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Multiferroic BiFeO; (BFO) that exhibits a gigantic off-centering polarization (OCP) is the most
extensively studied material among all multiferroics. In addition to this gigantic OCP, the BFO having
R3c structural symmetry is expected to exhibit a couple of parasitic improper polarizations owing to

: coexisting spin-polarization coupling mechanisms. However, these improper polarizations are not

. yettheoretically quantified. Herein, we show that there exist two distinct spin-coupling-induced

. improper polarizations in the R3¢ BFO on the basis of the Landau-Lifshitz-Ginzburg theory: AP, - arising

. from the Lifshitz gradient coupling in a cycloidal spin-density wave, and AP, originating from the
biquadratic magnetostrictive interaction. With the help of ab initio calculations, we have numerically
evaluated magnitudes of these improper polarizations, in addition to the estimate of all three relevant

. coupling constants. We further predict that the magnetic susceptibility increases substantially upon

. the transition from the bulk R3¢ BFO to the homogeneous canted spin state in a constrained epitaxial

. film, which satisfactorily accounts for the experimental observation. The present study will help
us understand the magnetoelectric coupling and shed light on design of BFO-based materials with
improved multiferroic properties.

* Multiferroics are an interesting group of materials that exhibit both ferroelectricity and anti-ferromagnetism
. with coupled electric and magnetic order parameters"?. Multiferroism is the subject of intensive scientific inves-
. tigations as these materials are able to offer a wide range of interesting applications that include sensors, trans-
ducers, memories, spintronics and ferroelectric photovoltaics®~. Among numerous multiferroics, BiFeOs; (BFO)
is currently the only ABO;-type simple perovskite that exhibits room-temperature multiferroism and, thus, is
considered to be the most promising candidate for practical applications of multiferroics. It is a rhombohedrally
distorted ferroelectric perovskite (T,~ 1100 K) with the space group R3c and shows canted antiferromagnetism
up to 643 K (Néel temperature, Ty)'**2. The R3¢ BFO is known to possess the largest reported value of the switch-
able polarization of ~90 pC/cm? along the pseudo-cubic [111]. direction (or equivalently, [001];, in hexagonal
: notation; Fig. 1)!*!*. According to the previous ab initio studies'*"", the stereochemically active lone-pair elec-
. trons originating from the hybridization of 65 and 6p atomic orbitals of Bi are responsible for the off-centering
. displacement (OCD) of the Bi ion along [111]. (or [001]}). Interestingly, the R3¢ BFO is further characterized by
* the incommensurate cycloidal spin structure with a periodicity of 620 A along the [110],, direction in hexagonal
© setting!®1°.

The magnetoelectric (ME) coupling between polarization (P) and magnetization (M) order parameters is the
single most important subject of multiferroics® In case of the R3¢ BFO, strong ME coupling is not anticipated
due to the absence of a strong interaction between the ferroelectric OCD at the Bi-ion site and the G-type antifer-
romagnetic (AFM) spin moment at the Fe-ion site. However, the G-type AFM alignment plus the cycloidal spin
ordering of BFO allows opportunities for interfacial magnetic coupling in multiferroic heterostructures, where
BFO plays some important roles as ferroelectric substrate, AFM pinning layer for exchange bias, and interfacial
quantum modulation donor?. Indeed, Saenrang and co-workers? recently demonstrated deterministic and robust
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Figure 1. A half unit-cell hexagonal structure of BiFeO; having R3c space-group symmetry. The hexagonal
lattice parameters shown in the figure (a =b=5.580 A, c=13.872 A) are based on our previous Rietveld
refinement"’. In the same figure, a pseudo-cubic representation is also shown along the [111]. direction which is
equivalent to the polar [001],, direction in hexagonal notation.

room-temperature exchange coupling between the BFO AFM order and the Co overlayer with ~90° in-plane
Co-moment rotation upon single-step ferroelectric switching of the monodomain BFO. This has important con-
sequences for practical, low power non-volatile ME devices utilizing BFO%.

In spite of extensive studies on the R3¢ BFO, however, possible ME coupling mechanisms and associated
improper polarizations are not yet quantitatively resolved or lucidly explained. Herein, we show unequivo-
cally that there exist two distinct spin-coupling-induced improper polarizations in the R3¢ BFO on the basis
of the Landau-Lifshitz-Ginzburg phenomenological theory. These are: (i) a small parasitic improper polariza-
tion (AP;f) originating from the Lifshitz exchange coupling, which can be equated with the §; x S;-type vector
coupling induced polarization (APp,,) caused by the reverse Dzyaloshinskii-Moriya (DM) interaction, and (ii)
a §;- S-type scalar coupling induced polarization (AP,,) caused by the biquadratic magnetostrictive exchange
interaction. With the help of ab initio density-functional theory (DFT) calculations, we have evaluated magni-
tudes of these improper polarizations, in addition to the numerical estimate of all three relevant ME coupling
constants. We have further predicted that the magnetic susceptibility increases substantially upon the transition
from the bulk R3¢ BFO to the homogeneous canted spin state in a constrained epitaxial film. These studies will
help us comprehensively understand the ME coupling mechanisms in the R3¢ BFO and shed light on design of
BFO-based materials with improved multiferroic properties.

Theoretical Analysis

Improper Polarization and Invariant caused by the Reverse DM Interaction. As mentioned pre-
viously, the R3¢ BFO is represented by a pseudo-cubic unit cell with its proper polarization along the cubic [111].
direction (i.e., [001]} in the hexagonal setting; Fig. 1). Let us define [111].=[001]}, as the z-direction. On the other
hand, the incommensurate cycloidal spin structure with a periodicity of 620 A suggests the appearance of a small
improper polarization in the R3¢ BFO via the reverse Dzyloshinskii-Moriya (DM) coupling®!-%. The spin-density
wave (SDW) associated with this incommensurate spin cycloid is characterized by the propagation vector Q along
the [110];, direction in the hexagonal setting'®!*?42%, Let us define [110],, as the x-direction (Fig. 1). We will first
examine the magnitude of this reverse DM coupling-induced parasitic polarization which is directly linked to the
spin cycloid before presenting the relevant thermodynamic potential of the bulk R3¢ BFO. The induced polariza-
tion (APp,,) by the reverse DM interaction is expressed by the following form:

APy = dDMéij x (M; x IVIJ) (1)

where & denotes a unit vector connecting the two neighboring magnetic (spin) moments, M; and M, at the sites
i and j, respectively. Thus, we have to evaluate the position-dependent (M; x M;) to assess APp, due to the
cycloidal variation of M with the propagation vector Q along [110]y,.

Let us call the net magnetic moment at x=0 as M; (i.e., the site i at x=0). Then, M; is given by the sum of the
two neighboring canted sublattice magnetization vectors, m; and m,, along the z-direction (but at the same x=0).
Since the two neighboring canted magnetizations exhibit a canted antiferromagnetic (AFM) coupling along the
c-axis (i.e., along [001],) with the canting angle ¢, m; and m, can explicitly be written as m; = m,
(cosp z + simpfc)—i—my}? and m, = m(—cospZ + sinX) + my’\, where m, denotes the magnitude of m,
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Figure 2. Canted sublattice magnetization vectors and associated polarization in the R3¢ BFO. (a) Two
sublattice magnetization vectors, m, and m,, at x=0 (left-hand side) and at x = § (right-hand side), projected on
the hexagonal x-z plane. The figure shows A¢-degree clockwise rotation of m, or m,, as the cycloidal spin-
density wave (SDW) proceeds from x =0 to x = ¢ along the [110],, SDW propagation axis. (b) Cycloidal
variation of M(x) along [110];. In contrast, the improper polarization caused by the reverse DM interaction,
APy, does uniformly polarize along the z-axis and is x-location-independent. Here, the x-axis is parallel to
[110], and the polar z-axis is parallel to [001]}, or equivalently to [111].. Thus, the y-axis is parallel to [110],,.

(or m,) vector projected on the x-z plane (Fig. 2) and m,, designates the y-component of canted spin moment with
its magnitude given by m, = m,siny = m,sin(0.203°) = 0.0035m,"”. Thus, M; (=M(0)) is given by

M; = 2m, sinpX + 2m,y )
On the other hand, the two neighboring canted magnetizations, m, and m,, at the site j, that are § away from x=0
are given by m; = m,(cos¢’2 + sing'%) + mj and m, = m,(—cosp"Z + sing"%) + m,y, where
¢ =+ Apandp” = ¢ — Ay with the variation of the spin-canting angle (Ay) associated with the transla-
tion from x =0 to x =6 along [110],. Thus, M[ =M(6)] is given by

M; = my{sing’ + sinp"} & + my{cosy’ — cosy”} £ + 2m, . This expression is readily transformed into the
foflowing form using elementary trigonometric algebra:

M; = 2m, singp cos(Ap)& — 2m, sing sin(Ap)Z + 2m,y (3)

Plugging Eqs (2) and (3) into Eq. (1) yields the following expression for the improper polarization induced by
the reverse DM coupling:

APy = 4m02dDMsin2<p sin(Ap)z — 4m,m,, sinp{l — cos(Ap)}y

= mozsincp[4dDMsingosin(A<p)2 — 0.014{1 — cos(Ap)}y]

Q

4m02dDM sin®psin (Ap)2 (4)

The last expression of Py, is valid if cos(Ap) = 1. As defined previously, Ay denotes the variation of the
spin-canting angle associated with the translation from one Fe-site to the nearest-neighbor Fe-site along the
x-axis. Thus, Ap=360°x (5.58 A/620 A) = 3.24°, where 5.58 A does correspond to the distance between the two
nearest-neighbor Fe ions along the x-axis!”. This predicts that cos(Ag) = 0.9984 ~ 1and supports the validity
of the last expression in Eq. (4). We will quantitatively examine the validity of this proposition of ignoring the
y-component of the reverse DM coupling induced polarization in ‘Discussion’ section. It is interesting to notice
that Py, is location-independent but depends on the DM coupling strength (dp,,), canting angle (), and the
periodicity of SDW through Ay. Thus, the improper polarization induced by the reverse DM coupling does uni-
formly polarizes along the z-axis, i.e., along [001];, [Fig. 2].

Within a continuum approximation for magnetic properties, the DM interaction responsible for this cycloidal
modulation of spin moments in the R3¢ BFO can be expressed by inhomogeneous invariants, so-called ‘Lifshitz

SCIENTIFICREPORTS| (2018) 8:405 | DOI:10.1038/s41598-017-18636-9 3



www.nature.com/scientificreports/

invariants’ in the free-energy density®. Since the leading terms in the DM interaction are linear with respect to
first spatial derivatives of magnetization in an antisymmetric mathematical form, the Lifshitz invariant for the
R3¢ BFO can be written as

oL, . oL oL, oL
A, = |8 %)y plp P O
=0 [ < ox 8x] [ oz Z@z]

2 2 2 2
1 oL oL oL oL
e
2 S[[ Ox ] [ ox ] 0z 0z (5)
where ~, and 7/, denote the Lifshitz relativistic P-L exchange-coupling constants. Since the R3¢ BFO is antiferro-
magnetic (AFM), we used the magnitude of the AFM Néel vector, L, instead of the net magnetization order
parameter, M, [=|m; + m,|], in the description of Af, .. Herein, the DM vector is replaced by 7P since the polar-

ization couples to gradients of M or L, thereby inducing an inhomogeneous cycloidal spin configuration. In the
next section, we will use this form of Af, , in constructing the thermodynamic potential for the R3¢ BFO.

Landau-Lifshitz-Ginzburg Thermodynamic Potential. Before presenting the free-energy density of
the multiferroic R3¢ BiFeO; (BFO), we have first examined the free-energy density of the ferroelectric subsystem,
Af(P), on the basis of Landau-Ginzburg-Devonshire phenomenological theory?’-?°. As mentioned previously,
the R3¢ BFO is represented by a pseudo-cubic unit cell with its proper polarization along the cubic [111], direc-
tion (i.e., [001];, in the hexagonal setting; Fig. 1). Then, the free-energy density (thermodynamic potential) of the
ferroelectric subsystem can be expanded on the basis of a paraelectric prototypic cell having cubic P,
symmetry:

m3m

_ 1 2 p2 p2 / (p4 4, pa n (p2p2 | p2p2 | p2p2
Af(P) =f, + Exp(Px + P+ PY) + &P + Py + BY) + & (PEP] + PP + EPY) ©
where x, denotes the dielectric stiffness, and ', ¢, are high-order stiffness coefficients. In Eq. (6), the three
polarization components along the three orthogon al cubic directions are denoted by P,,P. i and P,. Then, the
proper ferroelectric polarization (P) along the pseudo-cubic [111], is given by P = P2 + P + P2 Substituting
this relation into Eq. (6) and suitably rearranging the resulting relation, one can obtain the followmg relation:

1
Af(P) =f, + EXPPZ + & P+ ¢ (PP + PIP] + PIP}) )

Lp. Substituting this

where ¢, is defined by ¢, = ¢, — 2¢,,. Since P is parallel to [111],, P, = P,=P = =

relation into Eq. (7), one can immediately obtain the following expression:

L2, 1,04
AEY=J, + P+ 35P (8)
where &, is defined by§ = —(35/ + ¢ )

Considering the Lifshitz invariant for the cyc101dal modulation of spin moments [Eq. (5)] and the free-energy
density for the ferroelectric subsystem [Eq. (8)], one can write down the Landau-Lifshitz-Ginzburg thermody-
namic potential of the single crystalline R3¢ BFO in terms of two independent order parameters, P and L, where
L is an AFM Néel vector describing the staggered sublattice magnetization. The model free-energy density (Af)
with respect to the paraphrase where (P) = (L) = 0is

Af(P, L) = fXP2+ £P4+ le2+ £,L —fyP(ml-mz)JrznGZ (VL)
i=x,),2
oL oL oL, oL
P X z P X
er”[Zax "ax]J” [ > Zr‘?z]
L1 aL"2+ 8Lzz+ aszJr aL, )
2 s 63( Bx 82 82 (9)

where P denotes the magnitude of the total ferroelectric polarization (proper + improper) developed along the
hexagonal c-axis, i.e., [001]y, or, equivalently, along [111]. of the pseudo-cubic unit cell (Fig. 1)!*!*. According
to our Berry-phase calculations, P ~ P, and P, is as high as ~90 C/cm? for the undoped BFO having the R3¢
space-group symmetry'’, where P, designates the proper off-centering polarization developed along the hexag-
onal [001] direction. Here, we would like to remind that ‘z” does not refer to the cubic [001] direction. In addi-
tion, P, =0 as the SDW-propagation direction (Q) is parallel to x [Fig. 3]. Equation (4) formally supports this
conclusion. Several previous investigators adopted similar forms of the free-energy density in their theoretical
analysis of the R3¢ BFO?**0-32, However, the present form [Eq. (9)] is best suited to theoretical treatment of the
spin-coupling-induced improper polarizations and the latent magnetization that are the two main subjects of the
present study. The magnitude of the AFM Néel vector, L, is defined as L = |m, — m,|, where m, and m, denote
two canted neighboring sublattice magnetization vectors®. Then, it can be shown immediately that M and L are
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Figure 3. A two dimensional representation of the AFM Néel vector, L(x), that forms a continuously varying
SDW with the propagation vector Q along the [110];,. Herein, the improper polarization arising from the
Lifshitz exchange coupling in the SDW is denoted by AP, and is predicted to be parallel to the z-axis or [001];,.

not independent of each other but are interrelated by M?> — L? = 4(m, - m,). Thus, the magnetostrictive coupling
invariant in Eq. (9) can be rewritten using the following biquadratic form:

Af, (EA f, ) = —,P(m; - my) = —iyqu(Mz — 1.

Lifshitz Invariant associated with Cycloidal Spin-density Wave.  As described previously, the single
crystalline R3¢ BFO is characterized by the incommensurate SDW with the propagation vector Q along the [110],
spiral direction in hexagonal setting!®!*?%, As schematically shown in Fig. 3, the x-location-dependent Néel vector
[L(x)] forms a continuously varying cycloidal vector on the x-z plane with its propagation direction Q along £
(=[110]y,). Thus, the Néel vector is given by L(x) = L & + L 2. Since the Néel vector L(x) lies on the x-z plane,
L, = 0. Accordingly, we establish the following expressions for two orthogonal components of L(x):

L, = L,sin(Qx) and L, = L, cos(Qx) (10)

where Q = |Q| =27/ with A=620 A. One can readily obtain the following relations for M, and M, from Eq. (10):
M, = M,cos(Qx) and M, = —M,sin(Qx). Thus, M(x) and L(x) vectors are perpendicular to each other.

Let us then find a Lifshitz invariant arising from this cycloidal SDW. One can compactly rewrite the Lifshitz
invariant by assuming that v, = ~,’ for simplicity.

Afye = AP UV 1) = L VD) + ZKUVLY + (GL) + (VL) + (VL))
~ P -{L(V-L)— (L-V)L} (11)

In obtaining the last expression, we omitted terms representing the square of Néel-vector gradients. According to
Mostovoy™, these nonlinear square terms do not practically contribute to the uniform improper polarization
caused by the Lifshitz P-L exchange coupling. Since L(x) = L,® + L2, it can be shown that the Lifshitz invariant

is given by
0L 0L 0L 0L
Af,. =~ {PX+Py+ P2 -{|L—= - L—=%+|L—=—-L—=|2
fur WPE+ BF | {[ 0z 62] [Zax ax]}
= %PZ[I‘Z% - anLz]
0x 0x (12)
In obtaining the last expression, we used the equality that O: _ %+ _ (since both L, and L, are independent of

the z-coordinate [Fig. 3] and that P,=0 as the SDW—propafgationZdirection (Q) is parallel to x. Combining this
result with the two relations given in Eq. (10), one can obtain the following expression of the Lifshitz invariant:

Afyp = %P Ly {eos’(Qx) + sin"(Q0)}Q = P L; Q (13)
where L,(= L= |m, —m,|) denotes the magnitude of Néel vector and is given by L = 4mZ>cos’p ~ 4m_ since
p=0.7° [Fig. 2].

R. de Sousa and J. E. Moore? used another form of the Lifshitz exchange coupling for the R3¢ BFO, which is
apparently different from Af; presented in Eq. (11). It is given by

Af'ip =P - {L(V- L)+ L x (V x L)} (14)
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After carrying out several steps for mathematical rearrangements, one can show that

oL oL oL oL
P, ~| + PL Z(t +{RL|—=| — PL|—=
{xLx[(‘)x] “[ax]} {“[ax] Zx[@x]}
In obtaining the above relation, we used the equality that ‘zLx = (‘ZL" = ( ‘ZL ) = 0. As mentioned previously,
y z )y
P, =0 since the SDW-propagation direction (Q) is parallel to x. Then, combining Eq. (15) with Eq. (10) immedi-

ately yields

Af'p =1

(15)

oL, _
0x

L oL,
ox

Af'yp = %Rz[Lz ] =%k, Lo2 Q

(16)

Accordingly, Af, . = Af’, . This indicates that the two apparently different forms of the Lifshitz invariant [i.e.,
Eqgs (11) and (1431]: are equal to each other under the condition of cycloidal spin ordering confined in an x-z plane
with the translational symmetry along # and the propagation direction along £ which is parallel to [110]y,.

Free-energy Minimization for Deducing Two Distinct Improper Polarizations. Incorporating the
results of Eq. (13) for the Lifshitz invariant into Eq. (9), we obtain a simplified form of the thermodynamic
potential.

1 2 1 4 1 2 1 4 1 2 2 2
Af(P, L) = —x P>+ =€ P* 4+ —x > + =61 — =y P (M* — L
i 5% 4£p S 451 4qu ( )
1
+=kg >, (VL) + ~PL*Q
i=x,9,2 17)

where we used the notation P for the proper off-centering polarization, P,, since P, ~ P. Then, consider the
free-energy functional for a finite volume, AF= [dvAf(P,L). We impose the following equality for equilibrium:

SAF = f dv{ (%) 5P + (%) F) L} = 0. Since the P-L cross-coupling is sufficiently weak, one can establish:
L p

oP oL
fdv 5P[%] - fdv 6L[%] —0
oP ), oL (18)

P

Let us first consider the equilibrium off-centering (proper) polarization. One can immediately establish the fol-
lowing equality by imposing Eq. (18) to Eq. (17):

1 2 12 2
dv 6Py X P+ § P’ — =y (M’ — L*)P + AL }:0
f v { XP 6P = 2y )P+ L°Q (19)
If the Lifshitz-coupling term were absent, one would obtain the following relation from Eq. (19):
Pf’ﬁxp + §pPoZ — %'Yq( M? — 1*)} = 0.Then, one immediately obtains the following expression for the equilibrium
polarization (P,) in the absence of the Lifshitz exchange coupling:

1

&

Pl =—

1 2
{Xp - E«yq(Mz _ Lz)} = (Peq(O) + APmS)

(20)

where P, ) denotes the equilibrium (proper) off-centering polarization in the absence of any intrinsic ME cou-
pling and AP, (=|AB,,|) represents a small improper polarization caused by the magnetostrictive exchange

coupling. Thus, F, is comprised of two distinct terms, namely, P, = P, ) + AB,,. Since B, ), > AP, we estab-
lish the following relations from Eq. (20):

(M> — I3 (my - m,)
FYq :,-Yq 1 2 <0

(Byo)’ = —
q(0)
4€,Bq0) €, Fe00) @1

P

X
2| and AP, =
§

According to the Curie-Weiss law, = (T — T.), where T, denotes the ferroelectric Curie temperature (~1100

K for the R3¢ BFO)'*. Thus, x, < 0 below T.. Let the total equilibrium polarization that satisfies Eq. (19) be P,
We then establish

By =P+ ARy = (Byo + AB,) + AR 22)

In the above equation, AP, ; (=| AP, ;|) appears due to the last term in the parenthesis of Eq. (19) and thus repre-
sents a small improper polarization arising from the Lifshitz coupling.

Owing to the Lifshitz invariant, one cannot obtain a correct analytic solution of P, from Eq. (19). We thus
treat AP, as a small perturbation to P, and obtain a reasonably accurate solution for AP, .. Substituting Eq. (22)
into Eq. (19) yields the following equality:
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3 1 2 2
{XPE, &P — oM - L )PD}
+XPAPLF + fp{3PaZAPLF + 3P(AP)’)

1 3 2 2
—=,(M~ — L)AP, L,Q=0
2%1( JAPE + 7L, Q (23)

As discussed previously, the terms inside the first parenthesis are equal to 0. Neglecting the term containing
(AP,)’, we eventually derive the following expressions of AP, :

% Ls Q _ L Q
2
{—zxp + (M — Lz)} 26, F; (24)

APLF =

In obtaining the second expression of Eq. (24), we substitute Eq. (20) for P2. On the other hand, we used the fol-
lowing equality in obtaining the last relation: X, T g P — %Vq(MZ — %) = 0. This equality was previously dis-
cussed in conjunction with Eq. (19).

On the other hand, the improper polarization caused by the magnetostrictive exchange coupling (AP, ) is given
in Eq. (21). Let us now rewrite AP, _ in terms of L to compare this with AP, . The term, m, - m,, appeared in Eq. (21)
can be rewritten in terms of the AFM spin angle  asm, - m, ~ m_ cosf = —m_|cosf| = —m?|cos(178.6°)| < 0.
In addition to this, P, = Py t+ AP, ~ %4(0p and|L| = |m; — m,| = L, = 2m,cosp = 2m,cos(0.7°) ~ 2m,,
where 6 + 2¢=180° [Fig. 2(a)]. Incorporating these three results into Eq. (21), one immediately obtains

2 2
— cosf —~.m

Ap = Zakoleostl Tgmy
45,5 &b (25)

The above equation demonstrates that the improper polarization caused by the magnetostrictive interaction
belongs to §;-S;-type scalar coupling. According to Eq. (25),|AB,,|is inversely proportional to P,. In contrast,
|AP|is 1nversely proportional to the square of P,. Since |cos §| & 1, the ratio of these two antiparallel improper

|AP| 2 M Q _ b,

polarizations is obtained from Eqs (24) and (25), namely, =L A = = PA‘ Finally, the corresponding cou-
s % o
pling invariant (Af ) can be obtained by using the relation described previously, m, - m, = —m?|cosd)|.
_ I S s 2 2 . )
Af (:A];) = — quP (M* — L) = —y,P(m; - my) = +,P my|cos 6| (26)

where P is nearly equal to P, or P,. The subscript ‘g’ appeared in Af emphasizes that the magnetostrictive inter-
action is represented by a biquadratic coupling of the form, P2M? or P*L%. According to ¢*-expansion adopted in
Eq. (8) [or Eq. (17)], the Landau coefficient &, should be positive. Thus, Eq. (26) tells us that the biquadratic P-M
cross-coupling thermodynamically stabilizes the R3¢ BFO system if v, < 0. On the contrary, the biquadratic mag-
netostrictive coupling destabilizes the system with a concomitant decrease in P, (i.e., AP,  <0) if ~v,>0.
According to the experimental result reported by S. Lee et al.”>, the latter case (v, > 0) is apphcable to the R3c
BFO. Our theoretical estimate also supports this conclusion (‘Discussion’ section).

Since AP, ; appeared in Eq. (24) is equal to| AP,,| that is given in Eq. (4), one can derive the following analyt-
ical expression for the reverse DM interaction coefficient (dp,,) which is a measure of the strength of the reverse
DM coupling:

uied
/\gp sin( Ag)tan*P? (27)

dDM =

As expected, dp,, is proportional to the Lifshitz P-L exchange-coupling constant (|y,|) but is inversely propor-
tional to A (wavelength of the SDW, 620 A along the [110],). To estimate dp,,, thus, one should first know =, &p
and P,. We will show all the details in ‘Discussion’ section.

Ginzburg Gradient Energy and Equilibrium Magnetic Remanence. Let us examine the second rela-
tion of Eq. (18) by applying Eq. (17) to this requirement.

f dv 5L[5%]P - f dv 6L

where k denotes the Ginzburg gradient-energy coefficient. The last term inside the parenthesis of Eq. (28) can
be rewritten as

1 1 O (VL)
XL+ &0 + qusz +29PQL + EKG% _

(28)

L OS(VLY'} 1 O(VLY'} oL,
—hg————— = —~Rg——————
2 oL 2 oL, oL

o)

(29)
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Then, we obtain the following type Euler-Lagrange equation from Eq. (28):

{x, + 4L+ qu + Z%PQ} - KGZVZ [8L ] =0

OL (30)
The Ginzburg gradient term in the above equation is comprised of three distinct terms, namely,

oL, oL, oL oL

—HGZVZL,»[—’] = —rgl VL [ ] + Vi 2 + VL,| ==

: oL ), oL ), . OL OL
! i Le LyL, Lol (31)
Since V2L, = Oy _ 06 = 0, it is not difficult to show that V2L, = —L,Q?sin(Qx), where L, denotes
the magmtude of the AFM l{leel vector. Similarly, it can be shown readily that V2L,= V- VL= —L Q%cos(Qx).
On the contrary, VZL =V. VL =0. In addition, it is straightforward to show( i ) — % = (lQ ) and

L, » sin(Qx
( %LL ) = % = W Putting all these results into Eq. (31) and rearranging yields to the followmg expression
LoL, . cos(Qx

for the Glnzburg gradient term:

# NZAVL)'}

oL sz [ ] - el

L (32)
where L= L,. Substituting Eq. (32) into Eq. (28) yields the following expression for the equilibrium magnitude of
the AFM Néel vector:

2 1P+ 29PQ + 266Q°
(- o - L]

where (L ( . q(o))z = —x//§ Thus, L, denotes the equilibrium magnitude of the Néel vector in the absence of any

coupling (i.e., 7,= ¥, = tig=0). Then, the equilibrium magnetic remanence (M, ) is related to L, via the follow-
2

ing relation: ( Meq) = ( Leq) + 4(m, - m,),,. Combining this relation with Eq. (33) yields

{%WqPZ + 2vPQ + ZmGQZ}
§ (34)

(Me‘l)z = (M“I(O))z + 4é‘("ll : mz)eq -

where §(m, - My)ey = (my - My, — (my - M), and M., denotes the equilibrium magnetic remanence in
the absence of any coupling. Thus, the Lifshitz exchange coupling enhances M, if ; < 0 which corresponds to
thermodynamically favorable Lifshitz coupling [Eq. (13)]. According to our theoretical estimate, -, is indeed
negative as described in ‘Discussion’ section. In contrast, the Ginzburg gradient term always suppresses M,, as
kg > 0.

The Ginzburg gradient energy can be computed by considering the space average of the gradient term in Eq.

2
(17), namely, Af. = 2K (Z (VL )2) = ﬂ@'G((VL Y + ( 2 +(VL, ¥). It can be shown readily that
(VL Y = (VL,) - (VL) =L; 2Q? cos (Qx) and (VL, Y= L, 2Q%sin’(Qx). On the contrary, (VL, )2 =0 since
=0. Thus, the space average ‘of the Ginzburg gradlent term is

_1 e\ _1 a2
Af, = ZHG<;(VL1) > 6L Q )

Since k¢ > 0, the Ginzburg gradient term always increases the free-energy density.

Discussion

Estimate of the Two distinct Improper Polarizations. Having theoretically identified the two
spin-coupling-induced improper polarizations in the R3¢ BFO (i.e., AP,;, AP, ), we now focus on the numerical
estimate of these values with the help of ab initio density-functional theory (DFT) calculations and experimental
measurements. For this, let us first consider the improper polarization caused by the magnetostrictive exchange
coupling, AP,,.. As given in Eq. (20), this induced polarization is defined by AP, Since P,y
denotes the off-centering (normal) ferroelectric polarization along the polar z-axis or [001],l undqer the imposed
condition of M = m,; + m, = 0, it does correspond to the Berry-phase polarization®>*¢ obtained
without imposing any spin structure (i.e., paramagnetic phase). In contrast, P, represents the net off-centering
ferroelectric polarization that includes the exchange coupling effect. Thus, P, corresponds to the
Berry- phase polarlzatlon computed by imposing the canted sublattice spin structure with
m, - m, = m}cosf=mcos(m — 2¢) = m? cos(178.6°). Since AP, belongs to S, - §;-type scalar-coupling-in-
duced improper polarlzatlon, the computed value of P, by the Berry-phase method should be independent of the
inclusion of spin-orbit coupling effect?>. Our DFT calculations predict that AP, = P, — Py = —20 nC/ cm?,
which indicates v, > 0 according to Eq. (25).

SCIENTIFICREPORTS| (2018) 8:405 | DOI:10.1038/s41598-017-18636-9 8



www.nature.com/scientificreports/

z Py (=P) APy
// [001], l T
AP,
L(x)
e
0 x

—Q // [110],

/4P,

y

Figure 4. A schematic representation of the off-centering proper ferroelectric polarization, P, and the three
parasitic improper polarizations, AP, ., AP, and AP, in the R3¢ BFO. Among these three improper

polarizations, AP, ; is parallel to P, but AP, is anti-parallel to P,,. In contrast, AP, is perpendicular to
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Figure 5. High-resolution theta-2theta x-ray diffraction pattern (XRD) of the BiFeO;(BFO)/SrRuO;/
SrTiO5(111) thin-film heterostructure obtained using pulsed laser deposition. As shown, all three layers are
characterized by the [111] -preferential growth. The thicknees of the ferroelectric BFO layer grown along the
pseudo-cubic [111]. is ~400 nm.

Let us estimate the improper polarization (AP, ) arising from the Lifshitz gradient coupling. For this, we have
to first consider the slowly varying spin reorientation with the periodicity of 620 A along [110];, or x-axis. The
distance between the two neighboring Fe-spin sites along the [110], SDW propagation axis is 5.580 A. Thus, the
spin-rotation angle (A¢) between the two neighboring Fe sites in the x-z plane is given by
A¢p=360°x(5.58/620) = 3.24°. We have imposed the spin-orientation structure and performed ab initio calcula-
tions by adopting a 2 x 2 X 1 supercell. The estimated ab initio value of AP, is ~15 nC/cm?. However, this com-
puted value is substantially smaller than the experimental value of 36 nC/cm? along [001],*°. Considering
reliability of our ab initio value, we will adopt this experimental value in the evaluation of the Lifshitz coupling
constant, ,, in the next section. We schematically depict these two distinct improper polarizations with their
directions in Fig. 4 and these can be summarized by the following ratio: —AP,,:+AP;=20:36 =5:9.

Theoretical Estimate of the Three Relevant Coupling Constants. Let us first estimate the biquad-
ratic magnetostrictive coupling constant (v,) by exploiting Eq. (25). As estimated in the previous
subsection, AP, =P — P, o = —2.0 x IOJC/mZ. According to our Berry-phase calculations,
P,=86.3 uClem*=0.863 C/ m?. To experimentally check this value, we have fabricated a highly [111] -oriented
400-nm-thick BFO thin film on the (111)SrRuO,/SrTiOj; substrate [Fig. 5]. As shown in the polarization-electric
field (P-E) hysteresis loop [Fig. 6], the remanent polarization of the [001];-axis-grown BFO film is ~90 pC/cm?,
which nearly coincides with the computed value of P,(=86.3 (1C/cm?).

As can be deduced from Eq. (17), the invariant for the ferroelectric subsystem is given by
Afp = %XPPZ + ipr‘l —'quz(m1 -m,y) & %XPP2 + igpp‘* since the biquadratic exchange coupling contribu-
tion is negligibly small as compared with the preceding two terms. From this relation, the Landau ¢*-expansion
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Figure 6. Polarization-electric field (P—E) hysteresis loop of the preferential [111] -oriented BFO film
(400-nm-thick) obtained at a measuring frequency of 1 kHz at 300 K. As shown, the net switching polarization
(2P,) of the [111] -preferentially grown BFO film is ~180 C/cm?, which indicates that the remanent
polarization (P,) is ~90 1C/cm?. According to the XRD pattern (Fig. 5), the in-plane film strain in the [111].-
oriented BFO layer is fully relaxed at the thickness of 400 nm. Thus, the measured P, value (~90 ;1C/cm?) can be
treated as a bulk P, value of the R3¢ BFO.

coefficient £, can be derived in terms of P,, and (Af Jeg>

sity of the ferroelectric subsystem with respect to that of the paraelectrlc reference system. This can be written
explicitly as

where ( Af ) denotes the equilibrium free-energy den-

=4 (Afp ) ’ (P“i)i4 (36)

where (Peq) = —X,/&,- On the other hand, P, ,(=P,) =0.863 C/m?. According to the ab initio calculations'’,
(Afp) = —0.381 eV per hexagonal cell contammg six BFO formula cells (a=5.57987 A, c=13.87229 A),
e

which is equivalent to —0.163 x 10"°J/m>. Plugging these two values into Eq. (36), one finds that
€, = +1.175 x 10" (J - m*/C*). On the other hand, m, ~ 5, = 4.637 x 10 >*(J - T™") for the high-spin
Fe’* in the R3¢ BiFeOj (ref.?). In addition, |cosf| = |cos(m — 2¢)| = |cos(178.6°)| ~ 1. Using all these values
and rewriting Eq. (25) in terms of y,, we obtain

£P — Leg(o
Y= M =49.43 x 10™(m - T%J - C?)

m, (37)

To estimate the Lifshitz exchange-coupling constant (v,), we have reconsidered Eq. (24). As mentioned previ-
ously, we have adopted the experimental value of 3.6 x 107* (C/m?) as AP, In addition to this, we use the fol-
lowing values for the estimate of 7 D—O 863 (C/m?), f = +1.175 x 107°(J - m*/C*), Q=27/A=1.013 x

108 (m™1), ansz = 4m cos’p ~ 4m withm, = 4.637 >< 1027y 1h. Using these five values and rewriting
Eq. (24) in terms of v, we obtain

2 ¢ P2AP,
= PZ—LF = —7.23 x 10™(T%] - C)
LyQ (38)

As discussed previously, a negative sign of v, indicates that the cycloidal spin ordering is formed spontaneously in
the unstrained R3¢ BFO. Let us now estimate dp,,,;, a measure of the reverse DM interaction, using Eq. (27). Then,
plugging P,=0.863 (C/m?), £ = +1.175 x 107°(] - m’/C*), A=620 A, Ap=3.24°, ¢ =0.7°, and
Y = —7.23 x 10™Y(T%/] - C)into Eq (27), we obtaind p,,, = +4.98 x 10™4(T%] - V - m?).

Having estimated dp,);, we are now ready to examine our previous proposition that the y-component value of
the reverse DM coupling-induced polarization [=AP,(y) or AP, ] is relatively negligible as compared with the
corresponding z-component value [=AP,,,,(z)] (See, the previous section of Tmproper Polarization and Invariant
caused by the Reverse DM Interaction’). According to Eq. (4), the ratio of the two perpendicular improper polar-
izations can be written as
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APyy(y) _ my{l — cos(Ap)}
APpy(z)  mydpy, sin @ sin(Agp) (39)

We used the following values to estimate the above ratio: Ap=3.24°, ©=0.7°, dp);=+4.98 X 107*(T%]- V-m?), and
(m,/m,) = sin(x), where x denotes the y-component spin-canting angle along the x-axis. In contrast, ¢ de51gnates
the x- component spin-canting angle along the z-axis [Fig. 2]. According to our previous ab initio calculations'’,

X =0.203° along the x-axis, [110];. Plugging all these values into Eq. (39), one obtains that APp,,(y)/ APpy(2) is as
small as 1.65 x 10~%. This clearly justifies our previous proposition that the y-component value of the reverse DM
coupling-induced polarization is completely negligible as compared with the corresponding z-component value.

Release of the Latent Magnetization in a Constrained Thin Film.  According to the study of Bai and
co-workers?, the epitaxial film-constraint induces the destruction of a spatially modulated cycloidal spin struc-
ture in the bulk R3c BFO, releasing a latent AFM component locked within the cycloid. This corresponds to a
transition from the incommensurately modulated cycloidal spin state to the homogeneously canted spin state in
a constrained film with the onset thickness of ~150 nm*. Ryu and co-workers®® further showed that the release of
a latent AFM magnetization associated with the transition to the homogeneous spin state accompanies with a
pronounced increase in the magnetic susceptibility (, ) in epitaxially constrained BFO thin films. We will quan-
titatively account for these observations by using Eq. (34). Foran epitaxially constrained thin film having a homo-
geneous spin structure, we impose that 7, = 0 and ;=0 by considering the disappearance of a spatially
modulated cycloidal spin structure®. For a constrained epitaxial thin film, Eq. (34) thus reads:

(Meq<f>)2 = (Meq«»)z +48(my - my) ;o — (4P126),

where M, ;) denotes the equilibrium magnetic remanence of the constrained epitaxial film. On the other hand,
M.,y denotes the equilibrium magnetic remanence in the absence of any ME coupling. Thus,

2
(Meq(O)) —X,,/§,, Using this relation and Eq. (34) for M, ), one can derive the following relation for the
latent magnetization released by the transition to the homogeneously canted spin state in a constrained film:

200PQ + K@} {=[ulPQ+ £6Q
§ WMeg(r) + Mg} & Meyvy (40)

AMy = Megp) — Megyy =

where M, denotes the equilibrium magnetic remanence of the bulk R3¢ BFO and ; < 0. In obtaining Eq. (40)
we used the following equality:

{48(m, - my),,p — 46(my - my), b = 4{Gmy - my), o — (myomy),, )
= 4m}{ costy — cost} ~ 0,

where the AFM spin angle of the bulk R3¢ BFO (6,) is essentially unaffected by the formation of a constrained thin
film, namely, 0= 0, = 180° — 2¢po=178.6°. The inequality sign in Eq. (40) reflects the observation associated with
the transition to the homogeneously canted spin state in a constrained epitaxial film.

One can readily obtain the following inequality by considering the right-hand-side of Eq. (40):k, > %. Thus, the
| P

lower limit of the Ginzburg gradient-energy coefficient [(x);;] can be estimated by using (k.),; = . Plugging the

previously estimated values of y,, P and Q into this lower limit, we obtain (k);; = 6.16 X 107 (T%/J - m). Thus, we
have estimated all four coupling constants needed for the Landau-Lifshitz-Ginzburg treatment of the R3¢ BFO.

The saturation magnetization (M,) or magnetic susceptibility (x ), in general, can be readily estimated from
the M-H hysteresis curve. On the contrary, AM,, is too small***® to quantitatively discuss this effect in terms of 7,
and k. Thus, we have examined a variation in . In doing this, we first consider the thermodynamic potential of
the AFM subsystem. One can write the following relation by exploiting Eq. (17) for Af(L), Eq. (13) for the Lifshitz
invariant, and Eq. (35) for the Ginzburg gradient term:

1 5 1.4 1 5 5 2 1 242 2
Af(L) = + —yL* + —¢L* — = PM? — 1%) + —k L*Q> + y,PL
f(L) X+ LEL = P )+ Srgl Q"+ APLQ (1)
where L* = M* — 4(m, - m,) = M> — 4m’ cos > M". Plugging this result into Eq. (41) and adding the term,
—H-M, to Eq. (41), one can obtain the free-energy functional [Af;(M, 0)] under an external magnetic field, H.
Taking the dynamic equilibrium condition, i.e., (OAf,, (M, 6)/0M)p , = 0, one can eventually derive the follow-
ing relation for the inverse magnetic susceptibility:

1 OH
— = [ ] = {x, + 3EM* + 4¢m]|cos O] + (2%PQ + rgQY)}
Xm oMy,

(42)

The term inside a small bracket, 27,PQ 4 k;Q? is non-zero for a bulk crystal but is zero for a constrained epitaxial
film. If this term is positive, the inverse susceptibility decreases or equivalently, M, increases upon the transition
to the homogeneous spin state in a constrained epitaxial film. On the contrary, the reverse is true if this term is
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Figure 7. Plotting the computed y value, which is a measure of AM,, as a function of the wavelength () of
SDW. The k and |y,| values corresponding to the three computed curves are: (i) || = 7.23 x 107*'(T%/] - C)
and kg = 2(kg)y; = 12.32 x 107 (T%/] - m), (ii) |y, = 7.23 x 10™4(T%/] - C)and kg = (k) =

6.16 x 1072 (T°/] - m), (i) || = 2| = 14.46 x 10" (T%/] - C)and kg = (Kg),; =

6.16 x 10" (T%/] - m). The same polarization (P) value of 0.863 (C/m?) was used for all three curves. For
given kg and || values, there exists a certain critical value of A below which AM,, > 0, or equivalently, the
latent magnetization is released upon the transition to the homogeneously canted spin state in an epitaxially
constrained film. The three critical A, values are 1240 A, 620 A, and 310 A for the curve (i), (ii), and (i),
respectively.

negative. According to the experimental observation of x,,*®, the former is true. In other words, 2v,PQ + kQ* >
0, or equivalently, || < kZG—PQ.

According to Eq. (40), the enhanced magnetic remanence associated with the formation of epitaxially con-
strained film (AM,,) is determined by two material parameters, 7, and k. We thus have examined the effects
of these two parameters on AM,, as a function of the wavelength () of cycloidal SDW. In doing this, we have
multiplied AM,, by §M,, ;) since AM,, itself is too small to be experimentally evaluated. Thus, Eq. (40) is rear-
ranged as

am’Kg _ 2myP
X A (43)

Thus, y is a measure of the enhanced magnetic remanence upon the transition to the homogeneous canted spin
state in a constrained thin film. As shown in Fig. 7, y decreases rapidly with increasing A value and reaches its char-

acteristic minimum value, which is regardless of || or k¢ value. According to Eq. (43), y reaches its minimum at

4mkg

A ppin = , explaining the computed result shown in Fig. 7. The characteristic minimum y value is
I |

S
_hprt

Y= {flMeq(b)} ’ AMeq = ""iGQ2 — |%[PQ =

hin =~ < 0- Thus, the magnitude of y,,;, is proportional to the square of |7,| but is inversely proportional
to k¢. This p‘i‘ediction is graphically illustrated in Fig. 7. Equation (43) further predicts that y becomes 0 at

A= ‘zwfg , which is regardless of |y,|. Thus, the critical value A, corresponding to (x);; (i.e., lower limit of k) can
’YS

be deduced by plugging x, = % =6.16 x 107°(T%/] - m)into \_ = fﬂ\ki , yielding A, = 620 A. This )\, value
Y,

corresponds to the curve (ii) in Fig. 7. In case of the R3¢ BFO, only the region with y > 0 is experimentally mean-
ingful since the release of the latent magnetization is observed upon the transition to the homogeneously canted
spin state in epitaxially constrained BFO thin films. As shown in Fig. 7, A should be smaller than a certain critical
value for AM,, >0 (i.e., for y > 0). Since \, = li”‘kf,, this critical A, value increases with k but decreases with

. . s
increasing value of |7|.

Conclusion

We have theoretically identified the three free-energy invariants (A i Af A JE) that are closely related to the
manifestation of the two distinct spin-coupling-induced improper polarizations by suitably exploiting the
Landau-Lifshitz-Ginzburg thermodynamic potential for the R3¢ BFO. The two relevant parasitic improper polar-
izations are: (i) AP, arising from the Lifshitz gradient coupling, which can be equated with the improper polar-
ization caused by the reverse DM interaction, APp,, and (ii) AP, originating from the magnetostrictive
interaction. The two improper polarizations are comparable in their magnitudes (20 vs. 36 nC/cm?). The direction
of the off-centering proper ferroelectric polarization (P, ) is parallel to AP while it is antiparallel to AP,,. We
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have further predicted that the magnetic susceptibility () increases substantially upon the transition to the
homogeneous spin state in a constrained epitaxial BFO film, which accounts for the experimental observation
well.

Computational Methods

To obtain material parameters needed to quantitatively estimate three distinct polarizations and coupling con-
stants, we have performed first-principles DFT calculations on the basis of the generalized gradient approxima-
tion (GGA)* and the GGA+U method*! implemented with the projector augmented-wave (PAW) method*
using the Vienna ab initio simulation package (VASP)***%. The Hubbard Uezﬁ of 4.5eV was chosen on the basis of
empirical corrections. We explicitly treated five valence electrons for Bi (6s*6p*), eight for Fe (3d°4s?), and six for
oxygen (2s22p*). Actual DFT calculations were performed using (i) a 4 x 4 x 3 Monkhorst-Pack k-point mesh*
centered at I" for the R3¢ structure, (ii) a 500 eV plane-wave cutoff, and (iii) the tetrahedron method with the
Blochl corrections for the Brillouin-zone integrations*. Structural optimizations were basically performed for the
30-atoms cell which corresponds to a hexagonal unit cell. In contrast, we adopted a2 x 2 x 1 hexagonal supercell
(containing 4 unit cells) to evaluate AP;. The ions were relaxed until the Hellmann-Feynman forces on them
were less than 0.01eV/A.
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