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High harmonic generation allows one to extend the frequency of laser to amuch broader regime and to study the electron dynamics
of matters. However, severely limited by the vague high-order process in natural material and the unfriendly state of the commonly
applied gas and plasma media, the ambitious goal of custom-design high harmonics remains exceptionally challenging. Here,
we demonstrate that high harmonics can be artificially designed and tailored based on a metamaterial route. With the localized
reconstruction of magnetic field in a metamaterial, the nonlinearThomson scattering, a ubiquitous electromagnetic process which
people used to believe that it only occurs with the relativistic velocity, can be stimulated in a nonrelativistic limit, which drives
anharmonic oscillation of free electrons and generates high harmonics. An explicit physical model and the numerical simulations
perfectly demonstrate the artificial generation and tailoring of the high harmonics. This novel mechanism is entirely dominated
by the artificial structure instead of the natural nonlinear compositions. It not only provides unprecedented design freedom to
the high harmonic generation but breaks the rigorous prerequisite of the relativistic velocity of the nonlinear Thomson scattering
process, which offers fascinating possibilities to the development of new light source and ultrafast optics, and opens up exciting
opportunities for the advanced understanding of electrodynamics in condensed matters.

1. Introduction

Thomson scattering, one of the most fundamental mecha-
nisms in electrodynamics, is the elastic photon-electron scat-
tering under moderate intensity electromagnetic (EM) radi-
ation [1], which is a linear process and does not change the
frequency of light, while, for nonlinear Thomson scattering
with the ultrahigh intensity laser, the free electrons oscillate
with the drift velocity approaching the vacuum speed of light,
and the contributions ofmagnetic and electric fields of light to
the Lorentz force become comparable, consequently leading
to anharmonic motion of the electron and various nonlin-
ear phenomena [2–5]. One of them is the high harmonic
generation (HHG), which is overwhelmingly favorable due
to its critical potential in extending the frequency range of
the table-top laser system, and the ultrafast dynamics [6–
9]. However, due to the inevitable requirement of relativistic
velocity, almost all the researches of nonlinear Thomson
scattering focus on plasma electrons, making the artificial
engineering of high-order nonlinearity tremendously diffi-
cult. In fact, besides the nonlinear Thomson scattering, most

currently available HHG mechanisms are based on gas and
plasma [10, 11], and they all suffer from the similar plight.
Although some research reveals that several specific solid-
state crystals and graphene can generate high harmonics
under the extremely strong field illuminations and present
primitive controllability [12–17], it is still far away from the
ambitious goal of precisely predicting, custom design, and
exact tailoring of the high harmonics, especially considering
the essentialmechanism of theHHG inmaterials is still vague
and the proposed physical models are basically qualitative
and semiquantitative [14, 18–21].

Metamaterial may be a promising concept for realizing
the artificial HHG, since its unprecedented degree of design
freedom has been extensively demonstrated in linear optics
with a variety of extraordinary properties [22–25]. Several
very recent studies demonstrate that by incorporating with
micro/nanostructures, such as metamaterial and plasmon-
ics [16, 26–28], the properties of the HHG media can be
manipulated to a certain degree. Nevertheless, a basic fact
is that the high-order responses in virtually all the reported
structures are inherently from the natural nonlinearmaterials
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or nonlinear devices, which cannot fulfill the desire of artifi-
cially designing and rationally tailoring the HHGbecause the
artificial structures only play roles of enhancement.

In this work, we propose an entirely artificial mechanism
for generation of high harmonics based on a nonrelativistic
nonlinear Thomson scattering process in a solid-state meta-
material. By locally redistributing the magnetic field in a
metamaterial, the magnetic force becomes comparable to the
electric one with a nonrelativistic velocity of free electrons
in solids, which generates high harmonics without involving
any external nonlinear materials. Numerical simulations per-
fectly verify the artificial generation of high harmonics, and
the geometric impacts on it are studied as well to demonstrate
the ultrahigh design freedom.

2. Results

2.1. Artificial Mechanism. Conventionally, the relativistic
velocity of the free electron plays a prerequisite role in the
nonlinear Thomson scattering, which guarantees the evident
magnetic force. In the nonrelativistic regime, however, the
essentialmagnetic force is neglected in amajority ofmaterials
because the drift velocity is far slower than the speed of
light, and the intrinsic magnetic field from the EM wave
is negligibly weak. Meanwhile, the localized magnetic field
redistribution of the metamaterial at resonance has primarily
been acknowledged [29, 30]. Given these facts, we can then
make a rational conception that the exceptionally strong
magnetic field, which can be achieved by the local field
reconstruction of metamaterial, would realize the nonlinear
Thomson scattering process with nonrelativistic motion of
free electrons and further artificially generate the high har-
monics. Based on the theoretical conception, a metamaterial
was designed as depicted in Figures 1(a) and 1(b), and the
unit cell consists of a cut-wire resonator nested in a split-ring
resonator (SRR).

With an x-polarized EM wave normally incident along
z axis, a magnetic field localized inside the SRR would
be stimulated by circulating surface currents at resonance,
which is perpendicular to the metamaterial plane and can
be potentially enhanced by hundreds of times compared to
the magnetic field of the incident wave [29]. Driven by the
local electric field, the free electrons in the cut-wire resonator
would drift in x-direction, and a strong magnetic force would
be generated as it locates inside the SRR. Since the local
magnetic field does not uniformly distribute inside the SRR,
to make the best of the enhancement without breaking the
resonance, the cut-wire resonator attaches to the bottom bar
of the SRR, where the maximum amplitude is presented.
With the drift velocity of free electrons at the fundamental
frequency 󳨀⇀V 1, the magnetic force could be expressed as

󳨀⇀𝐹𝐵2 = 𝑞󳨀⇀V 1 × 󳨀⇀𝐵
= 𝑞𝜇𝑒 (𝜔) 󵄨󵄨󵄨󵄨󵄨󵄨

󳨀⇀𝐸 (𝜔)󵄨󵄨󵄨󵄨󵄨󵄨
󵄨󵄨󵄨󵄨󵄨󵄨
󳨀⇀𝐵 (𝜔)󵄨󵄨󵄨󵄨󵄨󵄨 𝑒−𝑖2𝜔𝑡𝑎𝑦 + 𝑐.𝑐.,

(1)

where 𝜇𝑒(𝜔) is the free electrons mobility of the cut wire at
angular frequency 𝜔, 󳨀⇀𝐵 is the local magnetic field with 󳨀⇀𝐵(𝜔)
as its vectorial amplitude, 󳨀⇀𝐸(𝜔) is the vectorial amplitude

of the local electric fields, t is time, q is elementary charge,
𝑎𝑦 is the unit vector along the y axis, and c.c. is complex
conjugate. For clarity, the complex conjugate is eliminated in
the following calculation. The exhibited second-order term
of the magnetic force would drive the free electrons in y
direction at doubled frequency with the velocity 󳨀⇀V 2. Further,
the existence of the second-order motion would induce a
third-order magnetic force under the localized magnetic
field. Different from the second-order term, the third-order
magnetic force would polarize along the x axis. Similarly, we
can in principle continue along these processes, leading to a
fourth-order magnetic force along y axis, which then leads to
a fifth-order one along x axis, etc.The physical models of 2nd-
to 4th-ordermagnetic force are illustrated in Figures 1(c)–1(e),
respectively, as examples.

As the magnetic force is dominated by the localized fields,
which arise from the resonance between the metamaterial
and the incident EM fields, their amplitudes can be described
as |󳨀⇀𝐵(𝜔)| = 𝑢(𝑥, 𝑦, 𝑧)|󳨀⇀𝐵0(𝜔)| and |󳨀⇀𝐸(𝜔)| = V(𝑥, 𝑦, 𝑧)|󳨀⇀𝐸0(𝜔)|,
where 󳨀⇀𝐵0(𝜔) and 󳨀⇀𝐸 0(𝜔) are the vectorial amplitude of the
incidentmagnetic and electric fields, respectively, andu(x,y,z)
and v(x,y,z) are the enhancement coefficients for themagnetic
and electric fields at the coordinate (x,y,z), respectively. The
Nth-order magnetic force can thus be derived as

󳨀⇀𝐹𝐵𝑁 = 𝑞
𝑐𝑁−1
𝑁−1

∏
𝑘=1

𝜇𝑒 (𝑘𝜔) V (𝑥, 𝑦, 𝑧) 𝑢𝑁−1 (𝑥, 𝑦, 𝑧)

⋅ 󵄨󵄨󵄨󵄨󵄨󵄨
󳨀⇀𝐸0 (𝜔)󵄨󵄨󵄨󵄨󵄨󵄨

𝑁 𝑒−𝑖𝑁𝜔𝑡𝑎𝑦 ‖ 𝑎𝑥.
(2)

where the relation of |󳨀⇀𝐸0(𝜔)| = |󳨀⇀𝐵 0(𝜔)|/𝑐 is considered, c is
the speed of light in vacuum, and 𝑎𝑥 is the unit vector along
the x axis. For the even order, the magnetic force is along y
axis, and, for the odd order, it is along x axis. The sufficiently
enhanced magnetic force would guarantee the occurrence of
the nonlinearThomson scattering process in a nonrelativistic
limit and the generation of the high harmonics, which is
essentially dominated by the structure of the metamaterial
through the enhancement coefficients. As indicated in (2),
the metamaterial can provide HHG in both even and odd
orders without involving the anisotropic material, and their
polarization states are orthogonal. With the induced mag-
netic field along z axis, the magnetic force oscillates the
free electrons of the cut-wire resonator in the xoy plane,
and the HHG waves are expected to radiate along both +z
and –z directions. More importantly, this HHG intrinsically
originates from the universally existing magnetic force rather
than some particular property of the composites, offering
unprecedented freedomof artificial design andmanipulation.

To explicitly describe the high-order behavior of the
metamaterial, we studied its equivalent susceptibility at dif-
ferent orders. Since the process occurs in a solid structure,
the simple motion formula of the conventional Thomson
scattering based on the plasma electron is not applicable, and
the collisions should be considered. We thus modified the
classical Drudemodel by substituting the magnetic force (see
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Figure 1: Metamaterial for artificial high harmonic generation. (a) Schematic of metamaterial with the polarization state of harmonics
indicated. (b) Unit cell of metamaterial. In terahertz regime, the geometric constants are as follows: P=30 𝜇m, l1=15.6 𝜇m, w1=2.5 𝜇m, w2=3𝜇m, l2=8.6 𝜇m, g=2 𝜇m, and d=1 𝜇m. The relations of the localized magnetic field B(𝜔), the drift velocity of the free electrons v(𝜔), and the
magnetic force FB(𝜔) for 2nd (c), 3rd (d), and 4th (e) harmonics with the corresponding orientations of the polarizations marked.

(2)), and the Nth-order motion of the free electrons can be
described as

𝑚∗𝑑
2󳨀⇀𝑟 𝑁
𝑑𝑡2 + 𝑚∗𝛾𝑑

󳨀⇀𝑟 𝑁
𝑑𝑡 = 𝑞

𝑐𝑁−1

⋅
𝑁−1

∏
𝑘=1

𝜇𝑒 (𝑘𝜔) V (𝑥, 𝑦, 𝑧) 𝑢𝑁−1 (𝑥, 𝑦, 𝑧) 󵄨󵄨󵄨󵄨󵄨󵄨
󳨀⇀𝐸 0 (𝜔)󵄨󵄨󵄨󵄨󵄨󵄨

𝑁

⋅ 𝑒−𝑖𝑁𝜔𝑡𝑎𝑦 ‖ 𝑎𝑥,

(3)

where 𝑚∗ is the effective electron mass, 𝛾 is the electron
collision rate, and 󳨀⇀𝑟 𝑁 is the Nth-order displacement from the
equilibrium position. As the polarization of the material is in
fact the density of the dipole moments, the general formula
for the Nth-order susceptibility can be deducted as

𝜒(𝑁) (𝜔) = − 𝜔2𝑝
𝑐𝑁−1
𝑁−1

∏
𝑘=1

𝜇𝑒 (𝑘𝜔) 𝐺 (𝑁𝜔) 𝑢𝑁−1𝑎V𝑔 V𝑎V𝑔, (4)

where

𝐺 (𝑁𝜔) = 1
(𝑁𝜔)2 + 𝑖𝑁𝜔𝛾, (5)

uavg and vavg are the average values of the u(x,y,z) and
v(x,y,z), respectively, and 𝜔p is the plasma frequency of
the material forming the cut-wire resonator (mathematical
details are described in Supplementary Materials). It can
be found that the enhancement coefficients are the key
factors determining the high-order nonlinear susceptibility,
which are solely defined by the artificial geometry of the
metamaterial. Therefore, by elaborately varying the structure,
the high-order nonlinearity generated from themetamaterial
can be designed and controlled at will.

Several characteristics of the artificial HHG can be
predicted from (4). In the first place, the efficiency of

the harmonics from the metamaterial would be substan-
tially enhanced, comparing with that from the conventional
nonlinear Thomson scattering. It is because the artificial
nonlinear process occurs in the solid-state cut-wire resonator
instead of the plasma, and the plasma frequency of the solid
is orders of magnitude higher than that of the plasma due
to the much denser free electrons. In addition, the localized
enhancement of the magnetic field apparently improves the
HHG. Secondly, the descent of the G(N𝜔) and mobility with
the frequency will lead to a monotonic decreasing efficiency
of the harmonicswith the increasing order.This phenomenon
is expected due to the perturbative properties of the magnetic
force, which fundamentally distinguishes our theory from
the nonperturbative HHG in most natural materials with
the plateau region and harmonic cutoff exhibiting in the
spectrum.

High conductivity of the SRRwould improve the intensity
of the HHG, because its characteristic of low loss increases
the current density and provides stronger localized magnetic
field (Figure S1). Another factor that may influence the
HHG is the mobility of the cut-wire resonator. Although the
mobility at different frequency varies due to the dispersion, a
common term is the dc mobility 𝜇e0. Therefore, by further
analyzing (4), the proportional relation between the Nth-
order susceptibility and (𝜇e0)N -1 can be obtained.Thephysical
essence is easy to understand that the high mobility leads to
fast drift velocity, strong magnetic force, and intense HHG.
For the cut-wire resonator, high conductivity usually means
high density of free electrons, which would not only induce
much more frequent collision and dramatically decrease the
mobility but shield the local magnetic and electric field. Both
are negative factors and may weaken the HHG.

2.2. Illustrative Metamaterial. To verify the artificial mech-
anism of HHG, we optimized the metamaterial shown in
Figure 1 to response in terahertz (THz) regime, and the
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Figure 2: Linear characteristics of the THz metamaterials. (a) Transmission, reflection, and absorption spectra of the metamaterial with
2.0 THz marked with grey dashed line; (b) the magnetic field distribution with the scale normalized to the incident magnetic field amplitude
and the orientation of the surface currents marked with red arrows.

structure was modeled and simulated by a commercial finite-
element package (COMSOLMultiphysics). The substrate was
10 𝜇m thick SiO2. Guided by the theory, the SRR is comprised
of a 500 nm thick gold, and a 500 nm thick n-doped GaAs
film is modeled as the cut-wire resonator due to its high
mobility. The details of the materials and simulation settings
are described in theMaterials andMethods. All compositions
are treated as linear materials in the simulation, and they are
chosen solely due to their linear properties, such as mobility
and conductivity. The metamaterial could be composed of
any material that satisfies the fundamental requirements of
the basic principle. It should also be noted that, despite the
illustration of the mechanism in THz regime, this theory of
artificial HHG can be easily extended to other frequencies by
simply scaling the geometry of the metamaterial.

We first simulated the linear response of the meta-
material at the frequency domain to study its resonant
behavior. Figure 2(a) reveals the transmission, reflection,
and absorption spectra of the metamaterial under normal
incidence. A resonance peak at 2.0 THz can be observed,
where the localized magnetic field reaches the maximum.
The surface currents and magnetic distribution at 2.0 THz in
Figure 2(b) demonstrate that the circulating currents produce
the enhanced magnetic field 62.4 times as intense as the
incident one, which are significant enough to generate high
harmonics. The existence of the cut-wire resonator only has
slight impact on the magnetic field distribution, and the
resonant behavior of the SRR remains.The induced magnetic
field can penetrate through the cut wire due to its thinness.

With a Gaussian pulsed plane wave at 2.0 THz incident
from the top, the temporal response of the metamaterial was
then simulated. The peak amplitude of the incident electric
field was set as 1×107 V/m, corresponding to the power
density of 1.3×107W/cm2, which is orders ofmagnitude lower
than the general requirement of the conventional nonlinear

Thomson scattering (∼1018 W/cm2) [2, 5] and can be easily
achieved with a current-available table-top THz laser [28,
31, 32]. As shown in Figure 3(a), we examined a y polar-
ized transmission spectrum in frequency domain, which is
transformed from the time response of the metamaterial by
Fourier transformation (Figure S2). The spectrum exhibits
distinct peaks at both even and odd multiples of the fun-
damental frequency, corresponding to 0th to 7th harmonics,
adequately demonstrating the artificial generation of high
harmonics from the metamaterial. Due to the perturbation,
the intensity of the harmonic wave decays with the increasing
order. The peak at 0th order is the optical rectification signal
from the 2nd-order nonlinearity. The 2nd harmonic possesses
the strongest electric field of 2.6×104 V/m, and the peak
value at 6th harmonic is 0.38 V/m. We also investigated the
transmission spectrum in x polarization, and the harmonic
peaks up to 7th order are apparent in Figure 3(a) as well. The
amplitude of the 7th harmonic is 0.16 V/m. The amplitudes
of each harmonic are listed in Table S1. Comparing the two
spectra, it can be identified that the even order harmonics
are generally polarized along y direction, while the odd order
ones are polarized along x direction, which will be further
discussed below. All these results are in perfect agreement
with the theoretical prediction.

We also simulated the metamaterials containing only
SRR or cut-wire resonator for comparison, and the same
Gaussian plane wave at 2.0 THz illuminated from the top.
Figure 3(b) plots the transmitted spectra of the resonators
in y and x polarization. There are only very weak second
harmonic generation observed from the SRR and 2nd and
3rd harmonics from the cut-wire resonator, which are totally
negligible compared to those of the metamaterial. NoHHG is
detected in neither of the resonators, not in x or y component
of the transmitted electric field.
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To further illustrate the parity of the harmonic order
can be distinguished by the polarization state, we defined a
parameter Pc(N) = lg(Ey(N)/Ex(N)), where Ey(N) and Ex(N)
are the y and x components of the transmitted peak electric
fields at Nth order, respectively. As exhibited in Figure 4(a),
the even (odd) harmonics present positive (negative) value of
Pc(N), suggesting that the primary polarizations of the even
(odd) harmonics are in y (x) direction. Because the magnetic
force becomes relatively weaker at high order, the oscillation
direction of the free electrons is not rigorously along the x
or y direction, resulting in that the polarization angles of the

high orders are not as perfect as those of the low orders.
However, it should be noted that the absolute value of Pc(N)> 1 corresponds to an extinction ratio over 10:1, which is
sufficiently high to predominate the polarization state. For
example, with respect to the x axis, Pc(6) = 0.98 of the 6th
order corresponds to the polarization angle of 84.0∘ , andPc(7)
= -1.2 of the 7th order corresponds to that of 3.6∘.

We probed the x and y components of the magnetic force
density at the point marked in Figure 2(b) to verify the physi-
cal essence ofHHG.Themagnetic force density in Figure 4(b)
presents clear peaks at all the harmonic frequencies in both
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x and y components, resembling the conventional nonlinear
Thomson scattering. At even orders, the magnetic force in y
direction dominates the motion of the free electrons, while,
at odd orders, that in x direction overwhelms. It proves that
the generation and parity-dependent polarization of the high
harmonics are the macroscopic phenomena of the nonlinear
Thomson scattering in a nonrelativistic limit. The maximum
order of the magnetic force is 11, higher than that of the HHG,
which indicates the metamaterial is potentially capable of
generating higher order harmonics by further optimizing the
structure or increasing the incident power (see Figure S3 and
Table S3).

As specified in the theory, the proposed metamaterial
radiates longitudinally in both directions, and the reflected
spectra are thereby examined as shown in Figure 5 with the
evident HHG signals up to 7th order.The peak electric field of
2nd harmonic in y polarization is 1.3×104 V/m, and that of the
7th harmonic in x polarization is 0.14 V/m.The amplitudes of
each harmonic are listed in Table S2.The same as the emitted
HHG in transmission mode, its parity can be separated by the
polarization state.

To confirm the artificial designability and tailoring of
the high harmonics generated from the metamaterial, we
manipulated the geometry of the unit cell and studied the
influence on the amplitude of the HHG. For clarity and
better contrast, only the dominant electric field components
of the transmitted harmonics have been studied, namely, y
component for the even orders and x for the odd ones. The
gap of the SRR was firstly varied. With the gap widening, the
resonant frequency shifts, and the local magnetic field at 2.0
THz weakens rapidly (Figure S4), thus leading to decreasing
harmonic amplitude, as shown in Figure 6(a). Some high-
order harmonics even vanish due to the too wide gap.

The other geometric characteristic we studied is the
location of the cut-wire resonator. By tailoring the distance
between cut wire and bottom of the SRR from 0 (attached)
to 7 𝜇m, the HHG amplitudes are compared in Figure 6(b).
Since the magnetic field distributes nonuniformly inside
the SRR, the existence of the distance would significantly
weaken the magnetic force, leading to an abrupt drop of the
harmonics intensities (Figure S5). For the harmonics over 4th
order, the large distance leads to a monotonic decay of the
amplitude, and the 7th-order signal only exists at 0 distance.
For the 2nd harmonic, the amplitude first drops and then
rises with increasing distance, while for the 3rd harmonic,
except the point at 0, the amplitude first rises and then
drops. By interpreting (4), we can find that, at lower order,
the role of the magnetic and electric fields in the nonlinear
polarization is comparable, while, at high order, the weight
of the magnetic field is absolutely superior to that of the
electric field. Therefore, although the large distance results in
weak magnetic field, it locates the cut wire close to the gap
of the SRR, where the electric field is considerably enhanced,
making the variation trend of the 2nd and 3rd harmonics
nonmonotonic, while, at high harmonics, the weak magnetic
field due to the large distance cannot be compensated by the
enhancement of the electric field, leading to the monotonic
decreasing behavior.

Inspired by these two examples, it can be conveniently
predicted that other geometric constants would also have
an effective impact on the high-order nonlinear response,
including the width (w1) and length (l1) of the SRR, and
the lattice constant of the metamaterial (P). The artificial
tailoring offers the HHG not only the high design freedom,
but also the potential of the real-time manipulation by
combining with the active modulation techniques, such as
microelectromechanical system (MEMS) and photostrictive
materials [33, 34].

All these simulated results profoundly demonstrate the
proposed artificial mechanism of HHG without involving
any sophisticated mesoscopic and quantum mechanisms
in materials or external nonlinear insertions. The HHG
essentially arises from the fundamental nonlinear Thomson
scattering in a nonrelativistic limit, which is dominated by
the artificial metamaterial structure instead of the natural
compositions, making the method available to almost all the
conducting materials, such as doped silicon and graphene,
not limited to the GaAs (details are described in Figure S6
and Supplementary Materials).

The HHG from the metamaterial contains both even
and odd orders, and the parity can be distinguished by the
polarization state, which is in sharp contrast to themajority of
natural isotropic media, including the commonly illustrated
semiconductor crystal and rare gas, which can only generate
odd order harmonics because of the symmetry inversion
[27, 35]. In the meantime, the “phase matching” condition
for the artificial HHG is different from the conventional
nonlinear optics, as it is dominated by the artificial structure
rather than any special nonlinear property of the natural
materials. The commonly used phase-matching methods,
such as oblique incidence and configuring the polarization
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Figure 6: Geometrical influences on the amplitudes of the transmitted HHG. (a) The gap of the SRR; (b) the distance between two
resonators.The amplitudes are normalized to the transmitted second harmonic in y polarization generated by the metamaterial.

of the incident wave, may have negative impacts on the
resonance and magnetoelectric coupling behaviors of the
metamaterial and erodes the efficiency. Considering the
fact that the HHG efficiency of the metamaterial reaches
maximum with the conditions of the normal illumination
and linear polarization, it is appropriate to treat them as
equivalent phase matching conditions for the artificial har-
monics generation. It should also be noted that although
only harmonics generation is demonstrated, the wave mixing
effects can occur in the proposed metamaterial as well.
As presented in Figure 2(a), the resonance bandwidth of
the metamaterial is relatively broad. With the incident EM
wave containing multiple frequencies within the resonance
bandwidth, the metamaterial can simultaneously respond to
all the fundamental frequencies, and the coupling between
each frequency will lead to the generation of sum and
difference frequency.

Since the proposed artificial mechanism provides an
approach of achieving the nonlinear Thomson scattering in
solid-state materials with no request of relativistic velocity,
the demand of the intense illumination of the light would be
substantially relaxed. To quantitatively verify it, we compare
the amplitude of the normalized vector potential in the
definition form of 𝛼0 = |󳨀⇀𝐹𝐵|/|󳨀⇀𝐹𝐸|, and it is equivalent to the
classical form 𝛼0 = 𝑞|󳨀⇀𝐸0(𝜔)|/𝑚0𝜔𝑐 for conventional non-
linear Thomson scattering [3, 6], where m0 is the electron
mass. In the metamaterial, the 𝛼0 of the free electrons in
the cut-wire resonator can be theoretically calculated as 0.75,
which is 1.6×103 times stronger than that of the plasma
electrons, corresponding to 2.6×106 times higher power
density of the incident laser (calculation details are described
in Supplementary Materials). This significant enhancement
overcomes the longstanding obstacle of the near-light speed
in the study of the nonlinear Thomson scattering and makes
its occurrence in low velocity and in condensed phase

material possible. This novel mechanism may become a
generic tool to advance the understanding of the fundamental
electrodynamics of the condensedmatters. Given the fact that
the proposed design is only a proof-of-concept, we believe, by
optimizing the structure of the metamaterial, the nonlinear
scattering would be further improved.

More importantly, by simply engineering the geometry of
the metamaterials, the artificially generated high harmonics
can be precisely designed and exactly tailored with ultrahigh
degree of freedom. Although the metamaterial is numer-
ically demonstrated in THz regime, due to the universal
existence of the Lorentz force, this theory of artificial high
harmonics can be easily extended towidewavelength ranging
from microwave to infrared and visible light by properly
scaling the metamaterial (details are described in Figures
S7 and S8, Table S4, and Supplementary Materials). In the
meantime, the metamaterial based on the nonrelativistic
nonlinear Thomson scattering is highly achievable in prac-
tice, like most reported metamaterial for other applications
[24, 25, 36, 37]. The metamaterials designed for the long
wavelength regime, such as microwave and THz, could be
conveniently manufactured by microfabrication techniques,
including the standard ultraviolet lithography, magnetron
sputtering, chemical vapor deposition (CVD), and molec-
ular beam epitaxy (MBE). Those for the short wavelength
regime, such as infrared and visible light, could be processed
by nanoengineering methodology based on the electron-
beam lithography and focused ion beam (FIB) technology
(Figure S9). The independence of this artificial mechanism
on the compositions allows choosing the fabrication-friendly
materials to form the metamaterial, further guaranteeing its
practical realization.

These fascinating features of the proposed mechanism
would open groundbreaking possibilities and tons of novel
phenomena to the high-order optical nonlinearity, meta-
material, ultrafast physics, and electrodynamics of matters.



8 Research

For instance, the active modulation and feedback tuning
of the high harmonics, and the flat self-focusing lens and
holography for high harmonics, and compact attosecond
laser might all become achievable.

3. Discussion

We theoretically demonstrated an artificial mechanism for
high harmonic generation based on a nonrelativistic Thom-
son scattering in a metamaterial. As adequately described
by an explicit physical model, the locally reconstructed
magnetic field in the metamaterial stimulates the nonlinear
Thomson scattering in solid with a nonrelativistic velocity,
which drives the free electrons to oscillate in an anharmonic
way and further generates the high harmonics. A series of
numerical simulations perfectly support the proposed theory
with the artificial generation of high harmonics, and the
geometric variation of the metamaterial leads to an apparent
control and tailoring. This purely artificial mechanism pro-
vides extraordinary degree of design freedom to high har-
monic generation with a metamaterial-based approach and
allows the occurrence of nonlinear Thomson scattering in a
nonrelativistic limit, which would open myriad application
possibilities and novel potentials to high-order nonlinearity
and advanced understanding of the electron dynamics in
condensed matters.

4. Materials and Methods

4.1. Materials Modelling. In THz regime, the substrate was
SiO2 with the permittivity of 4.2+0.026i. The gold layer of
the SRR was modeled with the conductivity of 4.1×107 S/m
and mobility of 29.5 cm2/V∙s [38, 39]. A n-doped GaAs
film is modeled as the cut-wire resonator with free electron
density of 5×1017 cm−3, corresponding to the dc conductivity
of 3.1×104 S/m and the dc mobility of 3800 cm2/Vs with the
damping frequency of 2𝜋×6.4 THz, and the permittivity at
high frequency is 12.9 [40]. With the existence of the locally
enhanced magnetic field, the GaAs film was modeled with an
anisotropic Drude conductivity tensor, as follows [41, 42]:

𝜎 (𝜔) = 𝜎̃
[[[[[
[

1
1 + 𝛽2 −

𝛽
1 + 𝛽2 0𝛽

1 + 𝛽2
1

1 + 𝛽2 0
0 0 1

]]]]]
]
, (6)

where 𝛽 = 𝜇𝑒(𝜔)|󳨀⇀𝐵(𝜔)|, 𝜎 = 𝜎0/(1 − 𝑖𝜔/𝛾), and 𝜇𝑒(𝜔) =𝜇𝑒0/(1−𝑖𝜔/𝛾), 𝜎0 and 𝜇e0 are the dc conductivity andmobility,
respectively, and 𝛾 is damping frequency. In the control
simulation, the gold of the SRR was modeled with the same
anisotropic conductivity tensor.

4.2. Simulation Settings. The metamaterial was simulated in
both frequency and time domains. In both domains, single
unit cell was simulated with the periodic boundary condition
in x and y directions, and the ports for transmitting and
receiving wave were set on the top and bottom boundaries,
respectively.The localizedmagnetic field was incorporated by

simply inputting the variable representing the local magnetic
field when defining the anisotropic materials.

In frequency domain, the S-parameters of the metamate-
rial were simulated ranging from 1.4 THz to 2.6 THz with the
step of 0.01 THz. Therefore, the reflection (R), transmission
(T), and absorption (A) spectra can be obtained with the
relations 𝑅 = |𝑆11|2, 𝑇 = |𝑆21|2, and A=1-T-R.

In time domain, the x-polarized incident wave was
defined by the electric filed 󳨀⇀𝐸 0 = (󳨀⇀𝐸𝑥, 0, 0), and 󳨀⇀𝐸𝑥 is

󳨀⇀𝐸𝑥 = 󳨀⇀𝐸0 (𝜔) cos (𝜔𝑡 + 𝑘0𝑧) 𝑒−((𝑡−𝑡0)/Δ𝑡)2 , (7)

where 󳨀⇀𝐸0(𝜔) is the peak amplitude of the electric field, 𝜔
is the angular frequency, t is time, k0 is the wavenumber at
the frequency 𝜔, z is the coordinate in z axis, and t0 and Δt
are the parameters describing the Gaussian pulse. The values
used in the time-domain simulations are |󳨀⇀𝐸0(𝜔)|=107 V/m,
𝜔=2𝜋×2×1012 rad/s, t0=7 ps, and Δt =2 ps. The total time of
30 ps was simulated with the step of 2 fs.
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S4: electric fields of the transmitted harmonics in infrared
regime. (Supplementary Materials)

References

[1] J. J. Thomson, Conduction of Electricity through Gases, Univer-
sity press, 1903.

http://downloads.spj.sciencemag.org/research/2019/8959285.f1.docx


Research 9

[2] S.-Y. Chen, A. Maksimchuk, and D. Umstadter, “Experimen-
tal observation of relativistic nonlinear Thomson scattering,”
Nature, vol. 396, no. 6712, pp. 653–655, 1998.

[3] Y. Y. Lau, F. He, D. P. Umstadter, and R. Kowalczyk, “Nonlinear
Thomson scattering: A tutorial,” Physics of Plasmas, vol. 10, no.
5, pp. 2155–2162, 2003.

[4] M. Babzien, I. Ben-Zvi, K. Kusche et al., “Observation of
the second harmonic in Thomson scattering from relativistic
electrons,” Physical Review Letters, vol. 96, no. 5, Article ID
054802, 2006.

[5] S.-Y. Chen, A. Maksimchuk, E. Esarey, and D. Umstadter,
“Observation of phase-matched relativistic harmonic genera-
tion,” Physical Review Letters, vol. 84, no. 24, pp. 5528–5531,
2000.

[6] W. Yan, C. Fruhling, G. Golovin et al., “High-ordermultiphoton
Thomson scattering,” Nature Photonics, vol. 11, no. 8, pp. 514–
520, 2017.

[7] U. Teubner and P. Gibbon, “High-order harmonics from laser-
irradiated plasma surfaces,” Reviews of Modern Physics, vol. 81,
no. 2, pp. 445–479, 2009.

[8] S. Corde, K. Ta Phuoc, G. Lambert et al., “Femtosecond x rays
from laser-plasma accelerators,”Reviews of Modern Physics, vol.
85, no. 1, pp. 1–48, 2013.

[9] Y. I. Salamin, S. X. Hu, K. Z. Hatsagortsyan, and C. H. Kei-
tel, “Relativistic high-power laser-matter interactions,” Physics
Reports, vol. 427, no. 2-3, pp. 41–155, 2006.

[10] M. Ferray, A. L’Huillier, X. F. Li, L. A. Lompre, G. Mainfray, and
C. Manus, “Multiple-harmonic conversion of 1064 nm radia-
tion in rare gases,” Journal of Physics B: Atomic, Molecular and
Optical Physics, vol. 21, no. 3, pp. L31–L35, 1988.

[11] C. Spielmann, N. H. Burnett, S. Sartania et al., “Generation of
coherent x-rays in the water window using 5-femtosecond laser
pulses,” Science, vol. 278, no. 5338, pp. 661–664, 1997.

[12] G. Vampa, T. J. Hammond, N. Thiré et al., “Linking high har-
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