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ABSTRACT: While significant magnetic interactions exist in lithium transition metal
oxides, commonly used as Li-ion cathodes, the interplay between magnetic couplings,
disorder, and redox processes remains poorly understood. In this work, we focus on the
high-voltage spinel LiNi0.5Mn1.5O4 (LNMO) cathode as a model system on which to
apply a computational framework that uses first principles-based statistical mechanics
methods to predict the finite temperature magnetic properties of materials and provide
insights into the complex interplay between magnetic and chemical degrees of freedom.
Density functional theory calculations on multiple distinct Ni−Mn orderings within the
LNMO system, including the ordered ground-state structure (space group P4332),
reveal a preference for a ferrimagnetic arrangement of the Ni and Mn sublattices due to strong antiferromagnetic superexchange
interactions between neighboring Mn4+ and Ni2+ ions and ferromagnetic Mn−Mn and Ni−Ni couplings, as revealed by magnetic
cluster expansions. These results are consistent with qualitative predictions using the Goodenough-Kanamori-Anderson rules.
Simulations of the finite temperature magnetic properties of LNMO are conducted using Metropolis Monte Carlo. We find that a
“semiclassical” Monte Carlo sampling method based on the Heisenberg Hamiltonian accurately predicts experimental magnetic
transition temperatures observed in magnetometry measurements. This study highlights the importance of a robust computational
toolkit that accurately captures the complex chemomagnetic interactions and predicts finite temperature magnetic behavior to help
analyze experimental magnetic and magnetic resonance spectroscopy data acquired ex situ and operando.

1. INTRODUCTION
Li-ion batteries (LIBs) have become an indispensable
component of modern life, enabling the operation of electric
and hybrid electric vehicles, as well as portable electronic
devices, and the storage of spatially- and temporally dependent
renewable energy.1−4 However, commercial Li-ion battery
(LIB) devices suffer from low energy densities and rate
capabilities, the cathode material being the performance
bottleneck and warranting particular attention for future
developments.4−9

While most studies of Li-ion battery cathodes still rely on
long-range or average characterization tools to monitor the
structural rearrangements and redox processes taking place on
charge and discharge, the local structure and short-range
interactions not only play a key role in their function, but also
in their degradation mechanisms.10−14 In particular, state-of-
the-art lithium transition metal (TM) oxide cathodes comprise
open-shell Ni, Mn, and Co species coupled through strong
magnetic exchange and superexchange interactions, and the
interplay between these magnetic interactions and redox
processes remains to be fully understood. In this regard,
magnetic resonance and magnetism-based methods, including
nuclear magnetic resonance (NMR),10,15−18 electron para-
magnetic resonance (EPR),19−21 and magnetometry,11,19,22−24

stand out as important tools to interrogate the (local) chemical
and magnetic structures of these materials.

While recent advances in hardware development have
enabled the use of operando magnetic and magnetic resonance
methods (i.e., those properties are measured during normal
battery operation), for TM-containing cathode materials, the
complexity of the experimental results makes data interpreta-
tion challenging.19,25−27 This is partially due to the large
number of local environments coexisting in these complex,
multicomponent solids. Additionally, the high concentration of
open-shell TM species results in significant spectral broadening
in NMR and EPR, as well as cooperative magnetic phenomena
that are challenging to deconvolute.

Accordingly, the development of computational frameworks
to predict the properties of battery cathode materials�
particularly their magnetic properties at operational temper-
atures�is needed to better understand the links between local
structure, magnetic couplings, and redox processes, and to
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assist data interpretation. In particular, we seek to build a
framework in which the magnetic properties of a system may
be modeled with respect to spin and chemical occupancy
degrees of freedom, so that the influence of each degree of
freedom on experimentally observable quantities can be
decoupled and connected with battery performance. In this
work, we utilize first-principles statistical mechanics methods
using cluster expansions and Monte Carlo simulations, as they
are an effective way to accurately model finite temperature
properties while accounting for chemical disorder, as well as
magnetic disorder that might arise from thermal fluctua-
tions28−35

Within this context, we focus on the spinel LiNi0.5Mn1.5O4
(LNMO) cathode as a model system for a first-principles
statistical mechanics study of finite temperature magnetic
properties in cathode materials. LNMO is a high voltage, high
capacity cathode36−39 with a well studied crystal structure. The
different types of magnetically active TM cations make it
possible to investigate the interplay between chemistry and
magnetism, as LNMO comprises Mn4+ and electrochemically
active Ni2+ species, both of which are open-shell. Furthermore,
the presence of Ni2+ makes LNMO a more attractive model
than the compositionally simpler LiMn2O4 (LMO) spinel
compound, as it eliminates Jahn−Teller active Mn3+ species,
which cause local structural distortions and require additional
degrees of freedom to model accurately.36,38,40−44 Finally, the
high symmetry of the spinel structure, and nature of the Ni and
Mn cations, allow us to neglect spin−orbit-coupling (SOC)
interactions, which can nevertheless be treated with the
approach used here when significant.45−47

Our first-principles density functional theory (DFT)
calculations applied to LNMO consistently predict a
preference for a ferrimagnetic arrangement of the Ni and Mn
sublattices, regardless of their chemical ordering, due to the
strong antiferromagnetic superexchange interactions between
the Mn4+ and Ni2+ ions, and the ferromagnetic Mn4+−Mn4+

and Ni2+−Ni2+ couplings. Spin cluster expansions,30 which are
a generalization of the Heisenberg Hamiltonian, confirm these
findings, revealing strong antiferromagnetic Ni−Mn coupling
constants and ferromagnetic Mn−Mn and Ni−Ni interactions

when trained to the energies of an extensive set of DFT
calculations.

We find that Heisenberg statistics are essential to obtain a
quantitative agreement between predicted and experimentally
measured ferrimagnetic-to-paramagnetic transition temper-
atures for LNMO. Furthermore, we find that the degree of
chemical ordering among Ni and Mn has a negligible effect on
the magnetic transition temperature. These predictions are
confirmed by experimental measurements of the magnetic
properties of two LNMO samples with different degrees of
cation ordering. The methodology implemented herein
represents a significant step forward in our understanding of
the complex interplay between chemistry, magnetism, and
other relevant properties. Importantly, it can be applied to the
plethora of materials whose functional properties are affected
by interacting magnetic spins, including those considered for
spintronic, multiferroic, catalysis and energy storage applica-
tions.

2. METHODS
2.1. First-Principles Magnetic Hamiltonian. The magnetic

moments of TM cations in oxides, such as spinel LiNi0.5Mn1.5O4, tend
to be localized. In the classical limit, the magnetic moments are not
entangled quantum mechanically. Furthermore, they typically
maintain a constant length, with only their orientations changing as
the solid fluctuates from one magnetic microstate to the next in
thermal equilibrium. The magnetic state of a crystal is then specified
by the orientation of the magnetic moment at each site i, which can be
tracked with a collection of unit vectors, si⃗. Within this approximation,
the energy of the crystal can be modeled using a Heisenberg
Hamiltonian

= ·J s s
i j

i j i j
,

,
(1)

where Ji,j is a measure of the exchange interaction between the ith and
jth TM sites. The sign of Ji,j indicates whether the magnetic moments
at sites i and j prefer to be parallel (negative Ji,j) or antiparallel
(positive Ji,j). Note the absence of a negative sign in the Hamiltonian,
which differs from how it is commonly expressed in the literature.

The Heisenberg Hamiltonian is a truncation of a more rigorous
spin cluster expansion,30 which accommodates all symmetry allowed
magnetic interaction terms including the Dzyaloshinskii-Moriya

Figure 1. (a) Various crystal structures of the spinel LiNi0.5Mn1.5O4 (LNMO) cathode. The ordered P4332 ground state is shown on the top left,
followed by the lower symmetry structures belonging to space groups Pmna, R3̅m, and C2. Figure S1 provides further details between the different
chemical orderings on the TM planes of the different structures. (b) First nearest neighbor pair interactions used to fit the LNMO spin cluster
expansions.
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interaction48 in low symmetry crystals, and higher order polynomials
of the elements of si⃗. When the unit vectors si⃗ are restricted to two
discrete directions (e.g., up or down), the above Heisenberg
Hamiltonian reduces to an Ising model, which itself is a truncation
of an alloy cluster expansion.28

The interaction constants, Ji,j, of the Heisenberg Hamiltonian (or,
more generally, the expansion coefficients of the spin cluster
expansion) can be trained to the energies of a large number of
magnetic orderings as calculated with a first-principles electronic
structure method such as density functional theory (DFT).45,46,49−51

In this work, Heisenberg Hamiltonians were parametrized for four
distinct orderings of Ni and Mn over the cation sites of the spinel
structure with P4332, Pmna, R3̅m, and C2, symmetries (Figure 1a).
The expansion coefficients were fit to DFT-r2SCAN52 energies of
colinear magnetic orderings (54 for P4332, 38 for Pmna, 15 for R3̅m,
and 72 for C2). The symmetrically distinct colinear magnetic
orderings for each chemical ordering were enumerated with the
CASM software package.32,34,53

The least-squares method, as implemented in Scikit-learn,54 was
then used to obtain the expansion coefficients of each Heisenberg
Hamiltonian. While Hamiltonians with exchange interactions that
extend to the third nearest neighbor were considered, only the first-
nearest neighbor exchange interactions were found to be significant.
For example, the Heisenberg Hamiltonian for the P4332 structure
with only nearest neighbor exchange interactions replicates DFT
energies with a root-mean-square error of less than 0.9 meV per
transition metal. Figure 1b shows all the first-nearest neighbor pair
interactions used to parametrize the Heisenberg Hamiltonian for the
four crystal structures. Figure S2 provides more details about the
parametrized models using different levels of truncation.

All electronic structure calculations to parametrize the Heisenberg
Hamiltonians were performed with the Vienna ab initio simulation
package (VASP)55−57 using the Projector-Augmented-Wave (PAW)
method.58 The r2SCAN52 exchange-correlation functional was used,
as it proved to be significantly more efficient than SCAN while
retaining the same accuracy as SCAN.59−61 The electronic structure
calculations were converged to 10−5 eV for energies while the forces
on atoms were converged to 0.02 eV Å−1. An automatic k-point
scheme with an Rk length parameter value of 25 Å and a plane wave
energy cutoff of 520 eV were used for all calculations. The PAW
pseudopotentials used in the DFT calculations were: Li_sv (valency
of 3) for lithium, Mn_pv (valency of 13) for manganese, Ni (valency
of 10) for nickel, and O (valency of 6) for oxygen. Gaussian smearing
with a smearing width of 0.05 eV was used for all the calculations. All
calculations performed were colinear spin polarized with magnetic
moments on the TM species initialized according to the enumerated
colinear magnetic orderings.

It is common to model the electronic properties of TM oxides
using an approximation to density functional theory that is augmented
with a Hubbard model correction.62 The r2SCAN method used in this
work is generally accepted to be superior to traditional approx-
imations to DFT, such as the local spin density approximation
(LSDA) and the generalized gradient approximation (GGA).52,59,63

Nevertheless, a recent benchmark study64 suggested that a Hubbard
correction is still necessary when applying SCAN and r2SCAN to
transition metal oxides. To test this, we recalculated the energies of all
the different magnetic orderings considered in the P4332 ordered
LNMO structure, using U values of 2.5 and 2.7 eV for Ni and Mn,
respectively, as recommended by Gautam and Carter.65

These energies were also used to parametrize a Heisenberg
Hamiltonian, which was in turn subjected to Heisenberg Monte Carlo
simulations. We found that the Heisenberg Hamiltonian parametrized
with r2SCAN predicts a magnetic transition temperature that is in
better agreement with experimental values than the Heisenberg
Hamiltonian parametrized with r2SCAN+U calculations, although the
difference in predicted transition temperature between the two
approaches is less than 50 K. In the results section, we focus primarily
on the r2SCAN calculations and summarize the r2SCAN+U
calculations in the Supporting Information (Figure S3).

2.2. Statistical Mechanics of Magnetic Degrees of Freedom.
The study of magnetic solids is often performed at constant
temperature, T, pressure, P, and magnetic field, H⃗. With these
thermodynamic boundary conditions, the partition function of
statistical mechanics takes the form

=Z e
(2)

where η labels the eigenstates of the quantum mechanical
Hamiltonian of the crystal, β = 1/kBT (kB is Boltzmann’s constant)
and Ωη = Eη + PVη−H⃗M⃗η is the generalized enthalpy of the solid for
the imposed boundary conditions. In the expression of the generalized
enthalpy, Eη is the energy, Vη is the volume and M⃗η is the magnetic
moment of the solid, all for a given eigenstate η. A magnetic solid in
equilibrium fluctuates between different microstates and the
probability that the solid resides in microstate ζ at any moment in
time is then

=P e
Z (3)

In the classical limit, each microstate is characterized by a particular
orientation of the expectation values of the local magnetic moments.
The energy, Eζ, of a microstate, ζ, can then be modeled with the
classical Heisenberg Hamiltonian, eq 1.

The characteristic free energy, Φ, at constant T, P, and H⃗, is
obtained upon the application of three Legendre transforms to the
internal energy, U, according to

= +U TS PV HM (4)

where S is the thermodynamic entropy, V is the equilibrium volume
and M⃗ is the equilibrium magnetic moment of the solid. The
characteristic free energy is related to the partition function according
to

= k T ZlnB (5)

This relationship makes it possible to connect thermodynamic state
variables and response functions to statistical mechanical averages and
variances of fluctuating observables.66 For example, upon inspection
of the differential of Φ (obtained by combining the first and second
laws of thermodynamics with the differential of eq 4)

= +S T V P M Hd d d d (6)

it can be inferred that the magnetic moment of the solid is equal to
the partial derivative of Φ with respect to H⃗ according to

= =M
H

M e

ZP T,

i
k
jjj y

{
zzz

(7)

The second equality in the above relation is obtained using eqs 2 and
5, and shows that the thermodynamic magnetic moment is equal to
the statistical mechanical average of the magnetic moments of each
microstate.

In a similar way, it is possible to derive expressions for
thermodynamic response functions such as the heat capacity, CP,H,
and magnetic susceptibility, χ.66 These are related to second
derivatives of the characteristic potential and can be calculated as
variances of energy and the components of the magnetic moment
according to

=C
Nk TP H,

2 2

B
2 (8)

=
M M M M

Nk T,
B (9)

In these expressions, N is the number of magnetic sites in the solid.
The subscripts γ and δ in eq 9 refer to Cartesian components of the
magnetic moment of the solid along the x, y, and z axes. The
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susceptibility is therefore a second rank tensor that can be represented
as a 3 × 3 matrix.
2.3. Monte Carlo Simulations. Thermodynamic averages of

state variables (e.g., eq 7) and response functions (e.g., eqs 8 and 9)
can be calculated using Monte Carlo simulations, which sample
magnetic microstates according to the probability distribution of
statistical mechanics, eq 3. We used the Metropolis-Hastings
algorithm to sample magnetic microstates at different temperatures
and magnetic fields.

Three distinct types of Monte Carlo simulations were
performed.33,34,67 The first uses Ising statistics, where the sampled
magnetic moments are only allowed to adopt orientations that are
either parallel or antiparallel to the imposed magnetic field (Figure
2a). The second set uses Heisenberg statistics, where the magnetic
moments are allowed to adopt any orientation in space by sampling
points on a unit sphere (Figure 2b). The third set of Monte Carlo
simulations uses a semiclassical Monte Carlo (SCMC) sampling
algorithm introduced by Walsh et al.33 that accounts for the quantized
nature of local magnetic moments, as shown in Figure 2c.

While still neglecting quantum mechanical entanglement between
neighboring magnetic moments, the SCMC method samples discrete
values of the projection of the magnetic moment along a quantization
axis determined by the applied magnetic field (H⃗) and the local field

created by neighboring magnetic moments (B⃗k). Overall, the field that
determines the quantization axis has the form

=B B Hq k (10)

where

=B J sk
j k

k j j,
(11)

The SCMC algorithm has been found to be more accurate than the
classical Heisenberg sampling approach at low temperatures,
especially below the magnetic transition temperature.33

All Monte Carlo simulations were performed with the CASM
software package.34 Monte Carlo simulations were performed on a
fine grid of temperatures between 50 to 600 K in increments of 2−10
K in supercells containing between 3500 and 16,000 magnetic sites.
Each site hosting a magnetic moment is visited on average once
during a Monte Carlo pass. A total of 10,000 Monte Carlo passes
were performed during Ising Monte Carlo (IMC) simulations, of
which the first 3000 were excluded before collecting data to perform
averages. A total of 20,000 MC passes were performed during both
Heisenberg Monte Carlo (HMC) and semiclassical Monte Carlo
(SCMC) simulations, with the first 5000 being discarded to allow the
system to equilibrate. Average thermodynamic properties such as

Figure 2. Three Monte Carlo (MC) models used in this study: (a) Ising (IMC), (b) Heisenberg (HMC), and (c) Semiclassical (SCMC). The
models are illustrated for the Kagome lattice formed by the TM cations in alternating (111) planes of the cubic spinel structure.

Figure 3. Possible orbital interactions between (a) Mn t2g−Mn t2g, (b) Ni eg−Ni eg, and (c) Ni eg−Mn ttg nearest neighbor transition metal (TM)
orbitals in LNMO. (a)i, (b)i, and (c)i show Mn−Mn, Ni−Ni, and Ni−Mn octahedra as they appear in the spinel crystal structure. (a)ii, (b)ii, and
(c)ii show the possible direct exchange interactions between nearest neighbor TM orbital pairs. (a)iii, (b)iii, and (c)iii illustrate the 90°
superexchange interactions that can occur between nearest neighbor TM orbital pairs via an intermediary oxygen atom. The electrons are colored
according to the species they originate from. The σ- and π- type interactions are differentiated with red and blue squiggley lines, respectively.
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energy, heat capacity, magnetization, and susceptibility were collected
at each temperature using the relations of Section 2.2. Identical
exchange interaction coefficients (defined in Section 2.1) were used in
the IMC, HMC and SCMC simulations.

While the Heisenberg Hamiltonians used in this work are expressed
in terms of unit vectors, si⃗, which track the orientation of the magnetic
moment at each site i, the length of the magnetic moment is needed
to calculate the Zeeman coupling with the magnetic field and to
calculate the total magnetic moment of the crystal. In our study of the
LNMO spinel, each local magnetic moment is calculated by
multiplying the unit vector si⃗ with +g s s( 1)e B , where ge is the
electron g-factor, μB is the Bohr magneton, and s is the total spin
quantum number of the chemical species (i.e., sMn = 3

2
and sNi = 1).

2.4. Materials Synthesis. Stoichiometric quantities of NiO,
Mn2O3 and a 3 mol % excess of Li2CO3 were mixed and the resulting
powder was pressed into a pellet and calcinated at 500 °C (5 °C/min)
for 5 h, then to 850 °C (5 °C/min) for 8 h, and afterward cooled
naturally to room temperature. The pellet was then ground. Half of
the resulting powder was set aside for further analysis of a more
disordered version of LNMO for comparison, while the other half was
repelletized and fired at 600 °C (5 °C/min) for 72 h to obtain a more
ordered version of LNMO.20,38,68−71

2.5. Magnetometry. Magnetic measurements were carried out on
a Quantum Design Magnetic Property Measurement System
(MPMS3) superconducting quantum interference device (SQUID)
magnetometer. Zero field cooled measurements were conducted on
LNMO powder samples (∼10−20 mg) over a temperature range
from 50 to 300 K and at a magnetic field of 0.1 T. We note that while
SQUID measurements are experimentally typically thought of as
magnetic susceptibility measurements, in this study, the raw data is
not divided by the field and is thus considered as a magnetization
measurement.
2.6. X-ray Diffraction. X-ray diffraction patterns of both ordered

and disordered LNMO were acquired using a PANAlytical Empyrean
diffractometer (Cu Kα radiation, λ = 1.541 Å). Diffraction patterns
were acquired over the range 2θ = 5−90° (step size = 0.02°, scanning
speed = 0.02° s−1). All Rietveld refinements and XRD data analyses
were performed using the TOPAS Academic 7 structure refinement
software package.72

3. RESULTS
3.1. Goodenough-Kanamori-Anderson Rules for

Magnetic Couplings. Goodenough, Kanamori, and Ander-
son developed and formalized a set of rules (the Goodenough-
Kanamori-Anderson (GKA) rules) to qualitatively predict the
sign and magnitude of magnetic couplings in transition metal
oxide insulators, on the basis of the symmetry, occupancy, and
overlap of the interacting and intervening TM and O
orbitals.73−75 These rules are used here to rationalize the
types of magnetic interactions present in LNMO.

In the spinel LNMO structure, Ni2+ and Mn4+ species are
octahedrally coordinated by oxygen. The electronic config-
uration of octahedral Mn4+ is high spin d3, with three electrons
having parallel spins occupying the t2g orbitals. The octahedral
Ni2+ cations have a low spin d8 configuration, with six electrons
filling the t2g orbitals and two electrons with parallel spins
occupying the eg orbitals. Hence, the magnetic d orbitals
(containing unpaired electrons) are the t2g orbitals of Mn4+ and
the eg orbitals of Ni2+.

The (Ni/Mn)O6 octahedra share edges with each other, as
shown in Figure 3a(i), b(i), c(i). This arrangement of
interstitial TMs in the close-packed oxygen framework of
spinel allows for direct overlap of their d orbitals, as illustrated
in Figure 3a(ii), b(ii), c(ii). Direct overlap of the d orbitals on
neighboring Mn sites leads to a σ-type Mn−Mn interaction
(Figure 3a(ii)), while for neighboring Ni sites, a Ni−Ni

interaction with π character emerges (Figure 3b(ii)). In both
cases, direct orbital overlap leads to spin−pairing�i.e., an
antiferromagnetic arrangement of neighboring magnetic mo-
ments. As the eg and t2g orbitals on neighboring Ni and Mn
species are orthogonal, there is no net overlap between those
orbitals, and therefore direct coupling between the Ni and Mn
centers is not possible (Figure 3c(ii)).

In addition to direct overlap, the transition metal centers
may also interact via an intermediary atom or ion, here oxygen.
This is known as superexchange.73−75 The two relevant
interaction limits correspond to TM−O−TM angles of 180
or 90°. In the LNMO spinel structure, all TM−O−TM
interaction angles are close to 90°, as shown in Figure 3a(iii),
b(iii), c(iii). For a Ni−Mn interaction, a single O p orbital is
involved in σ−type bonding with the Ni eg orbital and in π−
type bonding with the Mn t2g orbital (Figure 3c(iii)). Since the
coupling occurs through a single p orbital, this p orbital must
share spins of opposite sign with the two TMs (to obey Pauli’s
principle), leading to a strong antiferromagnetic (AFM)
superexchange interaction. Superexchange interactions be-
tween the Ni and Mn cations involving empty Mn eg and
half-filled Ni egor half-filled Mn t2g and full Ni t2g orbitals are
expected to be quite weak when compared to the mechanism
described above.74

For a Mn−Mn or Ni−Ni interaction, a single p orbital is no
longer sufficient to enable coupling across the three ions, as its
symmetry precludes net orbital overlap with the two magnetic
d orbitals on the nearest-neighbor TMs. Instead, these
superexchange interactions require a second p orbital on the
same oxygen (Figure 3a(iii), b(iii)). Since the spins in the two
orthogonal O p orbitals obey Hund’s third rule and align
parallel to one another, i.e., the p orbitals become polarized,
leading to sharing of the same spin type with the two nearest-
neighbor TMs and a weak ferromagnetic (FM) superexchange
interaction.
3.2. Magnetic Interactions in P4332 LiNi0.5Mn1.5O4.

Having established the expected magnetic couplings between
Ni2+ and Mn4+ nearest neighbors from the GKA rules, we now
examine the magnetic couplings derived from first-principles
calculations on relevant structural models of LNMO. While the
most commonly synthesized form of spinel LNMO has a
disordered TM sublattice, the ground state adopts an ordered
Ni−Mn arrangement as shown in Figure 1a (space group
P4332). This P4332 Ni−Mn ordering has the periodicity of the
nonprimitive cubic unit cell of the spinel crystal structure,
which contains 16 TM sites.

Figure 4a shows the DFT energies of 54 symmetrically
distinct magnetic configurations in the P4332 structure. The
horizontal axis of Figure 4a indicates the fraction of “up” (↑)
versus “down” (↓) magnetic moments on the Mn sublattice,
while the color of each point measures the fraction of ↑ versus
↓ magnetic moments on the Ni sublattice. The magnetic
ground state comprises a ferromagnetic Ni sublattice, and a
ferromagnetic Mn sublattice, with the two sublattices aligned
antiparallel to one another �i.e., a ferrimagnetic ground state.
The high energy states are those in which most of the Ni and
Mn magnetic moments are aligned parallel to each other, with
the ferromagnetic state (where all Mn and Ni are aligned)
having the highest energy.

The DFT energies of the 54 distinct colinear magnetic
orderings of P4332 LNMO (Figure 4a) were used to fit the
exchange coefficients of a classical Heisenberg Hamiltonian
model as described in Section 2.1. While interactions up to the
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third nearest neighbor were considered, a root−mean−square
(RMS) error of only 0.9 meV/TM was obtained when only
first-nearest neighbor pairs were included. The fit is excellent,
as is evident upon comparing the DFT energies (circles) to the
predictions of the parametrized Heisenberg model (crosses) in
Figure 4a.

The expansion coefficients can be interpreted as a measure
of pairwise exchange couplings, J. The magnitude of J measures
the strength of the magnetic exchange interaction, while its
sign defines whether it is ferromagnetic (negative J) or
antiferromagnetic (positive J). Note that the Heisenberg
Hamiltonian used in this work, which is a truncation of the
spin cluster expansion,30,45 treats the magnetic moments as
vectors having unit length and the values reported here for J
should be divided by the product of the magnetic moments of
the cations of the pair cluster when comparing to exchange
terms of commonly used Heisenberg models that are expressed
in terms of actual magnetic moments.

As expected from the GKA rules, the Ni−Mn interaction is
strongly antiferromagnetic, while the Mn−Mn interaction is
somewhat weaker and ferromagnetic as shown in Figure 4b.
For the interaction between Ni and Mn, only one magnetic
interaction is allowed according to the GKA rules due to the
geometry of the orbitals: superexchange mediated through an
O p orbital that results in an antiferromagnetic arrangement
(Figure 3c(iii)). This result is in agreement with previous ab
initio work by Lee et al.76 and Xin et al.,77 which also predicted
a Ni−Mn antiferromagnetic interaction.

For Mn−Mn couplings, the geometry of orbital overlap
allows for two competing magnetic interactions between the t2g
orbitals: direct exchange, which favors an antiferromagnetic
alignment (Figure 3a(ii)), and superexchange, which favors a
ferromagnetic arrangement (Figure 3a(iii)). The negative J
coefficient obtained by fitting to DFT energies indicates that
the latter dominates, most likely because direct orbital overlap
is too weak.
3.3. Magnetic Interactions as a Function of Chemical

Ordering in LiNi0.5Mn1.5O4. Three additional orderings of Ni
and Mn over the TM sites of spinel LiNi0.5Mn1.5O4 were
studied in depth to shed light on the dependence of the
magnetic ordering on cation (dis)order. The symmetry of the
three orderings considered here can be described by the space
groups R3̅m, Pmna, and C2, respectively (Figure 1a). The DFT
energies of a large number of magnetic orderings in the three
structures are shown in Figure 4c.

As in the P4332 structure, the magnetic ground states of the
R3̅m, Pmna, and C2 structures are ferrimagnetic, with the Ni
magnetic moments parallel to each other but antiparallel to the
Mn magnetic moments. Furthermore, the ferromagnetic
configuration has the highest energy for the P4332 and R3̅m
structures, and is one of the highest energy magnetic orderings
for the Pmna and C2 structures. Figure 4c shows that the
spread in energy when varying the magnetic ordering for a
fixed Ni−Mn arrangement is significantly smaller than the
energy range spanned when varying the Ni−Mn ordering for a
fixed magnetic ordering. For example, the energy difference
between the ferrimagnetic ground state and the ferromagnetic
state in the P4332 structure is less than 40 meV/TM, while the
energy difference between the P4332 and C2 structures in their
ferrimagnetic ground states is close 90 meV/TM.

Also shown in Figure 4c are the energies of the ferrimagnetic
and ferromagnetic configurations for 40 symmetrically distinct
Ni−Mn orderings over the TM sites of LNMO. Based on the

Figure 4. (a) DFT and cluster expansion predicted energies for 54
unique magnetic configurations of P4332 LNMO. Mn↑ (Ni↑) fractions
are defined as the number of Mn ↑ (Ni ↑) spins over the total number
of Mn (Ni) spins. (b) First nearest neighbor J exchange couplings of
the various LNMO structures obtained from cluster expansion fits.
Note that the J values reported in this plot comprise the product of
the magnetic moments of the cations in the pair interaction. (c)
Energies of various magnetic orderings for several unique Ni−Mn
chemical orderings in the LNMO system. The magnetization (M) of
each of the orderings is indicated in the figure and is defined

according to =
+

M
z

2xNi 3yMn
, where x, y, and z are the number of

Ni, Mn, and TM ions in each unit cell, respectively.
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analysis of the P4332, R3̅m, Pmna, and C2 structures, these two
magnetic states tend to bracket the energy range spanned by all
possible magnetic orderings for a fixed chemical ordering. The
spread in energy between the ferromagnetic and ferrimagnetic
states is consistently less than 50 meV/TM, while the energy of
different chemical orderings for the same magnetic state spans
a range of almost 300 meV/TM. These results suggest that
chemical disorder, well-known to exist in LNMO, is expected
to preserve ferrimagnetic ordering. Furthermore, they also
suggest that less thermal energy is required to induce a
magnetic transition than an order−disorder transition among
the TM cations, although a full statistical mechanics treatment
that couples chemical and magnetic disorder would be
necessary to quantify this.49

The DFT calculation results for the 40+ symmetrically
distinct Ni−Mn orderings also reveal a direct correlation
between the energy of a particular chemical ordering
(irrespective of the magnetic ordering) and the number of
Ni−Ni nearest neighbor pairs, as shown in Figure S4. The
energy of the structure generally increases with the number of
Ni−Ni nearest neighbor pairs, implying that it is energetically
unfavorable for Ni ions to cluster together.

Nearest-neighbor Heisenberg Hamiltonians were parame-
trized for the R3̅m, Pmna, and C2 structures by performing
least-squares fits to the energies of different magnetic orderings
in each structure. Due to the lower symmetries of the R3̅m,
Pmna, and C2 structures, there are more symmetrically unique
nearest-neighbor pairs with a distinct exchange coefficient J.
The first nearest-neighbor exchange coefficients for the three
structures are compared to those of P4332 in Figure 4b. Similar
trends are exhibited across the four structures for the Ni−Mn
and Mn−Mn pairs, with negative (ferromagnetic) J values for
Mn−Mn interactions and larger, positive (antiferromagnetic) J
values for Ni−Mn interactions. In contrast to the other
structures, the particular Ni−Mn ordering of the C2 structure
has Ni−Ni nearest neighbors. The exchange coupling, J, for the
Ni−Ni pairs is negative (ferromagnetic), suggesting a stronger
ferromagnetic superexchange delocalization mechanism (Fig-
ure 3b(iii)) compared to the competing direct exchange
mechanism (Figure 3b(ii)).
3.4. Finite Temperature Magnetic Properties. Monte

Carlo simulations were performed using the Heisenberg
Hamiltonians for the P4332, R3̅m, Pmna, and C2 spinel
structures to study magnetic ordering tendencies as a function
of temperature and chemical ordering of LNMO. Three types
of Monte Carlo simulations were performed, each differing in
the microstates that were sampled: Ising Monte Carlo (IMC)
(Figure 2a), Heisenberg Monte Carlo (HMC) (Figure 2b),
and a semiclassical Monte Carlo (SCMC) (Figure 2c)
algorithm recently introduced by Walsh et al.33 (See Methods
Section 2.3)

Figure 5a compares the calculated heat capacities of the
P4332 structure as calculated with the IMC, HMC and SCMC
simulations. The heat capacities in Figure 5a are due to
magnetic excitations and neglect contributions from vibrational
excitations, which are not considered in this study. The
calculated heat capacities all exhibit a divergence that is
suggestive of a second-order phase transition. This divergence
occurs at 450 K when using IMC, but at 120 K when using the
HMC and SCMC sampling methods. Above the transition,
LNMO is a paramagnet characterized by the absence of long-
range order among the magnetic moments. Below the
transition, it is ferrimagnetic, with the magnetic moments on

the Mn sublattice aligned antiparallel to those on the Ni
sublattice.

The heat capacities of the Pmna, R3̅m, and C2 structures
were also calculated with IMC and HMC simulations. The
transition temperatures for these structures (estimated to be
the temperatures at which the heat capacity diverges) all fall
within the light blue shaded regions in Figure 5a. When using
IMC, the transition temperatures of the lower-symmetry
structures range between 400−460 K, while for HMC, they

Figure 5. (a) Heat capacity as a function of temperature for the P4332
structure as predicted by IMC, HMC, and SCMC models at zero
field. The black dashed line indicates the experimental transition
temperature. The shaded blue regions indicate the span of transition
temperatures for the other structures. (b) SQUID (magnetization)
measurements at 0.1 T as a function of temperature for the
experimentally synthesized structures plotted along with field-oriented
magnetization data from SCMC, also calculated at 0.1 T. (c) Average
pair correlations (dot products) between first-nearest neighbor pairs
as a function of temperature. Positive values indicate some degree of
FM alignment, while negative values describe some AFM alignment.
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span a range between 120−150 K. The effect of chemical
ordering on the magnetic transition temperature is not
significant. For the three long-range ordered structures, the
predicted temperatures are larger than that of the P4332
ground state structure.

The large difference in the predicted transition temperatures
between the IMC and the HMC and SCMC sampling
methods can be attributed to large differences in the entropy
of the paramagnetic state. Since the Ising model only allows for
binary magnetic degrees of freedom, its disordered state has
significantly fewer microstates than those sampled with the
HMC and SCMC approaches, where the magnetic moments
can adopt significantly more orientations in three-dimensional
space.

Figure 5b shows the temperature dependence of the
magnetization as calculated with the SCMC algorithm, along
with the experimentally measured magnetization for two spinel
LNMO samples (green and orange points), all at a magnetic
field of 0.1 T. The two samples correspond to a more ordered
version of LNMO (green points), and a more disordered
version (orange points), as indicated by the Rietveld
refinements of laboratory X-ray diffraction data shown in
Figure S5. As expected, the magnetization is zero in the
paramagnetic region and increases continuously as the low-
temperature ferrimagnetic ordering emerges below the
magnetic transition temperature. The transition temperature
inferred from the computed heat capacity, magnetization, and
magnetic susceptibility (Figure S6) using SCMC simulations is
close to the experimentally measured transition temperature of
∼130 K for the partially ordered sample. Our measured
transition temperature is also consistent with previous
reports.78,79

Interestingly, while P4332 LNMO no longer exhibits long-
range magnetic order in the paramagnetic regime, some degree
of short-range ordering between the Mn and Ni magnetic
moments persists well above the transition temperature, as
indicated by the finite pair correlations (which track the
average dot product between pair interactions in the Monte
Carlo simulations) in Figure 5c. In particular, the anti-
ferromagnetic short-range ordering of the Ni and Mn magnetic
moments (as manifested by a negative pair correlation)
remains appreciable even at room temperature.

Overall, the results presented here suggest that the use of
HMC or SCMC methods is essential to accurately describe
magnetic excitations in spinel LNMO, and that the limited
degrees of freedom in the Ising model are too restrictive to
enable an accurate thermodynamic description of the para-
magnetic phase. Furthermore, the good agreement between
experimental and predicted transition temperatures suggests
that the classical Heisenberg Hamiltonian is an accurate energy
model for the magnetic excitations in spinel LNMO.

While the HMC approach is able to accurately predict the
experimental transition temperature, it does not properly
model spin behavior at low temperatures due to the quantum
nature of spins. In contrast, the SCMC algorithm33

incorporates the quantum nature of the magnetic moments
when sampling magnetic microstates (See the Methods
Section 2.3 and Figure 2c). In the SCMC sampling algorithm,
the magnetic moment vectors are quantized along the direction
of the local magnetic field (eq 10), with 2s+1 discrete values (s
is the total spin), but have continuous degrees of freedom in
the plane perpendicular to the magnetic field.33 This difference
leads to slight deviations between the predicted thermody-

namic properties as calculated with the Heisenberg and SCMC
approaches below the magnetic transition temperature (Figure
S7).

In the Heisenberg Monte Carlo simulations, the Ni and Mn
magnetic moments are perfectly antialigned when LNMO
adopts its ferrimagnetic ground state at low temperatures. In
the SCMC simulations, the components of the magnetic
moments of Ni and Mn parallel to the local magnetic field are
quantized. Therefore, they are unable to adopt a fully
antiparallel alignment due to quantum fluctuations. We note
that the SCMC algorithm is not a fully quantum mechanical
approach as it neglects quantum entanglement between
neighboring magnetic moments, but it does account for the
quantization of local magnetic moments in a local effective
magnetic field created by neighboring spins and the applied
field. The effect of the quantum fluctuations can be observed in
Figure S7, where the energy predicted with SCMC sampling is
slightly higher than that of classical HMC simulations.

4. DISCUSSION
Magnetic interactions can play an important role in
determining the electronic, electrochemical, thermodynamic,
and kinetic properties of transition metal oxides commonly
used for catalysis and in battery devices.22,23,45,46,61 Further-
more, the magnetic properties of a particular compound can
reveal much about its electronic and structural properties. The
ability to accurately predict magnetic properties of a system
from first-principles implies that a fundamental understanding
of the relevant quantum mechanical interactions and finite
temperature magnetic excitations has been established.

In this work, we performed an in-depth study of the
magnetic properties of spinel LiNi0.5Mn1.5O4 (LNMO), using a
first-principles statistical mechanics approach and validating
our predictions with experimental measurements. The
comparison between predicted and measured magnetic
properties allowed us to assess the accuracy of the underlying
quantum mechanical description of the magnetic interactions
and identify the optimal sampling of statistical mechanical
excitations in the Monte Carlo simulations. The predicted
magnetization and magnetic transition temperature using the
Heisenberg Monte Carlo (HMC) and semiclassical Monte
Carlo (SCMC)33 approaches are in very good agreement with
experimental values. This implies that the classical Heisenberg
Hamiltonian, parametrized using the energies of different
magnetic orderings as calculated with DFT-r2SCAN, is an
accurate model of the magnetic interactions in LNMO.

In using a classical Heisenberg Hamiltonian to model the
energy of the system, correlations are neglected between
neighboring magnetic moments that are quantum mechanically
entangled. Such correlations are only expected to be significant
at temperatures that are well below the magnetic transition
temperature of LNMO, which ranges between 120 and 150 °C
depending on the degree of (dis)order on the TM sublattice.
The large discrepancy between the experimental transition
temperature and that predicted using the Ising Monte Carlo
(IMC) approach indicates that a two-state representation of
the spins is too restrictive to accurately describe magnetic
disorder within the paramagnet. The degrees of freedom
available to each magnetic moment in the Heisenberg Monte
Carlo and SCMC approaches, in contrast, are substantially
larger than those available to an Ising magnet, leading to a
significantly more stable paramagnetic phase.80
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The magnetic interactions between the Ni2+ and Mn4+

cations in the spinel host structure, as extracted from extensive
DFT-r2SCAN calculations, are consistent with the Good-
enough-Kanamori-Anderson (GKA) rules. An antiferromag-
netic interaction is predicted between nearest neighbor Ni2+

and Mn4+, which can be attributed to a strong delocalization-
type superexchange interaction between the Ni and the Mn
ions involving an intervening oxygen ion. This antiferromag-
netic interaction between nearest neighbor Ni−Mn pairs is
predicted for all four ordered configurations of Ni and Mn in
LNMO considered in this work. A ferromagnetic interaction
within Mn−Mn pairs (and Ni−Ni pairs in the case of the C2
structure) is predicted and can be explained via a weaker
polarization-type superexchange interaction. As a result of
these interactions, the ground state magnetic ordering in
LNMO is independent of the Ni/Mn ordering and
ferrimagnetic, with the Ni magnetic moments aligned
antiparallel to the Mn magnetic moments. The interactions,
though, are not particularly strong as manifested by the low
magnetic transition temperatures.

Interestingly, the Heisenberg and SCMC simulations predict
that short-range ordering (antialignment) of the Ni2+ and
Mn4+ magnetic moments persists up to room temperature.
These findings suggest that the common understanding of
paramagnets as comprising fully random spin orientations with
magnetic pair correlations equal to zero is erroneous. The
predicted short-range ordering likely has subtle and nuanced
implications not only for magnetometry, but also for the
interpretation of electrochemical, NMR and EPR measure-
ments.10,11,13,14 We expect that the antiferromagnetic super-
exchange interaction between Ni2+ and Mn4+ is present in
other transition metal oxides such as the layered
Lix(Ni1−y−zMnyCoz)O2 (NMC) intercalation compounds,
which are actively studied for use in commercial Li-ion
batteries.

The study presented here is restricted to the fully lithiated
form of the LNMO spinel compound, but additional insights
can be gained upon extending this methodology to model
magnetism as a function of charge. Doing so, however, presents
a number of new challenges. When Li is extracted from
LNMO, Ni2+ oxidizes first to Ni3+ and finally to Ni4+ at the end
of charge.38,39 These different redox states on the Ni will affect
the dominant GKA interactions, and therefore change the
magnetic properties of the lowest energy states. Furthermore,
Ni3+ is Jahn−Teller active, which will cause local distortions of
the NiO6 octahedra within the spinel structure. These
distortions may interact with Li vacancies and lead to some
degree of short-range ordering between the Ni3+ cations and Li
vacancies. Exploring these interactions will provide insight into
the coupling between magnetic and electrochemical properties
in cathode materials. However, this will require more complex
cluster expansion Hamiltonians32,34 that include magnetic,30

chemical,28,29,49 displacement44,81−84 and charge/orbital43,85

ordering degrees of freedom and will be the focus of future
work.

5. CONCLUSIONS
Modeling the magnetic properties of battery materials is not
only important for the interpretation of experimental data, but
also to develop a fundamental understanding of the nature of
magnetism and its relationship with the electrochemistry of the
material. In this paper, we investigated the magnetic ordering
tendencies of LiNi0.5Mn1.5O4 for different Ni−Mn orderings.

We found that the magnetic interactions in LNMO are
consistent with the Goodenough-Kanamori-Anderson rules,
with a ferrimagnetic arrangement between the magnetic
moments of the Ni and Mn sublattices being favored
energetically. Furthermore, the delocalization achieved via
superexchange consistently dominates over the direct exchange
mechanism in Mn−Mn and Ni−Ni interactions. We found
that Monte Carlo simulations based on Heisenberg and
semiclassical Monte Carlo microstate sampling algorithms are
significantly more accurate than Ising model statistics in
predicting magnetic transition temperatures. The excellent
agreement between predicted magnetic transition temperatures
and experimentally measured temperatures suggests that a
classical Heisenberg model Hamiltonian, trained to r2SCAN
DFT calculations, is an accurate model to describe magnetic
interactions in LNMO at finite temperatures. Furthermore, our
results reveal a residual antiferromagnetic short-range ordering
present between the transition metal pairs even after the
paramagnetic transition.
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