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In this study, we focused on n-dimensional quaternionic space H". To create the module structure, first part is
devoted to define a metric depending on the product order relation of R". The set of H"” has been rewritten with
a different representation of n-vectors. Using this notation, formulations corresponding to the basic operations in
H" are obtained. By adhering these representations, module structure of H" over the set of real ordered n-tuples

is given. Afterwards, we gave limit, continuity and the derivative basics of quaternion valued functions of a real

variable.

1. Introduction

Although most studies are on real space, many approaches differ
when we consider the concept of dimension. For example, considering
the limit, n-dimensional vector approximations offer a more rational so-
lution. In this paper, we will examine real quaternions, a 4-dimensional
number system, in n-dimensions.

In the literature, various ordering types are given on the n-
dimensional real numbers space and also the product order is defined
[1]. First of all, by considering the componentwise multiplication de-
tailed in [2], we construct the ring structure of n-dimensional real
numbers. Then, we define a metric depending on the order relation
of the n-dimensional real numbers set [3].

Just as the elements of an n-dimensional real numbers space R”
are called real n-vectors, the elements of n-dimensional real quaternion
space H" can also be called quaternion n-vectors. The n-dimensional
quaternionic space is a 4n-dimensional vector space over the real num-
bers. We also deal with the properties of this vector space. Regarding
this space, studies are carried out in areas such as symplectic geometry,
Clifford algebra, etc [4, 5, 6, 7].

The module structure of n-dimensional quaternionic space has gen-
erally been studied over quaternions [4, 8, 9]. Different from them,
by adapting the componentwise multiplication to the n-dimensional
quaternionic space, the ring structure of H"” was established. Be-
sides, vector space structure of n-dimensional quaternionic space over
real space was formed. Thereafter, module structure of n-dimensional
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quaternionic space over the set of real ordered n-tuples was given using
a different representation of quaternion n-vectors.

Along with these, in the last section, quaternion vector functions
are defined, and according to the metric accepted, the limit, continuity
and the derivative definitions for quaternion valued vector functions
are analyzed.

2. Preliminaries
2.1. Real quaternion space

Real quaternions, first described by W. R. Hamilton in 1843, are
4-dimensional number system [10, 11]. Real quaternions have been
studied in many areas such as algebra, geometry, physics, computer-
aided design (CAD), put into practice and have provided technological
improvements. This subsection is devoted to the basic definitions and
results for real quaternions.

The set of all real quaternions H can be represented as

H:{q | a=aéy + b8 + &, +dé;, abc.deR, ao,al,az,a3eu:z4}.

Each element of this set can be written as g = S, + V,, with the real
(scalar) part S, = aé, and the vector (spatial, pure) part V, = be, + cé, +
des.

Addition operation is defined as

@@ g =(a+ay) 8+ (by+by)) & +(c;+¢y) &+ (d +dy) &, (@))
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and multiplication by a real scalar is defined as

(may) &

for all ¢; = a;é) + b;é, +c;é, +d;e3 €H (i=1,2) and y €R.

HoOq = + (uby) &, + (ue)) &+ (ud;) 2

Corollary 1. {H,®,R,+,-,®} is a vector space with dimH = 4.

Multiplication of ¢; and g, is defined as

111><42=(01“2—b1b2—0102 ddz) €
ay by, +ayby +cidy —cpd, ) e
2

bydy +byd,) &,

+(
+ (alcz+azc1
+( 1dr + aydy + bycy —

byey) &,
for all g; = a;é,+b;€¢, +c;é, +d;é; €H (i = 1,2). Quaternion multiplication

rewritten by accepting q; = S, +V,, and ¢, =S, +V,,, such as

q° " q a0 ql+V /\IR3V

quqZZSqIqu_<V v >R +Sq1 42+S

where, (,)p3 and Aps are dot and vector products in R3, respectively.

Corollary 2. (H,®, x) is a unitary ring. However, the quaternion multipli-
cation is not commutative, so quaternions form a skew field.
Conjugate of a quaternion g = aé,, + bé| + ce, + dé; is defined as

q=aéy—be; —ce—dé; =S, -V, 3

From here, ¢ is called spatial quaternion if ¢ @ q =0 or a=0. Also, all
spatial quaternions set can be represented as

Hp = {q | 4= b2, + &+ déy, b.e.d R, §,6,,& €R? }

The real-valued inner product function 4 : Hx H — R is defined as

1 - _
h(qy,q,) = E[ql Xq, ® gy Xql=ajay+bby +cicy +dyd,. “4)

The quaternion-valued inner product function (, )y : HxH — H is

defined as
(g1, 420y =a1 Xy = (a1ay + b1by +cjcy +ddy) &
(—albz +bjay —c;dy + dlcz) e,

+
+ (—alc2+cla2—dlb2+bld2)52
+ (—aydy +dyay — bycy + ¢ by) &.

Norm of g = aéy + be| + ce, + de; is defined as

llgll=vVh(g.9)=V{gu=Vaxq=Vqxq
=Va>+b>+c+d%

The quaternion g is called unit real quaternion if ||gq|| = 1.
The inverse of a real quaternion is defined as

)

-1__4
llqll?

Since inverse of a quaternion can also be defined as ¢~ = ||q|| "> where
q #0, the space H is a division algebra.

In order to divide the quaternion p € H to quaternion ¢ € H, p must
be multiplied with ¢~!. However, since quaternion multiplication is not
commutative, it is of two kinds: p x ¢~! is called right division of p with
q; g~ x p is called left division of p with q.
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2.2. n-Dimensional real space

Ordering is of great importance in many fields of mathematics.
There are many different order types people have studied. One of them
is the product order (also called the coordinatewise order or component-
wise order) which is a partial ordering on a Cartesian product of ordered
sets [1, 2].

The product order in R” defined as

XSB'(:»a,-sb,-

forall A=(a,),B=(b;) €ER" (1<i<n).

The set of n-tuples of real numbers with componentwise addition
and scalar multiplication is a real vector space. To describe the ring
structure of space R”, a multiplication operation called componentwise
multiplication, which is also used for lower dimensional real spaces, can
be considered [2].

Component to component multiplication Xp» :
fined

R" x R" — R" is de-

X|ZIR"§: ’an)|ZIR” (b17b27""bn)=

for all A =(a;), B= (b)) €R".

(a,ay, ... (aby.azby,....a,b,)  (6)

Theorem 2.1. Multiplication operation satisfies the properties as follows:

) (ZanE)gn = A K (B@Rné),

@ AR (B+C) = (ARerB) + (AR C),

€) (A+B)[Z|w = (AR C) + (BRR:C),
A

4 AR, B= B|Z|
(5) TRpnA =

- -

for all [f, B,C € R" and identity element is 1= a,1,...,1).

Proof. (1) Forall A= (a;), B= (b,-),é =(¢) R,

(wa é) R € = (@1, @3, ., @) B (b, by .., b)] B (€165 1€
=(ayby,ayb,,...,a,b,) Kgn (c1, 05, ..., C,)
= ((a1by)er, (@rby)cy, ..., (ayby)e,)
= (al(blcl),az(b2c2), ,an(bncn))
=(ay,ay,...,a,) Xpn (b,cl,bzcz, ,b,,c,,)
=(ay,ay,....a,) Kgn [(b1. by, ... b)) Kgn (¢1. €5, .., ¢,)]

= AR (Exw 6).

Other proofs can be made similarly. []

Corollary 3. R" is a commutative and unitary ring with addition and com-
ponentwise multiplication.

On the other hand, vectors in space R" can be viewed as 1 X n ma-
trices and we can use Hadamard matrix product. With fixing a matrix
size, the set of such matrices forms a ring under matrix addition and
Hadamard multiplication [12]. According to the assumptions, it is en-
countered that this ring is not an integral domain since it contains zero
divisors. To avoid this, we will give some definitions in Section 3.

3. Metric on R"

Definition 4. Inverse of an n-vector can be defined as

% =/Y_l = <L,L,,L> = (al_l,azl,...,a;l)

a; a ay

forall A= (a;) e R" where Va; #0 (1 <i <n).
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Theorem 3.1. Inverse operation satisfies the properties as follows:

c ARpr A = AT Rgn A=1,
* (AKgn B! = A" Kgn B~ (Va;,b; #0).

Proof. Theorem can be easily proved by using (6). [
Definition 5. Division on R” is defined as
A AR B =B ®a A

for all Zf, B €R" where B # 0.

Definition 6. Consider the real exponential function f, : R — R,
fo)=aj. A function F, : R" - R" is defined by

FuA)= A= (fy fayees fa) = (@S, .. )

such that A > 0 and Va; # 1 for all A= (a;) € R" (1 <i < n). Clearly, this
function is well-defined.

Theorem 3.2. On R" (R"-module), function ||| : R" - R”",

[ = VA 3 (V5 ) =

for all A= (a;) € R" defines a norm. With this norm function,

ool fan])

d(A,B)=|A- B|
defines a metric, called the componentwise metric for A, B € R".

Proof. We first check that the given formula defines a norm. -
(ND) Every [a;| 20 for || 4]| = (|ai|.]aa]. ... |ay]), then || ]| =0.

(N2) Every |a;| =0 for “X” = (|ay]|az]s - |an]) =0, then a; =0 and

also A =0.
(N3) Suppose the scalar is 1 = (4}, 4,, ..., 4,) € R” we can write,

[pt=Copy R (N L IR
= (Il lar]. alaal. . 2]
- 7 e

Also, “/1 0] XH =14 ”XH obtained for 1 € R.
(N4) With using the triangle inequality on R,

|4+ B|| = (Jay + 1. ay + Bal. .. |, + B,
= (Jar |+ [ba] o] + [ba [+ [,]) = || A + | B]|
forall A= (a;) eR" (1 <i<n). So, d(A, E) is also a metric, as each norm
defines a metric. []
4. n-Dimensional quaternionic space

The set of all real quaternion n-vectors H” can be represented as

H' =HXHX-XH={7=(q;) = (q1.42.---9,) | €W, 1 <i<n}.

Each component of this set are quaternions ¢; = S, +V, €H, hence,

q= (Sql’SrJz"“’Sqn)"' (V v,

VooV, ) = S+ Vs

That is, each quaternion n-vector can be written as the sum of the
real part S; and the vector part V;. As a matter of course, the set of
spatial quaternion n-vectors is defined as

H%, =HpxHp X - xHp ={G=(q;) = (91.92----9,) | g EHp, 1 <i<n}.
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Addition operation FH : H"” x H” — H" is defined as

.4, ®py)

and multiplication by a scalar operation ® : H" x H — H" is defined as

GHp= (41 Dp1,Dpss---

GOA=(q)04=(g;xA) = (g1 XL g X A,....q, X 1) %)

forall §=(q;) = (41.92. 4.7 = (p;) = (P1. P+ ... P) EW', AEH.

Corollary 7. {H",H,®} =H" is a right H-module with dimH" = n.
Inner product function (, )y» : H” X H” — H is defined as

<Zi7ﬁ>|H]n = Zﬁl X p; (€)]
i=1

for all §= (‘Ii), p= (Pi) eH", g.peHALi<n).
Norm function |||l : H" - R is defined as

n n
“‘YH[H]" =V <‘Y"7>Hn = J zqi Xq; = \J z ”qi”2
i=1 i=1

2 2 2
VNl + laalP + -+ ]

for all = (q;) € H" [4, 5].

4.1. Ring structure of H"
Multiplication operation [X] : H” x H" — H" is defined as

s Gn X Py) 9)

for all §=(q;), p=(p;) €N", q;,p; € H (1 <i < n). This operation is
called quaternion n-vectors componentwise multiplication on H". It is clear
that, here, @ and X are the quaternion addition and multiplication,
respectively, as we have noted by (1) and (2).

GjRp= (41 XPp1> @3 X Py ..

Corollary 8. (H",HH, X)) is a unitary ring.

Conjugate of a quaternion n-vector is defined as
q= (51’52’“"@1) = (Sql VoS, = Vaps -+, = th) =5;-V;

for all § = (g;) € H".

Theorem 4.1. Conjugate operation satisfies the following properties as fol-
lows:

(1) §E5=ME5

(2) {RP=rR3

3) i=q§

@) s;=,

(5) 1’5=%;

© 7= (5, 505, ) =55
7 d=-35=(Vy Vo Vs, ) = Vi

for all §,p e H".

Proof. (2) With using quaternion n-vectors componentwise multiplica-
tion, we can write,

GjXp= (41 XPp1Gy XPpose-sdy XPn)

for all §=(g,), p=(p;) € H". Considering the property of the conjugate
of a quaternion given by (3) indicates

GXp= (51 X q1,P3 X 253Dy XE,,) =pXgq. O
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4.2. Vector space structure of n-dimensional quaternionic space over real
space

We can write the multiplication operator [-] : H" x R — H" with real
scalar on H" as

§HI=(104q0A....q,04) (10)

for all = (g;) € H" and A € R. Clearly, this operation is compatible with
(7), if scalars in H are restricted to scalars in R. Hence, we can give the
following corollary.

Corollary 9. {H",H,[-1} is a vector space over the real space.

Also, with the multiplication between basis, we write the elements
in H" using the basis £, =(0,0,...,1,...,0,0) (1<i <n) as

7= (a1:42: -+ 4n)
=&+ &g+ +Ey4,
=€) (a; + b\ +¢8)+d183) + &, (ay + by&, + 28, + dy&3) + ...
+&, (a, +b,8| +c,& +d,e)
=a1(€,89) + ay(8,80) + -+ + a,(€,8) + by (€,81) + b5 (£,8)) + ...
+b, (£,8))
+¢1 (£18) + 03 (£285) + - + ¢, (£,8,) +d, (£,83) +dy (£,85) + ...
+d, (£,8)

for all g; = a;é, + b€, + c;é, +d;e3 € H and a;,b;,¢;,d; €R (1 <i <n). So,

can be written and dimH" = 4n.
Definition 10. Inner product function (, )ﬁ,, : H" x H" - R is defined as
[R n
(@) = X 1 (a0) = (a1.01) + h (02.02) + -+ (4, ,) an
i=1
forall §=(q;), p=(p;) €H".

Definition 11. Norm function |||}, : H” > R is defined as

Il = /(@) =

for all = (q;) € H".

n
o) =Vl + alP + -+l
i=1

4.3. A representation of quaternionic n-vector with real ordered n-tuples

A quaternion n-tuple in H" is given as § = (q,,45....,q,). Now,
rewrite an n-vector with the coefficients in R". Suppose the quaternions,

qy =a;€y+ b€ +ce+de;eH,

Gy = a8y + bye| + c,€, + dye3 € H,

q,=a,éy+b,e; +c,e,+d,e3 €H

are given. We can write with taking the real n-vector coefficients into
bases brackets

gd=(aj.ay,...,a,) &+ (b, by, ....b,) & + (c.c,....¢,) &
+(dy.dy,....d,) 2 (12)

= Aé, + Be, + C&, + Dé,
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where A = (aj,a5,....a,), B = (by,by,....0,), C = (cj.cr..rc,),
D=,.d,,....d,) €R".

The set of quaternion n-vectors is also defined as
H" = {q(q=/¥ao+§a +Cé, + Dé;, A,B,C,DeR" }

Here, S; = A&, is the scalar part and Vi= Bé, + Cé, + Dg, is the vec-
tor part of quaternion n-vectors.

Now, we give a corollary for writing the formulas again of in (9) in
terms of the representation (12).

Corollary 12. Rearranging the multiplication of n-vectors is
G875 =(Ad+ B¢+ Ci& + D& ) R (Ao + Bogy + Créy + Doy )
= (A1 Rk A — Bi®es By - € Ry — D1 R D2 ) o

=

+ (A@Rnéz + B R Ay + C, R Dy — Co R D, ) é

+ (21 R Cy + €, Kgn Ay — B, Rgn Dy + §2|Z|Rnﬁ1) A
+ (Zl Rn Dy + D, R Ay + B, Kn G — By Gy ) Z,
forall §= A 3y + Bé, +C,&, + D,&,, p= A,y + B,?, + Co&, + D, &, € H".

4.4. Module structure of n-dimensional quaternionic space over
n-dimensional real space

This part, we first define a scalar multiplication operation that will
allow us to construct the module structure. Then, we define the inner
product and norm functions on this module.

Multiplication by real n-vector [[] : H" x R" — H" is defined as
qfi= (XEO+§EI +5§2+553) By

= (A‘gw Z) 2y + (BEW Z) 2+ (éxRJ) 5+ (f)gw 1) Z

for all § = Aé, + Be, + Cé, + Dé; e H" and 1€ R".
Multiplication operation is also defined as

i07=(0104.0,0 4.....q, 0 4,)

forall §=(¢;) €H", g, €M and 1= (4) €R" (1 <i<n).

Corollary 13. {H",[,[-]} is a module over n-dimensional real space. Also,
H" = spanga {2y, €,.&,,&, } is written. In that case, dim H" = 4.

Definition 14. Inner product ,)ﬁ: : H" x H" - R" is defined as

RN - L B [ o S

4Py =5 [(q&v)lﬂﬂ(pIZIq)] 13
for all g, p € H".

Corollary 15. Inner product can also be written as

(@5 = (1 (41:21) 1 (922 - (41 as
or
(E,ﬁ)ﬁ: = A, Rgn Ay + B, Rn By + €, Kgn C, + D, Kn Dy 15)

forall §=A,2y+ B2, + C,& + D,&;.5 = Ay3y + By?, + Cy&, + D,&; € H.

Remark 1. Note that, equations (13), (14) and (15) are equal to each
other.
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Definition 16. Norm function ||~||ﬁ: : H" - R" is defined as

12llf = V(@ @) = VaRa= (o]l ezl - laall) 16)

for all g, p € H". Here, components are quaternion norm function real
values given by (5).

Remark 2. Considering all the algebraic structures of the H" space,
it is noteworthy that the H" space is 4n-dimensional over the space
of real numbers, n-dimensional over the space of quaternions, and 4-
dimensional over the space of real n-vectors.

5. Limits, continuity, and the derivative in H"

This section, we will examine function ¥ : R — H" which are the
quaternion n-vector valued vector functions. For this examination,
which metric system we work with will play an important role in the
domain of the defined function.

For the analysis concepts of such functions, we will use the R"-
module structure of the H"” space. We discuss the limits, continuity
and the derivatives of n-dimensional quaternionic space in detail with
consider the componentwise metric on H” (R"”-module) as we have men-
tioned in Section 3.

Definition 17. Let H" be the real quaternion n-vectors set. Let I = [0, 1]
be an interval in R, 7 € I be real parameter and y; : R » H (1 <i <n) be
the quaternion valued functions of a real variable, then

7R H, 70 = (0. 720, ... 7,(0)

is called the quaternion valued vector function of a real variable.

Definition 18. If the vector ¥ =7 (¢) gives the same vector for all values
of the parameter 7, then the vector 7 is called the constant n-vector.

Definition 19. Let ¥ : R — H" be a quaternion valued vector function of
a real variable defined on some open interval that contains the number
a € R, except possibly at a itself. Let L be an n-vector. The limit of 7, as
1 value approaches a, is L, denoted by

lim7(t) =L,
1—=a

means that for every € > 6, there exists 5, = ;(¢;) >0 (1 <i < n), such
that 0 < |1 — a| < 6; and 1 € R implies [|7(1) - L||i}, <.

Remark 3. The limit value obtained in the space H" is a real n-vector.

Theorem 5.1. Let y; : R — H (1 <i <n) be a quaternion valued functions
of a real variable. For all L; € H (1 <i < n), according to the componentwise
metric, limit of 7 is limy(r) = L=(Ly,L,,...,L,) € H" atpoint a if and only
lf}l_{ral vi®) =1L,

Example 20. The function 7 : R — H> defined by 7(r) = (2t + 2¢%i,1° +
tj,t + t*k) is given. Using the formal definition of limit, it can be ob-
served that the limit of the function 7 at point t =3 is L=(6+18i,27+
3j,3 +9k).

Considering the componentwise metric on H3, for all £ > 0 we will
examine whether there exists §, > 0 (1 <i < 3) values for each compo-
nent, such that |[r — 3| < §; and 7 € R implies ||7(¢) — illﬁ; <E.

First, calculate ||7(7) — leﬁi by using (16),

17— L%, =(ll2e = 6) + @7 = 18)il, 2* = 27) + (¢ = 31l
Il =3) + (* = 9)kll).
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For the first component, by using (5)

12t = 6) + (212 = 18)i]| = V/(2t — 6)2 + (212 — 18)2
=20t -3|V14+(@+3)?
we’ll start by simplifying the inequality in an attempt to get to choose

5,. We can assume |t — 3| < §; and when §, = 1, we have /1 + (t +3)2 <
V50 for all £; >0, and

24/50

121 = 6) + 2% — 18)i < |t — 3]2v/50 < <£—\/‘_> 2V50=¢,

guarantee that 36, =min < 1, £1 .
24/50

Make the same assumption for the second and the third components
and we’ll see the quaternion valued functions limit exists at point ¢ = 3.
So, by our definition of limit for quaternion valued vector function,
we can write, for every ¢; > 0 there exists §, >0 (1 <i < 3). For the
function y, we obtained }Er;?(t) =(6+ 18,27+ 3,3 + 9k) according to

the componentwise metric.

Definition 21. Let ¥ be a quaternion valued vector function of a real
variable defined on [c,d] real line. ¥ is continuous at a point a € [c,d] if
the following three conditions are satisfied:

7(a) is defined;
}im (1) exists; and
—a

lim7(*) =¥(a).
t—a

Also, 7 function is continuous over an open interval [c,d] if it is
continuous at every point in the interval.

Definition 22. The derivative of the quaternion valued vector function
of a real variable 7 : R — H", 7(t) = (7,(1),7,(®). ..., 7,(1)) at point 7, € R
is defined as

7 (t0) = 7 (10) = im7 [(t0 + 1) = 7 (1) @ ™!

for h € R. Here, multiplication is given by (10).

Theorem 5.2. The derivative of a quaternion valued vector function of a
real variable 7 : R — H", 7(t) = (y,(6),7,(8), ..., 7,(t)) is obtained by dif-
ferentiating the component functions separately and writing them as com-
ponents of the derivative function with the help of the derivatives of the
quaternion valued functions y; : R > H (1 <i < n):

FO=( @70,y 0).

Theorem 5.3. 7 and § be quaternion valued differentiable vector functions
of areal variable, [-] : H" X R — H" be the multiplication operation by a real
scalar, 4 be a scalar valued function. The following properties are satisfied:
D
@
3
(€))

/~
<!

0Fi0) =707 Ljw,
FoEi0)=(L70)Di0BF 0D (Li0),
[fomio]=(Liomio) s (forLio),

Fodo)=(L7w.50)+(Fo. Lio).

(ESSIESSI B
<!

QU

t

Remark 4. Inner product functions given by (8), (11) and (13) satisfy
option (4) of Theorem 5.3.
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6. Conclusions

In order to ensure the integrity, we would like to state that these
definitions, theorems and results presented in this study are preliminary
information in terms of our research in the field of differential geometry
in n-dimensional quaternionic space.

It is aimed to add the theory of curves on n-dimensional quater-
nionic space to the literature, assuming that the results obtained and
provided by the applications to be carried out in the next study confirm
the results obtained in this study.
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