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Abstract: We present a mean field theory to describe cholesteric elastomers and gels under an external
field, such as an electric or a magnetic field, along the helix axis of a cholesteric phase. We study
the deformations and volume phase transitions of cholesteric gels as a function of the external
field and temperature. Our theory predicts the phase transitions between isotropic (I), nematic
(N), and heliconical cholesteric (Chy) phases and the deformations of the elastomers at these phase
transition temperatures. We also find volume phase transitions at the I — Chy and the N — Chy
phase transitions.

Keywords: liquid crystal; cholesteric gel; elastomer; volume phase transition

1. Introduction

Gels can undergo a volume phase transition with varying some parameters such as temperature,
the degree of ionization, the pH, etc. [1,2]. Anisotropic deformations and volume changes of liquid
crystalline gels have also unique properties due to the coupling between rubber elasticity and liquid
crystalline ordering [3-17]. Urayama et al. have observed that the nematic ordering induces the
volume changes of the gel [9,10]. The volume phase transitions of liquid crystalline gels have been
theoretically studied for nematic [11-15], smectic A [16], and cholesteric gels [17].

Cholesteric (Ch) elastomers or polymer-stabilized Ch liquid crystals are important for applications
in mirrorless lasers, in display devices, etc. [3]. External fields and temperature lead the
magnetic-induced cholesteric-nematic transitions [18,19] and shear-induced uncoiling of the helix [20].
Kim and Finkelmann [21] have observed that a side-chain Ch elastomer shows an oblate chain
conformation in the cholesteric phase. Our previous theory is qualitatively consistent with the
experimental results [17]. Anisotropic deformation of a Ch gel due to an external field has also
been reported [22]. A sufficiently high electric field imposed along the helical axis drives a finite
elongation along the field axis.

Figure 1 shows a schematic representation of a side-chain Ch liquid crystalline polymer between
two crosslinks on a Ch elastomer (or gel). In the Ch phase without the external field E = 0, the director n
is twisted along the pitch axis (z axis) with a pitch length p and the director is perpendicular to the
pitch axis (Figure 1a). When the external field, such electric or magnetic fields, applies along the
helix axis p of a Ch phase, the director n rotates along the pitch axis with a cone angle € (Figure 1b).
This phase is called a heliconical cholesteric (Chp) phase. Such an oblique helicoidal cholesteric phase
induced by the electric field has been observed in banana-shaped liquid crystalline molecules [23].
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Figure 1. Schematic representation of a local part of a side-chain liquid crystalline polymer, or a
subchain on a cholesteric elastomer (or gel). (a) A cholesteric phase without the external field E = 0.
The director n varies along the helical axis p, which is parallel to the z axis. (b) A heliconical cholesteric
phase under an external field E # 0 applied along the pitch axis. The director n rotates along the pitch
axis with a cone angle €. (c) Model of the repeating unit on the subchain with the axial ratio n,,(= 2)
and the spacer n;(= 4) (see text for details).

In this paper, we theoretically study heliconical deformations of Ch elastomers and gels under the
external field imposed along the helix axis of a Ch phase. We here focus on the deformations of Ch
“elastomers” without solvent molecules and the swelling behaviors of Ch “gels” immersed in isotropic
solvent molecules. We predict a rich variety of phase transitions of the Ch gels and elastomers induced
by the external fields.

In the following, we show some numerical results of anisotropic deformations of Chy elastomers
(Section 2.1) and volume phase transitions of the gels (Section 2.2). In Section 3, we give a summary of
this paper. Based on the neoclassical rubber theory of a nematic gel [3,17] and the free energy of a Chy
phase [24,25], we show the elastic free energy of a Chy gel under the external field in Section 4.

2. Results and Discussions

In this section, we numerically calculate the equilibrium values of the swelling ratio «, (or ¢),
the deformations «; (i = x,y, z), and the order parameters. We here introduce the reduced-temperature
T = 1/vp. For the numerical calculations, we set n = 100, n,,, = ns = 2, and Qg = 0.06. We also take
the solvent molecule as a good solvent condition x = 0 in Equation (5).

In the following Section 2.1, we first show the deformations of the cholesteric elastomer melt
without solvent molecules. In the next Section 2.2, we discuss the volume phase transitions of the
heliconical cholesteric gel, immersed in solvent molecules.

2.1. Deformations of Cholesteric Elastomers under the External Field

In this subsection, we discuss deformations of a side-chain cholesteric elastomer melt without
solvent molecules, where the elastomer has the constant volume V = RSNg in Equation (1).
Then the volume fraction of the melt elastomer is given by ¢ = 1/y/n. The order parameters S,
o, and Q(or the deformation «;) are determined by the coupled-Equations (45), (49), and (51) as a
function of the temperature 7.

Figure 2 shows the order parameters o and S (a) and the deformations «; (b), plotted against the
external field /i, at a temperature T/ Ty = 0.9, where T is the temperature of the first-order Chy — I
phase transition. As increasing the external field /i1, the order parameter o decreases and the cone
angle € of the Chy phase decreases. At the intermediate stage of ki, we find o < 1/h;. When o =0,
the Chy elastomer changes to the N phase. When /i, = 0, we have the cholesteric phase with o = 1.
For a weak external field, the deformation «, is smaller than «x, and the elastomer shows the oblate
chain conformation, which is a spontaneous compression in the pitch axis (z direction). As increasing
the external field, the value of «, increases and the elastomer is elongated along the external field,
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where the elastomer has the prolate chain conformation with x, > x. It has been experimentally
observed that a sufficiently high electric field imposed along the helical axis drives a finite elongation
exceeding 30% along the field axis [22].

Figure 3 shows the order parameters o and S (a) and the deformations x; (b) under the
weak external field h; = 0.01 plotted against the temperature T/T¢c;. At hight temperatures of
T/Tcr > 1, the value of S is small and it corresponds to the para-nematic phase (pN), or weak
nematic phase. We here refer to it as the I(pN) phase because of S ~ 0. At T/T¢; = 1, we have
the first-order Chy —I(pN) phase transition, where the order parameters S and ¢ jump. As shown
in Figure 3b, the values of the deformations «; jump at T = T¢; and the value of «, decreases with
decreasing temperature. Near the phase transition temperature, the value of the order parameter o
is small and then the elastomer extends to parallel to the pitch axis (z axis): x; > 1 and xy = x, < 1.
It corresponds to an prolate shape of the elastomer. However, on decreasing temperature, the value
of o increases and the elastomer causes the spontaneous compression (x, < 1) in the pitch axis
and elongates equally in the x and y directions (xy = x, > 1). We then have x; < xy and the
elastomer shows an oblate shape at low temperatures. When ¢ = 2/3 at T/T¢; ~ 0.94, we have
kz = Ky = kx = 1. The shape of the Chy elastomer is changed from prolate with o < 2/3 to oblate
o > 2/3 with decreasing temperature. The pitch wavenumber Q of the Chy phase is inversely
proportional to x,: see Equation (39). As discussed in the previous paper [17], when h; = 0 without
the external field, we have x, < x, and the elastomer shows an oblate shape.

Figure 4 shows the order parameters ¢ and S (a) and the deformations «, (b) under the stronger
external field h; = 0.15 plotted against the temperature T/Tyj, where Ty is the temperature of
the first-order phase transition. As the external field increases, the N phase with S > 0 and ¢ = 0
appears between the Chy and I(pN) phases. We have the first-order N — I(pN) phase transition.
We also have the second-order Chy — N phase transition at T/ Ty =~ 0.96, where the order parameter
y continuously increases. As shown in Figure 4b, in the N phase with ¢ = 0, the elastomer is elongated
along the pitch axis: x; > 1, kx = xy < 1, and the value of x; increases with decreasing temperature,
as discussed in Equation (50). In the Chy phase, with decreasing temperature, the value of the order
parameter ¢ increases and the value of x, decreases. We then have a peak in the deformation curve of
the elastomer at the Chy — N phase transition. Further increasing the external field iy, the Chy — N
phase transition temperature shifts to lower temperatures. We find the variety of the deformation
curve of the cholesteric elastomers depending on the external fields.
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Figure 2. Order parameters S and ¢ (a) and the deformations «; (b), plotted against the external field
hy at a temperature T /T = 0.9.
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Figure 3. Order parameter S and ¢ as a function of the temperature (a) and deformations «; under the
external field i = 0.01 plotted against the temperature T/ T, where Ty shows the temperature of
the first-order Chyy — I(pN) phase transition (b). The cholesteric elastomer causes the spontaneous
elongation in the pitch axis near the transition temperature T-;. With decreasing temperature, the value
of x, decreases and the value of k, increases.
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Figure 4. Order parameter S and ¢ as a function of the temperature (a) and deformations x; under
the strong external field i; = 0.15 plotted against the temperature T /Ty, where Ty shows the
temperature of the first-order N — I(pN) phase transition (b). The N phase with S > 0 and ¢ = 0
appears between the Chy and I(pN) phases.

2.2. Volume Phase Transitions of Cholesteric Gels under the External Field

In this subsection, we discuss the volume phase transitions and the deformations of the cholesteric
gel under the external field. To derive the equilibrium swelling ¢ (or «.) of the gel, we numerically
solve Equation (56).
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Figure 5 shows the osmotic pressure I1 (a) and the order parameters (b) plotted against the volume
fraction ¢ of the gel for h; = 0.05 and T/Ty; = 1, where the first-order N — I phase transition takes
place in the gel. The osmotic pressure increases with increasing ¢ and jump at ¢ =~ 0,4, where the
order parameter S jumps. Further increasing ¢, the osmotic pressure curve has a minimum and jumps
at ¢ ~ 0.86, where the order parameter ¢ jumps. The equilibrium value of ¢ is determined by the
Maxwell construction. When T/Tyj = 1, the area (1) and the area (2) become equal and then we have
the first-order N — I phase transition takes place in the gel. The closed circles show the equilibrium
volume fraction of the gel at T/ Ty = 1, satisfying IT = 0. The region (9I1/9¢) < 0 corresponds to
the unstable spinodal region [15]. Depending on the temperature, the curve of the osmotic pressure
is changed. When T/Tyj > 1, the area (1) becomes larger than that of the area (2) and then the I
phase becomes stable. On the other hand, when T/Ty; < 1, the area (2) becomes larger than that
of the area (1) and then the N phase becomes stable or metastable. The equilibrium volume fraction of
the gel can be obtained by solving Il = 0 as a function of the temperature. In the following we show
some numerical results of the swelling behaviors of the gel.

Figure 6 shows the volume fraction of the gel (a) and the order parameters (b) plotted against
the temperature T/ T¢; under the weak external field i, = 0.01. The solid curves show the values of
the equilibrium state and the dashed-curves correspond to the unstable region. At high temperatures
of T > T¢j, the gel is in an isotropic state with S ~ ¢ ~ 0 and is swollen with solvent molecules.
With decreasing temperature, we find the discontinuous, or the first-order, volume phase transition
from the swollen isotropic gel (¢ < 1) to the condensed gel (¢ ~ 1) at T/Tc; = 1, where the order
parameters jump and the Chy phase with S > 0 and ¢ > 0 appears. Figure 7 shows the deformations
k;i(i = x,y,z) of the gel against the temperature. In the I phase, the gel has a swollen isotropic state
and we have x; = x, = k; = 1.36. In the condensed-Chp phase, we find x; > k, because of o < 2/3,
as discussed in Figure 3b.

0.4 .
(a)
hr =0.05

T/Tyr =10

03

(2]
8
15 - -
gos ”
<]
Q
5 0.4 .
®
S
02t _
0.0 L . .
0.0 0.2 0.4 0.6 0.8 1.0

é

Figure 5. Dimensionless osmotic pressure IT (a) and the order parameters (b) plotted against the
volume fraction ¢ of the gel for iy = 0.05 and T/Txj = 1, where the first-order N — I phase transition
takes place in the gel.
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Figure 6. Equilibrium volume fraction of the gel (a) and the order parameters (b) plotted against the
temperature T/ T under the weak external field /; = 0.01.
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Figure 7. Deformations «;(i = x,y,z) of the gel against the temperature for i, = 0.01.

Figure 8 shows the volume fraction of the gel (a) and the order parameters (b) plotted against
the temperature T/ Ty under the strong external field /1;, = 0.05. The solid curves show the values of
the equilibrium state and the dashed-curves correspond to the unstable region. At high temperatures
of T > Ty, the gel is in an isotropic state with S ~ ¢ ~ 0 and is swollen with solvent molecules.
With decreasing temperature, we find the the first-order volume phase transition from the swollen
isotropic gel (¢ < 1) to the condensed nematic gel (¢ ~ 1) at T/Ty; = 1, where the orientational
order parameter S jump and the N phase with S > 0 and ¢ = 0 appears. The osmotic pressures I1
at T/Tn; = 1 are shown in Figure 5a. We also have the first-order phase transition between N and
Chp phases at T/Tnj ~ 0.962, where the order parameters o and S jump. The volume fraction of the
Chy gel slightly decrease, compared to the N gels. Figure 9 shows the deformations «;(i = x,y,z)
of the gel against the temperature. In the I phase, the gel has a swollen isotropic state and we have
Ky = Ky = k; = 1.36. In the N phase, the condensed gel is elongated parallel to the external field
and shrink perpendicular to the field. We then have x, > 1 and x, < 1. In the Chy phase, the gel
causes spontaneous compression in the pitch axis. Note that the volume of the Chy gel is almost
the same as that of the N gel, while the shape of the gel is drastically changed through the N — Chy
phase transition. As discussed in the elastomers of Figure 4, the N — Chy phase transition of the
elastomer is the continuous phase transition, while the gel can be changed drastically in shape by
using the solvent molecules.
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Figure 8. Equilibrium volume fraction of the gel (a) and the order parameters (b) plotted against the
temperature T/ Ty under the strong external field h; = 0.05.
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Figure 9. Deformations «;(i = x,y,z) of the gel against the temperature for i, = 0.05.

3. Summary

We have presented a mean field theory to describe the deformations of cholesteric elastomers
and gels under the external field imposed along the helix axis of a cholesteric phase. We calculate
the deformation of cholesteric elastomers and volume phase transitions of cholesteric gels under the
external field. Our theory demonstrates that a high external field imposed along the helical axis drives
a finite elongation of the elastomer along the external field. The results can qualitatively describe the
experimental results of a cholesteric gel. The deformation is given by Equation (50) as a function of
o(x1/E) and S (Figure 2).

For a weak external field, we predict I — Chy phase transition and the first-order volume phase
transitions at the phase transition temperature Tc;. When T > T, the gel is in a swollen isotropic
state. Below T < T¢J, the gel is condensed with a heliconical cholesteric phase. For a strong external
field, we predict the I — N — Chy phase transitions and the volume phase transitions. At the N — Chy
phase transition temperature, the nematic gel is compressed along the helical axis due to the heliconical
director in the Chy phase. Our theory predicts a rich variety of volume phase transitions of Chy gels.
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4. Free Energy of Cholesteric Gels under an External Field

Consider a side-chain cholesteric liquid crystalline gel immersed in isotropic solvent molecules.
The liquid crystalline “subchain” between two crosslinks in a network has the number 7 of segments.
The repeating unit on the subchain consists of a rigid side-chain liquid crystalline molecule with the
axial ratio n1,;, and a flexible spacer with the number 7, of segments, as shown in Figure 1c. Let L and D
be the length and the diameter of the mesogen, respectively, and the axial ratio of the mesogen is given
by 1, = L/D. The volume of the mesogen and that of the flexible spacer is given by v, = (71/4)D’L
and v; = an;, respectively, where a° is the volume of a segment on the spacer. Then the volume of the
subchain is given by a®n = a3(n, + ns)t, where t is the number of the repeating units on the subchain
and we put a® = (71/4)D3. Let Ng and Ny be the number of the subchains and the solvent molecules
inside the gel, respectively. The volume fraction of the gel is given by

¢ = a3nNg/V, )

where N¢(= nNg 4+ Np) is the total number of the segments inside the gel and V = a’N; is the volume
of the gel. We here assume that the volume per solvent molecule is the same volume a3 as that of the
segment on the subchain. The volume fraction of the mesogens is given by

Om = Xm, )

where x,;, = 1,/ (nm + ns). Using the length R; of the subchain along the i(= x,y,z) axis, the
volume occupied by the subchain is given by RyRyR; = V/N,. In this paper, we consider “uniaxial”
deformations of the gel along the pitch axis p (parallel to z axis) and then we take Ry = R;,. The swelling
of the gel can be characterized by

te = V/Vo = go/¢, ©

where V} is the initial volume of the gel and ¢y is the volume fraction of the gel in the initial state.
The free energy of the cholesteric gel under the external field is given by

F = Fyix + Fo + Fic, 4)

where the first term shows the free energy for an isotropic mixing of a gel and solvent molecules.
According to the Flory-Huggins theory for polymer solutions, the free energy of the mixing is given by

@BEuix/V = (1—¢)In(1 - ¢) + xp(1 — ¢), ®)

where B = 1/kgT: T is the absolute temperature and kp Boltzmann constant, x shows
the isotropic (Flory-Huggins) interaction parameter between the gel and the solvent molecule.
The second term in Equation (4) shows to the elastic free energy and the third term is the free energy of
a heliconical cholesteric phase under an external field. In the following, we derive these free energies.

4.1. Elastic Free Energy of a Heliconical Cholesteric Phase

The elastic free energy F,; comes from the deformation of the subchains on the gels. Based on the
neoclassical rubber theory [3,17], it is given by

1 a3
BEy = sNg( A%+ Ay, + A2, —3—In——— ), (6)
2 1xx1yy{zz

where Aj; is the strain of the gel. The strain tensor is given by [6,11,13]

Aii = Ri/Rjo, ()
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where Rjy is the spontaneous mean-square radius of the subchain along the i(= x,y,z) axis.
Using the effective step (bond) length tensor 1;; of an anisotropic Gaussian chain, we have

1.
R = tjan = R%(ﬁ) ®)

where Ry = a4/n is the spontaneous radius of an ideal chain. When t;; = a, we have an isotropic
Gaussian chain. The effective step length tensor 1;; around the director field n is given by [3]

L =105+ () —t)mn, )

where 7; is the element i of the director and 1 (1) is the step length parallel (perpendicular) to
the director. In the uniaxial nematic elastomers, the average shape of the subchains (backbone)
is anisotropic and elongated along the nematic director n. The side-chain elastomers have
different conformations, depending on the type of linking the mesogens to the backbone or
spacer. We here assume the side-on linking as sown in Figure 1c, similar to the main-chain case.
There are many complexities in the difference between the main- and side-chain elastomers, however,
we assume that the main contribution to the elastic energy is the deformation of the subchain: Rjy.

In this paper, we consider a longitudinal external field parallel to the pitch axis p (the z axis) as
shown in Figure 10. Then, the electric field E is given by

E = (0,0,E), (10)

where E shows the strength of the external field. When the dielectric anisotropy is positive: Ae, > 0, the
liquid crystal molecules tend to orient along the external field. The longitudinal fields, or longitudinal
deformations, along the helical axis z can swing the director along the pitch axis p. With the cone angle
€ of the director n measured from the pitch axis p, the director rotates out of the perpendicular plane
onto the surface of the cone angle € as shown in Figure 10. In this conical state, the director is given by

n(z) = (sinecosw(z),sinesinw(z),cose), (11)

where the director is uniformly twisted along the z axis with the pitch p = 271/|q| and the azimuthal
angle w is given as a function of the position z: w = gz. When the pitch wavenumber g > 0 (g < 0),
we have a right (left)-handed helix. The cone angle € is a constant and does not depend on the position
z, as shown in Figure 1b.

Figure 10. Schematic representation of the director n of a heliconical cholesteric phase at a position
z on the same coordinate system with Figure 1. The cholesteric pitch p is parallel to the z axis.
The orientation vector € of a mesogen on a subchain has the angle 6 between the vector Q2 and the
director n. The angle ¢ corresponds to a rotation angle around the director n.
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Substituting Equation (11) into (9), we obtain

b =1, + () — 1) (sin” €);(cos” gz, (12)
1y]/ :1J_+ (]fH —1L)<Sin2€>l<sin2qz>l, (13)
122 :1L+ GH _1L)<C052€>l‘ (14)

The director n is given by the average orientation of mesogens. The spacer chains are flexible and
then the step length [;; is given by the average orientation of mesogens. The averages (- --); of
Equations (12)-(14) can be given by the average of the local director. The length 1 (1, ) is the step
length parallel (perpendicular) to the uniaxial deformation. For the uniaxial deformation of the gel,
the average over the azimuthal angle w on the x — y plane is given by

(cos? qz); = (sin®gz); = 1/2. (15)

We here consider a random walk (the freely-jointed model) [3,11,13] with the bond length a cos 6
along the director and the length asin 6 in the perpendicular direction to the director, where 6 is
the angle between the director n and the orientation Q) of the mesogen as shown in Figure 10.
We then have [3]

b= 3a(cos®6) = a(1+2S), (16)
b = %a(sinz ) =a(1-25), (17)
where S = (3/2)({(cos?6) — 1/3) is the scalar orientational order parameter of mesogens.

Equations (16) and (17) are given as a function of the average orientational order parameter S for all
mesogens. In the isotropic phase, the average is given by (cos?#) = 1/3 and (sin?#) = 2/3 and then
we have 1H =1, = a. Substituting Equations (15)-(17) into (12)—(14), we obtain

bee = by = a(l =S+ 350), (18)

L. = a(1+4 25 —3S0), (19)

where ¢ = (sin? €) is the order parameter of the heliconical cholesteric phase. When ¢ = 0, we have a
nematic phase and when o = 1 we have a cholesteric phase.
The volume fraction ¢ of the gel is given by

a*n 1
= p— ’ 20
P SRR Vil (20)
where we define the deformation ratio (x;) related to an isotropic Gaussian chain:
Ky = RZ/R(), (21)
kx = Rx/Ro = Ry /Ry, (22)
and we then have .
2
Ky = —. (23)
T /nex,
Using «, the strain A;; (Equation (7)) is given as a function of the order parameters:
3. . _
ey = Ayy = (1= 5+ 550) V2(\/ngi, )12, (24)

Az = (1425 —3S0) V2, (25)
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Substituting Equations (24) and (25) into (6), we finally obtain the elastic free energy of heliconical
cholesteric elastomers:

PBE,/V = 4’[ 5y 2
AT 2 [1+428-350 T /np(1— S + 3S0)x,
—3+1nA}, (26)
where we define
A = lxxlyylzz/a3
= (1—S+§SU)2(1+257350). 27)

When ¢ = 0, Equation (26) results in the elastic free energy of the cholesteric gels [17].

The configuration of the mesogens on the subchains is characterized by its position vector r and
its orientation unit vector 3, defined by the solid angle dQ)(= sin6d6d¢), as shown in Figure 10.
Let f(n(r)- Q) be the orientational distribution function of the mesogens, where n(r) is the
local director. The orientational order parameter of the mesogens is given by

5= / Py(cos8) f(n(r) - Q)dQ, (28)

where P,(&) = (3/2)(&2 — 1/3) is the second Legendre polynomials with & = cos 6.

4.2. Free Energy of a Heliconical Cholesteric Phase under an External Field

In this subsection, we introduce the free energy Frc of heliconical cholesteric phase under an
external field. For these free energy, we can use the free energy of the Ch phase under the external field,
which has been discussed in our previous paper [17]. The free energy F ¢ in Equation (4) consists of
three terms:

FLC:Fnem+Fd+Fext~ (29)

The first term is the usual nematic free energy of Maier-Saupe type:

BBFuem/V = %’" /f(n(r) Q) In47f(n(r) - Q)dOQ
m
1
— VLS, (30)
where the parameter v;, = —BUy(> 0) shows a nematic interaction, which has been used in

Maier-Saupe theory [26]. We here assume that the interaction potentials U, between mesogens
is the short range dy of the order of the diameter of the mesogen

The mesogens are bounded to the polymer backbone. However, the backbone chains are flexible
and have many conformations. As a result, the mesogens bounded to the backbone chains can move
with the backbone chain and can behave like to freely rotate. The rotation of mesogens are restricted
due to being bounded to the backbone chain, however, the decrease in the entropy of rotation of
the mesogens is less and the mesogens have the large contribution of the rotational entropy because
the mesogens can move with the backbone chain. We here assume that the interaction parameter vy,
includes the effects of these constrained mesogens. Then the orientational (nematic) bulk free energy
is given by the orientations of the mesogens. However, the “translational degrees of freedom” of
the mesogens (or rods) are restricted due to bounded to the backbone chain. Then the translational
entropy of mesogens are not included in the mixing free energy (Fy;,). The center of gravity of the
gel is fixed. The swelling or shrink of the gel is promoted by the translational degrees of freedom of
the solvent molecules.
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The second term in Equation (29) is the distortion free energy of the Chy phase due to the spatial
variations of the director. We here introduce the tensor order parameter [18]

Qup(6) = S Ja(6)(6) ~ 3025, @

where 1, is the a(= x,y,z) component of the director n and 4,4 is the Kronecker delta function.
Taking into account the chiral interactions between mesogens, [27] the distortion free energy, including
the first and second spatial derivatives of the tensor order parameter, is given by [17,28]

PBF/V = %VL% %37 Qup(1)9 Qup (r)dj
1 4
- ECL¢%1§€aﬁ'y Q%B (r)atx Qy’y(r)dO/ (32)

where €, is a Levi-Civita antisymmetric tensor of the third rank and d = 9/9ry is the first spatial
derivative of the tensor order parameter. The parameter c; = —BU; shows a chiral pseudoscalar
interaction between the liquid crystal molecules. The positive (negative) value of the c; means a left
(right)-handed helix.

The last term in Equation (29) is the free energy of electric (or magnetic) external fields relevant to
an orientational order. We here consider the coupling between the nematic director and the external
field. When the external electric field E is applied to the liquid crystal molecules, having a dielectric
anisotropy Ae,, the external free energy is given by [18]

Fext = _¢m€0A€a/EaQaﬁ(r)Eﬁdr/ (33)

where E, is the # component of the external field E. An external magnetic field can also be treated the
same way as the electric field.

Substituting Equations (10) and (11) into Equations (30), (32), and (33), we obtain the free energy
of liquid crystalline phases including N, Ch, and Chy phases:

FLC = Fuem + Fd ~+ Foxt = Fuem + FdiS/ (34)

where we have separated the free energy into two terms for convenience [17]. One is the nematic free
energy Eye, of Maier-Saupe type [26] and the other is the distortion free energy (Fz;s = E; + Fext) due
to the spatial variation of the director under the external field. The dimensionless nematic free energy
(fnem) is given by

fnem = ﬂ3,BFnem/V
_ i—m/f(n(r)-ﬂ)lnélnf(n(r)-O)dQ
S ULPS” — I, (35)

where we define h? = a3BegAe,E? for Ae, > 0 and the last term comes from the external free energy
Fext. Substituting the tensor order parameter Equation (31) into Equation (32), the dimensionless
distortion free energy (f;;s) including Ch and Chy phases in Equation (34) is given by (see Appendix A)

fais = @PFus/V
1
= 519nS’3(0,Q), (36)
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where we define the distortion function

§0,Q) = bk

+| (350~ ) Q + 1|0, @7)
_ 3
1= s S E 9)

and the pitch wavenumber Q = gdy [17]. The values of k; and k3 correspond to the dimensionless twist
and bend elastic constants of a pure mesogen, respectively. The value Qy(= ¢ /vr) shows the pitch
wavenumber of the pure Ch phase in the absence of the external field [28]. The distortion function
¢(0, Q) can describe the N, Ch, and Chy phases of pure liquid crystalline molecules. The function
¢(o, Q) has a minimum as a function of Q and ¢ for ko > k3. When o = 1, or e = 71/2, the bend term k3
disappears and the usual Ch phase appears. When o = 0, or € = 0, we have the usual N phase because
of ¢ = 0. Depending on the strength ki, of the external field, we have N, Ch, and Chy; phases. Note that
the total free energy (Equation (4)) of our system is given by the sum of Equations (5), (35), and (36).

The pitch wavenumber Q) depends on the deformation . along the pitch axis of the cholesteric gel.
We here assume the “affine” deformation p = pox; of the subchain and then the pitch length p(e Q1)
is given as a function of the deformation ratio «; [17]:

Q= ando = Qo/xz. (39)

4.3. Orientational Distribution Function

In this subsection, we derive the equilibrium distribution function. The orientational distribution
function f(n(r) - Q) of the mesogens is determined by the free energy (4) with respect to this function:
(0F/3f(8))¢,00 = 0, where ¢ = cos 6, under the normalization condition

[ finm- o0 =1. (40)
We then obtain the distribution function of the mesogens (see Appendix B):
£(6) = 7 exp [TR(), @)
where we define
[ = nu[vignS(1-g(0,Q)) + 17 = B(S,¢)], (2)
and
_3 2
B(S,¢) = ( nxia) (1+ 2us— 350)2
B 1
V(1 — S+ 350)2k,
B 3(1-30)S @)

(1+25-3S0)(1—S+3S0) |
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The constant Z is determined by the normalization condition as Z = 47t]y[S] and the function I,,[S] is
defined as

Inls) = [ 1P2(&))" explrPa(@)) )

where m = 0,1,.... Substituting Equation (41) into Equation (28), the orientational order parameter
can be determined by

S = LI[S]/Iv[S]. (45)

Using the distribution function (Equation (41)), the heliconical cholesteric free energy (Equation (34))
is given by

@BFc/V = %VL(pfnSZ(l—g((f,Q)) P 11y o[ 5]

N

—¢mSB(S, ). (46)

The total free energy F is given by the sum of Equations (5), (26) and (46). Apparently, when S = 0, or
an isotropic phase, the free energy (46) becomes zero.

4.4. Determination of the Order Parameters o and Q

The deformation of the cholesteric gel, or elastomer, at a thermal equilibrium state is
determined by

(9fe/9Q)a,s4 =0, (47)
and

(0fe/00)Q,59 =0, (48)
where we define the dimensionless free energy f. = a°BF/V for convenience. Note that the

deformation «x, is given as a function of Q through Equation (39) and then Equation (47) is the
same as (dfe/0kz)s,54 = 0. From Equation (47), we obtain

4)[ iz B 1 }
n|[14+25-350  \/np(1— S+ 3S0)x2

+;1/L4>%1520(7{2— ((k, —123)a+123)1) (@)2 =0, (49)
Kz )\ Ky

where the first two terms show the contribution from the elastic free energy and the last term comes

from the distortion free energy. The coefficient of the last term shows the dimensionless twist elastic

constant [28]: Ky = (1/ 2)1/L4>%1 S2. For small Qp, we can neglect the last term of Equation (49) and the

deformation «; is approximately given by

1+2(1-30)s '3
, . 50
. <\/ﬁ¢(1—(1—§a)s> 0

In the N phase with ¢ = 0 and S > 0, the deformation ratio x, increases with increasing the
orientational order parameter S. While in the Chy phase with ¢ > 0 and S > 0, the value of «,
decreases with increasing the order parameter o and the elastomer (or gel) tends to compress parallel
to the pitch axis. On the other hand, as increasing the external field E, the value of o decreases and
then the elastomer tends to elongate along the pitch axis. When o = 2/3, we find «, ~ (1/+/n¢)'/3,
which corresponds to the value of the I phase without the external field. When o = 1, Equation (50)
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results in the deformation of the cholesteric elastomers, where the elastomer is compressed along the
pitch axis [17]. From Equation (48), we obtain

34)[ Sk? B S
2n [ (1+25-350)2  /np(1— S+ 3S0)2k,
N 35%(1 - 30)
(1425 —-3S0)(1—S+ 3S0)
+%VL<P1%152 ((7(2 —k3) Q% + (%’%Q —k2Q0)Q + 77) =0, (51)

The order parameters ¢ and Q are numerically determined from Equations (49) and (51)
4.5. Equilibrium State of a Gel

The chemical potential of the solvent molecule is given by

a®B(uo—ug) = a’B(dF/INp)n,
= fe_‘P(afe/a‘P)r (52)

where o shows the chemical potential of the solvent molecule inside the gel and p is that of the
pure solvent molecule outside the gel. The total free energy is given by f.(¢, Q, S, o) where order
parameters Q, 0, and S are given as a function of ¢. Then the total derivative is

(@) = (o) (50),..(30)
(5 osla) * (36,0, o) &

We here evaluate Q (or x;), 0, and S determined above that (9f,/0Q)y,s, = 0 (Equation (47)),
(0fe/90)4,0,s = 0 (Equation (48)), and

(aa]'(;>¢,Q,(, - <5;{2))¢,Qﬂ(;$@> o 0, (54)

respectively. Equation (54) gives the equilibrium distribution function (Equation (41)). Thus, the total
derivative in Equation (52) becomes (df./d¢)0 s, and yields

1
ny/n(l —S+3S0)k,
+1n(1 — ¢) + ¢ + xx%,¢°

+%uLx2m<p252(1 -8(0,Q)). (55)

®Bpo —py) =

The equilibrium swelling «, (or ¢) of the gel can be determined by the balance of the chemical potentials
(osmotic pressure) among the solvent molecules existing outside and inside the gel:

1= —ﬂ3ﬁ<§€> = —a’B(po — uy) = 0. (56)
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When the dimensionless osmotic pressure (I11) versus ¢ has the van der Waals loops, the equilibrium
value of ¢ is determined by the Maxwell construction. The region

a1l 9 fe>
hiaiel — 0 57
(a¢)Q,(,,S 4’<a¢2 oos &0

corresponds to an unstable spinodal region and (0I1/9¢)gss > 0 corresponds to a stable
(or metastable) region [12,15]. Then the equilibrium state of the gel follows the volume curve on
the ¢ —Temperature plane, determined by the condition IT = 0 with the Maxwell construction, which is
equivalent to minimizing the free energy f, with respect to ¢. Thus, in analogy with the gas-liquid
phase transitions, we can discuss the isotropic-liquid crystal phase transitions of the gels, by evaluating
the IT — ¢ curves.

Funding: This work was supported by JSPS KAKENHI Grant Number 18K03566.
Conflicts of Interest: The author declares no conflict of interest.
Appendix A. Derivation of the Distortion Free Energy Fy;

In this Appendix, we derive the distortion free energy Fy;; (Equation (36)) [24]. Using the tensor
order parameter (Equation (31)), the first term of the free energy F; (Equation (32)) is given by [29]

9
a’Y Qmﬁ(r)a’y szﬁ(r) = Esza,ﬂ’lﬁaaﬂﬁ

= %Sz [i{l(v n)2+k(n-Vxn)?

+k3(n x V x n)z}. (A1)

where the dimensionless elastic constants k; (i = 1,2,3) are associated with splay, twist, and bend
deformations of the director, respectively [18]. Using the director (Equation (11)), Equation (A1) is
given by

0y Qup(1)0y Qup(r) = gquz sin® e [122 sin® € + k3(1 — sin? )} . (A2)

The second term of the twist deformations in Equation (32) is also given by
9 — Fy ) S%gsin? A3
€xpry Q#rg(r) «Quy (1) = 24 gsin“e. (A3)

and the external term (Equation (33)) is given by
3

@®BFoxt/V = —¢uSh2(1— 57): (Ad)
Substituting Equations (A2) and (A3) into Equation (32) with combining Equation (A4), we obtain
Equation (36). Note that F;;; = F; + Fey. The first term —gbmSh% in Equation (A4) is migrated into

the last term of Equation (35) and the second term of Equation (A4) is included into the last term of
Equation (37) for convenience.
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Appendix B. Functional Derivatives

In this Appendix, we derive the distribution function Equation (41). Using Equation (4) with

Equation (34), we have

(56 0= )0 (75 0 ()0

The required derivatives of the free energies are given by

(#70),0. = (&) (570)
3
2

_ ¢ [ x2(1—-30) (1-30)
(1+2(1-30)8 ) - Vagro(1— (1 - 30)5)>
3(1 - 30)%S .
- (1-(1-30)s )( 20 _30)5)] / P(8)dQ, (A6)

for the elastic free energy (Equation (26)),

SFnem _ bm B 9 )
(5f(g)>¢,gg = a/lnf(ff)d@ (vLS¢7, + i dm) /Pz(é)dﬂ (A7)

for the nematic free energy (Equation (35)), and

‘SFdis _ 2
(57057, = sissieQ [ oo, (A8)

for the distortion free energy (Equation (36)). Substituting Equations (A6)—(A8) into Equation (A5),
we obtain Equation (41).
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