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In brief

Connecting the computational principles
of brain function to the physical
constraints of the brain is important for
understanding neural information
processing. This is demonstrated by
showing that the hallmarks of the
predictive coding framework can emerge
in arecurrent neural network model that is
constrained in its energy usage.
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THE BIGGER PICTURE In brain science and beyond, predictive coding has emerged as a ubiquitous frame-
work for understanding sensory processing. It postulates that the brain continuously inhibits predictable
sensory input, sparing computational resources for input that promises high information gain. Using artifi-
cial neural network models, we here ask whether hallmarks of predictive coding can arise from other,
perhaps simpler principles. We report that predictive coding naturally emerges as a simple consequence
of energy efficiency; networks trained to be efficient not only predict and inhibit upcoming sensory input
but spontaneously separate into distinct populations of “error” and “prediction” units. Our results raise
the intriguing question which other core computational principles of brain function may be understood
as a result of physical constraints posed by the biological substrate and highlight the usefulness of bio-
inspired, machine learning-powered neuroscience research.

982800

Proof-of-Concept: Data science output has been formulated,
implemented, and tested for one domain/problem

SUMMARY

Predictive coding is a promising framework for understanding brain function. It postulates that the brain
continuously inhibits predictable sensory input, ensuring preferential processing of surprising elements. A
central aspect of this view is its hierarchical connectivity, involving recurrent message passing between
excitatory bottom-up signals and inhibitory top-down feedback. Here we use computational modeling to
demonstrate that such architectural hardwiring is not necessary. Rather, predictive coding is shown to
emerge as a consequence of energy efficiency. When training recurrent neural networks to minimize their en-
ergy consumption while operating in predictive environments, the networks self-organize into prediction and
error units with appropriate inhibitory and excitatory interconnections and learn to inhibit predictable sensory
input. Moving beyond the view of purely top-down-driven predictions, we demonstrate, via virtual lesioning
experiments, that networks perform predictions on two timescales: fast lateral predictions among sensory
units and slower prediction cycles that integrate evidence over time.

INTRODUCTION

In computational neuroscience and beyond, predictive coding
has emerged as a prominent theory for how the brain encodes
and processes sensory information.'™ It postulates that
higher-level brain areas continuously keep track of the causes
of lower-level sensory input and actively inhibit incoming sensory
signals that match expectation. Over time, the brain’s higher-
level representations are shaped to yield increasingly accurate
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predictions that, in turn, minimize the surprise the system en-
counters in its inputs. That is, the brain creates an increasingly
accurate model of the external world and focuses on processing
unexpected sensory events that yield the highest informa-
tion gain.

Adding to the increasing, albeit often indirect, experimental
evidence for predictive coding in the brain,””'" computational
modeling has investigated explicit implementations of predictive
coding, indicating that they can reproduce experimentally
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observed neural phenomena.® ' For example, Rao and Bal-
lard'® demonstrated that a hierarchical network with top-down
inhibitory feedback can explain extra-classical field effects in pri-
mary visual cortex (V1). In addition, deep neural network archi-
tectures wired to implement predictive coding have been shown
to work at scale in real-world tasks,?'*° adding more support for
the computational benefits of recurrent message passing.”®>°
The common rationale of predictive coding-focused modeling
work is to test its computational and representational effects
by hardwiring the model circuitry to mirror hierarchical and inhib-
itory connectivity between units that drive predictions and units
that signal deviations from said predictions (also called sensory
or error units).

Contrasting this approach, here we ask a different question:
can computational mechanisms of predictive coding naturally
emerge from other, perhaps simpler computational principles?
In search for such principles, we take inspiration from the organ-
ism’s limited energy budget and previous established links be-
tween prediction and energy efficiency.®'~*° Expanding previous
work on efficient coding and sparse coding,®’ ™ we subject
recurrent neural networks (rate-based recurrent neural networks
[RNNSs]) to predictable sequences of visual input and optimize
their synaptic weights to minimize the largest sources of energy
consumption in the mammalian cortex: action potential genera-
tion and synaptic transmission.***? We then test the resulting
networks for phenomena typically associated with predictive
coding. We compare the energy budget of the networks with
two baseline models trained with more conventional efficient
coding objectives, search for inhibitory connectivity profiles
that mirror sensory predictions, and explore whether the net-
works automatically separate their neural resources into predic-
tion and error units.

RESULTS

To better understand whether, and under which conditions,
predictive coding may emerge in energy-constrained neural
networks, we first trained a set of RNNs on predictable streams
of visual input. For this, we created sequences of handwritten
digits taken from the MNIST dataset,’® iterating through 10
digits in numerical (category) order. Starting from a random
digit, sequences wrapped around from nine to zero. The image
sequences shown were deterministic in the sequence of digit
categories and therefore (increasingly) predictable when the
position in the sequence was extracted by the network. Such
predictability of sensory input from the environment is a central
assumption of the predictive coding framework because pre-
diction is the primary mechanism through which the framework
reduces uncertainty. A temporal autocorrelation of sensory
signals is evident in the real world and the consequential
assumption of related coding principles, such as slowness®"
and temporal stability.®> Although this work considers the
simpler case of predictable sequences of categories, we
expect that temporal autocorrelation in natural video data,
which is similarly predictable, will yield very similar results.
The visual input to each network unit was stimulus dependent,
with each unit receiving an input that mirrored its correspond-
ing pixel intensity (i.e., 784 network units corresponding to
784 input pixels from MNIST). These visual inputs were not
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weighted with modifiable parameters, preventing the models
from learning to ignore the input as a shortcut to a solution
for energy efficiency. Crucially, because we are using an
RNN, the next image in a sequence can be predicted. In other
words, we trained the neural network not just to encode a set of
images but the particular sequence that was conserved over
training. We hypothesized that the models would learn to use
their recurrent connectivity to counteract the input drive where
possible and, therefore, to minimize their energy consumption.
Energy costs were defined to arise from synaptic transmission
and action potentials, mirroring the two most dominant sources
of energy consumption in the mammalian cortex.***° Figure 1
shows an overview of the experimental pipeline. More details
are provided under “Data generation” and “RNN architecture
and training procedure.”

Preactivation as a proxy for the energy demands of

the brain

Sparse coding is often implemented with an L1 sparsity
constraint alongside a reconstruction objective on the unit out-
puts; i.e., networks are optimized to reduce the overall unit ac-
tivity post non-linearity by having as few units active as
possible while reconstructing the input as closely as possible.*®
Here we take a different approach by making energy minimiza-
tion the target objective instead. However, given that synaptic
transmission contributes considerable energy cost alongside
action potentials, a modified learning objective is required to
approximate total energy consumption; for example, minimiza-
tion of unit outputs alone could be implemented via unreason-
ably strong inhibitory connections, which themselves might in-
crease the overall energy budget. To solve this issue, we
propose to instead train energy-efficient RNNs by minimizing
absolute (L1) unit preactivation. In real neuronal networks,
one can regard the preactivation as presynaptic input; in other
words, the summed afferent input from all other neurons. This
has two desired properties: first, it drives unit output toward
zero, mirroring minimization of unit firing rates (dependent natu-
rally on the form of activation function used). Second, we show
that this objective also leads to minimal synaptic weight magni-
tudes in cases of noise in the system, mirroring an overall
reduction in synaptic transmission (see the supplemental text
and Figure S5 in the supplemental information for a theoretical
derivation and visualization of why this is the case). We
consider this link between a biologically realistic notion of en-
ergy efficiency and synaptic weight magnitude an important
first result of this paper. Optimizing for minimal preactivation,
we trained 10 network instances with different random weight
initializations.>® To empirically assess whether minimizing pre-
activation leads to better energy consumption outcomes, we
need to establish that minimizing preactivation indeed mini-
mizes activity and synaptic transmission and show that it
does this better than other, more standard efficient coding ob-
jectives. With this in mind, we devised two candidate baseline
models: a more conventional model, where the unit outputs
(post non-linearity) are minimized, and a model where the unit
outputs and weights are minimized. Inclusion of these candi-
dates allows us to explore how overemphasis on minimizing
unit outputs can affect synaptic transmission and how to
penalize the weights to correct this overemphasis. The results
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The top part of the figure shows an example input sequence fed to a recurrent network. In each run, 10 randomly sampled MNIST digits are presented in
ascending order to the network (with wraparound after digit 9). Each input pixel drives exactly one unit of the RNN. The preactivation of each RNN unit is
computed from the recurrent input, provided by other networks units, as well as the input drive determined by the intensity of the pixel to which it is connected.
The output of the network units is determined by taking the rectified linear unit (ReLU) activation function of the preactivations. Only the recurrent connections in

the network are learned.

of this comparison can be found in Figure 2A. As postulated,
the preactivation models outperform the models that minimize
unit output alone.

If we break down the network’s energy consumption into con-
tributions from activities and synaptic transmissions, we see that
this divergence is a result of the model minimizing unit output at
the cost of high synaptic transmission. Although the preactiva-
tion model has higher network activity, it performs much better
in terms of synaptic transmission and, hence, in terms of overall
energy efficiency. This is due to the fact that the preactivation
model penalizes excessively large (negative) weights because
they would massively increase synaptic transmission even
when that achieves low unit outputs. What would happen if we
added a penalty on the weight magnitudes? We tested networks
with L2 penalties on the weights and found that these networks
can be competitive in terms of energy demands. However, they
achieve this through broad inhibition in a similar fashion to the
networks trained on the outputs alone (see Figure S1 for a
more in-depth breakdown).

The results in Figure 2A are based on a point estimate of en-
ergy demands in an animal brain model; i.e., biological
assumptions about the relative energy cost of action potentials
and synaptic transmission. Our estimate is in line with biolog-
ical estimates for the mammalian cortex, which commonly
estimate the total synaptic transmission to induce higher en-
ergy costs than action potentials.”**° The results do not
depend on the particular weighting of action potentials and
synaptic transmission and can be changed to increase the
impact of action potentials (from zero to 10-fold) on the system
without significantly changing the results. In short, minimizing
unit preactivation consistently outperformed the minimization
of unit output (L1 on the unit activity) in terms of total energy
budget.

RNNs trained for energy efficiency learn to predict and
inhibit upcoming sensory signals

Having established that the trained RNNs successfully reduce
their energy consumption over time, we confirmed targeted inhi-
bition of predicted sensory input, a hallmark of predictive coding.
This was accomplished by separately visualizing the input drive
(i.e., the unit activation driven by sensory input) and the network
drive (i.e., the unit activation because of network-internal con-
nectivity alone). Figure 2B depicts the aforementioned drives eli-
cited from an example sequence sampled from test data (see
“RNN architecture and training procedure” for more details).
Two observations with respect to the network trained with pre-
activation loss are of importance in this example. First, the
network trained with preactivation loss clearly predicts and in-
hibits the upcoming digit category. Second, as time progresses,
the network is able to integrate information, leading to better
knowledge of the current sequence position and more targeted
inhibition (e.g., the inhibition of later digits appears more
strong/targeted than earlier predictions that appear weaker/
smoother). Better predictions, in turn, result in progressively
lower network activity, as quantified previously. This observation
follows from the shape of our loss function under “RNN architec-
ture and training procedure.” Replacing p; with — p; in Equation 1
will yield a prediction error loss. This tight link has been estab-
lished before.>"=*% In our work, the link can be explained in the
following way: the preactivation allows “predictive inhibition”
while forcing the network weights to be as small possible so
that irreducible noise has as little impact as possible on the
network activity. We refer the reader to thesupplemental infor-
mation for a derivation of why this is the case. Another important
observation is that the network trained on unit outputs alone is
not able to generate sharp predictions, showcasing that this
objective is not a good proxy for energy consumption. In addition
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Figure 2. Networks trained with preactivation minimize their energy consumption and learn to predict their input

(A) Evolution of the “energy consumption” of trained networks. The models trained to minimize preactivation are compared with control models that are trained to
minimize network output (post non-linearity) with an L1 norm on the network output plus an L2 norm on the network weights. Each plot is shown with 95% Cls,
bootstrapped across 10 network instances. Networks trained to minimize preactivation achieve lower energy when presented with sequences.

(B) Visualization of RNN unit drives and activity for an example sequence. Units are organized according to their input pixel location. Excitatory signals are
depicted in red, and inhibitory signals are depicted in blue. The darker the color, the stronger the signal. The sequence images shown were not used for training.
The observable improvements in inhibitory trained network drive indicate that the RNN trained for preactivation minimization integrates sensory evidence over
time, leading to better internal knowledge of the state of the world and more targeted inhibitory predictions. This is in stark contrast with the drive from the network
trained with post-non-linearity loss, which displays imprecise inhibition that also does not improve over the sequence. If we look at the total drive (input + internal
drive; i.e., preactivation), then we see that the internal drive is slightly off in matching the input. This is likely a result of the network not being able to match variation

of individual writing styles in a particular digit category.

(C) Breakdown of energy consumption into activity and synaptic transmission for networks trained with preactivation versus networks trained on activation only.
The networks trained with activation outperform the preactivation networks by a substantial margin but do so by incurring a massive cost in synaptic trans-

mission, leading to an overall increase in synaptic transmission.

to the expected emergence of prediction in our model, this
pattern of results is in line with the hierarchical predictive coding
framework, in which feedback from higher-order areas is sub-
tracted from sensory evidence of lower areas. However, a hierar-
chical organization was not imposed in our RNNs. Rather, it
emerges because of optimization of the networks for energy
efficiency.

Separate error units and prediction units as an
emergent property of RNN self-organization

Our previous results demonstrate that RNNs, when optimized to
reduce their energy consumption (action potentials and synaptic
transmission), exhibit key phenomena associated with predictive
coding. Predictive coding emerges, without architectural hard-
wiring, as a result of energy efficiency in predictable sensory
environments. A second key component postulated by the pre-

4 Patterns 3, 100639, December 9, 2022

dictive coding framework is the existence of distinct neural pop-
ulations that provide sensory predictions or carry the deviations
from such predictions; i.e., prediction and error units.>* Given the
non-hierarchical, non-constrained nature of the current setup,
we next wanted to determine whether a similar separation could
also be observed in our energy-efficient networks.

If the networks had indeed developed prediction units, we
could potentially identify them by looking at biases in their (me-
dian) preactivation at the latter time points of the sequence
(i.e., the time when network dynamics should be most stable).
The rationale is as follows: because the networks are trained to
minimize absolute preactivation, we would expect that the me-
dian preactivation for a unit is close to zero. However, if a units’
median preactivation is significantly different from zero, then that
would imply that this unit has some functional role in the network,
which, in this case, is prediction. Following this rationale, we
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Figure 3. Trained RNNs exhibit populations of prediction and error units

(A) llustration of how prediction and error units are determined. The left illustration shows the process of prediction error selection. For each unit, the median
preactivation and a Cl around that median are determined (for a particular class). If zero is not within the Cl, then our method identifies the unit as being predictive
(for that class). The right illustration shows how error-signaling units are determined. The network is subjected to two sets of sequences. In one set, the sequence
contains a distractor digit that breaks the order in the sequence. If a unit’s (class-wise) mean response differs significantly between the two sets of sequences

(99% CiI), then we label them as error signaling.

(B) Topographical distribution of unit types in MNIST space. Gray units have no functional role in the network. Units that only have one functional role (i.e.,
prediction or error signaling) are stained red or blue, respectively, with the particular shade depending on whether the units respond to a single class or multiple
classes. Units that are identified as performing prediction and error signaling (i.e., hybrid) are stained orange or yellow, depending on whether they fulfill both roles

in a class or across classes.

(C) Input pixel variance as a function of unit type. Prediction units emerge in areas with low pixel variance (error bars shown with 95% CI).

identified candidates for prediction units by calculating the me-
dian preactivation of each unit across multiple instances of
each digit category during presentation of the final element of
the sequences.

Units were labeled to be potentially predictive when, for any
one class, the 99% confidence interval (Cl) around the median
preactivation did not include zero. That is, they showed a consis-
tently deviation from a “zero activity” profile, which would have
been inhibited if it did not serve a functional role in the overall
objective of energy efficiency. See “Determination of prediction
and error units” for details about the exact procedure for catego-
rizing units and calculation of Cls for the median preactivation
and median absolute deviation (MAD) around the median
preactivation.

To identify error-signaling units, a different approach is neces-
sary. If the networks developed error units, then they could be
found by analyzing the unit responses during presentation of sur-
prising inputs. In this light, we constructed an additional set of

sequences in which the digit at the second-to-last time point is
swapped out with a random digit from another digit class.
Response distributions of each network were constructed for
these surprising sequence events and compared with the
response distribution for normal sequences. Units were labeled
to be potentially error-signaling, if the means of the respective
distributions were statistically different (99% CI). An illustration
of this analysis is shown in Figure 3A. When all prediction units
are collected (16.7 +£0.48 units, depending on the particular
network instance), they occupy a different topographic part of
the RNN relative to the error units (see Figure 3B, which shows
the general distribution of postulated prediction and error units
across all 10 digit categories). Units with consistent non-zero
activation (i.e., the postulated prediction units) reside in locations
that are in low-pixel variance areas typically not strongly driven
by sensory input, as evident in the structure of the MNIST data-
set. Experiments on CIFAR-10(Figure 5B) with networks with and
without additional latent resources confirm that prediction units
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(A) Mean energy consumption of normal RNNs (red line), prediction unit lesioned RNNs (yellow line), and control lesioned RNNs (green line). In contrast to regular
RNNSs, the prediction unit lesioned RNNs do not reduce their energy consumption throughout the sequence, indicating that they are not capable of integrating
evidence over time. Control experiments demonstrate that lesioning non-prediction units instead of prediction units has little effect on network dynamics (green
line). From this, we can conclude that the prediction units have a unique functional role in prediction. Mean energy consumption is shown with 95% Cls,
bootstrapped across 10 network instances with replacement.

(B) Internal drive (p¢) in the RNN for the “0” digit category as a result of varying temporal history prior to stimulus presentation. Each square shows the internal
drive of the network following various sequence lengths prior to the stimulus of interest; e.g., the sixth image displays the internal drive after the sequence “5-6-7-
8-9” was presented to the network. The first row shows the predictions of a normal RNN, and the second row shows the result of lesioning RNN prediction units.
The internal drive of the lesioned network does not develop better predictions with longer sequence lengths.

(C) Prediction and error units have different postsynaptic drive dynamics. Initially, error units inhibit the network, but this inhibitory drive diminishes as prediction
units take over. This is in line with the hypothesis of two mechanisms of prediction that operate on different timescales.

(D) llustration of how the two predictive mechanisms might interact in a toy network of two error units (E1 and E2) and one prediction unit (P). Initial input
drive excites an error unit, which then inhibits neighboring error units (lateral inhibition) and excites adjacent prediction units. In the next time step, the
prediction unit inhibits its target error-signaling units (feedback inhibition). In this example, E1 one might be a target because its activity persists in the next

time step.

tend to emerge in areas of lower input variance. The peripheral
locations of the putative prediction units occupy parts of the
input space that are typically black (i.e., unused) or lower vari-
ance when such “empty” input space does not exist. Such sec-
ondary use of neural resources that would otherwise remain un-
used is in line with neuroscientific evidence for cortical plasticity
and reorganization.®>*® In addition to prediction and error units,
we also observe a population of units that behave as prediction
and error units; i.e., hybrid units. Investigating the role of these
(few) units in the network dynamics will be the focus of future
work. We refer the reader to Figure S4 for a visualization of the
topography of an untrained network.

Until now, we have not established a causal effect or functional
role of the postulated prediction units in the network dynamics.
This will be addressed in depth in the next section.

6 Patterns 3, 100639, December 9, 2022

Prediction units integrate evidence over time for more
targeted inhibition

To explicitly test their functional role in RNN dynamics, we per-
formed virtual lesion experiments with the candidate prediction
units, as identified in the previous section. As shown in Figure 4B,
top row, an unlesioned RNN is capable of more fine-grained pre-
dictions with increasing sequence length exposure. In stark
contrast to this, networks with lesioned prediction units (Figure 4B,
bottom row) remain fixed at the initial and immediate prediction
and lose the ability to integrate evidence over time. This prediction
resembles the median of allimages of the MNIST data (Figure S3),
which the is the optimal solution when the network cannot inte-
grate category-specific information. Figure S2 shows more lesion
experiments targeting other digit categories. Next we quantified
the effects of lesioning prediction units (Figure 4A). After an initial
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Figure 5. Results generalize to CIFAR-10

(A) Example input sequence fed to the network. In each run, 10 randomly sampled CIFAR-10 images are presented in ascending order to the network (with
wraparound after image class 9).

(B) Mean energy consumption of normal RNNs (red line), prediction unit lesioned RNNs (yellow line), and control lesioned RNNs (green line). In contrast to regular
RNNs, the prediction unit lesioned RNNs do not reduce their energy consumption throughout the sequence, indicating that they are not capable of integrating
evidence over time. Control experiments demonstrate that lesioning non-prediction units instead of prediction units has little effect on network dynamics (green
line). From this, we can conclude that the prediction units have a unique functional role in prediction. Mean energy consumption is shown with 95% Cls,
bootstrapped across 10 network instances with replacement.

(C) Prediction units have mildly lower input variance. Left: input pixel variance as a function of unit type. Prediction units tend to emerge in areas with low pixel
variance. Error bars are shown with 95% Cls. Right: topographical distribution of populations in CIFAR-10 space across the three color channels (R, G, and B).
Gray units have no functional role in the network. Units that only have one functional role (i.e., prediction or error signaling) are stained red or blue, respectively,

with the particular shade depending on whether the units respond to a single class or multiple classes. No hybrid units were identified in CIFAR-10.

reduction in energy consumption (investigated in depth in the next
section), the lesioned networks fail to reduce their activity over
time (yellow line). As a control experiment, we lesioned the same
number of units from outside the population of identified predic-
tion units rather than prediction units (green line). This had a min-
imal effect on network energy consumption, verifying the special
role of prediction units in overall network dynamics. See “proced-
ure for prediction unit lesions and control lesions” for a more
detailed description of the lesion procedures.

Two distinct inhibitory mechanisms work at different
timescales

As can be surmised from Figures 4A and 4B, the energy con-
sumption of the network drops from the first to the second time-
step by means of an imprecise but category-specific inhibition.
This network behavior is of interest because potential prediction
loops, from input to prediction units and back, require two time
steps to come into effect (one to activate prediction units and
one for these prediction units to provide some feedback). To
confirm this observation, we looked at how prediction and error
units drive other units with increasing temporal history (Fig-
ure 4C). We observe that their postsynaptic drive dynamics
show opposite trends. The initial inhibitory drive results from
the error units, but as temporal history increases (i.e., more of

the sequence is observed), their inhibitory drive weakens. Con-
trary to this, prediction units show a continual increase in inhibi-
tion as more of the sequence is observed, followed later by a
saturation period. This suggests that the observed predictions
in time step two are rather driven by more immediate lateral con-
nections among error units; to our knowledge, a mode of predic-
tive coding not considered previously. We observe two different
modes of predictive inhibitions: one operating at a faster time-
scale among error units and one on a slower timescale involving
prediction units with the potential to integrate evidence over
time. See Figure 4D for a schematic of how these two mecha-
nisms of predictions may operate in the network.

Replication of main results: CIFAR-10

Having established that predictive coding can emerge as a result
of training RNNs for energy efficiency, we tested the generality of
our results by testing on a separate dataset with more realistic im-
age statistics (e.g., full image coverage, unlike MNIST, in which
information is predominantly present in central pixels). In partic-
ular, we performed experiments as before but used sequences
of CIFAR-10images (Figure 5A). Replicating our previous results,
we again observe the emergence of two distinct populations of
units, with lesions to prediction units exhibiting strong effects
on predictive performance and energy consumption of the
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network (Figure 5B). One notable difference is that that we
observe far fewer prediction and error units in CIFAR-10 (1.8 +
0.42 and 179.2+137.77 prediction units on average) than in
MNIST (16.7 £0.48 and 552 +1.7 prediction and error units,
respectively, on average) despite the networks being bigger
(784 units versus 3072 units). We attribute this to differences in
the pixel variance profile of the data for CIFAR-10 versus
MNIST, as can be seenin Figures 3B, 3C, and 5C. Prediction units
tend to congregate in areas with lower pixel variance. MNIST
clearly separates into high and low variance pixels, whereas input
variance in the case of CIFAR-10is much more varied because of
not having perpetually dark pixels. In MNIST, the prediction units
appear in areas with low variance (the edges), whereas error units
appear in areas with high pixel variance (the center). In CIFAR-10,
although less pronounced because of the less extreme fluctua-
tions in pixel variance, we observe a similar trend. We also con-
ducted analyses of models with additional “latent” (i.e., excess)
units that are not driven by any input. In these models, the predic-
tion units consistently emerged in the latent part of the network,
which, by architectural design, is part of the network with the
lowest input variance. This pattern could be explained by the
fact that error-signaling units seem to be characterized by shifts
in response distributions, whereas prediction units benefit from
low variance to slow down their dynamics and respond to fluctu-
ations caused by error signaling.

The networks are still able to minimize preactivation and repro-
duce the lesioning results seen in the MNIST dataset (Figure 5B).
See “data generation” for specific details about the CIFAR-10
dataset.

DISCUSSION

Here, we demonstrate that RNN models, trained to minimize bio-
logically realistic energy consumption (action potentials and syn-
aptic transmissions), spontaneously develop hallmarks of pre-
dictive coding without the need to hardwire predictive coding
principles into the network architecture. This opens up the pos-
sibility that predictive coding can be understood as a natural
consequence of recurrent networks operating under a limited
energy budget in predictive environments. In addition to cate-
gory-specific inhibition and increasingly sharpened predictions
with time, we observed that the RNNs self-organize into mainly
two distinct unit populations: error and prediction units. Beyond
these processes, we observe two distinct mechanisms of pre-
diction: a faster inhibitory loop among error units and a slower
predictive loop that enables RNNs to integrate information over
longer timescales and, therefore, generate increasingly fine-
grained predictions. This observation can be interpreted as a
rudimentary form of hierarchical self-organization in which the
predictive units can be viewed as a higher-order cortical popula-
tion operating on longer timescales and the error units as a
lower-order cortical population operating on shorter timescales.
This interpretation is consistent with hierarchical predictive cod-
ing architectures'®? as well as the organization of the brain in
terms of a hierarchy of timescales.®”°® The phenomenon of
specialization in the circuit has also been demonstrated to be a
useful notion by Zeldenrust et al.,>® who analytically derived a
class of spiking recurrent predictive coding networks with neural
heterogeneity and have shown that these networks can better
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explain away prediction errors than homogeneous networks.
This may indicate that neural heterogeneity and specialization
are integral parts of neural systems that have to be efficient in
predictive environments.

Our loss function is computed from the network preactivation
and, therefore, fully depends on the input drive and the recurrent
drive. This implies an optimal solution in which the recurrent drive
corresponds to the negative input drive. The network could
therefore be seen as optimizing for the negative target, and,
therefore, in this context, there is little to no difference between
energy minimization and prediction of network input.

Although it is true that minimizing the preactivation is equiva-
lent to predicting the (negative) input drive, this does not neces-
sarily imply a predictive coding framework. In particular, predic-
tive coding as a framework consists of a functionally distinct
population of units interacting in a hierarchical fashion.>* Thus,
the loss function minimized, despite its functional relationship
to prediction, does not build in these assumptions of structure.
This allows us to conclude that our loss function, although inti-
mately linked to prediction, does not assume the predictive cod-
ing framework and that this is instead an emergent property.

One might wonder why we opted for RNNs over feedforward
networks, given their popularity in brain data modeling. We believe
that the time-varying nature of the network input requires a network
architecture that can take time into account during its computation
through a form of recurrence. In principle, this can be implemented
in feedforward networks by temporally unrolling an equivalent
RNN. However, without weight sharing, such a network would
not be able to implement lateral or top-down information flow
and would be expensive in terms of parametric complexity.

This work builds on a number of studies investigating the rela-
tionship between predictive systems, environments, and their ef-
fects on efficiency. From a thermodynamics perspective, Still
et al.>* demonstrated that a system with memory exposed to a
stochastic signal must be predictive to operate at maximal en-
ergy efficiency. Candadai and Izquierdo®® showed, information
theoretically, that predictable environments produce neural net-
works that exhibit predictive information. In the work by Sen-
gupta et al.,°° the minimization of thermodynamic energy was
linked to information processing and efficiency using the Jarzyn-
ski equality. This formulation highlights the deep connection be-
tween the thermodynamic energy and the computational cost of
(Bayesian) belief updating. In this instance, the authors were able
to show that the thermodynamic equilibrium, which minimizes
thermodynamic free energy, coincides with the minimum of vari-
ational free energy that underwrites approximate Bayesian infer-
ence.®"*3% This is important because predictive coding can be
cast as Bayesian filtering (e.g., Kalman filtering), which entails a
minimization of variational free energy.®" This variational free en-
ergy is also known as an evidence lower bound and is the objec-
tive function used in variational autoencoders.*

Although we have framed the choice of the preactivation energy
function in terms of thermodynamic free energy, we could have
also chosen an information theoretic cost function based on vari-
ational free energy. Interestingly, variational free energy can also
be derived in terms of minimum message length or minimum
description length in the setting of Kolmogorov complexity and
Solomonov induction and related formulations.®°%%% In turn,
this leads to formulations of universal computation that speak
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again to the minimization of (variational free) energy in affording the
most compressed representation of some input. This was the orig-
inal motivation for linear predictive coding in the 1950s°* and fits
very comfortably with the formalism presented in this work.

On a neural level, it was demonstrated that tightly balanced
excitation-inhibition can be understood as neural networks effi-
ciently coding information, with membrane potentials of neurons
interpretable as a prediction error of a global signal.®>~°® Masumori
et al.%? demonstrate that a spiking neural network, solely trained
based on spike timings, learns to predict temporal sequences,
proposing that predictive coding arises to avoid stimulation of bio-
logical networks. This current work extends this body of evidence
by demonstrating that the framework for predictive coding can
emerge in recurrent networks that are trained for a simple consid-
eration of energy efficiency, reproducing functional components
of predictive coding in a biologically inspired network setup. To
concretely link the impact of our loss function to energy efficiency
in terms of action potentials and synaptic weights, we derive the
impact of noise and input variability (zero mean but with arbitrary
distribution) as aiding in minimization of the size of the synaptic
weights used to minimize the network’s activity and precluding a
solution where synaptic weights are large but cancelling one an-
others’ network impact.

The current work, because of its reliance on smaller-scale da-
tasets (MNIST and CIFAR-10), represents a proof of concept.
The reliable findings across two separate datasets and the afore-
mentioned findings regarding the link between prediction and
energy efficiency indicates, however, that the observed results
are likely more general. Larger categorical datasets, such as
CIFAR-100 or ImageNet, would increase the complexity of the
problem by the larger number of categories available. This would
allow training and testing on longer sequences. We do not see
principled reasons why these longer sequences should not yield
a similar separation into prediction and error units. We also must
take note of the fact that our loss function does not cover all
metabolic sources in the brain, such as the maintenance associ-
ated with longer wire lengths,”® which can induce more energy
constraints on the model. It will be interesting for future work
to investigate the interplay of both sources of energy cost, infor-
mation transfer and wiring length, in a joint setting.

Given that we hypothesized that energy efficiency is sufficient
for the basic components of the predictive coding framework
to emerge, we restricted ourselves to a single-layer recurrent
network in which units can freely connect to each other. Future
work would entail extending the current model to a multilayer
network so that communication between prediction and error
units between layers can be investigated in more detail. In terms
of model details, future work could also explore energy efficiency
in spiking network models where membrane voltages and spike
times must be considered because the current set of results re-
lies on a rate-coded neuron model. How a predictive system
should optimally process differing spatial and temporal scales
of dynamics and deal with unpredictable but information-less in-
puts (e.g., chaotic inputs and random noise) are key areas for
future consideration.

Our current set of findings suggests that predictive coding prin-
ciples do not necessarily have to be hard-wired into the biological
substrate but can be viewed as an emergent property of a simple
recurrent system that minimizes its energy consumption in a pre-
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dictable environment. We have shown here that minimizing unit
preactivations implies minimizing unit activity and synaptic trans-
mission. This observation opens interesting avenues of research
into efficient coding and neural network modeling.

EXPERIMENTAL PROCEDURES

Resource availability

Lead contact

The lead contact is A.A. (abdullahi.ali@donders.ru.nl).

Materials availability

There are no newly generated materials.

Data and code availability

All data and analysis code along with instructions are available at https://osf.io/
c57d4/(https://doi.org/10.17605/0OSF.I0/C57D4).

Data generation

MNIST

The input data are sequences of images drawn from the MNIST database of
handwritten digits.® Images are of size 28 x 28 with pixel intensities in the range
[0, 1]. There are 60,000 images in the training set and 10,000 images in the test
set. Each set of images can be divided into 10 categories; one for each digit.
The frequency of each digit category in the dataset varies slightly (frequencies
lie within 9%-11% of the total dataset (70,000 samples)). Sequences are gener-
ated by choosing random digits as starting points. Digits from numerically sub-
sequent categories are then randomly sampled and appended to the sequence
until the desired sequence length is reached. The categories are wrapped
around so that, after category “nine,” the sequence continues from category
“zero.” The sequence length can be chosen in advance, but all sequences
are constrained to have the same length (in our simulations, we take a sequence
length of 10). The sequences are organized into batches. Theimages are drawn
without replacement, and the process is stopped when there are no image
samples available for the next digit. Incomplete batches, in which there are
no remaining image samples to complete a sequence, are discarded.
CIFAR-10

The input data are sequences of images drawn from CIFAR-10, a labeled subset
ofthe tinyimage database.”' CIFAR-10 consists of 10 classes. These classes are
as follows: airplanes, cars, birds, cats, deer, dogs, frogs, horses, ships, and
trucks. Images are colored and of size 32 x 32 x 3 with pixel intensities in the range
[0, 1]. There are 50,000 images in the training set and 10,000 images in the test
set. Each set of images can be divided into 10 categories; one for each class.
The frequency of each category in the data set is exactly 6,000. Sequences are
generated by choosing random images as starting points. Images from numeri-
cally subsequent categories are then randomly sampled and appended to the
sequence until the desired sequence length is reached. The categories are wrap-
ped around so that, after category “nine,” the sequence continues from category
“zero.” The sequence length can be chosen in advance, but all sequences are
constrained to have the same length (in our simulations, we take a sequence
length of 10). The sequences are organized into batches. The images are drawn
without replacement, and the process is stopped when there are no image sam-
ples available for the next class. Incomplete batches, in which there are no re-
maining image samples to complete a sequence, are discarded.

RNN architecture and training procedure

We created a fully connected RNN consisting of 784 units for MNIST and 3,072
units for CIFAR-10. Each unit is driven by exactly one input pixel, which means
that the number of units exactly matches the number of pixels in the image.
The equations that determine the RNN dynamics are

p; = Why_4, (Equation 1)
ar = Pyt X, (Equation 2)
hy = f(ay), (Equation 3)

where x;e R denotes the input drive, ate RN denotes the preactivation,
W e RV*N denotes the recurrent weight matrix of the RNN (the only learnable
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parameters), py € RN denotes the recurrent feedback, and hy € RN denotes the
unit outputs (in our study, f are ReLU non-linearities). The subscriptstand t — 1
refer to the discrete (integer) timestep of the system because all of these vari-
ables (aside from the weights) are iteratively updated. The weight matrix is uni-
formly initialized in [— 1, 1] and scaled by N-%ie., proportionally scaled by the
number of units in the weight matrix.

The objective of minimizing energy is captured through the following loss
function:

4T
L = WZHaer

t=1

(Equation 4)

where T is the number of time steps, N is the number of units, and a; is the pre-
activation of the units when processing the t -th element (or timestep) in a given
sequence. We trained 10 model instances for 200 epochs on MNIST and 10
model instances for 1,000 epochs on CIFAR-10 with batch size 32 (32 se-
quences per batch) with the Adam optimizer (3; = 0.9, 8, = 0.999, learning
rate = 0.0001).”> Model training differed in weight initialization and training
sequence. We tested the same 20 model instances (lesioned models in Fig-
ure 4A and Figure 5C) but with unit activity hy_1 masked so that the feed-
back-driven units did not affect the computation of a;. No extensive hyper-
parameter search was performed.

In addition to the models trained with the preactivation loss, we also trained
two baseline models (10 instances each) with equivalent architectures and
training procedures with different losses. The first baseline was trained with
a loss on the unit activity post non-linearity (i.e., network activity):

1< .
O = 1 ;hh (Equation 5)

The second baseline was trained with the post-non-linearity loss and L2 reg-
ularization on the weights

;
Lo = an > (he + AW, (Equation 6)
=1

NT ¢

Here A controls the relative impact of the weight regularization and is picked
(through a search) to be as close as possible to the energy consumption of the
preactivation loss model (here A = 3708). The models were trained using Py-
Torch 1.5.0 and Python 3.7.7.

Determination of energy consumption

To benchmark how well the model minimizes energy consumption, we use the
following measure for energy consumption for a particular sample m on a
particular time point t:

E" = arhl + ST, (Equation 7)

where

st = |hY[® W], (Equation 8)

a1, ap are constants that weigh the impact of activity and synaptic transmis-
sion (in this work, a1 = §, a2 = 2 and h", s denote the average network ac-
tivity and network synaptic transmission for m at time point t. The mean energy
consumption for a network at time point t over all samples in the test data set

will be

M — —
Ei = ) arhl + cps, (Equation 9)
m=1

Determination of prediction and error units

To determine whether units are predictive, we record their median preactiva-
tions for each category at the final time step of a sequence, when the dynamics
of the network are most stable. We construct 99 % Cls around this median. To
obtain a 99 % ClI, we first compute the MAD around the category median pre-

activation. Supposing ;,L% (af”) is the category median preactivation at the final
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time point for a particular unit i, we can compute the MAD for a particular cate-
gory and unit as follows:

MAD® = ﬂ%(

1
a5 - i ()

), (Equation 10)

where af_f,), is the preactivation of unit j for an arbitrary sample m of category c.
This means that you can find the MAD for a particular unit and category by tak-
ing the median of the absolute deviations of the unit sample preactivations
from the median preactivation.

Cls can only be analytically calculated for Gaussian distributed random vari-
ables using the standard deviation around the mean, so we have to use an
approximation. We can do this by converting the obtained MADs to pseudo-
standard deviations’® in the following way:

7 = 1.4826-MAD, (Equation 11)
where 5,@ is the pseudo-standard deviation around the median preactivation
for unit i and category ¢, and 1.4826 is the scaling constant for Gaussian
distributed variables.

The 99 % CI will then be

clo = [u%(a,?“)) - 2.5763;”,#%(31,@) + 2.576?1,.(")]. (Equation 12)

where 2.576 is the Z score that determines the bounds of the CI. A unit i will be
identified as a prediction unit when 0$CI,.(°) for at least one c.

To determine whether units signal error, we provide the networks with
additional sequences that have a late-time-point (in this work, t = 8) distractor
(an image that breaks the order of the sequence) and record the unit
responses (i.e., unit outputs post non-linearity). For each unit i and class c, a
distribution over responses for distractor sequences P}?(ri(;)) is constructed
and compared with Pfc) (r,.(c) ), the response distribution for normal sequences,
where

P (ri‘c)) = N® (r,.(c);ufc),o}”z), (Equation 13)

2
() = N (150 057). (Equation 14

Unit i is determined to be signaling error for class ¢ when

(c) (c)
)l"'l — Mig

>2.576, (Equation 15)

(©)? )2

(c
o +D_l‘d

that is, we can say with 99% confidence that the distributions are different.

Procedure for prediction unit lesions and control lesions

The procedure for the lesion experiments on prediction units is as follows: us-
ing the method described in “Determination of prediction and error units,” pre-
diction units were detected for all digit classes. Subsequently, the set of acti-
vations and outputs of all prediction units was set to zero during inference to
ensure that their activity cannot affect the other units in the network. A similar
procedure was employed for the control lesion experiments. In this case, how-
ever, random sets of non-prediction units in the network were lesioned. The
number of lesioned units in the control condition was set to be equal to the
original number of prediction units lesioned.

Calculating postsynaptic drive dynamics of prediction and

error units

To calculate the postsynaptic drive dynamics of prediction and error units, we
first determined the prediction and error units (separately for each network
instance). For each prediction and error unit, we calculate their synaptic trans-
mission for each sequence and time point. The resulting matrix is then aver-
aged over the number of sequences, yielding a mean postsynaptic drive curve
for each prediction and error unit. The corresponding curves, shown in Fig-
ure 4C, indicate the average synaptic transmission originating from prediction
and error units, averaged across network instances together with 95% Cis, ob-
tained via bootstrapping.



Patterns

SUPPLEMENTAL INFORMATION

Supplemental information can be found online at https://doi.org/10.1016/j.
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