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Graph states of prime-power
dimension from generalized CNOT
quantum circuit
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Published: 07 June 2016 . e construct multipartite graph states whose dimension is the power of a prime number. This is

realized by the finite field, as well as the generalized controlled-NOT quantum circuit acting on two

qudits. We propose the standard form of graph states up to local unitary transformations and particle
permutations. The form greatly simplifies the classification of graph states as we illustrate up to five
qudits. We also show that some graph states are multipartite maximally entangled states in the sense
that any bipartition of the system produces a bipartite maximally entangled state. We further prove
that 4-partite maximally entangled states exist when the dimension is an odd number at least three ora
multiple of four.

Maximal entanglement is the key ingredient in quantum teleportation, computing and the violation of Bell ine-
quality. The maximally entangled state of two qubits can be created by controlled-phase gate or controlled-not
(CNOT) gate. In this sense, they have the same power to create entanglement. In fact, the two gates are related by
local Hadamard gates. As we know, only one type of two-qubit unitary gates and single qubit gates are enough to
build a universal quantum circuit. A natural idea is to use those gates to generate maximally entangled states in
many qubit case!™>. The graph states and cluster states are generated by applying two-qubit phase gates to an ini-
tially product state*. Single-qubit gates are not involved in the generation. So the quantum circuit to create graph
states is composed of controlled phase gates only. The graph states and continuous-variable cluster states are con-
structed to study one-way quantum computing®~’. They are useful for self-testing of nonlocal correlations® and
their entanglement can be effectively evaluated by the Schmidt measure®, relative entropy of entanglement and
the geometric measure of entanglement'®!!. Recently the graph states have been generalized to prime dimensions
even in continuous variables, in terms of the encoding circuit and Hadamard matrices'? and quantum codes and
stabilizers'?. The cluster states can also be defined using finite groups and controlled-phase gates'*'.

The Hilbert space of prime-power dimensions has been studied for a few quantum-information problems,
such as the mutually unbiased basis, the stabilizer code and the Clifford group underlying distillation'®. In this
paper we study the multi-qudit graph state when the dimension d = p™ is a power of a prime number p. It ensures
the existence of finite field structure, and at the same time generalizes'?. With the aid of the structure, general-
ized CNOT gates are defined naturally. A general N qudit state generated by a quantum circuit is constructed in
Eq. (88). To simplify this state, we propose a standard form of multiqubit state in Eq. (89). Our first main result is
Theorem 1, stating that the above two families are equivalent up to local unitary transformations and particle per-
mutations. We also propose the dual graph state of the standard form in (94), and show that they are equivalent
under local unitary transformation in Theorem 2. It further simplifies the structure of multiqudit graph states,
and we classify them up to five parties.

Our main task is to find out the maximally entangled state by the quantum circuit composed of general-
ized CNOT gates. The task induces a preliminary problem: what states are called maximally entangled states of
many-qudit system? The basic requirement is that any single qudit is entangled with the other systems. We further
require that the many-qudit state is a maximally entangled state if any bipartition of systems produces a bipar-
tite maximally entangled state!->1718, We will show that some graph states are multipartite maximally entangled
states. We further prove that 4-partite maximally entangled states exist when the dimension is an odd number
at least three or a multiple of four. This is another main result in our paper, as stated in Theorem 3. These results
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imply that the maximal entanglement is universal in high dimensions. We also construct a connection between
the maximal entanglement and an entropy problem recently proposed in".

This paper is organized as follows. First we will introduce the generalized CNOT in the qudit case with the aid
of the structure of finite field, and then a quantum circuit composed pure generalized CNOT gates is given. Next
we prove that only bipartite graph states can be generalized from the quantum circuit of pure generalized CNOT
gates. Third we analyze the maximal entanglement of these states. Finally, we give a summary of our results and
open problems.

Quantum Circuit of Pure Generalized CNOT Gates

In this section we construct the generalized CNOT gates by two one-qudit operations A(a,,) and D(a,,). They
are mathematically realized by the known finite field and the commutation relations. Using the CNOT gates we
construct the quantum circuit. We will introduce a standard form of N-qudit graph state on finite field in (89),
and show that any graph state is equivalent to the standard form up to local unitary transformations and particle
permutations. To obtain a simpler classification of such states we propose Theorem 2 and demonstrate it by states
up to five systems respectively in the figures.

Finite field and generalized CNOT gates.  Asis well known, when d is the power of a prime number, i.e.,

d=p", (1)

where p is prime, and 7 is a positive integer, there is a field F,. Note that the field F, is unique up to isomorphism.
The elements of the Field F, are denoted as {a;, i €{0, 1, ..., d — 1}}, where a,=0 and a4, =1 are the units for the
sum and the product operations respectively.

We introduce a d-dimensional Hilbert space H, with a natural orthonormal basis {|a;}}. With the aid of the
sum and product operations in the field, two classes of basic one-qudit operations are defined

A(ay)|a;) = |a; + a), (2)

D(a,)|a;) = |a,a;). (3)

Obviously, the operation A(a,,) is unitary for any m. If a,, =0, then D(a,,) is also unitary.
Since F, is an Abelian group under the operation +, then we have

Ala,)|s) = s), 4

where

1l
[s) = ﬁgu».

©)
We introduce the generalized CNOT gate from qudit m to qudit # labeled by g, defined by
Cmn(ak)|ai>m|aj>n = ‘ai>m|aj + aiak>n’ (6)
where qudit m is the control qudit, and qudit # is the target qudit.
First, we notice that
Cmn(ak)‘s’ aj)mn = An (aj)Dn(ak)|B)mn’ (7)
where
B),, = —=la, a, .
mn ﬁ ; mn ( 8)

In addition, when d =2 and a, = 1, the gate C,,,,(1) is the CNOT gate. Therefore any C,,,,(a;) with a;=01is a
generalized CNOT gate, which can generate the two-qudit maximal entangled state from a separable state.

Commutation relations for related unitary transformations. Before investigating the properties of
the generated states, let us first calculate the basic commutation relations for related unitary transformations
widely used throughout the paper. The proof of these relations will be given in the end of this subsection. First we
study the one qudit case. According to the definitions given in Eq. (2) and Eq. (3), we have

A,,@a)A, @) = A, (a; + a)), &)

Dm(ui)Dm(aj) = Dm(aiaj)- (10)
The commutation relations between A,, and D,, are
D, (a)A, (a;) = A, (a;a;)D,,(a,). (11)

In addition, we also have
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a i
Figure 1. Circuit representation of Eq. (21). The gate diagram and Fig. 2 both represent the same unitary
transformation.

T 4

a;
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Figure 2. Circuit representation of Eq. (21).

A,0)=D,1)=1I,. (12)
Next we study the two-qudit case. The first set of relations are
Cmn(ai)Am (aj) = An (aiaj)Am (aj)cmn(ai)’ (13)
Cmn(ai)An (ﬂj) = An (aj)cmn(ai)’ (14)
Cmn(ai)Dm(aj) = Dm(aj)cmn(ajai)’ (15)
C,m(a)D,(a;) = D,(a))C,,.(a; 'a). (16)

The second set of relations includes two equations. The first equation is
Cmn(ui)cmn(aj) = Cmn(ai + aj)’ (17)
which is easy to prove but important in simplifying our graph sates. The second equation is
D _(AYHD (A)C,, (Aa,)C, (A 'a) ifA =0,
Cmn(ai)cnm(aj) _ m n nm j) 71mn i .
W,uDn(a;)D, (aj) Cmn(aj ), if A=0, (18)

where A=1+a,a;, W, is the swap gate between the qudits m and n.
Third we study the three-qudit case. The relations for three qudits are given by

Cmn(ai)cml(aj) = le(aj)cmn(ai)’ (19)
Cmn(ai)cln(aj) = Cln(aj)cmn(ai)’ (20)
Cnl(aj)cmn(ai) = le(aiaj)cmn(ai)cnl(uj)' 21

Here we use two circuits to represent Eq. (21) as shown in Figs 1 and 2.
Finally we give the proof of relations in Eqs (11)-(21), respectively.
The proof of Eq. (11):

Notice that the identity operator for the m-th particle is
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Ly =Y laq)(aq|

(22)
= Ja,)a,l. 23)
where we take the Einstein’s rule for repeated indexes. Then

D, (a)A,, (uj) (24)
= Dm(ai)Am (aj)Im (25)
= Dm(ai)Am (aj)|aa) (aa‘ (26)
= Dm(ai)|aa + aj> <aa| (27)
= |aa, + ai“j) (a,| (28)
= Ay (aa)|a;a,)(a.| (29)
= Am(aiaj)Dm(ai). (30)

The proof of Eq. (13):
Con(a)A,,(a)) (31)
= Cmn(ai)Am (aj)|aa’ aﬂ) (aa’ a,@‘ (32)
= Cun(a)la, + a; ag)(a,, ag| (33)
= |a, + ajag+ aa, + aiaj)<aa, ag| (34)
= Am (aj)An (aiaj)‘aoz’ aﬂ + uiaa> (aa’ aﬂ| (35)
= A, (aj)A,, (a,-aj)Cmn(a,-). (36)

The proof of Eq. (14):
Con(a)A,(a;) (37)
= Cmn(ai)An (aj) ‘aa’ aﬂ) (aa’ aﬂ' (38)
= C,,(a)|a,, ag + aj) (a, aﬂ| (39)
= |aa’ aﬁ + aj + ai“a) <aa’ aﬁl (40)
= An (uj)‘aa’ as + ai“a) (aoz’ aﬁ' (41)
= An(aj)cmn(ai)' (42)

The proof of Eq. (15):
Cmn(a,')Dm (“j) (43)
= Cmn(ai)Dm(aj) |aa’ aﬂ) (aa’ aﬁ‘ (44)
= Cmn(ai)|ajaa’ aﬁ) <aa’ aﬂ‘ (45)
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= laja,, a5 + aaa,)(a,, a4l (46)
= Dm(aj)|aa, ag + a,-ajaa) (ag agl (47)
= D,,(a;)C,,,(a;a;). (48)
The proof Eq. (16):

Con(a)D,(a;) (49)
= C,n(a)D,(a;)|a,, az)(a,, asl (50)
= C,u(a)la,, aga;)(a,, agl (51)
= laq aga; + aa,)(a,, asl (52)
= D,(a))a, a5 + a; 'a,a,)(a, as| (53)
= D,(a))C,,(a; a). (54)

If A=0, then
Con(a)C,yp(a)) (55)
= Cpn(a)Cy(a))|a,, ag)(a,, agl (56)
= C,,(a)|a, + a;as, ag)(a, agl (57)
= la, + ajag ag + a;a, + aiajuﬁ) (a, agl (58)
= |a, + ajaz Aag + a;a,)(a, aﬂ| (59)
= D,(A)la, + aja5 a5 + a;A 'a,)(a, ag] (60)
= Dn(A)Cnm(uj)|A_laa, ag + a,-A_laa)(aa, ag| (61)
— Dn(A)Cnm(aj)Dm(Afl)\aa, ag + aiAflaa) (a,, a5| (62)
= D,(4)C,,,(a))D,,(A)C,,(a,A™") (63)
= D,(A)D,,(4)C,,(a,4)C,,,(a,A™). (64)

If A=0, then
Conn(@) Cona)) 65)
= la, + a;a3 a,a,)(a,, ag| (66)
= Wlaa,, a, + a;az)(a,, as (67)
= Wman(ai)Dn(aj)|aa, a;laa + ag)(a, agl (68)
= W,,.D,,(a)D,())C,,(a;"), (69)

where W,,,, is the swap gate between the m-th qudit and the n-th qudit.
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The proof of Eq. (19):

Cpin(a) C,py(ay) (70)
= Cou(@)Cpi(a)lay, az a,)(ay az a,| (71)
= C,,(a)la,, ag, a, + “j“a> (@ g, “7|ng (72)
= lag a5 + aia, a, + aja,)(a, ag a| (73)
= Cyula)la,, az + a;a,, a,)(a,, as aw|mnl (74)
= C,u(a))C, (). (75)
The proof of Eq. (20):
Con(a;) Cp(aj) (76)
= Co(@)Cy(a)la, ag a,)(ay a5 a,| (77)
= C,.(a)|a, ag+aa,, a7><aa, ag, a7|mnl (78)
= |a,, ag + a;a, + aa,, a.)(a,, az ay\mnl (79)
= Cyla)la, ag + aa,, a,)(ay az a,| (80)
= Cu(a))C,(ay). (81)
The proof of Eq. (21):
Cmn(ai)Cnl(aj) (82)
= Con(@)Cpi(a))lay, a5 a){a, az a.| (83)
= Con@)lay, ag a, + a;a5)(aq, ag, a.| (84)
= lag a5+ aa, a, + a;a5)(a, ag, a,| (85)
= Cylapla, ay + aa,, a, — aa;a,)(ay, ag a,| (86)
= Cy(a))C,,(a) Cpy(—a;ay). (87)

Quantum circuit based on controlled gates. Since a controlled gate can generate a two-qudit maximally
entangled state, and a two-qudit gate is enough to entangle a complex quantum circuit, a natural generalization is
to apply the controlled gates to generate many-qudit maximally entangled state by a quantum circuit.

A quantum circuit based on the controlled gates C,,,(a;) is an N-qudit circuit with a series of controlled gates
operating on, see an example as shown in Fig. 3. Up to local unitaries, a general N qudit (d = p") state generated
by a quantum circuit is

IG) = l:[ CanT(bT) ®i ‘Ci>,~’ (88)
where ¢;€{s,0}, b, € F;, 7€ {1, 2,..., M} with M being the number of the controlled gates, and (1, n,) € {1, 2,..., N}.

A central problem is to investigate the possible types of entangled states through a series of the above con-
trolled operations with some given initial states. The difficulties in simplifying the circuit lies in the facts that the
number of controlled gates M may be very large, and these controlled gates do not commute with each other in
general.

SCIENTIFIC REPORTS | 6:27135 | DOI: 10.1038/srep27135 6



www.nature.com/scientificreports/

|s) —® ® aj;
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Figure 3. A quantum circuit to generate 4-qudit graph state.

@ & ©®© O

Figure 4. A bipartite graph state with N=7 and S$={1, 2, 3}, and the labels {b;} are omitted.

Graph State on Finite Field

According to the initial state of an N-qudit circuit state in Eq. (88), we divide the N qudits into two sets: the set of
qudits with the initial state |s) and the set of qudits with the initial state |0), denoted as S and O respectively. The
sets could be empty. Now we introduce a standard form of N-qudit graph state on finite field as

[T Cy®yIs),
i€S,je0 Y (89)
where bij €F,and
|S) = ®,‘Es|5)i ®j€0 ‘0)] (90)

This state is called a graph state because all the controlled gates in the circuit commute, and it is can be repre-
sented as a directed bipartite graph. An example of a graph state for N="7 and the set S={1, 2, 3} is demonstrated
in Fig. 4.

One of our central results is the following theorem:

Theorem 1 Any state in Eq. (88) is equivalent to the standard form in Eq. (89) up to local unitary transformations
and particle permutations.

A direct way to prove the above theorem is to show a state in the standard form under the action of any gener-
alized CNOT gate will still be a standard one. More precisely, we only need to show

N
Cm(a,) H Cij(bij)|S) = WH D(cy) H Cij(d,-j)|S),
i€S,je0 k=1 i€S,je0 91)

where m, n€{1,2,..., N}, a,, by, ¢;, d;; € F;, and the SWAP gate W represents an arbitrary particle permutations.
It can be proved by directly applying the commutation relations given in the last section. As the proof is long, we
give another more concise proof.

Proof. Let the initial state |S) be \s)®k \0)®<N7k) with k€ [1, N—1]. Using (6) we can show that C,,,(a,) |0, s) = |0, s)
for any a, € F,. It follows from (88) that up to local unitaries any graph state can be expressed as

G)

J

M
[ H Cma”a(boz)] [dk/2 Z ‘ajl, e ajk> |O)®(Nk)]
a=1 i+ iy

k
— g > 1> laji> ® - ®
j i=1

Jpeodili

k
> i na i, >’
i=1 (92)
where c;, € F, is the linear combination of b, by (6). The k x N matrix [c;,] has the same rank as that of [I;, 0],

because the former is obtained from the latter via the operation [T Con, (bo)- S0 [¢;,4] has rank k. Up to the
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permutation of vertices, we may assume that the first k column vectors in [c; ] are linearly independent. The last
N — k column vectors in [c;,] are the linear combinations of them. Let b, j, ---, by € F, be the coefficients in the
k+1

linear combination. From (92) we have
k
ik%j,
=1 k
k N—k
H H Cja(by ) [s)[0) "N 0.

j=11=k+1 (93)

k N
[T II Cub;pad™> >

j=11=k+1 T
® [0) - @ [0)y

G)

k
Zci,laji> ®
1

i=1

The second equality follows from the fact that [T% _, b,)|s )®k =s )®k for any gate[[*_, C,, , (b,)and
any b, € F,. Hence we can generate |G) by performmg the gate [¢ i1 Y s C;,(b; ) on the initial state
|s) kK |0)®(N b, The time order of C;i(b;)) in the gate is random, because they commute. This completes the proof. [

The main conclusion from the above theorem is that up to local unitary transformations and particle permu-
tations all the states generated by the controlled gate circuit are the directed bipartite graph states, and the graph
contains only the edges from |s) to|0), which greatly simplifies our investigations on possible types of entangle-
ment created by the controlled gate circuit.

The dual graph state for the graph state specified by Eqs (89) and (90) is

[I C;(b;)|0),
ic0,jes (94)
where
0) = Ricols), @jes [0),;- (95)

Theorem 2. The two graph states given in Eqs (89) and (94) for two dual graphs are local unitary equivalent.

Proof. For a finite field with d = p” and p a prime, the element is represented asa = Y7~ ! a,a’, where g, are F,
elements, represented by integers modulo p, i.e., a;€1{0, 1,..., p— 1} and « is one root of the equatlon for an 1rre—
ducible polynomial of degree n over the finite field with cardinality p. For example, when p =3 and n=2, the
corresponding irreducible polynomial may be taken as X+ x+ 2, « is one root of x> 4+ x+ 2 =0, and any element
in the field with cardinality 9 is represented as a, + a, with ay, a, €{0, 1, 2}. When o is regarded as the bases, the
element in the finite field can be denoted as a vector 4. Then we introduce the discrete Fourier transformation of
the states|a) as

- L wa‘gii,
“

(96)
where
2w
w=er, (97)
N n—1
da-b=)> ab, mod p.
i (98)
Therefore we define the Hadamard transformation as
O 1 Qb T
H=|b) (b| = —=> _w""|d)(b].
; Vd 3 (99)
Then
= >la)(d| @ |b + da)(b|.
ab (100)
Therefore
H,C, (DH = Zw Ya, B)(a, b
(101)

Let o/(a*) with k€{0, 1, -, n— 1} and j€{0, 1, -, 2 (n — 1)} denote the coefficient of term a* in the expres-
sion o/. Then we have
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1) —-—>

Figure 5. Two qudit graph.

da-b = Zdiajbkai+j(ak)
ijk
= Ed.a,bkaz‘+j+<n—1—j—k>(ak+(,,_1_j_k))
i%j
ijk
= Zdiajbkaiﬂ”*l*k)(an—lfj)
ijk
= W . a’l,
where
bn/flfk = by (102)
!
ey (103)

Via) = |d@'). (104)
Therefore we have

H'V,V,H,C, (dH VI ViH

—HV,V,S w4, b

m

=
S
=
=,
T

n m m
@b
=H S W@, by (@, V' H,,
@b
Wi T
= H} > w"|d, b)(d, b|H,,
@b
=>"Jd@ + db, b)(d, b|
@b
=C,,(d). (105)
In addition,
V,H,[0), = [s),» (106)
H)\V,[s) = 10) . (107)

Therefore we have

®mes HyV,y @ueo V,H, I1 C;i(by)|S) = I1 C;(b;;)|0).
i€S,je0 i€0,jes (108)

This completes our proof. O

This theorem implies that we can restrict ourselves in the cases where the cardinality of S is less than or equal
to the cardinality of O, i.e. [N/2].

Now let us apply the above theorems to study the possible types of entanglement generated by the controlled
gates for N=3, 4, 5 with the help of Eqs (15) and (16). There is only one type of two qudit graph state, which is the
qudit Bell state in Fig. 5. Note that if we replace 1 by a finite field element a,, then we can convert the resulting
state into the state by the element 1 using local unitary operations D(a,,). Mathematically, Theorem 1 says that we
need to investigate the state [[;cs jc o C;;(b;)|S), where b; € Fyand|[S) = |s, s),[s, 0)or|0, 0). Itis easy to see that
the state is a product state unless |S) = |s, 0). In this case, the state becomes the qudit Bell state %Z;t(ﬂaj’ aj)-

Similar arguments show that there is also one type of three qudit graph state, which is a generalized GHZ state
in Fig. 6:
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1 1

Figure 6. Three qudit graph.

Figure 7. Four qudit graph states.

Figure 8. Four qudit graph states.

There are two types of four qudit graph states. One is four qudit GHZ state in Fig. 7. The other type in Fig. 8
has a more fruitful configuration, which will be studied in next section. As proved in Theorem 1, any graph state,
say the generalized cluster state illustrated by a line connecting all vertices is locally equivalent to one of the types.

There are also two types of five qudit graph states in Figs 9 and 10.

Entanglement Properties of Qudit Graph States
In this section we study the maximal entanglement of graph states defined in previous sections. The state in Fig. 8
can be written as

|1/1(a)):d71 la;, a; + a,ap, ap, a; + ai),
T i,zkz i ro> Yk Y k (109)

where a, € F,, the dimension d = p” with a prime p and positive integer n. We have

Lemma 1.|4)(a,)) is a maximally entangled state when a, € F)\ay, a,}.

SCIENTIFICREPORTS | 6:27135 | DOI: 10.1038/srep27135 10
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Figure 10. Five qudit graph states.

Proof. Since F, is a field and a, € F,\May, a,}, we have F;=a,F;=a;+ F, for any a,€ F;. So|a;, a; + a,a;)isano. n.
basis in C?/® C”. One can similarly verify that all three bipartite reduced density operators of |1 (a,) ) respectively
w. I. t. the bipartitions 12:34, 13:24 and 14:23 are maximally mixed states. It implies that the bipartition between
one particle and other three particles is a bipartite Bell state. So|1) (a,) ) is a maximally entangled state. (]

If n=1 then d is a prime number. This case has been studied in'? and is a special case of the lemma. The case
d=2is excluded in the lemma, and it coincides with the known result that 4-qubit maximally entangled state
does not exist?. we demonstrate them by a simple example. We set a,= 2, ¢;=j and d =4 in (109), and obtain

Q) = i(|oooo) + [0211) + [0322) + [0133

) )
+ |1101) + [1310) + [1223) + [1032)
+ ]2202) + |2013) + |2120) + [2331)
+[3303) + [3112) + |3021) + [3230)), (110)

by using the computation rule in Table 1. On the other hand, Lemma 1 does not hold when d is replaced by any
integer which is not a prime power.
Next we give an example of maximal entanglement beyond the primer-power dimension. The state

\Py=d N i,i—k k, i+ k)
ik (111)
appeared in'?, in which d was considered as a prime number. We point out that the state can be defined for any
integer d. One can straightforwardly show that|P’) is a maximally entangled state for any odd d> 3, and is not a

maximally entangled state for any even d > 1. The two families of states |¢(a,) ) and|P’) show that 4-partite max-
imally entangled states are universal in high dimensional spaces. Indeed we have

SCIENTIFIC REPORTS | 6:27135 | DOI: 10.1038/srep27135 11
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+ 0 1 2 3
0 0 1 2 3
1 1 0 3 2
2 2 3 0 1
3 3 2 1 0
X 0 1 2 3
0 0 0 0 0
1 0 1 2 3
2 0 2 3 1
3 0 3 1 2

Table 1. The two tables respectively account for the addition and multiplication operations for F,. The
proof of Lemma 1 also holds when F, is replaced by any finite domain, because it coincides with the finite field.

Theorem 3. The maximally entangled 4-partite pure state exists when the dimension d is an odd number at least
three, or a multiple of four.

Proof. The state |P’) validates the assertion when d is an odd number at least three. So the first assertion
holds. It remains to prove the second assertion when d is a multiple of four. We may assume d = 2’“1‘[1;:117],

where m > 2, k>0, and p; > 3 are prime numbers. The first assertion implies that the maximally entangled
state with every system of dimension p; exists. Let the state be |¢j> on the system A;B,C,D; such that
dim HAJ, = dim HB/_ = dim ch = dim HDj =p; Lemma 1 implies that the maximally entangled state
with every system of dimension 2™ exists. Let the state be |¢) on the system A,B,CyD, such that
dim H, = dim Hy = dim H, = dim Hp = 2™. We combine the corresponding above systems to obtain a
new 4-partite system ABCD, i.e.,

A= AgAyAy, (112)

B = ByB,--B,, (113)

C=ColyCp (114)

D = D,D,--Dy. (115)

Now we construct a new 4-partite pure state |1/;)ABCD via the tensor product of corresponding states as
follows

1) spep = 19) @ [¥1) ® -+ @ |1y). (116)

Since|y) and the|1),)’s are all maximally entangled states, |¢) is the maximally entangled state of system

ABCD
dimension d. Since d is a multiple of four, the second assertion holds. O

The above proof indeed shows an analytical way of constructing the 4-partite maximally entangled states in
designated dimensions. In spite of the above results, we do not have any example of 4-partite maximally entangled
state with dimension equal to the multiple of two and any positive odd number. We conjecture they might not
exist. This is true when the odd number is one?. So the first challenge is to construct a 4-partite maximally entan-
gled state with dimension 6. It easily reminds us of the construction of mutually unbiased basis of dimension 6,
which is a long-standing problem in quantum physics.

Finally as a more independent interest, we construct the connection between maximal entanglement and the
entropy problem recently proposed in'®. The problem asks to construct (or exlcude the existence of) a tripartite
quantum state p,pc such that rankp,z > rankp, - rankpge. The problem turns out to be hard and constructing the
connection might be helpful to finding out its solution.

Lemma 2. Let p,pc be a tripartite state whose bipartite reduced density matrices are all maximally mixed states
%I 4 ® I Then

(1) papc exists and rankp,pc > d.
(ii) The maximally entangled 4-partite pure state exists if and only if there is a p, . such that rankp,p-=d.

Proof. (i) A trivial exampleisp . . = %I a®I;® I Let|y) oo be the purification of p,5¢. Then rankp,z=rank
pep = d* <rankp rankpp,. Since rankp. = d, we have rankp 5 =rankpp, > d.
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(ii) We prove the “if” part. Suppose there is a tripartite state p,pc of rank d, whose bipartite reduced density

. . . 1 . . .
matrices are all maximally mixed states d_ZI 4 ® I Let W)AB - be the purification of p,zc. So W)ABCD c His

maximally entangled. The “only if” part can be similarly proved. This completes the proof. O

Conclusions

We have constructed multipartite graph states with prime-power dimension using the generalized CNOT quan-
tum circuit. We have proven that the graphs states are equivalent to a simple and operational standard form up
to local unitary transformations and particle permutations. We also showed that some graph states are multi-
partite maximally entangled states, and that 4-partite maximally entangled states exist when the dimension is
an odd number at least three or a multiple of four. The next question is to study graph states defined by gener-
alized controlled-phase gates. Another problem is to quantify the entanglement of these graphs states in terms
of multipartite entanglement measures, such as the geometric measure of entanglement and relative entropy of
entanglement. Constructing the potential link between maximal entanglement and the mutually unbiased basis
for dimension six may be a long-term goal of receiving more attention.
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