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This study presents a modification form of modified simple equation method, namely new modified simple 
equation method. Multiple waves and interaction of soliton solutions of the Phi-4 and Klein-Gordon models are 
investigated via the scheme. Consequently, we derive various novels and more general interaction, and multiple 
wave solutions in term of exponential, hyperbolic, and trigonometric, rational function solutions combining with 
some free parameters. Taking special values of the free parameters, interaction of two dark bells, interaction of 
two bright bells, two kinks, two periodic waves, kink and soliton, kink-rogue wave solutions are obtained which 
is the key significance of this method. Properties of the achieved solutions have many useful descriptions of 
physical behavior, correlated to the solutions are attained in this work through plentiful 3D figures, density plot 
and 2D contour plots. The results derived may increase the prospect of performing significant experimentations 
and carry out probable applications.
1. Introduction

Perplexing phenomena customarily turn into the nonlinear differ-

ential equations (NLDEs). Consequently, the study of nonlinear dif-

ferential equations (NLDEs) has sustained to attract much in last few 
years. Many scientific experimental models are employed in nonlin-

ear differential equations (NLDEs) form including nonlinear fibers op-

tics large-amplitude wave motions, fluids, plasma, solid-state physics 
etc. therefore, in the previous several times, many scientists and re-

searchers worked to discover new effective methods [1, 2, 3, 4, 5, 6, 
7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19] for explaining (NLDEs) 
which are significant to elucidate different intricate problem such as 
F-expansion method and exp-expansion method [1], modified (g′/g)-

expansion method [2], improved differential transform method [3], 
modified double sub-equation method [4], extended (g′/g)-expansion 
method [5], generalized (g′/g)-expansion method [6], new generalized 
(g′/g)-expansion method [7], discrete algebraic framework [8], mod-

ified simple equation method [9], hirota differential operator scheme 
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[10], IRM-CG method [11], tanh method [12], tanh and the sine–cosine 
methods [13], hirota bilinear [14, 15, 16], EMSE method [17], general-

ized Riccati equation mapping method [18], nonlinear capacity method 
[19] and so on.

Thereupon, divergent skills have been implemented to find out 
multi-soliton solutions and interact soliton of nonlinear evolution equa-

tions, such as bilinear formalism and various ansatze’s function [20], 
novel transformation method [21], direct rational exponential scheme 
[22] and multi expansion function method [23] etc. To establish the 
interaction and multi-soliton solution via Hirota’s bilinear method, dif-

ferent ansatze functions was used in [24, 25, 26, 27, 28]. In recent, new 
modified simple equation method implemented to investigate multi-

soliton solution form nonlinear evolution equation [29]. Owing to the 
importance of multi-soliton and various interactions of solitons in non-

linearity as well as getting innovative idea of new modified simple 
equation method for deriving solitonic collision, we willing to applied 
it on complex nonlinear models.
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The present paper focuses on the Phi-04 equation which has the 
following form [30, 31]

𝑢𝑡𝑡 − 𝑢𝑥𝑥 +𝑚2𝑢+ 𝜆𝑢3 = 0. (1)

Where 𝑚 and 𝜆 are real valued parameters and 𝑢 is realistic wave func-

tion that raised in nuclear and particle physics over decades. If we 
considered 𝑚2 = 𝛼 then the equation represents the Klein-Gordon equa-

tion in the following form

𝑢𝑡𝑡 − 𝑢𝑥𝑥 + 𝛼𝑢+ 𝛽𝑢3 = 0. (2)

Where 𝛼 and 𝛽 are non-zero constant. Eq. (2) played significant role 
in solid state physics, nonlinear optics and quantum field theory. The 
only difference between Eqs. (1) and (2) is that coefficient of 𝑢 obvi-

ously positive in Eq. (1), but in (2), it can take any value of positive or 
negative.

In this study, the properties of soliton, multi-soliton and interact soli-

ton solution have been existed by implementing new modified simple 
equation [29] for Phi-4 equation. A variety of authoritative approaches 
has been applied to study phi 4. Such as the Phi-4 equation was stud-

ied also in [30] where using modified residual power series method was 
used to obtain analytical solution. Akter and Akbar [31] executed the 
modified simple equation method to construct exact solutions to Phi4 
model. Envelope solitons was established for Phi-4 equation in [32] by 
using sech and tanh functions. Bifurcation and new exact traveling wave 
solutions was executed for time-space fractional Phi-4 equation [33]. 
The Klein-Gordon equation was studied [34] by improved approxima-

tion scheme to bound-state solutions. Analytical solutions were found 
for Klein–Gordon equation with a combined potential in [35]. Bright, 
Dark and rogue wave soliton solution existed from quadratic nonlinear 
Klein–Gordon equation [36].

2. Basic explanation of the method

To describe these essential steps of the new modified simple equa-

tion method, we deliberate a general form of a higher dimensional 
partial differential equation

𝐻[𝑢] =𝐻(𝑓,𝑓𝑥𝑥, 𝑓𝑡, 𝑓𝑥𝑡………), (3)

where 𝑓 = 𝑓 (𝑥, 𝑡) and 𝐻 is a polynomial about 𝑓 and its derivatives.

The NMSE method can be articulated in the following step

Step-01: Suppose that the solution of eq. (3) has the following form

𝑓 =
𝑀∑
𝑟=0

𝑀∑
𝑖+𝑗=𝑟

𝛼𝑖𝛼𝑗

(
�́�1

(
𝜂1
)

�́�1
(
𝜂1
)
)𝑖( ́́𝜑2

(
𝜂2
)

�́�2
(
𝜂2
)
)𝑗

. (4)

Where 𝜂𝑖 = 𝑘𝑖𝑥 −𝜔𝑖𝑡, 𝑖 = 1, 2 and 𝛼𝑖, 𝛼𝑗 where 𝑖, 𝑗 = 0, 1, 2 … . are arbitrary 
constant to be resolute later such that 𝛼𝑁 ≠ 0.

Step-02: To control the positive integer 𝑀 , we usually balance the 
highest-order derivatives and the nonlinear term in eq. (3).

Step-03: Substituting all necessary derivatives of f (𝑥) in eq. (3). Then 
we obtain a polynomial of 𝜑−i

1 , 𝜑−j
2 and 𝜑−i

1 𝜑
−j
2 .

Step-05: Now equating to zero of the co-efficient of same power of 
𝜑−i
1 𝜑

−j
2 and solve them to estimate of the values 𝛼i, 𝛼j, 𝜑1 and 𝜑2. Conse-

quently, the deserved solutions are obtained.

3. Application of new modified simple equation method

In this section, we bring to bear a new form of modified simple 
equation to construct new solitary wave solution for some nonlinear 
model. The main advantage of this method is investigating novel multi-

soliton and interact-soliton solution. The tanh function method, 𝐺′∕𝐺
expansion method, exp-expansion method has predefined solution but 
new MSE method is direct method and has no predefined solution.

We start with phi 4 equation in the form:

𝑢𝑡𝑡 − 𝑢𝑥𝑥 +𝑚2𝑢+ 𝜆𝑢3 = 0, (5)
2

which was derived in the study of the propagation of nuclear and par-

ticle physics over decades. So far, there have been few studies on exact 
solutions of eq. (5), and we intend to construct multi-wave interaction 
solutions for this equation in this section. For eq. (5) the balance be-

tween 𝑢𝑡𝑡 and 𝑢3 is 𝑙 = 1. Following the new MSE method, we assume 
the solution of eq. (5) is

𝑢 = 𝛼0 + 𝛼1

(
𝜑′
1
(
𝜂1
)

𝜑1
(
𝜂1
)
)

+ 𝛼2

(
𝜑′
2
(
𝜂2
)

𝜑2
(
𝜂2
)
)
. (6)

Where 𝜂𝑟 = 𝑘𝑟𝑥 −𝜔𝑟𝑡; 𝑟 = 1, 2.𝑘𝑟, 𝑟 = 1, 2 are the angular speed and 𝜔𝑟, 𝑟 =
1, 2 wave frequencies? The constraints 𝛼𝑖, 𝑖 = 0, 1, 2 are unknown to be 
determined later such that 𝛼𝑙 ≠ 0.

To govern the unknown constraints, we substitute eq. (6) and its 
derivative term in eq. (5). Then equating the co-efficient of all power of 
𝜑1

(
𝜂1
)−𝑖

, 𝜑2
(
𝜂2
)−𝑗

and 𝜑1
(
𝜂1
)−𝑖

𝜑2
(
𝜂2
)−𝑗

zero.

𝜆𝛼30 +m2𝛼0 = 0. (7)

𝛼1
(
𝜔2
1 − k21

)
𝜑′′′
1 +

(
3𝜆𝛼20 +m2)𝜑′

1 = 0. (8)

𝛼2
(
𝜔2
2 − k22

)
𝜑′′′
2 +

(
3𝜆𝛼20 +m2)𝜑′

2 = 0. (9)

𝛼1
(
k21 −𝜔2

1
)
𝜑′′
1𝜑

′
1 + 3𝜆𝛼0𝛼21𝜑

′
1𝜑

′
1 = 0. (10)

𝛼2
(
k22 −𝜔2

2
)
𝜑′′
2𝜑

′
2 + 3𝜆𝛼0𝛼22𝜑

′
2𝜑

′
2 = 0. (11)

𝜆𝛼31 − 2𝛼1k21 + 2𝛼1𝜔2
1 = 0. (12)

𝜆𝛼32 − 2𝛼2k22 + 2𝛼2𝜔2
2 = 0. (13)

3𝜆𝛼2𝛼21𝜑
′
1𝜑

′
1𝜑

′
2 = 0. (14)

3𝜆𝛼1𝛼22𝜑
′
2𝜑

′
2𝜑

′
1 = 0. (15)

6𝜆𝛼1𝛼0𝛼2𝜑′
1𝜑

′
2 = 0. (16)

To estimate the values of all constraints, we solve the eq. (6) and 
eq. (12) to eq. (16).

We get

𝛼0 = 0,+ 𝑚√
−𝜆

,− 𝑚√
−𝜆

, 𝛼1 =

√
2(k21 −𝜔2

1)
𝜆

,−

√
2(k21 −𝜔2

1)
𝜆

,

𝛼2 =

√
2
(
k22 −𝜔2

2
)

𝜆
,−

√
2
(
k22 −𝜔2

2
)

𝜆
.

Case-01: When 𝛼0 = 0 then the remaining eq. (10) and eq. (11) be-

comes,

𝜑′′
1 = 0.

𝜑′′
2 = 0.

From eq. (8) and (9), we can write

𝜑1 = 𝑎0 + 𝑎1𝑒
𝑝𝜂1 + 𝑎2𝑒

−𝑝𝜂1 . (17)

𝜑1 = 𝑏0 + 𝑏1𝑒
𝑞𝜂2 + 𝑏2𝑒

−𝑞𝜂2 . (18)

Making the use eq. (17) and (18) in eq. (6), we get

𝑢 = 𝑝𝛼1
𝑎1𝑒

𝑝𝜂1 + 𝑎2𝑒
−𝑝𝜂1

𝑎0 + 𝑎1𝑒
𝑝𝜂1 + 𝑎2𝑒

−𝑝𝜂1
+ 𝑞𝛼2

𝑏1𝑒
𝑞𝜂2 + 𝑏2𝑒

−𝑞𝜂2

𝑏0 + 𝑏1𝑒
𝑞𝜂2 + 𝑏2𝑒

−𝑞𝜂2
, (19)

where 𝑝 = 𝑚√
k21−𝜔

2
1

, 𝑞 = 𝑚√
k22−𝜔

2
2

, 𝛼1= ±

√
2(k21−𝜔

2
1)

𝜆
, 𝛼2 = ±

√
2(k21−𝜔

2
1)

𝜆
.

If conditions k21 > 𝜔2
1 and k22 > 𝜔2

2 apply to the solution of eq. (19) 
then the solution can express as hyperbolic function.

For 𝑎0 = 𝑎1 = 𝑎2, 𝑏0 = 𝑏1 = 𝑏2 eq. (19) develops

𝑢 =𝑚

√
2
𝜆

2cosh(𝑝𝜂1)
1 + 2cosh(𝑝𝜂1)

+𝑚

√
2
𝜆

2cosh(𝑞𝜂2)
1 + 2cosh(𝑞𝜂2)

, (20)

where 𝑝 = 𝑚√
k2−𝜔2

, 𝑞 = 𝑚√
k2−𝜔2

.
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Fig. 1. Profile of interaction solution of eq. (20) for 𝑘1 = 5.5, 𝑘2 = 2.5, 𝜔1 = 0.5, 𝜔2 = 1.5, 𝑚 = 0.807, 𝜆 = 0707. Where image (a) 3D plot, (b) density plot, (c) contour 
plot for 𝑚 = 0.807 > 0. When 𝑚 = −0.807 < 0 dark type interaction solution is shown in image (d) 3D plot and the corresponding (e) density plot, (f) contour plot.

Fig. 2. Profile of interaction of soliton solution of eq. (21) for 𝑘1 = 10.5, 𝑘2 = 5.5, 𝜔1 = 0.5, 𝜔2 = 1.5, 𝑚 = 1, 𝜆 = 1.3, where image (a) 3D plot, (b) density plot, (c) 
contour plot.
If we consider 𝑎0 = 𝑎1 = −𝑎2, 𝑏0 = 𝑏1 = −𝑏2 then the solution of

eq. (19) converts

𝑢 =𝑚

√
2
𝜆

2 sinh(𝑝𝜂1)
1 + 2sinh(𝑝𝜂1)

+𝑚

√
2
𝜆

2 sinh(𝑞𝜂2)
1 + 2sinh(𝑞𝜂2)

, (21)

where 𝑝 = 𝑚√
k21−𝜔

2
1

, 𝑞 = 𝑚√
k22−𝜔

2
2

.

Now we customary 𝑎0 = 𝑎1 = 𝑎2, 𝑏0 = 𝑏1 = −𝑏2 under some condition 
k21 > 𝜔2

1 and k22 < 𝜔2
2 then the solution of eq. (19) represents trigonomet-

ric function solution below.

𝑢 =𝑚

√
2
𝜆

2cosh(𝑝𝜂1)
2𝑐𝑜𝑠ℎ

(
𝑝𝜂1

)
+ 1

+𝑚

√
2
𝜆

2 sin(𝑞𝜂2)
2 sin

(
𝑞𝜂2

)
− 𝑖

, (22)

where 𝑝 = 𝑚√
k21−𝜔

2
1

, 𝑞 = 𝑚√
𝜔2
2−k

2
2

.

Now we set 𝑎0 = 𝑎1 = −𝑎2, 𝑏0 = 𝑏1 = 𝑏2 under some condition k21 < 𝜔2
1

and k2 > 𝜔2 then the solution of eq. (19) converts.
2 2

3

𝑢 =𝑚

√
2
𝜆

2 sin(𝑝𝜂1)
2 sin

(
𝑝𝜂1

)
− 𝑖

+𝑚

√
2
𝜆

2cos(𝑞𝜂2)
2 cos

(
𝑞𝜂2

)
+ 1

, (23)

where 𝑝 = 𝑚√
2
(
𝜔2
2−k

2
2

) , 𝑞 = 𝑚√
2
(
𝜔2
2−k

2
2

) .

Now we set 𝑎0 = 𝑎1 = −𝑎2, 𝑏0 = 𝑏1 = −𝑏2 under some condition k21 <

𝜔2
1 and k22 < 𝜔2

2 then

𝑢 =𝑚

√
2
𝜆

2 sin(𝑝𝜂1)
2𝑠𝑖𝑛

(
𝑝𝜂1

)
− 𝑖

+𝑚

√
2
𝜆

2 sin(𝑞𝜂2)
2 sin

(
𝑞𝜂2

)
− 𝑖

, (24)

Case-02: When 𝛼0 = + 𝑚√
−𝜆

, 𝛼1= ±

√
2(k21−𝜔

2
1)

𝜆
, 𝛼2 = ±

√
2(k21−𝜔

2
1)

𝜆
then the 

residual eq. (8)–(11) becomes

𝛼1
(
𝜔2
1 − k21

)
𝜑′′′
1 + 4m2𝜑′

1 = 0. (25)

𝛼2
(
𝜔2 − k2

)
𝜑′′′ + 4m2𝜑′ = 0. (26)
2 2 2 2
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Fig. 3. Profile of interaction of lump and periodic wave solution of eq. (22) for 𝑘1 = 𝑘2 = 0.5, 𝜔1 = 0.05, 𝜔2 = 2.5, 𝑚 = 0.33, 𝜆 = 1.32, where, 𝑚 = 0.33 > 0, we get the 
dark type interaction shown in image (a) 3D plot, (b) density plot, (c) contour plot. For 𝑚 = −0.33 < 0, bright type interaction exists in image (d) 3D plot, (e) density 
plot, (f) contour plot.
3𝛼1
(
k21 −𝜔2

1
)
𝜑′′
1𝜑

′
1 + 3𝑚

√
−𝜆𝛼21𝜑

′
1𝜑

′
1 = 0. (27)

3𝛼2
(
k22 −𝜔2

2
)
𝜑′′
2𝜑

′
2 + 3𝑚

√
−𝜆𝛼22𝜑

′
2𝜑

′
2 = 0 (28)

From eq. (27) and (28), we get

𝜑′
1 = −

(
k21 −𝜔2

1
)
𝜑′′
1

𝛼1𝑚
√
−𝜆

. (29)

𝜑′
2 = −

(
k22 −𝜔2

2
)
𝜑′′
2

𝛼2𝑚
√
−𝜆

. (30)

Now insert eq. (29) in eq. (25) and eq. (30) in eq. (26) then we 
obtain,

𝜑′′
1 = 𝑎3𝑒

𝑟𝜂1 . (31)

𝜑′′
2 = 𝑏3𝑒

𝑙𝜂2 , (32)

where 𝑎3, 𝑏3 are free parameters.

Now insert eq. (31) in eq. (29) and eq. (32) in eq. (30) then we 
obtain,

𝜑1 = 𝑎4 −

(
k21 −𝜔2

1
)
𝑎3𝑒

𝑟𝜂1

r𝛼1𝑚
√
−𝜆

. (33)

𝜑2 = 𝑏4 −

(
k22 −𝜔2

2
)
𝑏3𝑒

𝑙𝜂1

r𝛼2𝑚
√
−𝜆

, (34)

where 𝑎3, 𝑎4, 𝑏3, 𝑏4 are free parameters.

To obtain the require solution of eq. (5), we insert the above values 
in eq. (6)
4

𝑢 = 𝑚√
−𝜆

+

(
𝜔2
1 − k21

)
m
√
−𝜆

𝑎3𝑒
𝑟𝜂1

𝑎4 +
𝑎3

(
𝜔2
1−k

2
1

)
2m2 𝑒𝑟𝜂1

+

(
𝜔2
2 − k22

)
m
√
−𝜆

𝑏3𝑒
𝑙𝜂2

𝑏4 +
𝑏3
(
𝜔2
2−k

2
2

)
2m2 𝑒𝑙𝜂2

,

(35)

where 𝑟 = 2𝑚√
2
(
𝜔2
1−k

2
1

) , 𝑙 = 2𝑚√
2
(
𝜔2
2−k

2
2

) .

For 𝛼1= ±

√
2(k21−𝜔

2
1)

𝜆
, 𝛼2 = ±

√
2(k21−𝜔

2
1)

𝜆
.

If we set 𝑎5 = 𝑏5 = 1, 𝑎3 =
2𝑚2(

𝜔2
1−k

2
1

) , 𝑏3 =
2𝑚2(

𝜔2
2−k

2
2

) . Then we obtain,

𝑢 = 𝑚√
−𝜆

+ 𝑚√
−𝜆

sech
( 𝑔𝜂1

2

)
𝑒
𝑔𝜂1
2 + 𝑚√

−𝜆
sech

(
ℎ𝜂2
2

)
𝑒
ℎ𝜂2
2 . (36)

If we set 𝑎5 = 𝑏5 = −1, 𝑎4 =
−2𝑚2(
𝜔2
1−k

2
1

) , 𝑏4 =
−2𝑚2(
𝜔2
2−k

2
2

) , then we obtain,

𝑢 = 𝑚√
−𝜆

− 𝑚√
−𝜆

cosech
( 𝑔𝜂1

2

)
𝑒
−𝑔𝜂1
2 − 𝑚√

−𝜆
cosech

(
ℎ𝜂2
2

)
𝑒
−ℎ𝜂2
2 . (37)

Case-03: when 𝛼0 = − 𝑚√
−𝜆

, 𝛼1= ±

√
2(k21−𝜔

2
1)

𝜆
, 𝛼2 = ±

√
2(k21−𝜔

2
1)

𝜆
then the 

residual eq. (8)–(11) becomes,

𝛼1
(
𝜔2
1 − k21

)
𝜑′′′
1 + 4m2𝜑′

1 = 0. (38)

𝛼2
(
𝜔2
2 − k22

)
𝜑′′′
2 + 4m2𝜑′

2 = 0. (39)

3𝛼1
(
k21 −𝜔2

1
)
𝜑′′
1𝜑

′
1 + 3𝑚

√
−𝜆𝛼21𝜑

′
1𝜑

′
1 = 0. (40)

3𝛼2
(
k2 −𝜔2)𝜑′′𝜑′ + 3𝑚

√
−𝜆𝛼2𝜑′𝜑′ = 0. (41)
2 2 2 2 2 2 2
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Fig. 4. Profile of periodic solution of eq. (24) for 𝑘1 = 1, 𝑘2 = 0.5, 𝜔1 = 𝜔2 = 1.5, 𝑚 = 0.5, 𝜆 = −1 in image (a) 3D plot, (b) density plot, (c) contour plot. For 𝑘1 = 𝑘2 = 1.5, 
𝜔1 = 𝜔2 = 2.5, 𝑚 = 1, 𝜆 = 0.707 another periodic soliton obtained in graph (d) 3D plot, (e) density plot.
From eq. (40) and (41), we get

𝜑′
1 =

(
k21 −𝜔2

1
)
𝜑′′
1

𝑚

√
2
(
𝜔2
1 − k21

) . (42)

𝜑′
2 =

(
k22 −𝜔2

2
)
𝜑′′
2

𝑚

√
2
(
𝜔2
2 − k22

) . (43)

Now insert eq. (42) in eq. (38) and eq. (43) in eq. (39) then we 
obtain,

𝜑′′
1 = 𝑎4𝑒

𝑔𝜂1 . (44)

𝜑′′
2 = 𝑏4𝑒

ℎ𝜂2 , (45)

where 𝑔 = −2𝑚√
2
(
𝜔2
1−k

2
1

) and ℎ = −2𝑚√
2
(
𝜔2
2−k

2
2

) .

Now insert eq. (44) in eq. (42) and eq. (45) in eq. (43), then we 
obtain,

𝜑1 = 𝑎5 +
𝑎4

(
𝜔2
1 − k21

)
2𝑚2 𝑒𝑔𝜂1 . (46)

𝜑2 = 𝑏5 +
𝑏4

(
𝜔2
2 − k22

)
2𝑚2 𝑒𝑙ℎ, (47)

where 𝑎4, 𝑎5, 𝑏4, 𝑏5 are free parameters.

To obtain the require solution of eq. (5), we insert the Eqs. (42), 
(43), (46), (47) in eq. (6)

𝑢 =− 𝑚√
−𝜆

−
𝑎4

(
𝜔2
1 − k21

)
𝑚
√
−𝜆

𝑒𝑔𝜂1

𝑎 +
𝑎4

(
𝜔2
1−k

2
1

)
𝑒𝑔𝜂1 .
5 2𝑚2

5

−
𝑏4

(
𝜔2
2 − k22

)
𝑚
√
−𝜆

𝑒ℎ𝜂2

𝑏5 +
𝑏4
(
𝜔2
2−k

2
2

)
2𝑚2 𝑒ℎ𝜂2 .

. (48)

If we set 𝑎5 = 𝑏5 = 1, 𝑎4 =
2𝑚2(

𝜔2
1−k

2
1

) , 𝑏4 =
2𝑚2(

𝜔2
2−k

2
2

) . Then we obtain,

𝑢 = − 𝑚√
−𝜆

− 𝑚√
−𝜆

sech
( 𝑔𝜂1

2

)
𝑒
𝑔𝜂1
2 − 𝑚√

−𝜆
sech

(
ℎ𝜂2
2

)
𝑒
ℎ𝜂2
2 . (49)

If we set 𝑎5 = 𝑏5 = −1, 𝑎4 =
−2𝑚2(
𝜔2
1−k

2
1

) , 𝑏4 =
−2𝑚2(
𝜔2
2−k

2
2

) . Then we obtain,

𝑢 = − 𝑚√
−𝜆

+ 𝑚√
−𝜆

cosech
( 𝑔𝜂1

2

)
𝑒
−𝑔𝜂1
2 + 𝑚√

−𝜆
cosech

(
ℎ𝜂2
2

)
𝑒
−ℎ𝜂2
2 . (50)

4. Influence of new modified simple equation method on phi-04 
equation

In this segment, we will discuss the influence of NMSE technique 
to construct multi-soliton and different type of interaction solutions to 
phi-4 model. By investigating this method, it is possible to obtain the 
dynamical behavior and characters of multi-soliton and interaction so-

lutions. If we substituting 𝑚2 = 𝛼 them we get same type solution for 
Klein-Gordon equation.

If conditions k21 > 𝜔2
1 and k22 > 𝜔2

2 apply to the solution of eq. (19) 
then the solution can express as hyperbolic function in eq. (20) and 
eq. (21). From these solutions the interaction soliton solution estab-

lished in Fig. 1(a-f) and 2(a-c) for the values of parameters 𝑘1 = 5.5, 
𝑘2 = 2.5, 𝜔1 = 0.5, 𝜔2 = 1.5, 𝜆 = 0707.

Now we insert 𝑎0 = 𝑎1 = 𝑎2, 𝑏0 = 𝑏1 = −𝑏2 under some condition 
k21 > 𝜔2

1 and k22 < 𝜔2
2 and insert 𝑎0 = 𝑎1 = −𝑎2, 𝑏0 = 𝑏1 = 𝑏2 under some 

condition k2 < 𝜔2 and k2 > 𝜔2 then the solution of eq. (19) represents 
1 1 2 2
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Fig. 5. Profile of multi-soliton solution of eq. (36) for 𝑘1 = 𝑘2 = 1.5, 𝜔1 = 0.5, 𝜔2 = 1.5, 𝑚 = 0.33, 𝜆 = 1.32, where 𝛼1 and 𝛼2 be positive then we get the complexions 
(double kink) multi-soliton solution shown in image (a) 3D plot, (b) density plot, (c) contour plot, and 𝛼1 and 𝛼2 be negative then we get the complexions (double 
anti-kink) multi-soliton solution shown in image (d) 3D plot, (e) density plot, (f) contour plot. For 𝜔1 = −0.6 < 0, the complexions (double kink) multi-soliton solution 
exists in image (j) 3D plot, (k) density plot, (l) contour plot. If we set 𝜔2 = −10 < 0, then the profile represents the complexions (double anti-kink) multi-soliton 
solution shown in image (j) 3D plot, (h) density plot, (i) contour plot.
6
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Fig. 6. The profile represents interaction of kink and soliton solution of the eq. (37) for 𝑘1 = 𝑘2 = 0.5, 𝜔1 = 0.6, 𝜔2 = 10, 𝑚 = 0.807, 𝜆 = −0707. Here (a) 3D plot, (b) 
density plot and (c) contour plot.

Fig. 7. The solution of eq. (49) for the parameters 𝑘1 = 𝑘2 = 0.5, 𝜔1 = 0.6, 𝜔2 = 6, 𝑚 = 0.8, 𝜆 = −0.707. Here (a) 3D plot, (b) density plot and (c) contour plot.

Fig. 8. The solution of eq. (49) for the parameters 𝑘1 = 𝑘2 = 0.5, 𝜔1 = 0.6, 𝜔2 = −6, 𝑚 = 0.8, 𝜆 = −0.707. Here (a) 3D plot, (b) density plot and (c) contour plot.
a combination of hyperbolic and trigonometric function solution in 
eq. (22) and eq. (23) respectively. From the solution of eq. (22) and 
eq. (23) the interaction of double periodic and lump solution found in 
Fig. 3(a-f).

Now we customary 𝑎0 = 𝑎1 = −𝑎2, 𝑏0 = 𝑏1 = −𝑏2 under some condi-

tion k21 < 𝜔2
1 and k22 < 𝜔2

2 then the eq. (19) converts into trigonometry 
function solution in eq. (24). From the solution of eq. (22) periodic so-

lution obtained in Fig. 4(a-e).
7

If inserting 𝑎5 = 𝑏5 = 1, 𝑎3 =
2𝑚2(

𝜔2
1−k

2
1

) , 𝑏3 =
2𝑚2(

𝜔2
2−k

2
2

) or 𝑎5 = 𝑏5 = −1, 

𝑎4 =
−2𝑚2(
𝜔2
1−k

2
1

) , 𝑏4 =
−2𝑚2(
𝜔2
2−k

2
2

) in eq. (35) then the hyperbolic function so-

lutions are instigated in eq. (36) and eq. (37) respectively. From the 
solution of eq. (36) multi soliton solutions are reconfiguring in Fig. 5(a-

l). From the solution of eq. (37) the interaction soliton solutions are 
reconfiguring in Fig. 6(a-c).
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Fig. 9. The solution of eq. (50) for the parameters 𝑘1 = 𝑘2 = 0.5, 𝜔1 = 0.6, 𝜔2 = 6, 𝑚 = 0.8, 𝜆 = −0.707. Here (a) 3D plot, (b) density plot and (c) contour plot.
If we set 𝑎5 = 𝑏5 = ±1, 𝑎4 =
±2𝑚2(
𝜔2
1−k

2
1

) , 𝑏4 =
±2𝑚2(
𝜔2
2−k

2
2

) in eq. (48) then 

the hyperbolic function solutions are instigated in eq. (49) and eq. (50) 
respectively. From the solution of eq. (49) multi soliton solutions are 
reconfiguring in Fig. 7(a-c) and 8(a-c). From the solution of eq. (37) the 
interaction soliton solutions are reconfiguring in Fig. 9(a-c).

5. Conclusions

A new modified simple equation method was introduced and im-

plemented to two nonlinear model Phi-4 and Klein-Gordon equations 
in this work. As a result, we erected multi-soliton solution, complex-

ion solution, interaction of soliton and solitary solution of the phi-4 
models. We have presented interaction of two dark bells, interaction of 
two bright bells, two kinks, double periodic waves, interaction kink and 
soliton, kink-rogue wave solutions of the nonlinear models. Our treat-

ment shows that the new form of modified simple equation method 
provided weighty features for the ascertainment of multiple-soliton so-

lutions and different type interactions solutions which will be effective 
for a wide classis of complex nonlinear models. This study had also 
shown the revel power of new modified simple equation method on 
nonlinear models. It remains a vital point for us to establish the ob-

tained result in nuclear and particle physics over decades. In further, we 
expose the stimulating observation about the multiple-soliton solution 
and interaction solution in different fields of mathematical engineering.
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