure S3A in the SI.We assume that subunits are added to the damage site at a rate proportional to the concentration of free tubulin

kT ½T � ðs� 1Þ and are removed from the damage site at a rate kr ðs� 1Þ; with each step either increasing or decreasing the size of damage by 1. If

the size of the damage reaches a size ND , the filament is severed. On the other hand, if the size reaches zero, then the damage is repaired.

Thus, the size of the damage x measured in subunits (i.e., tubulin dimers) is modeled as a one-dimensional random walk with absorbing

boundaries at x = 0 and x = ND :

The probability of severing PsevðxÞ is the probability that 1-D random walker, starting at position xð0 % x %NDÞ reaches the x = ND

boundary before repair occurs, i.e., before x = 0 is reached. In this case, the probability of severing when the damage size is 0, i.e.,

Psevðx = 0Þ = 0 and probability of severing when the damage size is ND i.e., Psevðx = NDÞ = 1. These two conditions will serve as our

two boundary conditions.

If 0<x <ND ; then, we can write the following recursion equation

PsevðxÞ = ð1 � PrmÞPsevðx � 1Þ+ PrmPsevðx + 1Þ (Equation 3)

where Prm = kr=ðkr + kT ½T�Þ is the probability of damage spot increasing in size (subunits being removed from the site) and 1 � Prm is the

probability of damage spot decreasing in size (subunits being added at the site).

We use the method of characteristic equations to solve the recursion equation. Substituting, Psevðx � 1Þ = 1;PsevðxÞ = s and

Psevðx + 1Þ = s2, we get
12 iScience 27, 108874, February 16, 2024
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Prms
2 � s + ð1 � PrmÞ = 0 (Equation 4)

whose two solutions are s1;2 = 1;1�Prm

Prm
. Solutions to (1) are PsevðxÞ = Aðs1Þx +Bðs2Þx . Substituting, we get PsevðxÞ = A

�
1�Prm
Prm

�x
+B. Using

boundary conditions, Psevð0Þ = 0;PsevðNDÞ = 1; we get B = � A andA = 1�
1 � Prm

Prm

�ND

� 1

. We define a dimensionless tubulin concentration

~T = 1�Prm
Prm

= kT ½T �
kr

= ½T �
½T �c which is the ratio of the tubulin concentration and a critical concentration ½T �c , which is the tubulin concentration where

the rate of repair is equal to rate of severing, equal to kr=kT ,. We find that Psevðx; ½T �Þ = ~T
x � 1

~T
ND � 1

; which is a function of Tubulin concentration.We

note that when ~T � 1, Psevðx; ½T �Þz1 � ~Tx and when ~T [ 1, Psev ðx; ½T �Þz
�
1
~T

�ND � x
. Also, Psevðx; ½T �Þ% ~T

x

~T
ND

=
�

kr
kT ½T �

�ND � x
, hence as the

tubulin concentration increases, PsevðxÞ decreases (Figures 2 and S3).

If we assume an initial damage of size x = 1; as we do in the manuscript, then Psevðx = 1; ½T �Þ = ~T � 1
~T
ND � 1

which is approximately equal to�
1
~T

�ND � 1
when ~T [ 1 and Psevðx; ½T �Þz1� ~T when ~T � 1. In other words, above the critical tubulin concentration, the probability of severing

becomes a very sensitive function (large power) of the tubulin concentration.
Calculation for time to either sever or repair

Let T�
endðxÞ be the average time (in steps) it takes to for the filament to either get severed or repaired, starting with a damage of size x. On the

first step, the damage spot can either get replenished with subunits with a probability 1 � Prm or increase in size by having subunits removed

with a probability Prm in time Dt i.e.,

T�
endðxÞ = Dt + T�

endðx � DxÞð1 � PrmÞ+T�
endðx + DxÞPrm

There are two possible boundary conditions, T�
endð0Þ = T�

endðNDÞ = 0. Using Dx = Dt = 1; we get a recursion relation similar to the one

before, i.e., T�
endðxÞ = T�

endðx � 1Þð1 � PrmÞ+T�
endðx + 1ÞPrm + 1, which is an inhomogeneous recursion relation.

We first find the solution to the homogeneous equation:

T�
endðx � 1Þð1 � PrmÞ � T�

endðxÞ + T�
endðx + 1ÞPrm = 0

This is similar to the one we solved in ‘‘calculation of probability of severing’’ section. Following the same method, we can show that the

solution is T�homogenous
end ðxÞ = A

�
1�Prm
Prm

�x
+B and the solution to inhomogeneous equationwe have to guess (since the inhomogeneous is a con-

stant) T�inhomogenous
end ðxÞ = Cx +D

Substituting it in the equation for T�
endðxÞ we get C = 1

1� 2Prm
and the inhomogenous solution is valid for all values of D. The complete so-

lution is T�
endðxÞ = T�homogenous

end ðxÞ+T�inhomogenous
end ðxÞ which is T�

endðxÞ = A
�
1�Prm

Prm

�x
+B+ x

1� 2Prm

Using the boundary conditions, and assuming Prms1=2, we find T�
endðxÞ = x

1� 2Prm
� ND

1� 2Prm

�
1 � Prm

Prm

�x

� 1�
1 � Prm

Prm

�ND

� 1

. When Prm = 1= 2,

T�
endðxÞ = x ðND � xÞ.

Note that T�

endðxÞ is the time (in steps) taken to reach either end (filament gets repaired or severed).We get time taken by a damage spot to

be repaired or severed, i.e., TendðxÞ by multiplying time in steps by Dtavg = 1
kT ½T �+kr ,

Tendðx; ½T �Þ =

�
1=kr
~T+1

�� ~T+1
~T � 1

� �
x � ND

� ~Tx � 1
~TND � 1

��
(Equation 5)

where Prm = kr
kr+kT ½T � and

~T = 1� Prm
Prm

= kT ½T �
kr

. Equation 5 for ðx = 1Þ is plotted in Figure S3C.
Calculation of severing time

In this section, we derive an expression for time it takes to sever (Equation 1 in main text) a filament. In the one-dimensional random walk

model for damage spreading, there are two ways to reach the end – either get severed or get repaired. Hence, the time to reach either

end is given by the following equation,

TendðxÞ = PsevðxÞTsevðxÞ+ ð1 � PsevðxÞÞTsevðND � xÞ (Equation 6)

where TendðxÞ is the time to reach either end if the initial size of the damage is x, TsevðxÞ is the time to sever and PsevðxÞ is the probability to

sever when starting at x. Using the expression for TendðxÞwhich we computed in section ‘‘Calculation for time to either sever or repair’’, we can

extract TsevðxÞ:
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Replacing x withND � x in Equation 6 we get, TendðND � xÞ = PsevðND � xÞTsevðND � xÞ+ ð1 � PsevðND � xÞÞ TsevðxÞ: Using PsevðxÞ =
~T
x � 1

~T
ND � 1

and PsevðND � xÞ = ~T
ND � x � 1
~T
ND � 1

, we get 1 � PsevðxÞ = ~T
ND � ~T

x

ð ~TND � 1Þ
= ~TxPsevðND � xÞ and 1 � PsevðND � xÞ =

~T
ND � 1� ~T

ND � x
+1

~T
ND � 1

=

~T
ND � xð~Tx � 1 Þ

~T
ND � 1

= ~TND � x PsevðxÞ:
From the previous section, TendðxÞ =

�
1=kr
~T+1

�� ~T+1
~T � 1

� �
x � ND

�
~T
x � 1

~T
ND � 1

��
=
�

1
kT ½T �+kr

�� ~T+1
~T � 1

� ðx � NDPsevðxÞÞ.
Substituting the expression for 1� PsevðxÞ and 1 � PsevðND � xÞ in the equations for TendðxÞ and TendðND � xÞ, we get

TsevðxÞ =
TendðxÞ � ~TxTendðND � xÞ

PsevðxÞ
�
1 � ~TND

� (Equation 7)

After substituting expression for TendðxÞ and Tend ðND � xÞ in Equation 5, we get

TsevðxÞ =

�
1

kT ½T �+kr

� � ~T+1
~T � 1

� 
x � NDPsevðxÞ � ~Tx�ND

�
~TND � x PsevðxÞ

� � x
�

PsevðxÞ
�
1 � ~TND

�
!
:

Finally, after substituting the expression for PsevðxÞ = ~T
x � 1

~T
ND � 1

and moving terms around, we get

TsevðxÞ =

�
1=kr
~T+1

�� ~T+1
~T � 1

� 
ND

�
1+ ~TND

�
�
~TND � 1

� � xð ~Tx+1Þ
ð ~Tx � 1Þ

!
(Equation 8)

For an initial damage size x = 1;TsevðkT ; kr ;NDÞ =
�1=kr

~T � 1

��
ND

ð ~TND +1Þ
ð ~TND � 1Þ � ~T+1

~T � 1

�
, which is the equation we used to plot the mean severing

time in Figures 1D and S3C inset (see SI).

TsevðkT ; kr ;NDÞ has two limits: (1) When ~T � 1; and ND [ 1;TsevðkT ; kr ;NDÞ = �
�1=kr
1� ~T

��
� ND +

~T+1
1� ~T

�
� ND

kr

�
1

1� ~T

�
� ND

kr

�
1+ ~T

�
; the

severing time is linear in tubulin concentration. (2) When ~T [ 1; and ND [ 1, TsevðkT ;kr ;NDÞ =
�

1
kr ~T

�
ðNDÞ; the severing time decreases as

tubulin concentration increases. These limiting behaviors imply that the severing time has a maximum as a function of tubulin concentration,

which is obtained at a concentration that is of the order critical tubulin concentration ½T �c = kr
kT
.

In diffusive limit, the rates of damage spreading and repair are balanced, i.e., ~T = 1 and lim
~T/1

Psevðx;NDÞ = x=ND . Letwx be the probability

of removing a monomer when the damage size is x, conditioned on successful completion of severing, then wx = PrmPsev ðx+1Þ
Prm Psev ðx+1Þ+ð1�PrmÞPsev ðx� 1Þ.

For ~T = 1, wx = ðx+1Þ
2x . Then the recurrence relation for T�

sevðxÞ; the expected time of the severing (in steps) starting at x conditioned on

completing severing is given by

T�
sevðxÞ = 1 + wx

�
T �
sevðx + 1Þ�+ ð1 � wxÞ

�
T�
sevðx � 1Þ�

with the boundary conditions for T�
sevðNDÞ = 0 and T�

sevð2Þ � T�
sevð1Þ = � 1. The homogeneous equation of the recurrence is identical to

the one solved for PsevðxÞ and T�
endðxÞ and hence the solution is T�homogenous

sev ðxÞ = A
�
1�wx

wx

�x
+B. For the inhomogenous equation, we try the

solution T�inhomogenous
sev ðxÞ = Cx2.

Substituting T�inhomogenous
sev ðxÞ = Cx2;T�inhomogenous

sev ðx � 1Þ = Cðx � 1Þ2 and T�inhomogenous
sev ðx + 1Þ = Cðx+1Þ2 in the recurrence equation, we

get Cx2 = 1+wxCðx+1Þ2 + ð1 � wxÞCðx � 1Þ2, which leads to C = � 1
3 :

The full solution is thus:

T�
sevðxÞ =

�
1 � wx

wx

�x

+ B � x2

3
= A

�
x � 1

x+1

�x

+B � x2

3

Using the boundary conditions, we can findA = 0; and B = N2

3 , which results to T�
sevðx;NÞ = 1

3 ðN2 � x2Þ. Since T�
sevðxÞ is the time (in steps),

we get time taken by a damage spot to be severed, i.e., TsevðxÞ by multiplying time in steps by Dtavg = 1
kT ½T �+kr =

1
2kr

: Hence, at ~T = 1,

Tsevðx Þ = 1
6kr

ðN2 � x2Þ. Alternatively, we can take the limit of ~T /1 in the Equation 8, i.e., lim
~T /1

TsevðkT ; kr ; x;NDÞ to get the same result.
Calculation of probability distribution of filament lengths, due to severing with and without repair

In ref.,54 we considered the case of a uniform rate of severing along a filament; in other words, severing takes place anywhere along the fila-

ment with equal probability. A filament consisting of [ subunits can be broken into two smaller filaments at any of the ðl � 1Þpositions with an
equal rate s, for any choice of severing location; the total rate of severing at any location is then, s ðl � 1Þ. In addition to the severing rate,

there is r, the rate at which subunits are added to a filament. Using these two rates we find an expression for the probability distribution of

lengths at steady state (reproduced from ref. 54), PðlÞ = l s rl� 1

ðr+sÞðr+2sÞðr+3sÞ.ðr+lsÞ ; which can be further simplified to
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PðlÞ =
l s r l� 1

r l
�
1+

s

r

��
1+

2s

r

�
.

�
1+

ls

r

� =
ls

r
e
� s

r

Pl
j = 1

j

=
ls

r
e� s

r
lðl+1Þ
2 (Equation 9)

Here we use the approximation that ejs=r = 1+ js
r which is valid for js � r: For l[ 1 , PðlÞ = ls

r e
� s

r
l2

2 and we use this expression to plot the

distribution of lengths without repair with rates r = k½T � and s = kd ½S�, and with repair with the rates r = k½T � and s = kd ½S�Psevð½T �Þ in

Figure 3D.

Additionally, we can use this approximation to compute themean< l > and variance of the filament length distribution,< l2 > � < l>2. In

general, moments are defined as, < ln > =

R
lnPðlÞdlR
PðlÞdl . For the mean, n = 1, and hence < l > =

R
l2
s

r
e
�
s

r

l2

2 dl

R ls
r
e
�
s

r

l2

2 dl

.

Using the properties of Gaussian integrals,

ZN
0

e�a l2

2dl = 1
2

ffiffiffiffi
2p
a

q
, we can show

ZN
0

le�a l2

2dl =
1

a
; and

ZN
0

l3e�a l2

2dl = 2
a2. Substituting these

results, we get < l > =

R
al2e

�a

l2

2 dl

R
ale

�a

l2

2 dl

=
ffiffiffiffi
p
2a

p
and < l2 > =

R
l3e

�a

l2

2 dl

R
le

�a

l2

2 dl

= 2
a
.

The variance,< l2 > � < l>2; is 2
a
� p

2a and standard deviation, s =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
a

�
2 � p

2

�q
. We define ‘‘Noise’’ or the coefficient of variation as s

< l > =ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2�

p

2
p

2

=

vuuut ffiffiffiffiffiffiffiffiffiffiffiffiffi
4
p
� 1

q
= 0:523, which is a prediction for the uniform severing mechanism. We use this relationship to plot Figure 3D, inset.

Additionally, substituting a = kd ½S�
k½T � in to the expression for the mean and variance of filament lengths at steady state, we get,

Lsimple severing
s = < l > =

ffiffiffiffiffiffiffiffiffiffiffi
pk½T �
2 kd ½S�

q
, and substituting a = kd ½S�Psev ð½T �Þ

k½T � , we find Lwith repair
s =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pk½T �

2 kd ½S�Psev ð½T �Þ
q

; which is used in Figure 3C.

Note that Lwith repair
s has two regimes:When ½T �< ½T �c , Psevð½T �Þz1 � ~T , Ls �

ffiffiffiffiffiffi½T �p
. When ½T �> ½T �c , Psev ð½T �Þz

�
1
~T

�ND � 1
and ;Lsz ½T �ND=2.
QUANTIFICATION AND STATISTICAL ANALYSIS

Estimation of parameters

In this section, we compare our theoretical predictions with experimental data from ref. 20 (obtained directly from Roll-Mecak lab), and extract

values for the parameters of our model. In particular we focus on Figures 3D and 3H in ref.,20 where the authors plot probability to sever and

time taken to sever for different concentrations of tubulin.

Ourmodel for severingwith repair has four parameters - kT , kr ; x andND . In Equation 8, we find an expression for themean severing time as

a function of the tubulin concentration. We assume an initial damage of size x = 1, and constrain the space of possible parameter values

using experimental data in ref.20 In Equation 4, we predict that the probability of severing decreases as ND increases (Figure S3). We use

the observation of severing events at ½T � = 5 mM in ref. 20 to constrain ND (upper bound = 40) by assuming that probability of severing is

at least 10� 3: We obtain a rough lower bound for NDz 20 from the TEM images in Figure 1 in ref. 20 showing patches of tubulin removed

frommicrotubules which are still intact. Next, we use the method of least squares on this constrained parameter range to find sets of param-

eters that fit the publisheddata Figure 3H in ref. 20 which reports themean and the standarddeviation of severing times as a function of tubulin

concentration (Figure S1). Our estimated values are: kT = 0:11 mM� 1s� 1; kr = 0:54 s� 1 and ND = 25: Using these estimated values, we plot

the severing time and the probability of severing in Figures 2A and 2B respectively.

Sensitivity analysis of parameters

As seen in Figure S1, probability of severing increaseswith a larger initial damage size x but severing time is unaffected. Probability of severing

is unaffected byND but time to sever increases with a largerND . As is captured by the analytical formula in Equation 2 in main text, the critical

concentration of tubulin ½Tc � where the time of severing starts decreasing, is unaffected by x and ND .

Comparison of experiment and theory via bootstrapping

In Figure 1 in themain text, we show a comparison of experimental data from20 with a theoretical curve for mean severing time and simulation

curve for standard deviation of severing time using our fitted parameters. Since ref. 20 reportedmean severing time and standard deviation of

severing time, we used a bootstrapping scheme using data resampling to compute the error on the mean (error bars in Figure 1C), and error

on the standard deviation (error bars in Figure 1D(inset)). The error bars on the mean severing time and standard deviation of severing times

were calculated from 750 bootstrapping samples.
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Stochastic simulation schemes

Model for severing with repair

A severing event begins when a severing protein lands on a filament, binds to the side, and creates a damage of size x. The fate (eventual

severing or repair) of the damage created by a severing protein is determined by a competition between the removal and addition of tubulin

at the damage site. We use the Gillespie algorithm to simulate this process - subunits are added to the damage site at a rate proportional to

the concentration of free tubulin kT ½T � ðs� 1Þ and are removed from the damage site at a rate kr (s
�1), with each step either increasing or

decreasing the size of damage. If the size of the damage reaches a size ND , the filament is severed. On the other hand, if the size reaches

zero, then the damage is repaired. By performing this simulation multiple times (typically about 13,000 severing events), we obtain, as a func-

tion of tubulin concentration, the probability of severing (Figure 2), the mean severing time (Figure 1C) and the probability distribution of

severing times (Figure 1D).

Length trajectory with repair-severing

Simulation of filament growth is performed using a Gillespie algorithm. At each step of the simulation, either the filament gains one subunit,

with probability proportional to the concentration of tubulin (k ½T �Þ, or it gains a new severing site when a severing protein lands on the fila-

ment at position between 1 and l � 1, with probability kr , where [ is the length of the filament. In the absence of competition between

severing and repair, a severing event occurs immediately upon creating. However, if competition is considered, each time a severing site

is created, a severing event occurs at this site with a probability PsevðxÞ in Equation 3.

Filament growth with finite severing time

In order to incorporate a finite severing time into our simulation, we first run our damage spreading simulation (A) to create a distribution of

severing times. Then, we adjust the filament growth simulation in (B) by tracking the location of each damage site (where severing protein

binds) on our microtubule. The severing occurs with a probability given by Equation 4. For every severing event, we assign a severing

time by sampling it from our distribution of severing times. Once this time has surpassed in the simulation, the microtubule is severed at

this damage site. We keep track of one part of the severed microtubule. The other part, and any damage sites on that part, are removed.
Conversion between monomer number and filament length

Microtubules are hollow cylinders and made up of 13 protofilaments built up from tubulin dimers, each 4 nm in length. A cross section of a

microtubule is a ring of 13 dimers that is 4 nm wide. Our simulations are based in subunits. We use the following conversion to convert from

subunits to length: 1 subunit = 4/13 nm.
Effect of finite severing time on microtubule dynamics

If the severing protein binding time is comparable to severing time, it is possible that, after one severing event, there are other damage sites

on the filament which will lead to a severing event shortly thereafter. This will produce correlations in subsequent severing events which we

ignore when deriving our analytic formulas for Psev and Tsev . In order to account for this situation, we performed a simulationwhere we allowed

multiple damage sites on a microtubule lattice at one time. We observed that our results of large dynamic range in steady-state length from

the full simulation are similar to what was seenwith the simplemodel wherewe assumed a negligible severing time (Figure S5). The coefficient

of variation (CV) of filament lengths at steady state calculated in the full simulation was identical to the one obtained from the simplemodel at

low and high tubulin concentration. However, at intermediate values of tubulin concentrations, we observed a peak in the CV as seen in Fig-

ure S5C, which was in contrast to the constant value seen with the simplemodel (Figure 3D). We observed that the peak in CV depends on the

concentration of severing protein as shown in Figure S5D. As shown in inset, the variation from the typical constant value occurs when the time

between binding events which can lead to severing (computed by 1
kd ½S� Ls Psev

where Ls is the length of microtubule) is less than the time it takes

to sever.
Effect of dynamic instability and severing on microtubule dynamics

The simulation that includes dynamic instability follows the same algorithm as that detailed earlier in STARmethods, with inclusion of an addi-

tional boolean parameter for whether the microtubule is in a state of rescue or catastrophe. In the rescue state, the microtubule grows (gain

subunits) at a rate proportional to the tubulin concentration, cT ½T �. During catastrophe, the microtubule loses subunits at a rate cs. The micro-

tubule can undergo severing in either state. At each timestep, themicrotubule can a) grow or shrink depending on whether it is in catastrophe

or rescue, b) have a severing protein land and either sever the filament or not depending on the outcome of the competition between

severing and repair, or c) switch from catastrophe to rescue or rescue to catastrophe. We use the parameters70,85 listed in Tables 1 and S1

for our stochastic simulations. As before, we find that the dynamic range of themean length ofmicrotubules is greater when the repair process

is included (Figure S6). However, coefficient of variation shows a non-monotonic relationship with tubulin concentration.
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