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Abstract

We apply topological data analysis, specifically the Mapper algorithm, to the U.S. COVID-19
data. The resulting Mapper graphs provide visualizations of the pandemic that are more
complete than those supplied by other, more standard methods. They allow for easy com-
parisons of the features of the pandemic across time and space and encode a variety of
geometric features of the data cloud created from geographic information, time progression,
and the number of COVID-19 cases. The Mapper graphs reflect the development of the pan-
demic across all of the U.S. and capture the growth rates as well as the regional prominence
of hot-spots.

Introduction

Topological data analysis (TDA) is a method for understanding data clouds that attempts to
gain insight into the data by treating it as a geometric object and extracting information based
on its “shape”. There are several TDA instruments available, and the one we use in this paper
is called the Mapper algorithm. Introduced by Singh, Mémoli, and Carlsson [1], Mapper is a
way to simplify data while preserving many of its topological features. The idea is to project
complicated data in a way that makes the projection tractable, then use topology to cover the
projection with certain sets, and then look at the preimages of those sets under the projection
map. This information is then used to construct a graph that retains many of the topological
information about the original data set such as clustering, connectedness, 1-dimensional holes,
etc. This graph lends itself more readily to analysis than the original data set, but is still compli-
cated enough to provide more insight than some other dimension-reduction and clustering
techniques such as principal component analysis. Mapper has been used in a variety of situa-
tions such as breast cancer data [2], image processing [3], and patent development [4]. (Map-
per was even used to analyze NBA player characteristics; see for example https://www.wired.
com/2012/04/analytics-basketball/.) For overviews on Mapper and TDA more generally, see
(5, 6].

In this paper, we apply the Mapper algorithm to the United States COVID-19 data. We con-
sider the 4-dimensional data cloud consisting of the longitudes and latitudes of the U.S. coun-
ties and territories, number of days elapsed in the pandemic (starting on January 22, 2020),
and the number of cumulative COVID-19 cases recorded by that day in each county.
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The resulting Mapper graphs are rich in information and more complete than other more
standard methods of visualization. They reflect important aspects about the development and
spread of the COVID-19 pandemic across the U.S. and capture dramatic growth rates, trends,
and regional prominence of hot-spots. In particular, compared with traditional ways of data
visualization that similarly provide real-time monitoring of the spread of COVID-19 across
the U.S. (e.g. Johns Hopkins University’s COVID-19 dashboard), Mapper visualization has the
following advantages:

o It captures the entire developmental process of the outbreak in the U.S., including the emer-
gence of hot-spots across time. Instead of displaying a plain snapshot of all the COVID-19
cases in the U.S. at certain point in time or a time series data for a single location, a Mapper
representation captures the evolution of the spread in the entire country.

 The Mapper graph makes it easy to compare data across time and space. A certain U.S.
county’s position in the graph is in part determined relative to the surrounding counties so,
when irregular patterns appear in the visualization, it is because the data it represents has
some volatility in comparison with its neighboring counties. This makes it easier to spot
regional hot-spots while retaining an overarching view of the United States.

Due to its relatively recent emergence, topological data analysis has not yet been applied
extensively to epidemiology. This is in particular true for the study of COVID-19, even though
research on this virus has understandably proliferated over the last year (see [7] on the stagger-
ing rates of the output of research on COVID-19 up to March 2021).

The Mapper graph, as one of the main tools in the TDA family, is primarily a data visualiza-
tion aid. The importance of the visualization of the various aspects of the coronavirus pan-
demic cannot be understated, and has taken center stage both in the communication of the
pandemic to the public as well as in academic research. Starting with publicly available data-
bases, or dashboards, like the one developed by Johns Hopkins University or the World Health
Organization, various news outlets such as the New York Times [8] and the Washington Post
[9] quickly incorporated graphical representations of the data using a variety of graphs and
charts. For example, one popular visualization that is used extensively by the media is bubble
maps where the size of the bubble indicates some measurement, such as the number of cases.
The New York Times, for example, also uses chloropleth maps where colors are associated to
regions of geographic locations to indicate some measurement for that region, like the number
of cases. Time series evolution might be displayed using a line heatmap where each time inter-
val (usually a day) is represented by a line segment and assigned a color that again signifies
some measurement. The line segments are then aligned in a row as a representation of the pas-
sage of time. Some visualization are also interactive, allowing users to, say, hover over points
or bars. For an overview of the various visualization techniques used in the communication of
the pandemic to a broad audience, see [10, 11]. The expansion of the pandemic visualizations
has even prompted an academic discussion about their merits and best practices [12-14].

Each of the visualizations mentioned above presents challenges in terms of missing some
important aspect of the COVID-19 data. Attempting to incorporate geography and time at the
same time creates an unmanageable or incomprehensible visualization, and situation is further
complicated if additional information, like socio-economic variables, are included in the data.
Researchers have thus in the last year or so attempted to develop various more sophisticated
COVID-19 visualization methods. Some of them combine and merge existing visualizations
[10, 11], while others [15] include data beyond just the case numbers (such as gender, age
group, symptoms, clinical outcomes, exposure) and employ big data mining and analytics
tools. New visualization techniques have also been developed, such as [16], which is based on
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spread index and extinction index, quantities defined specifically with COVID-19 in mind and
plotted in graphs together with the number of new COVID-19 cases. Visualizations such as
barplots, boxplots, and word clouds have also helped in understanding incubation times and
fatality rates [17]. Visualized transmissions, using network graphs, have also been useful in
tracing the transmission sources and contacts [18]. Neural network models and machine
learning tools like support vector regression have been used to visualize the pandemic trends
and extract comparative information between countries [19]. Country-specific visualizations
have also been employed around the world; [20-23] are just a few examples. All these analyses
are based on visualizing the number of cases in some location over time or a snapshot of the
pandemic in a wider geographic area at a particular time instance.

In recent months, the wealth of data that has been accumulated over the course of the pan-
demic has allowed for more complete comparative visualizations across geographic locations,
number of infections, number of deaths, etc. [24-26]. These visualizations, some of which are
interactive, are mostly overlays of graphs of the number of cases or deaths by country (for
many countries), continent, or UN region, plotted over a long period of time. A correlation
analysis of those parameters is sometimes performed as well.

The methods used in the articles referenced above differ greatly from the ones used here.
They use statistical techniques, while our Mapper algorithm is based solely in the geometry
and the topology of the data. Topological data analysis, and the Mapper algorithm in particu-
lar, are not based in nor do they use any of the standard and non-standard methods arising
from statistical consideration. Because of its entire new point of view, topological data analysis
has enjoyed great success, as briefly mentioned above. The idea that this methodology could
also be useful in the study of viral evolution was put forth in [27]. The paper [28] provides a
general framework for using TDA to study contagion across networks. Applications to partic-
ular diseases can be found in [29], which studies the spread of influenza, and [30], which does
the same for Zika. All of the above papers use the persistent homology arm of TDA. The Map-
per algorithm does not appear to have been used in the context of epidemiology yet, except in
[31], which uses the Ball Mapper to examine economic and COVID-19 case data in England;
this also seems to be the only article that studies the coronavirus pandemic through TDA to
date. The analysis in [31] is concerned with understanding how various socio-economic fac-
tors correlate to COVID-19 incidence, so the authors use six economic parameters, in addition
to the number of COVID-19 cases, to generate the Mapper graphs. The time interval used is
about a month in length so this short period does not capture the dynamic of the spread of the
pandemic (which is not what the authors set out to do anyway). Our work differs in that we do
not consider economic data but use a longer time interval to understand and visualize the
spread of the pandemic over a larger geographic region (the U.S.).

Organization of the paper

In Section The Mapper algorithm, we give background on the Mapper algorithm, trying to
keep the technical aspects to the minimum for clarity and readability. Sections COVID-19
data and Application of the Mapper algorithm to the COVID-19 data explain how we apply
the Mapper algorithm to the U.S. COVID-19 data.

Section Results contains the analysis of the various Mapper images we obtain. We discuss
the meaning of connected components in Section Components and explain how each of the
coordinates—time, geography, and the number of cases—influence the connectedness of the
graph. We turn to the other most prominent feature of the Mapper, its branches, in Section
Branches, and discuss how these structures indicate the appearance and development of
COVID-19 hot-spots. Finally in Section Evolution of Mapper graphs, we take a look at the
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evolution of the Mapper with respect to time and examine how the succession of graphs pro-
vides useful information about the development of the pandemic across time and space.

In Section Conclusions and future work, we make some remarks about the many ways in
which the work in this paper could be extended and generalized. For example, the Mapper
could be overlaid with dates of stay-at-home orders so that the effectiveness and timeliness of
such directives could be assessed. Socio-economic factors could also be read into the Mapper
so that the COVID-19 spread could be correlated with such data. In addition, our analysis can
be replicated for any region in the world, and, for some of them, travel restrictions between
countries and border closings could also be incorporated into the data to gauge their efficacy.
In addition, the branches that indicate hot-spots could be given more rigorous graph-theoretic
structure. Finally, another TDA tool called persistent homology could be employed and used in
conjunction with Mapper to gain an even deeper understanding of the spread of the COVID-
19 pandemic.

Methods
The Mapper algorithm

Given a potentially high-dimensional data set X (each data point is possibly a vector in some
high-dimensional Euclidean space), Mapper replaces it by a graph consisting of nodes and
edges that retain information about some of the original geometric features of the data (more
generally, Mapper creates a higher-dimensional version of a graph called a simplicial complex,
but we will stick to graphs in this paper). Not only are various important features such as com-
ponents and holes preserved, but Mapper’s visual representation of the data can often reveal
new structures and insights like flares or branches that other, more traditional statistical meth-
ods, cannot.

To implement Mapper:

1. Use some projection function (also called filter or lens) f: X — R* to map the dataset into
some Euclidean space R*.
2. Cover f(X), the image of the dataset in R, by a collection of overlapping open sets
U={Ul}c
Here I is some finite indexing set. Sets U; are also sometimes called bins.

3. Apply some clustering algorithm to each preimage f'(U,) (preimages are also called fibers).
This produces i; clusters C, , C, , .. ., C, in the ith preimage.
4. Create a graph whose vertices or nodes consist of the set of all clusters

{C,.Cyp-. Cpy 1< <II}.

An (unoriented) edge between nodes C; and C, is added if and only if
C.NGC, #0.

This collection of nodes and edges is the Mapper graph, denoted by M(X, U, f). (If one
were to create the more complicated simplicial complex that carries even more information
than the Mapper graph, then one would also look at all n-fold intersections for # > 1 to deter-
mine the n-simplices of the complex.)
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Fig 1. An illustration of the Mapper algorithm. Image Source: Escolar, Hiraoka, Igami, Ozcan [4].
https://doi.org/10.1371/journal.pone.0255584.9001

Fig 1 illustrates this procedure on a simple dataset X that lives in R?, with the projection
function f: X — R mapping to the real line by forgetting the first coordinate.

The projection function depends on the context and on the aspect of the data that is deemed
most relevant. It could simply forget coordinates, but most useful projections are statistically
more meaningful, such as the kernel density estimator, distance to measure, or graph Lapla-
cian. In the applications of Mapper to the study of cancer, for example, a Healthy State Model
which decomposes tumor cells into the “disease” and “healthy” components is used to project
to the disease part [2]. The domain of the projection is often R, i.e. the projection simply
assigns a real number to each data vector.

The image f(X) is usually covered by hypercubes (products of intervals), but open covers of
any shape are a priori allowed. The number and the amount of overlap of the open sets deter-
mines many features of the graph, including the number of its connected components.

Graphs produced with a larger number of overlapping intervals will have more nodes. A
larger degree of overlap also means more connectivity and hence increases the total number of
edges in the graph. A change in the size of the data is one of the most important reasons for
tuning the parameters. Usually, larger datasets need more overlapping intervals to reflect the
complexity of the data. Accordingly, the degree of overlap can be lowered to control the num-
ber of edges in the graph. Typically, these parameters are fine-tuned until the graph that is pro-
duced papers to capture some interesting features of the dataset.

The task of a clustering algorithm is to determine which subsets of data points in each pre-
image appear to be closer to each other than to others. This is essentially the discrete version of
identifying the connected components of a topological space. Clustering can be done by select-
ing an appropriate metric or distance function (Euclidean, correlation, etc.) on the data and
using it to decide the “closeness” via a procedure such as single-linkage hierarchical clustering.
In fact, there is no need for the distance function to satisfy the triangle inequality, so techni-
cally only a semimetric is required. Clustering can also be done in the image f{X), but some
information loss due to projection is possible.

The size of the nodes can also be regulated and it corresponds to the number of data points
in that cluster. Nodes can also be colored according to some chosen characteristics of the data.
For example, in the applications of Mapper to breast cancer data [2], the nodes are colored
according to survival rates.
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The Mapper graph can be regarded up to graph isomorphism. In particular, the placement
of the nodes in its two-dimensional representation is immaterial, as is the length of the edges.

Note that there are many choices that are left to the user—the projection function, the num-
ber of open sets in the cover of f{X) and the amount of their overlap, and the clustering algo-
rithm. This ad hoc nature of the algorithm is in many ways its advantage because it allows for
great generality and flexibility in the types of data that can be treated and the questions that
can be asked about it.

Mapper is an unsupervised data analysis method, but is more subtle than other ones such as
principal component analysis. It performs dimensionality reduction and clustering while pre-
serving the shape of data. This is possible because Mapper clusters locally but then extrapolates
back to global data via the edges. The graph is often a lot easier to interpret than other visuali-
zations like scatterplots and it effectively captures many facets of the original, high-dimen-
sional data.

There are various free technical implementations of the Mapper algorithm, such as Python
Mapper [32], TDAmapper (R package) [33], and Kepler Mapper (which we use in this paper)
[34].

COVID-19 data

The data we use in this study comes from the COVID-19 Data Repository by the Center for
Systems Science and Engineering (CSSE) at Johns Hopkins University. (There are unclassified
data labeled as “Out of state” or “Unassigned” in the original data set provided by CSSE. In
order to preserve the coherency and usefulness of our analysis, we do not incorporate such
data into our point cloud.) Specifically, we use a collection of time series data on the number
of confirmed COVID-19 cases reported by 3155 U.S. counties (and territories) starting on 1/
22/20. The end date for most of our analysis will be 6/19/20, but some of it will go up to 7/24/
20 (see Figs 9 and 10 in particular). Each data point encodes information on the geographic
location of a certain U.S. county, a date, and the number of cumulative confirmed COVID-19
cases reported in that county on that date.

More precisely, suppose a U.S. county is located at latitude x and longitude y. Here x is posi-
tive when it represents a northern latitude and negative when it represents a southern one (e.g.
American Samoa). Similarly y is positive if it is an eastern longitude (e.g. Guam) and negative
otherwise.

Let the coordinate w encode the date information as relative to the first date in our time
series, namely 1/22/20, which is itself given value 0. Lastly, let z be the number of cumulative
confirmed COVID-19 cases in that county on date w. Then our cloud consists of data points

p = (x,y,2z,w) = (latitude, longitude, cumulative confirmed cases, day).
For example, King County in Washington state is located at roughly 47°N, 122° W and

reported 7472 cumulative confirmed COVID-19 cases on 5/17/20. In our original point cloud,
this data point is thus encoded as

(47.49137892, —121.8346131,7472,117).

The entire data cloud up to 5/17/20 will then contain
(number of counties) - (number of days) = 3155117 = 369, 135
vectors of length 4, i.e. elements of R*.

Normalization. Since the four coordinates of our data vector use varying systems of mea-
surement, which cause their numerical values to have different orders of magnitude, modeling
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them directly into a 4-dimensional Euclidean space to serve as the basis for Mapper clustering
means that the four coordinates will take on disproportionate weights in determining the
shape of the Mapper graph. More specifically, coordinates that have relatively small numerical
values, such as the time coordinate, will barely be evident in the Mapper graph. We hence need
to offset the distortion effect induced by the numerical discrepancies in the coordinates of our
data point. We achieve this by separately scaling each coordinate of the input row vectors to
column-wise unit norm. This means that if we square a chosen coordinate of all the scaled vec-
tors and then sum them within its feature, the total would be 1.

From now on, we will be working with this normalized point cloud. Note that, as the time
interval is modified (by changing the end date), the values of the coordinates of the vectors
change under the normalization as well, i.e. the same vector might be normalized to different
values after the time frame is extended to a later date.

Application of the Mapper algorithm to the COVID-19 data

Recall the general description of the Mapper algorithm from Section The Mapper algorithm.
To construct a Mapper graph for our point cloud X, we use the Python implementation of the
Mapper, KeplerMapper by Van Veen and Saul [34], along with the following specifications:

1. The projection function is the identity map, namely f: X — R" simply sends a vector to
itself. That is, since our data is not high-dimensional nor are we after any particular statisti-
cal features of the data cloud, there is no need to project it.

2. To cover the data (equivalently, the image of f), we use the standard Euclidean metric in R
and the default KeplerMapper cover procedure with Euclidean 4-dimensional cubes and
the parameter # = 10. This means that the projections of the data cloud onto each of the
axes in R" is covered by 10 overlapping intervals, and then each cube is formed as the carte-
sian product of those intervals. The degree of the overlap will be 6 = 8%. These values are
chosen because empirically they appear to give the most informative Mapper graphs. These
parameters will be modified slightly for some of the pictures in Section Evolution of Map-
per graphs.

3. For the clustering algorithm, we use the default DBSCAN clustering offered by KeplerMap-
per. The advantage of DBSCAN is that it identifies clusters of any shape (unlike other meth-
ods which only look for convex clusters). See scikit-learn.org/stable/modules/generated/
sklearn.cluster. DBSCAN.html for more on DBSCAN.

The colors in our Mapper graphs do not have any mathematical meaning. The nodes are
colored according to how the data is ordered, and this is done based on the geographic infor-
mation, so that nearby counties are colored similarly. We can thus use the colors to add coher-
ency among graphs and to help distinguish geographic locations.

A representative Mapper visualization of our data can be found in Fig 2. This is a visualiza-
tion of the COVID-19 data from all 3155 U.S. counties and territories as of 6/19/20.

Figs 3 and 4 show partial content of two representative nodes. The first node contains
25,824 data points. The geographic diversity of the counties in this node is evident from the
number of bars of different colors in the top left. In contrast, the second node only has 31 data
points, all of which come from New York State. Additionally, the size of each node is also
indicative of the number of data points it contains.

Filtering. As mentioned in Section Normalization, each of the four vectors consisting of a
particular coordinate of each data point is scaled to unit norm. The resulting normalization for
a data point is determined by the relative numerical significance of each coordinate within
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Fig 2. COVID-19 cases reported in the U.S. as of 6/19/20. (n = 10, 6 = 8%).
https:/doi.org/10.1371/journal.pone.0255584.9002
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Fig 3. Breakdown of the data inside the node circled in red. Only the beginning of the list of the 25,824 data points
in this node is shown.

https://doi.org/10.1371/journal.pone.0255584.9003
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Fig 4. Breakdown of the data inside the node circled in red. The node contains 31 data points, all of which come
from New York State.

https://doi.org/10.1371/journal.pone.0255584.9004

their own coordinate peers. This normalization is hence substantially affected by outliers in
the data set, which can obscure a significant amount of data that would otherwise be numeri-
cally distinguishable. For example, looking at Fig 2, all counties in New York State, Los Angeles
County in California and Cook County in Illinois have disproportionately large numbers of
cumulative COVID-19 cases. They significantly increase the range of the data and are thus
given more weight on the normalization process. As a result, their presence in the point cloud
reduces the numerical significance of other data points and makes them rather indistinguish-
able in the Mapper graph.

To solve this issue, we filter our data set to produce different graphs either with or without
these outliers. In the rest of the paper, we refer to data sets that include the aforementioned
outlier counties as “unfiltered” and the ones without as “filtered”. For instance Fig 2, makes it
visually obvious that New York, Cook and Los Angeles “stand out” in the form of branches in
comparison with rest of the data that congregate in the main trunk. On the other hand Fig 5,
provides the Mapper graph representing the same data set, but filtered to exclude data from
Los Angeles, Cook, IL and the entire New York state. It is evident from this graph that more
branches emerge as a result of filtering. This provides more helpful information on places that
are not top-ranked in terms of total COVID-19 cases but still display worrisome trends or
regional significance, such as King, WA and Maricopa, AZ.

The rest of the paper works with both unfiltered and, for the most part, filtered data sets.
We mostly use the former for New York-related analysis and the latter for other prominent U.
S. COVID-19 clusters like the Maricopa County in Arizona.

For the filtered and unfiltered graphs that contain more recent dates (up to 7/24/20), see
Figs 9 and 10.
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Los Angeles County, CA and Cook County, IL. (n = 10, § = 8%).

https://doi.org/10.1371/journal.pone.0255584.9005

Results

In this section, we introduce several significant topological features that could be observed
from the Mapper graph, including components and branches, and illustrate what could be
inferred from the presence and structure of these features.

Components

It is clear from Fig 2 that the original point cloud clusters into several disjoint components
under the Mapper algorithm. Most of the data lives in the main “trunk,” but there are also sev-
eral smaller isolated components. These disjoint components are formed either by a single iso-
lated node or by a group of nodes connected by edges. Recall that an edge is created between
two nodes when there is a data point living in both, and that a node is formed by covering the
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projections of the point cloud to each axis in R* with overlapping, equal-length intervals and
then clustering the data points within each 4-dimensional cube determined by these intervals.
Connected clusters of nodes are thus formed when the data in each node displays close similar-
ity or proximity, and disjoint components emerge when they are numerically dissimilar, so
that the data points are “far away,” i.e. there are gaps between the projections of data points
into any of the four dimensions, resulting in empty overlaps between covers. Significant varia-
tions in any of the four coordinates among data points therefore break the nodes or clusters of
nodes into disjoint components.

Because the projection of the point cloud is linear along the time dimension before the nor-
malization, this distribution does not result in empty overlaps when covers are applied. There-
fore, instead of breaking the Mapper into isolated components, the time dimension rather
accounts in part for the connectedness features of the Mapper and, furthermore, to the internal
distribution of nodes within each component. Therefore, we can usually explain the existence
of isolated components by variations in the other three coordinates, which concern two
factors:

(a). Geographic variations of the counties represented by the data points; and
(b). Variations in the number of cumulative confirmed cases reported by each county.

We will discuss the ramifications of these two factors below in Sections Geography and
Numbere of COVID-19 cases. Before that, we will say more about how the time component
plays a role in keeping the nodes connected and in shaping the internal structure of most
components.

Time. The time coordinate is unique in the sense that its values follow a linear progression
before normalization. Because of this linearity, normalized coordinates stay relatively dense
and empty overlaps will thus almost never emerge when covers are applied to the projection of
the data into the time axis, notwithstanding most choices of # and 8. This implies that time
hardly explains the disconnectedness of the graph but in fact produces a considerable number
of the edges between nodes and clusters.

Moreover, when covered by equal-length intervals, this dense distribution results in highly
predictable, segmented internal structures within most clusters in the Mapper graph, so that
the main trunk and most other substructures could even be seen as having been formed by
weaving together clusters or nodes with data from successive time segments. To see this, let us
first remove the time coordinate and produce a Mapper graph with data from a single day as
in Fig 6. Without the time component, we can clearly observe the impact of geography on the
shape of the graph. If we compare this graph with Fig 7, which is generated with the time coor-
dinate, we see that the latter graph could be regarded as having been formed by horizontally
juxtaposing and connecting graphs produced on consecutive dates, each looking like Fig 6,
and then applying the clustering algorithm along the time axis to further cluster the points.

The result, as we can observe in Fig 7, is that our Mapper graph displays the evolution of
cases through the progression of time in an intuitive manner, where the trunk and most other
substructures appear to have “grown” in accordance with time data like the trunk of a tree,
building up on data from the first few days in our data set. The right side of the trunk contains
most of the U.S. counties at the beginning of the time period in January, and the time pro-
gresses toward the left. The left end of the trunk contains the data for June. The “branches”
that stick out of the main trunk also follow this pattern. The nodes that make up the branches
in Fig 7 are clearly arranged in accordance with the progression of time. Hence each branch
represents the development of COVID-19 cases within a certain period of time. We will study
these branches in depth in Section Branches.
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https://doi.org/10.1371/journal.pone.0255584.9006

Geography. Geographic information is an important factor that affects the distribution of
the data throughout the Mapper graph and is readily reflected through this visualization. For
example, the nodes representing Hawaii, Alaska, Guam, Puerto Rico and American Samoa in
Fig 2 naturally form independent clusters. This is explained by their geographic separation
from the U.S. mainland, which is for the most part represented in the Mapper graph as the
main trunk. Specifically, the geographic separation for these regions is reflected in the data in
the relative numerical disparity in the first two coordinates. With appropriate values of n and
6, this numerical disparity will give rise to disjoint clusters lying outside of the main trunk in
the Mapper graph, as they do in Fig 2.

The geography is also more transparent when we remove the time coordinate and produce
a Mapper graph for a single day only, as we do in Fig 6. The grouping of data points into clus-
ters highly correlates with U.S. geography. However, we can also spot an isolated node in the
graph representing several counties in New York, Pennsylvania and Massachusetts. This result
should clearly not be attributed to geography and we thus know that geographic information
is not deterministic to the shape of the Mapper graph. Since we have already removed the time
component from our data before generating this graph, the only coordinate left that could
explain this distribution is the number of cases reported.

Number of COVID-19 cases. As explained in Section COVID-19 data, the third coordi-
nate of our data points records the cumulative number of COVID-19 cases reported daily
from each county. In comparison with geographic and temporal information, this coordinate
usually has the largest standard deviation among the four features. For example, for a point
cloud with data up to 6/21/20, the standard deviations for the four coordinates are calculated
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to be 0.0002336, 0.00022721, 0.0014227 and 0.00072409, respectively, after normalization.
Before normalization, its numerical value can range from a few hundred for less-affected areas
to several hundred thousand for hot-spots like the New York City, or, more recently, some
areas in Florida and Texas. Therefore, this coordinate also adds the most variability into the
shape of the Mapper graph.

This is mostly evident in two aspects. Similar to what happens with the geographic informa-
tion, a large disparity in the numerical values of this coordinate can distribute data points into
disjoint components outside of the main trunk. For example, we see in Fig 6 that there is an
isolated node in the upper left corner whose presence could not be explained by geographic
isolation. In fact, this node houses several counties with the highest numbers of cumulative
COVID-19 cases reported by the time this graph was generated. The Mapper representations
of such counties thus correspondingly stand out from those of the places that report only a
mediocre number of cases. This type of distribution is also observed in ordinary Mapper
graphs like Fig 2 where temporal data is included.

For the most part, however, the elevations of COVID-19 cases are reflected through the
emergence of “branches” sticking out of the main trunk. Under this point of view, the free-
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floating clusters or nodes discussed above can be seen as fragmented segments of an otherwise
connected branch. We will examine these branches in more detail next.

Branches

We see in Fig 2 that the data for Los Angeles, CA, Cook, IL and New York, NY presents itself
in the form of chains of nodes branching off the main trunk. These three counties ranked top
three in terms of COVID-19 cases reported by the time this graph was generated. As discussed
in previous sections, because geographic and temporal data have relatively small standard devi-
ation, they cause the graph to stay connected in these dimensions rather than producing fea-
tures like these branches. This is evident in the “branch-free” part of the trunk, which
represents data from early days of the outbreak when there is no significant disparity in the
numbers of cases reported from different regions. It is therefore the high number of cases
reported in these places that forces the nodes representing these counties to depart from the
ones representing their geographic neighbors.

With appropriate choices of #n and 8, we can thus produce Mapper graphs where regions
with relatively large numbers of COVID-19 cases are no longer bound to others through edges
in the geographic dimensions but remain connected solely in the time dimension, resulting in
the branching feature that we see in Fig 2. (Branches like these are sometimes called “flares” in
the literature [4]. Our choice of terminology comes from the fact that we also have an evident
“trunk.” In addition, “flaring” already has a meaning in the context of a spread of a virus.)
Hence, the growth of these branches tracks the incremental increase of cases in these counties.

Additionally, because different segments of the main trunk are built with their own time-
stamps as discussed in Section Time, the place where each branch starts to grow is therefore
indicative of the onset of the outbreak that it represents. That is to say, a branch that emerges
later in the trunk signifies a more recent outbreak. In this way, we can see that the Mapper
graphs encodes the development of the pandemic in these hot-spots in an intuitive manner. In
the following sections, we will offer several case studies on various branches of different shape
and elaborate on what could be learned from them.

Segmented branches: New York and others. As we just explained, the emergence of
branches signifies potential or existing COVID-19 hot-spots. However, some hot-spots like
New York are more prominent than others; this empirical phenomenon also has a representa-
tion in the Mapper graph. Namely, looking at Fig 2, what we observe is that the branch repre-
senting data from the New York County is in fact broken into several segments, with each
segment representing COVID-19 cases reported during a certain period of time. This distribu-
tion can be regarded as reflecting several stages in the development of the pandemic in New
York during which several dramatic spikes of cases occurred.

In particular, 4/9/20, 4/13/20, and 4/24/20 are the critical dates underlying these disruptions
in the branch. As is visible in Fig 8, these dates (labeled in red) correspond to either spikes in
the number of daily new cases reported in New York County or a nadir before the next peak.
Hence, the disruptions in the branch usually occur as a result of an extended period of elevated
daily incidence, which forces the projections of the succeeding series of data points along the
“number of cases” dimension to land in a hypercube far enough so that it breaks the continuity
established by densely populated data points along the time dimension. Additionally, we
notice that earlier peaks of daily new cases did not break up the branch. Instead, they contrib-
ute to the growth in the “length” of the branch by adding a new node. That is, several such
peaks that occurred on 3/26/20, 3/31/20, and 4/4/20 (labeled in yellow) correspond to the criti-
cal dates that cause a new node to be added to the branch. Therefore, many noteworthy dates
in the development of the pandemic in New York County are reflected in the graph either in
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Fig 8. Daily new cases reported in New York, NY from 3/5/20 to 6/19/20.
https://doi.org/10.1371/journal.pone.0255584.9008

the form of new nodes or disruptions of the branch. Several snapshots of the dynamic process
through which segments of this branch gradually emerged can be found in Fig 13.

Similarly, in the Mapper graphs generated from filtered data sets, some prominent
COVID-19 hot-spots are also exposed in the form of segmented branches. They are Miami-
Dade, FL and Maricopa, AZ, and can be seen in Fig 5. Similarly to New York, these places also
experienced aggressive growths in daily incidence. Broken branches therefore generally sym-
bolize high levels of daily growths and signify alarming trends in the regions they represent.

Branch complex. A branch complex is formed when a number of closely-situated coun-
ties report similar high numbers of cases and display elevated daily incidence. In this case,
each county is represented as a branch that departs from the main trunk. However, because of
the geographic and temporal proximity of these outbreaks, nodes in their respective branches
tend to be connected through the geographic dimension as well. This explains the various
entangled branching structures emanating from the main trunk in Fig 5. This structure is
unlikely to emerge in Mapper graphs for unfiltered data because New York data obscures the
other minor hot-spots and makes them indistinguishable (see Section Normalization). For
example, one can see the complex formed by a number of counties in the Northeast and
Wayne, Michigan as well as a less complicated one formed by counties in California, Nevada,
and Arizona. Another small complex is formed by two counties in Florida, i.e. Palm Beach and
Broward.

Because of their prominence, these complexes tend to develop into trunks of their own so
that a resurgence of the pandemic in these existing hot-spots will be reflected in the Mapper
graph in the form of new branches that grow out of the branch complex instead of the main
trunk. On the other hand, the emergence of a new hot-spot in nearby regions enlarges the
complex by entangling a new branch into it.
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More recent hot-spots. As mentioned in Section Branches, the timing of the onsets of
regional flareups is indicated by the position of the resulting branches relative to the main
trunk. For example, we can see from Fig 2 that the outbreak in New York occurred prior to the
ones in Cook and Los Angeles, because its branch emerged earlier in time. We can similarly
distinguish more recent clusters of outbreaks from older ones in this way. For instance, it is
clear in Fig 5 that the outbreaks in Dallas, Texas and Nevada occurred after the ones in Palm
Beach and Broward, Florida or in King, Washington as their branches sit closer to the end of
the trunk that corresponds to later dates. They therefore represent a new generation of
COVID-19 hot-spots, distinct from more mature ones in Northeast U.S. or Washington state.

To ensure the coherency in our analysis, we only studied graphs produced with data col-
lected prior to 6/20/20 in previous sections. For a more recent update in these graphs, see Figs
9 and 10, the first using the unfiltered data and the second using the filtered data. It is notewor-
thy that these graphs make several new hot-spots readily visible. They include Maricopa
County in Arizona, Harris and Dallas Counties in Texas, and several places in Alaska. Addi-
tionally, there appear to be resurgences in several existing hot-spots so that their branches now
become more distinguishable in the graph. Such places include Miami-Dade and Broward
Counties in Florida and several Californian counties.

From these updates, what we see is thus that, while embodying a coherent developmental
progress of the pandemic, Mapper graphs are also in themselves fluid objects capable of
change. We can get a more holistic picture of the entire progress by generating Mapper graphs
with real-time data and follow its path of evolution. In the next section, we will discuss the evo-
lution of Mapper graphs and the branches.

Evolution of Mapper graphs

Because our data incorporates temporal and geographic information, the resulting Mapper
graphs are capable of conveying useful information regarding the gradual development of the
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https://doi.org/10.1371/journal.pone.0255584.g010

COVID-19 pandemic across time and space. In Section Branches, we studied this by inspect-
ing different clusters as well as the branches sticking out of the main trunk of a particular Map-
per graph. In this section, we demonstrate how one can obtain a more holistic picture of the
growth of COVID-19 cases in the U.S. by studying the evolution of these features across Map-
per graphs generated at different points in time.

For example Fig 11, shows the evolution of Mapper graphs for unfiltered data through
series of graphs generated from case data reported by 3/6/20, 4/10/20, 5/22/20, and 7/3/20,
respectively. Fig 12 shows the evolution of Mapper graphs for filtered data. Since the number
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of total data points in each graph varies significantly, we adopt different resolution levels #» and
degrees of overlap & to preserve relative visual coherence among graphs.

As the number and distribution of U.S. COVID-19 cases evolve over time, the correspond-
ing Mapper graphs evolve accordingly. New components might break off from the main trunk
as the regions they represent experience aggressive increase in the number of reported cases.
Existing isolated components might also reconnect to the main trunk through the creation of
new edges due to a reduced disparity between the number of cases reported in the former and
its neighboring regions. Additionally, branches might grow longer as new cases add up.

To illustrate these features, we will in the following sections shift the focus to a more local
level and provide some detail on the evolution of Mapper graphs representing the local devel-
opment of the pandemic in two places.

New York State. Fig 13 gives a few evolutionary snapshots of the branch representing
hot-spots in New York State. In earlier snapshots (Fig 13(A)-13(D)), the branch is unstable,
with new disconnected nodes emerging frequently through each update so that the branch

PLOS ONE | https://doi.org/10.1371/journal.pone.0255584  August 4, 2021 18/24


https://doi.org/10.1371/journal.pone.0255584.g011
https://doi.org/10.1371/journal.pone.0255584

PLOS ONE Topological data analysis model for the spread of the coronavirus

oo o

(©) 5/22/20 (n = 10,6 = 8%) (D) 7/3/20 (n = 10,6 = 8%)
Fig 12. The evolution of Mapper graphs over time for filtered data (see Section Filtering).
https://doi.org/10.1371/journal.pone.0255584.g012

appears more fragmented. This reflects the acceleration of the pandemic in New York during
that period. Each update in the data set brings significantly higher case numbers so that vari-
ability of projected data onto the “number of cases” dimension causes the break in the branch.

In ensuing phases, however, the number of cumulative cases is so large that the relative rele-
vance of each date’s numbers gets reduced as a result of the normalization (see Section Nor-
malization). It thus becomes harder for new data to affect the shape of the branch. As a result,
only the most impactful developments are picked up and reflected though every update.
Hence, when the cases stabilize in New York, as we see from Fig 13(D)-13(F), the shape of its
branch also tends to be less volatile. Instead of causing the branch to further break into more
segments as in Fig 13(B) and 13(C), new nodes continue to build up on the latest segment.
This shows that the pandemic no longer accelerates, notwithstanding a slowed growth. In the
end, the structures that remain in the most recent graph Fig 13(F), mark the most numerically
relevant turning points in the development of the pandemic in New York, thus presenting a
stable picture documenting the entire process.
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would be more pronounced.).

https://doi.org/10.1371/journal.pone.0255584.9013

In addition, it is also clear that, in contrast to earlier graphs in which New York is the only
prominent branch, we can spot other branching structures in later graphs, easily discernible in
Fig 11. This displays not only the development of the pandemic in other areas in parallel with
New York, but also the declining relevance of New York on the national scale. Nevertheless,
unlike other hot-spots whose branch almost disappeared from the graph because of their mini-
mized relevance (e.g. most Connecticut hot-spots and King County in Washington), New
York’s branch remains highly visible throughout the updates. This is due to the absolute
numerical relevance of New York State’s data, which, by 7/23/20, ranks top in the U.S. in
terms of state-level cumulative COVID-19 cases. Similarly, the branch representing California
and Florida hot-spots also remain visible throughout the updates because of their absolute
national relevance.
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Massachusetts-New Jersey complex. As elaborated in Section Branch complex, because
of their geographical proximity and national prominence, hot-spots in states like Massachu-
setts, Connecticut and New Jersey get reflected in the graph in the form of an entangled system
of branches. The evolution of this system can be found in Fig 14. Similar to New York, these
hot-spots have also gone through a process of acceleration and decline. In contrast, however,
the size of this system is significantly smaller in later snapshots (see Fig 14(E) and 14(F)). This
is because of the reduced national relevance of most of the hot-spots in this complex, so that
their nodes no longer stand out of the main trunk as they are no longer distinguishable from
their neighboring areas. As a result, only the most severe and most long-lasting hot-spots
remained in this agglomeration, found among more recently developed systems of branches
(see Fig 14(F)).

(E) 7/3/20 (F) 7/24/20

Fig 14. The evolution of the Massachusetts-New Jersey complex over time. (Using filtered data which allows the
features of areas away from New York, LA County, and Cook County to be more pronounced.).

https://doi.org/10.1371/journal.pone.0255584.g014
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Conclusions and future work

The present paper provides a case study on the application of the Mapper algorithm to
COVID-19 data collected in the United States. We have shown that Mapper captures a number
of trends in the spread of COVID-19 and provides a more complete picture than those offered
by more standard techniques of data visualization. The existence of (segmented) branches
indicates hot-spots and the emergence of such branches correlates with troubling trends in the
development of the pandemic in the regions they represent. Geographic proximity between
hot-spots is also taken into account, so that branch complexes arise if nearby counties are simi-
larly experiencing significant increase in the number of cases. The Mapper algorithm is also
capable of tracking the gradual development of COVID-19 because it incorporates time data,
supplying a more geographically and temporally complete picture of the spread of the virus.
Continued observation on the evolution of the Mapper graphs is therefore clearly desirable.

There are various directions in which future analysis could be employed. For example, one
could replicate the same study for data from different parts of the world. In addition, one can
take into account border closures between countries, for example within EU or between EU
and the rest of Europe.

One could additionally correlate stay-at-home orders issued by each U.S. state with critical
changes observed in the Mapper graphs in hopes of evaluating the impact and effectiveness of
such orders. Data about travel could also be included in hope that the Mapper reveals some-
thing new about how COVID-19 is spread by travelers through the U.S. In addition, one could
overlay socio-economic data onto the Mapper graphs, along the lines of what was done in [31],
providing important insight into how economic factors correlate to the spread of the disease
across the U.S.

Unfortunately, the visualizations that we so far produced through the Mapper algorithm
cannot offer strict and accurate predictions for the future development of the pandemic, since
such predictions require the consideration of more real-life factors than we studied in this
paper. But those factors can be incorporated by imposing more structure onto the Mapper.
For example, we could define branches more rigorously using graph-theoretic notions. The
length of the branches and the degree of the nodes in them can be assigned real-life meaning,
along the lines of what was done by Escolar et. al. in [4]. This would provide more insight and
understanding into the development of hot-spots.

Another direction is to apply a different popular version of topological data analysis called
persistent homology. In this setup, the data is turned into a topological space and one then stud-
ies the space’s connected components as well as “holes” of various dimensions. Persistent
homology has been used to great effect in a number of settings, including biology, neurosci-
ence, medicine, materials science, sensor networks, financial networks, and many others. For
introductions to persistent homology and more details about its applications, see [5, 6, 35, 36].
The usefulness of persistent homology as a predictive epidemiological tool was demonstrated
by Lo and Park [30] in their study of the Zika virus; emulating this approach might also lead to
the construction of a useful predictive model for the coronavirus.
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