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Crystalline-phase map of (1R)2TiO5

Figure S1. Collected crystalline-phase map of R2TiO5 with a single R element as a function of
the ionic radius with a coordination number of eight. The dotted and dashed lines indicate the
phase boundaries between the O and H phases and the H and C phases, respectively, which are
overlaid on other phase maps as a reference. Data sources are listed in Table S6 and categorized
as db-1.
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Crystalline phases of equimolar (4R)2TiO5
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Gd0.5Dy0.5Y0.5Yb0.5TiO5 Gd0.5Y0.5Er0.5Yb0.5TiO5 Dy0.5Y0.5Er0.5Yb0.5TiO5

Nd0.5Y0.5Er0.5Yb0.5TiO5 La0.5Nd0.5Gd0.5Yb0.5TiO5 La0.5Nd0.5Dy0.5Yb0.5TiO5
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Figure S2. X-ray diffraction (XRD) pattern of (4R)2TiO5 with equimolar four R elements, pre-
pared via thermal treatment for 50 h at each temperature, unless otherwise specified for the treated
time. The green triangles and red circles, and blue squares represent peaks denoting the presence
of cubic, hexagonal, and orthorhombic phases, respectively. The identified phases are listed in
Table 1 and plotted in the phase map in Figure 1a of the main text.

4



Crystalline phases of La(2−x)/3Gd(2−x)/3Y(2−x)/3YbxTiO5 (x = 0, 0.3, 0.5, 0.9,
1.5, 1.8)

La0.366Gd0.366Y0.366Yb0.9TiO5

La0.066Gd0.066Y0.066Yb1.806TiO5

(2h)

(2h)

La0.566Gd0.566Y0.566Yb0.3TiO5 La0.166Gd0.166Y0.166Yb1.5TiO5 La0.666Gd0.666Y0.666TiO5

Figure S3. XRD patterns of La(2−x)/3Gd(2−x)/3Y(2−x)/3YbxTiO5 (x = 0, 0.3, 0.9, 1.5, 1.8),
prepared via thermal treatment for 50 h at each temperature, unless otherwise specified for the
treated time. The symbols are the same as those in Figure S2. The identified phases are listed in
Table S1.

Table S1. Crystal structure of La(2−x)/3Gd(2−x)/3Y(2−x)/3YbxTiO5 (x = 0, 0.3, 0.9, 1.5, 1.8),
identified by XRD (Figure S3). Average ionic radius of rare-earth ions with a coordination number
of eight,

⟨
R3+

ion

⟩
, is expressed in pm.

Composition
⟨
R3+

ion

⟩
1300 ◦C 1400 ◦C 1500 ◦C 1600 ◦C

La0.666Gd0.666Y0.666TiO5 107.7 O O O O
La0.566Gd0.566Y0.566Yb0.3TiO5 106.3 O O + H O + H H
La0.366Gd0.366Y0.366Yb0.9TiO5 103.6 – – – H
La0.166Gd0.166Y0.166Yb1.5TiO5 100.8 H + C H + C C C
La0.066Gd0.066Y0.066Yb1.806TiO5 99.4 – – – C
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Figure S4. Crystalline-phase map of for La(2−x)/3Gd(2−x)/3Y(2−x)/3YbxTiO5 (x = 0, 0.3, 0.5, 0.9,
1.5, 1.8) as a function of the average ionic radius with a coordination number of eight. The dotted
and dashed lines indicate the phase boundaries between the O and H phases and the H and C
phases for (1R)2TiO5, respectively.
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Cubic phase Dy0.5Y0.5Er0.5Yb0.5TiO5

Figure S5. Annular dark-field (ADF) image and energy-dispersive X-ray spectroscopy (EDS)
elemental maps of each cation for cubic phase Dy0.5Y0.5Er0.5Yb0.5TiO5 from the [110] zone axis.
The scale bar is 0.5 µm. These micrographs verify the compositional homogeneity at the micrometer
scale in the sample.

7



Figure S6. Electron diffraction pattern of cubic phase Dy0.5Y0.5Er0.5Yb0.5TiO5 from the [110] zone
axis. a) Experimental pattern with the 111 refection label of the defect-fluorite structure (Fm3m),
which is identical to the Fourier-transformed image (Figure 2b of the main text). b,c) Simulated
patterns with the defect-fluorite (Fm3m) and pyrochlore (Fd3m) structures, respectively. The
experimentally observed spots in the middle of the spots of the defect-fluorite structure are at-
tributed to the pyrochlore-type ordering of cations.
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Figure S7. Real-space image via inverse Fourier-transformation of cubic phase
Dy0.5Y0.5Er0.5Yb0.5TiO5 from the [110] zone axis. The scale bars indicate 5 nm. a) Image cor-
responding to the 111 reflection spots of the defect-fluorite structure, indicated by green dashed
circles on the Fourier-transformed image (Figure 2b of the main text). b) Real-space image cor-
responding to the additional spots in the middle of the 111 reflection spots of the defect-fluorite
structure, indicated by blue dashed circles on the Fourier-transformed image (Figure 2b of the
main text).

Table S2. Crystallographic data from the Rietveld refinement of cubic phase
Dy0.5Y0.5Er0.5Yb0.5TiO5 (Fm3m). The ”Wyck.” and ”Occ.” columns indicate the Wyckoff
letter and occupancy, respectively.

Atom Wyck. x y z B [Å2] Occ.

Dy 4a 0 0 0 2.286(13) 0.1627
Y 4a 0 0 0 2.286(13) 0.1668
Er 4a 0 0 0 2.286(13) 0.1643
Yb 4a 0 0 0 2.286(13) 0.1651
Ti 4a 0 0 0 2.286(13) 0.3411
O 8c 0.25 0.25 0.25 6.364(116) 0.8353
a R/Ti ratio: 1.9314, a = 5.15121(2) Å, ρ = 6.82 g/cm3, Rwp = 4.79, RB = 3.56, RF = 2.50.
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Figure S8. ADF image with an overlapping EDS image of Ti (purple color) from the [110]
zone axis for cubic phase Dy0.5Y0.5Er0.5Yb0.5TiO5. The scale bar is 1nm. The blue and yellow
dashed lines labeled 4a and 4a′ indicate the two types of lines with Ti-rich and Ti-poor columns,
respectively; these are used for analyses of the cation occupancy ratio (Figure 2e of the main text).

Figure S9. Pyrochlore structure model viewed from the near [110] direction, with a slight tilt
for clarity, for cubic phase Dy0.5Y0.5Er0.5Yb0.5TiO5. While oxygen atoms are represented by red
spheres with partial occupancy, cations are shown as purple and green spheres, corresponding to
Ti and R elements, respectively. The blue and black circles represent Ti-rich and Ti-poor columns,
corresponding to the 16c and 16d sites of the pyrochlore structure (Fd3m), respectively. In each
remaining cation column, two sites reside in an alternating manner. The Ti-rich and Ti-poor
columns align along the blue and red dashed lines, respectively.
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Hexagonal phase Dy2TiO5

Table S3. Density of polycrystals of hexagonal phase Dy2TiO5 and Gd0.5Dy0.5Y0.5Yb0.5TiO5, in
the units of g/cm3.The reference values for Dy2TiO5 exhibit significant scatter.

Dy2TiO5 Gd0.5Dy0.5Y0.5Yb0.5TiO5

Previous model 6.58 6.08
Revised model (Stuffed model (B)) 7.30 6.79
Exp. (This work) 7.26 6.80
Exp. (References) 6.65a, 7.04b, 7.1-7.2c

a Ref. [1].
b Ref. [2].
c Ref. [3].

Table S4. Crystallographic data from the Rietveld refinement of hexagonal phase Dy2TiO5

(P63/mmc). The “Wyck.” and “Occ.” columns indicate the Wyckoff letter and occupancy, respec-
tively.

Atom Wyck. x y z B [Å2] Occ.

Dy1 4e 0 0 0.02210(6) 0.524(13) 0.4895(6)
Ti1 4e 0 0 0.02210(6) 0.524(13) 0.0105(-)
Dy2 2c 0.3333 0.6667 0.25 3.112(39) 0.3358(-)
Ti2 2c 0.3333 0.6667 0.25 3.112(39) 0.6642(-)
O1 4f 0.3333 0.6667 0.08129(35) 2.372(119) 1
O2 2b 0 0 0.25 6.673(425) 0.8600(163)
O3 2d 0.3333 0.6667 0.75 13.327(1273) 0.4826(-)
a Dy/Ti ratio: 1.9189, a = b = 3.63319(2) Å, c = 11.93720(8) Å, ρ = 7.30 g/cm3, Rwp = 4.82, RB = 5.67,
RF = 3.07.
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Figure S10. Structural model of hexagonal phase Dy2TiO5 with P63/mmc symmetry. a) The
previous model,[4] which is composed of the Dy-occupying 2a and Ti-rich 2c sites for cations. b)
Stuffed model (A). c) Stuffed model (B). d) Stuffed model (B) viewed from the c axis. In the
stuffed models, cation vacancies at the 2c site are filled by cations under the constraint that the
Dy:Ti ratio is 2:1. To maintain stoichiometry, oxygen atoms are added into interstitial sites which
are near the 2a site for the stuffed model (A) and located on the layer containing the 2c site for
the stuffed model (B).
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Figure S11. Calculated results for hexagonal phase Dy2TiO5. a) Energy. b) Density. Here, the
data for 20 SQS models are averaged, and the error bars indicate the standard deviation. The
energy of the previous model is clearly greater than that of the stuffed models, and the stuffed
model (B) tends to be more stable than the model (A), as shown in (a). The densities of the stuffed
models are similar to each other, with a higher value than the previous model by approximately
0.55 g/cm3, as shown in (b). This difference is similar to that between the experimental densities
determined via the refinement with the previous model and the measured value (0.68 g/cm3).
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Hexagonal phase Gd0.5Dy0.5Y0.5Yb0.5TiO5

Figure S12. ADF image and EDS elemental maps of each cation for hexagonal phase
Gd0.5Dy0.5Y0.5Yb0.5TiO5 from the [100] zone axis. The scale bar is 0.25 µm. These micrographs
verify the compositional homogeneity of the sample at the micrometer scale.
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Figure S13. Electron diffraction characterization of hexagonal phase Gd0.5Dy0.5Y0.5Yb0.5TiO5.
a) ADF image from the [100] zone axis; here, layered structures are clearly observed. The scale
bar is 5 nm. b) Electron diffraction pattern corresponding to P63/mmc symmetry (Table S5).
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Figure S14. ADF image with an overlapping EDS image of Ti (purple color) from the [100] zone
axis for the hexagonal phase Gd0.5Dy0.5Y0.5Yb0.5TiO5. The scale is 1 nm. The blue and yellow
dashed lines labeled 2c and 4e include the Ti-rich and Ti-poor sites, respectively; these are used
for analyses of the cation occupancy ratio (Figure 3e of the main text)
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Table S5. Crystallographic data from the Rietveld refinement of hexagonal phase
Gd0.5Dy0.5Y0.5Yb0.5TiO5 (P63/mmc). The “Wyck.” and “Occ.” columns indcate the Wyckoff
letter and occupancy respectively.

Atom Wyck. x y z B [Å2] Occ.

Yb1 4e 0 0 0.02135(10) 0.296(20) 0.0908
Y1 4e 0 0 0.02135(10) 0.296(20) 0.1068
Gd1 4e 0 0 0.02135(10) 0.296(20) 0.1252
Dy1 4e 0 0 0.02135(10) 0.296(20) 0.1070
Ti1 4e 0 0 0.02135(10) 0.296(20) 0.0702
Yb2 2c 0.3333 0.6667 0.25 5.5000(52) 0.1481
Y2 2c 0.3333 0.6667 0.25 5.5000(52) 0.1140
Gd2 2c 0.3333 0.6667 0.25 5.5000(52) 0.0850
Dy2 2c 0.3333 0.6667 0.25 5.5000(52) 0.1077
Ti2 2c 0.3333 0.6667 0.25 5.5000(52) 0.5452
O1 4f 0.3333 0.6667 0.07242(49) 4.616(160) 1
O2 2b 0 0 0.25 4.616(160) 0.8296(80)
O3 2d 0.3333 0.6667 0.75 4.616(160) 0.5132(-)
a R/Ti ratio: 1.9171, a = b = 3.62509(4) Å, c = 11.91892(12) Å, ρ = 6.79 g/cm3, Rwp = 5.69, RB = 5.83,
RF = 3.18.
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Figure S15. Electron density map generated using the maximum entropy method (MEM) for
hexagonal phase Gd0.5Dy0.5Y0.5Yb0.5TiO5 with the previous structure model.
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Orthorhombic phase La0.5Nd0.5Gd0.5Dy0.5TiO5

Figure S16. ADF image and EDS elemental maps of each cation for orthorhombic phase
La0.5Nd0.5Gd0.5Dy0.5TiO5 from the [010] zone axis. The scale bar is 0.2 µm. These micrographs
verify the compositional homogeneity of the samples at the micrometer scale.
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Figure S17. Electron diffraction characterization of orthorhombic phase
La0.5Nd0.5Gd0.5Dy0.5TiO5. a) ADF image from the [010] zone axis. The scale bar is 5
nm. b) Electron diffraction pattern corresponding to Pnma symmetry (Table S6).

Figure S18. EDS spectra for separately mapping Ti and La in orthorhombic phase
La0.5Nd0.5Gd0.5Dy0.5TiO5. The purple and green areas indicate the energy ranges for the mapping
of Ti and La, respectively.
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Figure S19. ADF image from the [010] zone axis for orthorhombic phase
La0.5Nd0.5Gd0.5Dy0.5TiO5. The scale bar is 1 nm. The yellow and blue dashed lines corre-
spond to the lines including the 4c(1) and 4c(2) sites, respectively; these are used for the analyses
of the cation occupancy ratio (Figure 4b of the main text).
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Table S6. Crystallographic data from the Rietveld refinement of the orthorhombic phase
La0.5Nd0.5Gd0.5Dy0.5TiO5 (Pnma). The “Wyck.” and “Occ.” columns indicate the Wyckoff letter
and occupancy, respectively.

Atom Wyck. x y z B [Å2] Occ.

La1 4c(1) 0.13646(6) 0.25 0.05910(5) 0.351(12) 0.2464
Nd1 4c(1) 0.13646(6) 0.25 0.05910(5) 0.351(12) 0.2471
Gd1 4c(1) 0.13646(6) 0.25 0.05910(5) 0.351(12) 0.2468
Dy1 4c(1) 0.13646(6) 0.25 0.05910(5) 0.351(12) 0.24
Ti1 4c(1) 0.13646(6) 0.25 0.05910(5) 0.351(12) 0.0148
La2 4c(2) 0.39408(6) 0.75 0.22006(6) 0.384(13) 0.2464
Nd2 4c(2) 0.39408(6) 0.75 0.22006(6) 0.384(13) 0.2471
Gd2 4c(2) 0.39408(6) 0.75 0.22006(6) 0.384(13) 0.2468
Dy2 4c(2) 0.39408(6) 0.75 0.22006(6) 0.384(13) 0.24
Ti2 4c(2) 0.39408(6) 0.75 0.22006(6) 0.384(13) 0.0148
Ti3 4c(3) 0.18198(18) 0.25 0.37753(20) 0.324(35) 1
O1 4c(4) 0.22255(60) 0.25 0.53650(60) 0.570(154) 1
O2 4c(5) 0.49201(61) 0.25 0.60271(64) 0.577(146) 1
O3 4c(6) 0.26455(59) 0.25 0.87811(65) 0.689(151) 1
O4 4c(7) 0.02164(75) 0.25 0.34328(67) 2.390(211) 1
O5 4c(8) 0.26609(69) 0.25 0.23315(64) 0.944(168) 1
a R/Ti ratio: 1.9043, a = 10.59319(7) Å, b = 3.80158(2) Å, c = 11.30409(7) Å, ρ = 6.20 g/cm3, Rwp =

5.26, RB = 2.22, RF = 1.07.
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Machine learning for crystalline-phase map

Figure S20. Collected data of the R2TiO5 crystalline phases with histogram representation. The
database is categorized into three types: db-1 and db-2 are extracted from the Phase Equilibria
Diagrams Database[5] and from the literature by Augtherson et al., respectively (Table S7), whereas
db-3 is obtained in our study (Table 1 of the main text and Table S1). a) Distribution of the
crystalline phases, with the Venn diagram representation in the inset. b) Distribution of the
number of R elements. c) Distribution of the average ionic radius of R3+ ions with a coordination
number of eight. d) Distribution of the temperature.
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Table S7. Collected data from the R2TiO5 crystalline phases from the database and literature.
Database kind 1 (db-1) is collected from the Phase Equilibria (PE) database provided by the
American Ceramic Society and the National Institute of Standards and Technology[5] and database
kind 2 (db-2) is extracted from a series of papers by Aughterson et al. NR and Ndata represent the
number of rare-earth elements and the number of collected data for each composition, respectively.
The “Reference” column contains literature cited for the determination of the crystalline phases.

Database NR R in R2TiO5 PE figure-id Reference Ndata

db-1 1 La 2373 [6, 7] 7
1 Nd 15390 [8] 7
1 Sm 9334 [9] 7
1 Eu 91-032 [10] 7
1 Gd 2368 [4, 11] 7
1 Tb 6498 [12] 7
1 Dy 9290 [13] 7
1 Ho 9303 [14, 15] 7
1 Er 6467 [16] 7
1 Tm 9340 [17] 7
1 Yb 6508 [18] 7
1 Lu 6487 [19] 7
1 Y 6502 [20] 7
2 Er Lu 9659 [21] 133
2 Gd Lu 9679 [21] 133
2 Tb Lu 9687 [21] 133
2 Gd Tb 12283 [22] 133
2 La Lu 12284 [22] 14

Total: 637
db-2 2 Tb Yb [23] 4

2 Ho Yb [15] 5
4 Sm Gd Dy Yb [24] 6
8 La Sm Tb Dy Gd Er Ho Yb [24] 2
2 Sm Yb [25] 3a

Total: 20
a These data points are the outliers on the phase map (Figure S21); thus they are omitted.

23



9899100101102103104105
Average ionic radius (CN = 8) [pm]

1300

1350

1400

1450

1500

1550

1600

Te
m

pe
ra

tu
re

 [
C]

O
O + H

H
H + C

C
C (db2)

Figure S21. Collected crystalline phase of R2TiO5 with two R elements as a function of the
average ionic radius with a coordination number of eight (Table S7). The cross symbols represent
the db-2 data with the cubic phase; here, few data of the composition with Sm and Yb[25] are
distributed in the outlier positions (Table S7). The remaining data belong to db-1.
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Figure S22. Collected crystalline phase of R2TiO5 with four and eight R elements belonging to
db-2 as a function of the average ionic radius with a coordination number of eight (Table S7).
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Supporting Note 1
Here, elemental descriptors for generating features, that are fed into the classifier, are
summarized. Two types of elemental features are considered; (1) those provided in the
Mendeleev library[26] and (2) those extracted for rare-earth sesquioxide (R2O3) from the
literature. The feature table is generated via operations for each elemental descriptor using
a weighted mean, a weighed standard deviation, and maximum, and minimum values.
(1) Elemental descriptors from the Mendeleev library [26]
Here, we list the descriptor names provided by the library; these are used in the classification
scheme (for details, see Ref. [26]): atomic_volume, density, dipole_polarizability,

evaporation_heat, specific_heat_capacity, vdw_radius, covalent_radius_cordero,

covalent_radius_pyykko, en_pauling, heat_of_formation, vdw_radius_uff,

vdw_radius_mm3, en_ghosh, vdw_radius_alvarez, c6_gb, atomic_radius_rahm,

covalent_radius_pyykko_double, dipole_polarizability_unc, glawe_number,

molar_heat_capacity, Rion_3VI, Rion_3VIII, Rion_3IX, ionization_energy_1,

ionization_energy_2, ionization_energy_3.
(2) Elemental descriptors from R2O3 data in the literature
From the literature, we extracted the following elemental descriptors:

• R2O3_delH0: Standard enthalpy of formation [27]
• R2O3_S0: Standard entropy [27]
• R2O3_Tm: Melting point [27]
• R2O3_relVolm: Relative variation in molar volume at fusion [27]
• R2O3_VolA: Molar volume of A-type sesquioxide including estimated values [27]
• R2O3_VolB: Molar volume of B-type sesquioxide including estimated values [27]
• R2O3_VolC: Molar volume of C-type sesquioxide including estimated values [27]
• R2O3_ELatt: Lattice energy from theoretical calculations [28, 29]
• GT: Gibbs energy at a given temperature, calculated from a polynomial equation and

reported coefficients [27]
• CpT: Heat capacity at a given temperature, calculated from a polynomial equation and

reported coefficients [30] (for Y2O3, extracted from Ref. [31])
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Figure S23. Assessment of classification schemes via cross validation (CV), as a function of the
number of CV separations. Several classification models achieve accuracy scores greater than 0.9.
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Figure S24. Distribution of the probabilities predicted by the extra-tree classifier for each crys-
talline phase of R2TiO5 with equimolar four R elements as a function of the average ionic radius
with a coordination number of eight. The seven rows from bottom to top show the data at temper-
atures from 1300 to 1600 ◦C at 50 ◦C intervals. The five columns from left to right represent the
O, O + H, H, H + C, and C phases, respectively. The red lines indicate the average probabilities
with a width of 0.5 pm on the vertical axis.
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Figure S25. Crystalline-phase map generated by the extra-tree classifier for R2TiO5 with equimo-
lar four R elements as a function of the average ionic radius with a coordination number of eight.
a) Case using the full training data for classifier training. b) Case using only the db-1 data for the
classifier training.
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