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In this paper, we show the local well-posedness for the Cauchy problem for the equation of the Nagumo type in this equation (1) in
the Sobolev spaces Hs(R). If D> 0, the local well-posedness is given for s> 1/2 and for s> 3/2 if D � 0.

1. Introduction

In this paper, we show the local well-posedness for the
following Cauchy problem:

ut � Duxx − u(u − α)(u − 1) − ϵun
ux, x ∈ R, t> 0,

u(x, 0) � ψ(x),
􏼨

(1)

where D> 0 is a constant diffusion coefficient, α ∈ (0, 1/2)

and ϵ> 0 is a small positive quantity. In [1], the equation
(1) was used to model chemotaxis (see equation (55) in
[1]). Organisms which use chemotaxis to locate food
sources include amoebae of the cellular slime mold Dic-
tyostelium discoideum, and the motile bacterium
Escherichia coli [1]. (erefore, u � u(x, t) models the
population density, n is a positive integer, and α is a
parameter which determines the minimal required den-
sity for a population to be able to survive (for normalized
population density, i.e., such that u � 1 is the maximum
sustainable population). Balasuriya and Gottwald [1]
studied the wave speed of travelling waves for the equation
(1). Also, they have the numerical evidence for the wave
speed of travelling waves for the equation (1). Other re-
sults related to the equation (1) can be found in [2].

When ϵ � 0, the equation (1) is called aNagumo equation
or bistable equation [3–7] in which case the model describes
an active pulse transmission line simulating a nerve axon.

Also, we can see the equation (1) as a generalized viscous
Burgers equation with a source term. Dix [8] proved local
well-posedness of the viscous Burgers equation with a source
term using a contraction mapping argument. Moreover, for
the classical Burgers equation (without viscosity) is well
known that classical solutions cannot exits for all time, but
weak global solutions can be established [9]. In addition, the
uniqueness of the weak solution depends on some entropy
condition. Observe that when D � 0, the equation (1) is a
generalized Burgers equation (without viscosity) and non-
linear source term. (erefore, from the mathematical
viewpoint, the case D � 0 is very interesting to study the
existence and uniqueness of classical solution.

In this paper, we show the local well-posedness for the
Cauchy problem to the equation of the Nagumo type (1) in
the Sobolev spaces Hs(R) for s> 1/2 if D> 0, and for s> 3/2
if D � 0. Our proof of local well-posedness is based on the
results given in [10–12]. We use the Banach fixed point in a
suitable complete space to guarantee the existence of local
solutions to the problem (1) with D> 0. (e Banach fixed
point technique has been widely used to show existence and
uniqueness of solutions to differential equations in Banach
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spaces (for instance, see [10–14] for more details). When
D � 0, we use the parabolic regularization method to show
local well-posedness for the Cauchy problem (1) (e.g.,
[12,15]).

We will use the following notation: R for the real
numbers;S(R) for the Schwartz’s space usual; 􏽢f denotes the
Fourier transform of f; the inverse Fourier transform will be
denoted by ∨; by Hs(R), s ∈ R, the set of all f ∈ S′(R) such
that (1 + ξ2)s/2 􏽢f ∈ L2(R). Hs(R) is called the Sobolev space
and it is a Hilbert space with respect to the inner product
(f, g)s � 􏽒

R
(1 + ξ2)s 􏽢f(ξ)􏽢g(ξ)dξ; C(I; X) for the space of

all continuous functions on an interval I into the Banach
space X; if I is compact, C(I; X) is seen as a Banach space
with the sup norm; Cw(I; X) for the space of all weakly
continuous functions on an interval I into Banach space X;
C1

w(I; X) for the space of all weakly differentiable functions
on an interval I into Banach space X. We also denote by
V(t) � et(Dz2x− αId), t≥ 0, the semigroup in Hs(R) generated
by the operator tQ where Q � (Dz2x − αId), i.e.,

V(t)f � e
− t Dξ2+α( ) 􏽢f􏼒 􏼓

∨
, for f ∈ H

s
(R), t≥ 0, (2)

V(t){ }t≥0 is a C0-semigroup of contractions in Hs(R), s ∈ R.
Moreover, u(x, t) � V(t)ψ(x) is the unique solution to the
linear problem associated with (1), i.e., u(x, t) � V(t)ψ(x) is
the unique solution to the following problem.

ut � Duxx − αu, x ∈ R, t> 0,

u(x, 0) � ψ(x).
􏼨 (3)

Proposition 1. Let ψ ∈ Hs(R), s ∈ R, λ≥ 0, D> 0 and t> 0.
1en, there exists a constant Cλ, depending only on λ, such
that

‖V(t)ψ‖s+λ ≤Cλ 1 +
λ

2Dt
􏼠 􏼡

λ
⎛⎝ ⎞⎠

1/2

‖ψ‖s. (4)

In particular, V(t)ψ ∈ S(R) for all t> 0.
When there is no risk of confusion, we will use the

notations u(t) for u(x, t), ϕ for ϕ(x), and
F(u) � ϵunux + u3 − (α + 1)u2.

2. Local Well-Posedness of the Problem
(1) with D > 0

In this section, we use the Banach fixed point in a suitable
complete metric space to show the existence of local solu-
tions for integral equation (9) in Sobolev space Hs(R) for
s> 1/2. In addition, the uniqueness of the solution and
continuous dependence are established.

Proposition 2. Let s> 1/2 be fixed. 1en, F(u) is a con-
tinuous map from Hs(R) into Hs− 1(R) and satisfies the
estimates as follows:

‖F(u) − F(w)‖s− 1 ≤ Ls ‖u‖s, ‖w‖s( 􏼁‖u − w‖s, (5)

for all u, v ∈ Hs(R), where Ls(·, ·) is a continuous function,
nondecreasing with respect to each of their arguments. In
particular,

‖F(u)‖s− 1 ≤Ls ‖u‖s, 0( 􏼁‖u‖s. (6)

Proof. Observe that F(u) � (ϵ/n + 1)(un+1)x +

u3 − (α + 1)u2. (en, as Hs(R) is a Banach algebra for
s> 1/2, we have the following:

‖F(u) − F(w)‖s− 1 ≤
ϵ

n + 1
zx u

n+1
− w

n+1
􏼐 􏼑

�����

�����s− 1
+ u

3
− w

3����
����s− 1 +(α + 1) u

2
− w

2����
����s− 1

≤
ϵ

n + 1
u

n+1
− w

n+1����
����s

+ u
3

− w
3����
����s

+(α + 1) u
2

− w
2����
����s

� Ls ‖u‖s, ‖w‖s( 􏼁‖u − w‖s,

(7)

where

Ls ‖u‖s, ‖w‖s( 􏼁 �
ϵ

n + 1
􏽘

n

k�0
‖u‖

n− k
s ‖w‖

k
s + 􏽘

2

k�0
‖u‖

n− k
s ‖w‖

k
s +(α + 1) ‖u‖s +‖w‖s( 􏼁. (8)

(e following result is to prove the existence of solutions.
(e proof is based in standard arguments [10,11]. We only
present a sketch of proof. □

Proposition 3. Let D> 0 be fixed, s> 1/2, ψ ∈ Hs(R), and
V(t) is defined by (2).1en, there existsT � T(‖ψ‖s, M)> 0 and
a unique function u ∈ C([0, T]; Hs(R)) satisfying the following
integral equation:
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u(·, t) � V(t)ψ(·) − 􏽚
t

0
V(t − τ)F(u(·, τ))dτ. (9)

Sketch of proof. Let M, T> 0 be fixed, but arbitrary. Con-
sider the following:

X(M, T,ψ) � u ∈ C [0, T]; H
s
(R)( 􏼁: sup

[0,T]

‖u(t) − V(t)ψ‖s ≤M􏼨 􏼩,

(10)

which is a complete metric space with distance
d(u, v) � sup[0,T]‖u(t) − v(t)‖s. Define on the space
X(M, T,ψ) the following map:

(Ag)(t) ≔ V(t)ψ − 􏽚
t

0
V(t − τ)F(g(τ))dτ. (11)

We have the following:

(1) If g ∈ X(M, T,ψ) then Ag ∈ X(M, T,ψ)

(2) We can choose 􏽥T> 0 sufficiently small such that
A(X(M, 􏽥T,ψ)) ⊂ X(M, 􏽥T,ψ)

(3) (ere exists T ∈ (0, 􏽥T] such that A is a contraction
on X(M, T,ψ)

So, A has a unique fixed point u in X(M, T,ψ) which
satisfies the integral equation (40) where
T � T(‖ψ‖s, M)> 0.

Proposition 4. 1e problem (1) is equivalent to the integral
equation (40). More precisely, if s> 1/2 and
u ∈ C([0, T]; Hs(R))∩C1((0, T]; Hs− 2(R)) is a solution of
(1), then u satisfies the integral equation (40). Conversely, if
s> 1/2 and u ∈ C([0, T]; Hs(R)) is a solution of (40) then
u ∈ C1([0, T]; Hs− 2(R)) and satisfies (1).

proof. Assume that u ∈ C([0, T]; Hs(R))∩C1((0, T]; Hs− 2

(R)) is a solution of (1). (en, (d/dτ)(V(t − τ)u

(τ)) � − V(t − τ)F(u(τ)), 0< τ < t. So, u satisfies the integral
equation (40). Conversely, assume that u ∈ C([0, T];

Hs(R)) is a solution of (40). For t> 0, let η(t) :� −

􏽒
t

0 V(t − τ)F(u(τ))dτ. (en, for h> 0 arbitrary,

η(t + h) − η(t)

h
− Qη(t) + F(u(t))

�������

�������s− 2
≤ 􏽚

t

0
V(t − τ)

V(h) − 1
h

− Q􏼠 􏼡F(u(τ))

��������

��������
s− 2

dτ

+
1
h

􏽚
t+h

t
‖V(t + h − τ)F(u(τ)) − F(u(t))‖s− 2dτ.

(12)

However,

V(t − τ)
V(h) − 1

h
− Q􏼠 􏼡F(u(τ))

��������

��������
s− 2

≤C1
2D(t − τ) + 1
2D(t − τ)

􏼠 􏼡

1/2
V(h) − 1

h
− Q􏼠 􏼡F(u(τ))

��������

��������
s− 2

≤C1
2D(t − τ) + 1
2D(t − τ)

􏼠 􏼡

1/2

K‖F(u(τ))‖s− 2

≤C1
2D(t − τ) + 1
2D(t − τ)

􏼠 􏼡

1/2

K‖F(u(τ))‖s− 1

≤C1
2D(t − τ) + 1
2D(t − τ)

􏼠 􏼡

1/2

KLs sup
τ∈[0,T]

‖u(τ)‖s, 0􏼠 􏼡 sup
τ∈[0,T]

‖u(τ)‖s,

(13)

and the right hand side of (57) is a integrable function of τ in
[0, t]. (us, using the dominated convergence theorem, we
have as follows:

lim
h⟶ 0

+ 􏽚
t

0
V(t − τ)

V(h) − 1
h

− Q􏼠 􏼡F(u(τ))

��������

��������
s− 2

dτ � 0.

(14)
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Now, from the mean value theorem for integrals, there
exists a value c on the interval (t, t + h) such that

1
h

􏽚
t+h

t
‖V(t + h − τ)F(u(τ)) − F(u(t))‖s− 2dτ � ‖V(t + h − c)F(u(c)) − F(u(t))‖s− 2

� V h − c
∗

( 􏼁F u t + c
∗

( 􏼁( 􏼁 − F(u(t))
����

����s− 2,

(15)

and therefore, limh⟶0 + (1/h) 􏽒
t+h

t
‖V(t+ h − τ)F(u(τ)) −

F(u(t))‖s− 2dτ � 0.
After, z+

t η(t) � Qη(t) − F(u(t)) in Hs− 2(R). where z+
t is

the right derivative. In similar way, we can conclude that the
left derivative is z−

t η(t) � Qη(t) − F(u(t)) in Hs− 2(R). So,
η ∈ C1((0, T]; Hs− 2(R)) and ztη(t) � Qη(t) − F(u(t)). As
V(t)ψ(x) is the solution of the linear problem (3), we
conclude that u(t) � V(t)ψ + η(t) ∈ C1((0, T]; Hs− 2(R))

and satisfies (1). □

Lemma 1. Suppose β> 0, c> 0, β + c> 1, a≥ 0, b≥ 0, u is
nonnegative and tc− 1u(t) is locally integrable on [0, T). If

u(t)≤ a + b 􏽚
t

0
(t − s)

β− 1
s

c− 1
u(s)ds, (16)

i.e., in (0, T), then

u(t)≤ aEβ,c (bΓ(β))
1/]

t􏼐 􏼑, (17)

where ] � β + c − 1> 0, Eβ,c(s) � 􏽐
∞
m�0 cmsm] with c0 � 1

and cm+1/cm � Γ(m] + c)/Γ(m] + c + β) for m≥ 0.

(e proof of this lemma is given in Lemma 7.1.2 in [16].

Proposition 5. Let ψ,ϕ ∈ Hs(R) and u, v ∈ C([0, T];

Hs(R)) be the corresponding solutions of equation (9). If
s> 1/2, then

‖u(t) − v(t)‖s ≤K‖ψ − ϕ‖s, (18)

where K � E1/2,1((bΓ(1/2))2T), b � Ls(L, L)C1(
����
2DT

√
+

1/
���
2D

√
) and L � max sup[0,T]‖u‖s, sup[0,T]‖v‖s􏽮 􏽯 (here E1/2,1

is given by previous lemma).

proof. Let ψ,ϕ, u and v as in the statement of the propo-
sition. Let s> 1/2. From (9) we have as follows:

u(t) − v(t) � V(t)(ψ − ϕ) − 􏽚
t

0
V(t − τ)(F(u(τ)) − F(v(τ)))dτ.

(19)

By Propositions 1 and 2, we obtain the following:

‖u(t) − v(t)‖s ≤ ‖ψ − ϕ‖s + 􏽚
t

0
‖V(t − τ)(F(u(τ)) − F(v(τ)))‖s− 1dτ

≤ ‖ψ − ϕ‖s + C1 􏽚
t

0
1 +

1
2D(t − τ)

􏼠 􏼡

1/2

‖F(u(τ)) − F(v(τ))‖s− 1dτ

≤ ‖ψ − ϕ‖s + C1

����
2DT

√
+ 1

���
2D

√ 􏽚
t

0
(t − τ)

− 1/2
‖F(u(τ)) − F(v(τ))‖s− 1dτ

≤ ‖ψ − ϕ‖s + Ls(L, L)C1

����
2DT

√
+ 1

���
2D

√ 􏽚
t

0
(t − τ)

− 1/2
‖u(τ) − v(τ)‖sdτ,

(20)

where L � max sup[0,T]‖u‖s, sup[0,T]‖v‖s􏽮 􏽯. Let b � Ls(L,

L)C1(
����
2DT

√
+ 1/

���
2D

√
). Observe that E1/2,1((bΓ(1/2))2T) is

finite. In fact, E1/2,1((bΓ(1/2))2T) � 􏽐
∞
m�0 am where

am � cm(b2πT)m/2. (erefore, (am+1/am) � (cm+1/cm)(b2

πT)1/2 and from Lemma 1 we have that

cm+1

cm

�
Γ((m/2) + 1)

Γ((m + 1/2) + 1)
�

mΓ(m/2)

(m + 1)Γ(m + 1/2)
. (21)

As for all x> 0, Γ(x) �
���
2π

√
xx− (1/2)e− xeθ(x)/12x with 0< θ

(x)< 1, we have that 1< eθ(x) < e and
e(m/6)θ(m/2)− (6/m+1)θ(m+1/2) is bounded for m≥ 1. From (21),
we obtain as follows:
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cm+1

cm

�
m

m + 1
(m/2)

(m/2)− 1

(m + 1/2)
(m+1/2)− 1e

− 1/2
e

(6/m)θ(m/2)− (6/m+1)θ(m+1/2)⟶ 0, asm⟶∞. (22)

So, limm⟶∞|am+1/am| � 0 and E1/2,1((bΓ(1/2))2T) �

􏽐
∞
m�0 am, with am � cm(b2πT)m/2, is convergent. □

Proposition 6. Let s> 1/2.1en, the map ψ↦u is continuous
in the following sense: if ψn⟶ ψ in Hs(R) and
un ∈ C([0, Tn]; Hs(R)), where Tn � T(‖ψn‖s, M)> 0, are the
corresponding solutions (of the problem (1) with un(0) � ψn).
Let T ∈ (0, T∞). 1en, there exists a positive integer N �

N(D,ψ, T) such that Tn ≥T for all n≥N and

lim
n⟶∞

sup
[0,T]

un(t) − u(t)
����

����s
� 0. (23)

proof. As Tn � T(‖ψn‖s, M)> 0 is a continuous function a
‖ψn‖s, then there exists N ∈ N such that T∗ ≤Tn for all n≥N.
Let T � min T∗, T1, T2, . . . , TN− 1􏼈 􏼉. (erefore, un is defined
on [0, T] for all n. It follows that u ∈ X(M, T,ψn) for all n

and satisfies ‖un(t)‖s≤ ‖ψn‖s + M≤ c + M where
c � supn‖ψn‖s. (erefore, supt∈[0,T]‖un(t)‖s≤ c + M for all n

and supt∈[0,T]‖u(t)‖s ≤ c + M. Now, similar to the proof of
the previous proposition, we have as follows:

un(t) − u(t)
����

����s
≤ ψn − ψ

����
����s

+ Ls(c + M, c + M)C1

·

����
2DT

√
+ 1

���
2D

√ 􏽚
t

0
(t − τ)

− 1/2
un(τ) − u(τ)

����
����s

dτ.

(24)

Let b � Ls(c + M, c + M)C1(
����
2DT

√
+ 1/

���
2D

√
). (us,

E1/2,1((bΓ(1/2))2T) is finite (where E1/2,1 is given in Lemma
1) and we have as follows:

un(t) − u(t)
����

����s
≤ ψn − ψ

����
����s

E1/2,1 bΓ
1
2

􏼒 􏼓􏼒 􏼓
2
T􏼠 􏼡, for all t ∈ [0, T].

(25)

(is finishes the proof.
Finally, from Propositions 3, 5 and 6, we can summarize

in the following theorem: □

Theorem 1. Let s> 1/2. 1e problem (1) is locally well-posed
in Hs(R).

3. Local Well-Posedness of the Problem
(1) with D= 0

In this section, we show the local well-posedness of the
problem (1) with D � 0 using a priori estimate and the
parabolic regularization method, the so-called vanishing
viscosity method (for more details see [12]).

Lemma 2. Let η(t), a(t) and b(t) be real valued positive
continuous functions defined on [0, T]⊆[0, +∞). Let G(r)

and H(r) be positive continuous functions for r≥ 0, with G

strictly increasing and H nondecreasing. Define
A(t) � sup0≤s≤ta(s) and B(t) � sup0≤s≤tb(s). 1en, the
inequality

G(η(t))≤ a(t) + b(t) 􏽚
t

0
H(η(τ))dτ, 0≤ t<T, (26)

implies the inequality

η(t)≤G
− 1 Ω− 1

(Ω(A(t)) + tB(t))􏼐 􏼑, 0≤ t≤T∗ ≤T, (27)

where Ω(r) � 􏽒
r

ϵ(dζ/H(G− 1(ζ))), ϵ> 0, r> 0, and
T∗ � sup τ ∈ [0, T]: Ω(A(τ)) + τBτΩ(limr⟶∞G(r))􏼈 􏼉.

proof. (is is a particular case of the theorem given in [17]
[pp. 78]. □

Proposition 7. Let s> 3/2 be fixed. 1en, F(u) satisfies the
estimate

(u − w, F(u) − F(w))0
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌≤L0 ‖u‖s, ‖w‖s( 􏼁‖u − w‖
2
0, (28)

for all u, w ∈ Hs(R), where L0(x, y) � ϵx􏽐
n− 1
k�0

xkyn− 1− k + (ϵn/2)yn + x2 + xy + y2 + (α + 1)(x + y).

proof. We define q(u, w) � 􏽐
n− 1
k�0u

kwn− 1− k. As s> 3/2 thus
Hs(R) and Hs− 1(R) are Banach algebras. Moreover, we
have that Hs(R)⟶ Hs− 1(R) and Hs(R)⟶ L∞(R).
(us, using the Cauchy–Schwartz inequality, we have as
follows:
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(u − w|F(u) − F(w)|)0
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌≤ ϵ u − w u
n

− w
n

( 􏼁ux

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌􏼐 􏼑0

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌 + ϵ u − w w
n
(u − w)x

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌􏼐 􏼑0

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌

+ u − w u
3

− w
3

􏼐 􏼑
􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼒 􏼓
0

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌
+(α + 1) u − w u

2
− w

2􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌􏼐 􏼑0

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌

≤ ϵ‖u − w‖0 u
n

− w
n

( 􏼁ux

����
����0 +
ϵ
2

(u − w)
2

􏼐 􏼑
x

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌w
n

􏼒 􏼓
0

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

+‖u − w‖0 u
3

− w
3����
����0 +(α + 1)‖u − w‖0 u

2
− w

2����
����0

≤ ϵ ux

����
����L∞

‖q(u, w)‖L∞ +
ϵ
2

(u − w)
2􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌 w

n
( 􏼁x􏼐 􏼑0

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌 + u
2

+ uw + w
2����
����L∞

+(α + 1)‖u + w‖L∞􏼒 􏼓

‖u − w‖
2
0

≤ ϵ ux

����
����s− 1‖q(u, w)‖s− 1 +

ϵ
2

w
n

( 􏼁x

����
����L∞

+ u
2

+ uw + w
2����
����s− 1 +(α + 1)‖u + w‖s− 1􏼒 􏼓‖u − w‖

2
0

≤ ϵ‖u‖s‖q(u, w)‖s +
ϵn
2

w
n− 1

wx

����
����L∞

+ u
2

+ uw + w
2����
����s− 1 +(α + 1)‖u + w‖s− 1􏼒 􏼓

‖u − w‖
2
0

≤ ϵ‖u‖s‖q(u, w)‖s +
ϵn
2

w
n− 1����

����s− 1 wx

����
����s− 1 + u

2
+ uw + w

2����
����s

+(α + 1)‖u + w‖s􏼒 􏼓

‖u − w‖
2
0 ≤L0 ‖u‖s, ‖v‖s( 􏼁‖u − w‖

2
0.

(29)

□

Lemma 3. (T. Kato). Let r≥ 1 and s> 3/2 be fixed and h, v

are real valued functions. 1en, there exists a constant C �

C(r, s) such that

v, hzxv( 􏼁r

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌≤C zxh

����
����s− 1‖v‖

2
r + zxh

����
����r− 1‖v‖r‖v‖s􏼐 􏼑. (30)

In particular, |(v, hzxv)s|≤C‖zxh‖s− 1‖v‖2s .

proof. See Lemma A.5. in [13]. □

Theorem 2. Let s> 3/2 be fixed. For D> 0, consider the
initial value problem (1) with initial data + and let
uD ∈ C([0, T∗s ]; Hs(R)) be the corresponding solution of (1)
for some T∗s > 0. 1en, there exists a Ts � Ts(ψ)> 0,
depending on ‖ψ‖s, such that uD can be extended to the
interval [0, Ts(ψ)], and there is a function
ρ ∈ C([0, Ts(ψ)]; t[0, +∞)) such that ρ(0) � ‖ψ‖2s and
‖uD(t)‖2s ≤ ρ(t), for all t ∈ [0, Ts(ψ)].

proof. Using the inner product in Hs(R) and Lemma 3 we
have that

zt uD

����
����
2
s

� 2 uD ztuD

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌􏼐 􏼑

s
� 2 uD Dz

2
xuD − uD uD − α( 􏼁 uD − 1( 􏼁 − ϵun

DzxuD

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌􏼐 􏼑

s

� 2 uD Dz
2
xuD

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌􏼐 􏼑

s
+ uD − uD uD − α( 􏼁 uD − 1( 􏼁

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌􏼐 􏼑

s
+ uD − ϵun

DzxuD

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌􏼐 􏼑

s
􏽨 􏽩

� 2 − D zxuD

����
����
2
s

− uD uD uD − α( 􏼁 uD − 1( 􏼁
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼐 􏼑
s
− ϵ uD u

n
DzxuD

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌􏼐 􏼑

s
􏼔 􏼕

≤ 2Cs uD

����
����
4
s

+(α + 1) uD

����
����
3
s

+ ϵ zxu
n
D

����
����s− 1 uD

����
����
2
s

􏼒 􏼓

≤ 2Cs uD

����
����
4
s

+(α + 1) uD

����
����
3
s

+ ϵ uD

����
����

n+2
s

􏼒 􏼓, for all t ∈ 0, T
∗
s (D,ψ)( 􏼁.

(31)

(en, ‖uD(t)‖2s ≤ ρ(t) for all t ∈ [0, T∗), where
ρ ∈ C([0, T∗); t[0, +∞)) is the maximally extended solution
of the following problem.
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dρ(t)

dt
� 2Cs ρ2 +(α + 1)ρ3/2 + ϵρ(n+2)/2

􏼐 􏼑,

ρ(0) � ‖ψ‖
2
s .

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(32)

For n≥ 2, from the problem (32) we obtain as follows:

dρ(t)

dt
� 2Cs ρ2dt +(α + 1)ρ3/2(t) + ϵρ(n+2)/2

(t)􏼐 􏼑≤ 2Cs α + ϵ + 2 + 4ρ(n+2)/2
(t)􏼐 􏼑, (33)

and integrating from 0 to t we have as follows:

ρ(t)≤ ‖ψ‖
2
s + 2Cs(α + ϵ + 2)t + 8Cs 􏽚

t

0
ρ(n+2)/2

(τ)dτ, 0≤ t≤T<T
∗
. (34)

From Lemma 2 with a(t) � ‖ψ‖2s + 2Cs(α + ϵ + 2)t,
b(t) � 8Cs, G(r) � r and H(r) � r(n+2)/2 we have the fol-
lowing bound:

ρ(t)≤ ‖ψ‖
2
s + 2Cs(α + ϵ + 2)t􏼐 􏼑

− n/2
− 4nCst􏼒 􏼓

− (2/n)

, (35)

for t≤T∗, where T∗ � sup t ∈ [0, +∞): (‖ψ‖2s +􏽮 2Cs(α + ϵ +
2) t)− n/2 ≥ 4nCst}. Observe that T∗ > 0, since the function
Φ(t) � (‖ψ‖2s + 2Cs(α + ϵ + 2)t)− n/2 − 4nCst is strictly de-
creasing for t≥ 0, Φ(0) � (1/‖ψ‖n

s ) and there exists an
unique tr ∈ (0, +∞) such that Φ(tr) � 0. (erefore, we can

choose Ts(ψ) such that 0<Ts(ψ)<T∗. Moreover, the
function W(t) � (Φ(t))− 2/n is increasing on [0, Ts(ψ)], and
therefore we have that

ρ(t)≤ ‖ψ‖
2
s + 2Cs(α + ϵ + 2)Ts(ψ)􏼐 􏼑

− n/2
− 4nCsTs(ψ)􏼒 􏼓

− (2/n)

,

(36)

for all t ∈ [0, Ts(ψ)].
For the case n � 1, from (32) we have that

ρ(t)≤ ‖ψ‖
2
s + 2Cs(α + ϵ + 2)t + 8Cs 􏽚

t

0
ρ2(τ)dτ, 0≤ t≤T<T

∗
, (37)

and from Lemma 2 we have ρ(t)≤
(1/(‖ψ‖2s + 2Cs(α + ϵ + 2)t)− 1 − 8Cst), for 0≤ t≤T∗ where

T∗ � (− ‖ψ‖2s +

����������������

‖ψ‖4s + 4(α + ϵ + 2)

􏽱

/16Cs(α+ ϵ + 2)). So,
we can chooseTs(ψ) such that 0<Ts(ψ)<T∗, and therefore,
we conclude that

ρ(t)≤
1

‖ψ‖
2
s + 2Cs(α + ϵ + 2)Ts(ψ)􏼐 􏼑

− 1
− 8CsTs(ψ)

, (38)

for all t ∈ [0, Ts(ψ)].
As, ‖uD(t)‖2s ≤ ρ(t) for all t ∈ [0, T∗), and since ρ(t) and

T∗ do not depend on D, the usual extension method shows
that we must have T∗s (D,ψ)≥Ts(ψ) for all D> 0, where
Ts(ψ) is any positive number satisfying 0<Ts(ψ)<T∗. □

Theorem 3. Let s> 3/2 be fixed. If ψ ∈ Hs(R), then there
exists a Ts � Ts(ψ) and a function
u0 ∈ Cw([0, Ts]; Hs(R))∩C1

w([0, Ts]; Hs− 2(R)) such that

u0(0) � ψ, and u0 satisfies (1) with D � 0, in the weak sense,
i.e.,

d

dt
u0(t)|φ|( 􏼁s− 2 � − αu0 − ϵun

0zxu0 − u
3
0 +(α + 1)u

2
0|φ|􏼐 􏼑

s− 2,

(39)

for all φ ∈ Hs− 2(R) and t ∈ [0, Ts].

Moreover, ‖u0‖
2
s ≤ ρ(t) for all t ∈ [0, Ts], where ρ(t) is as

in (eorem 2.

proof. Let Ts � Ts(ψ) be as in(eorem 2. Now, we will split
the proof into four steps: □

Step 1. First we will show that (uD(t))D> 0 is a net which
converges to a function u0 ∈ C([0, Ts]; L2(R)) in the L2 −

norm, uniformly over [0, Ts].
Let D1, D2 ∈ (0, +∞). (en,
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1
2

d

dt
uD1

− uD2

�����

�����
2

0
� uD1

− uD2

d

dt
duD1

− uD2

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼠 􏼡
0

� uD1
− uD2

D1z
2
xuD1

− D2z
2
xuD2

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼒 􏼓
0

− uD1
− uD2

u
3
D1

− u
3
D2

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼒 􏼓
0

+(α + 1) uD1
− uD2

u
2
D1

− u
2
D2

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼒 􏼓
0

− α uD1
− uD2

uD1
− uD2

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼒 􏼓
0

− ϵ uD1
− uD2

u
n
D1

zxuD1
− u

n
D2

zxuD2

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼒 􏼓
0

� − D1 zx uD1
− uD2

􏼐 􏼑
�����

�����
2

0
− D1 − D2( 􏼁 zx uD1

− uD2
􏼐 􏼑 zxuD2

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼒 􏼓
0

− uD1
− uD2

u
3
D1

− u
3
D2

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼒 􏼓
0

+(α + 1) uD1
− uD2

u
2
D1

− u
2
D2

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼒 􏼓
0

− α uD1
− uD2

�����

�����
2

0
− ϵ uD1

− uD2
u

n
D1

zxuD1
− u

n
D2

zxuD2

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼒 􏼓􏼒 􏼓
0

≤ D1 − D2
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌 zx uD1
− uD2

􏼐 􏼑 zxuD2

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼒 􏼓
0

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌
+ uD1

− uD2
u
3
D1

− u
3
D2

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼒 􏼓
0

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

+(α + 1) uD1
− uD2

u
2
D1

− u
2
D2

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼒 􏼓
0

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

+ ϵ uD1
− uD2

u
n
D1

zxuD1
− u

n
D2

zxuD2

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼒 􏼓􏼒 􏼓
0

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌
, for all t ∈ 0, Ts􏼂 􏼃.

(40)

Let M � supt∈[0,Ts]

����
ρ(t)

􏽰
, where ρ is the function defined

in the proof of (eorem 2. We bound separately each term
on the right-hand side of (40) as follows:

In order to bound the first term, we have as follows:

D1 − D2 zx uD1
− uD2

􏼐 􏼑 zx uD2
􏼐 􏼑

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼒 􏼓

������

������0

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌
≤ D1 − D2

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌 zx uD1

− uD2
􏼐 􏼑

�����

�����0
zx uD2

􏼐 􏼑
�����

�����0

≤ D1 − D2
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌 zxuD1

�����

�����0
+ zxuD2

�����

�����0
􏼒 􏼓 zxuD2

�����

�����0

≤ 2M
2

D1 − D2
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌.

(41)

We can bound the second term by the following:

uD1
− uD2

u
3
D1

− u
3
D2

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼒 􏼓
0

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌
≤ uD1

− uD2

�����

�����
2

0
uD1

�����

�����
2

0
+ uD1

�����

�����0
uD2

�����

�����0
+ uD2

�����

�����
2

0
􏼒 􏼓

≤ uD1
− uD2

�����

�����
2

0
uD1

�����

�����
2

s
+ uD1

�����

�����s
uD2

�����

�����s
+ uD2

�����

�����
2

s
􏼒 􏼓

≤ 3M
2

uD1
− uD2

�����

�����
2

0
.

(42)

(e third term is bounded by |(uD1
− uD2

|u2
D1

−

u2
D2

|)0|≤ 2M‖uD1
− uD2

‖20.
Finally, we have
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uD1
− uD2

u
n
D1

zxuD1
− u

n
D2

zxuD2

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼒 􏼓
0

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

�
1

n + 1
uD1

− uD2
zx u

n+1
D1

− u
n+1
D2

􏼐 􏼑
􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼒 􏼓
0

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

�
1

n + 1
zx uD1

− uD2
􏼐 􏼑 u

n+1
D1

− u
n+1
D2

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼒 􏼓
0

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

�
1

n + 1
zx uD1

− uD2
􏼐 􏼑 uD1

− uD2
􏼐 􏼑q uD1

, uD2
􏼐 􏼑

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼒 􏼓
0

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

�
1

2(n + 1)
uD1

− uD2
􏼐 􏼑

2
zxq uD1

, uD2
􏼐 􏼑

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼒 􏼓
0

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

≤
1

2(n + 1)
uD1

− uD2

�����

�����
2

0
zxq uD1

, uD2
􏼐 􏼑

�����

�����L∞
,

(43)

(where q is defined in the proof of Proposition 7). From
(eorem 2, we obtain as follows:

zxq uD1
, uD2

􏼐 􏼑
�����

�����L∞
≤ zxq uD1

, uD2
􏼐 􏼑

�����

�����s
≤ ρ(t)

n/2 ≤M
n
, (44)

for all t ∈ [0, Ts].
(erefore, from the above bounds, we have as follows:

1
2

d

dt
uD1

− uD2

�����

�����
2

0
≤ 2M

2
D1 − D2

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌 + 3M

2
+ 2(α + 1)M +

M
n

2(n + 1)
􏼠 􏼡 uD1

− uD2

�����

�����
2

0
. (45)

Applying Gronwall’s inequality to the last relation, we
show that there is a constant C> 0 satisfying
‖uD1

(t) − uD2
(t)‖20 ≤C|D1 − D2| for all t ∈ [0, Ts], and since

L2(R) is complete there exists the limit
u0(t) � limD⟶0uD(t) in L2(R) uniformly with respect to
t ∈ [0, Ts], i.e.

lim
D⟶0

+ sup
t∈ 0,Ts[ ]

uD(t) − u0(t)
����

����0 � 0,
(46)

and so u0 ∈ C([0, Ts]; L2(R)).

Step 2. Now we show that u0 ∈ Hs(R). Let t ∈ [0, Ts]. Since
uD⟶ u0 in L2(R), as D⟶ 0+, then there exists a sub-
sequence D

(j)
n􏽮 􏽯 such that

lim
j⟶∞

􏽤u
D

(j)
n

(t, ξ) � 􏽢u0(t, ξ), ξ − a.e.. (47)

We obtain by Fatou’s Lemma as follows:

u0
����

����
2
s

� 􏽚
R

1 + ξ2􏼐 􏼑
s

􏽢u0
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
2
dξ ≤ liminf

j⟶∞
􏽚
R

1 + ξ2􏼐 􏼑
s

􏽤u
D

(j)
n

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌
2
dξ ≤ ρ(t). (48)

Step 3. We must show that uD⇀u0 in Hs(R) for all
t ∈ [0, Ts] as D⟶ 0+.

First of all, we will show that (uD(t))D> 0 is a weak
Cauchy net in Hs(R), uniformly with respect to t ∈ [0, Ts].

In fact, given φ ∈ Hs(R) and ϵ> 0, choosing φϵ ∈ Hs(R)

such that ‖φ − φϵ‖s≤ ϵ, then

uD1
(t) − uD2

(t)|φ|􏼐 􏼑
s

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌 � uD1
(t) − uD2

(t) φ − φϵ
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼐 􏼑
s
+ uD1

(t) − uD2
(t) φϵ

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌􏼐 􏼑

s

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌

≤ uD1
(t) − uD2

(t)
�����

�����s
φ − φϵ

����
����s

+ uD1
(t) − uD2

(t) 1 − z
2
x􏼐 􏼑

s
φϵ

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼒 􏼓
0

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

≤ 2Mϵ + uD1
(t) − uD2

(t)
�����

�����0
1 − z

2
x􏼐 􏼑

s
φϵ

�����

�����0

≤ 2Mϵ + C D1 − D2
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌, for all t ∈ 0, Ts(ψ)􏼂 􏼃,

(49)

and therefore, we have limD1 ,D2⟶ 0 + supt∈[0,Ts]
(uD1

(t) −

uD2
(t)|φ|)s � 0.
(us, we have that uD⇀u0 for all t ∈ [0, T], i.e.,

lim
D⟶0

+ sup
t∈ 0,Ts[ ]

uD(t) − u0(t)|φ|( 􏼁s � 0,
(50)
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for all φ ∈ Hs(R). Moreover, since the convergence is
uniform for all φ ∈ Hs(R), we can conclude that
u0 ∈ Cw([0, Ts]; Hs(R)).

Step 4. Finally, we show that u0 ∈ C1
w([0, Ts]; Hs− 2(R)).

Let φ ∈ Hs− 2(R). (en,

uD(t)|φ|( 􏼁s− 2 � (ψ|φ|)s− 2

+ 􏽚
t

0
Dz

2
xuD(τ) − uD(τ) uD(τ) − α( 􏼁 uD(τ) − 1( 􏼁 − ϵuD(τ)

n
zx uD(τ)( 􏼁|φ|􏼐 􏼑

s− 2dτ,
(51)

for all t ∈ [0, Ts]. Since uD⟶ u0 in L2(R) and uD⇀u0 in
Hs(R), we have zxuD⇀zxu0 in Hs− 1(R) and z2xuD⇀z2xu0 in
Hs− 2(R) uniformly on [0, Ts]. Observe that if r> 1/2, fn⇀f

in Hr(R) and gn⇀g in Hr(R) then fngn⇀fg in Hr(R).
After, we have

uD uD − α( 􏼁 uD − 1( 􏼁⇀u0 u0 − α( 􏼁 u0 − 1( 􏼁 inH
s
(R),

u
n
Dzx uD( 􏼁⇀u

n
0zx u0( 􏼁 inH

s− 1
(R),

(52)

uniformly on [0, Ts]. (ereby, taking the limit as D⟶ 0+

in (51), we obtain as follows:

u0(t)|φ|( 􏼁s− 2 � (ψ|φ|)s− 2 + 􏽚
t

0
− u0 u0 − α( 􏼁 u0 − 1( 􏼁 − ϵun

0zxu0|φ|( 􏼁s− 2dτ. (53)

Corollary 1. Let u0 be as in the preceding theorem, then
u0 ∈ AC([0, Ts]; Hs− 2(R)).

proof. Since t ∈ [0, Ts(ψ)]↦u(u − α)(u − 1) + ϵunux is
weakly continuous in Hs− 2(R) and the Sobolev space is
separable, then applying the Bochner–Pettis theorem, it is a
strongly measurable function in Hs− 2(R). (erefore,

􏽚
t

0
u(u − α)(u − 1) + ϵun

ux( 􏼁dτ, (54)

exists as a Bochner integral. So, from (53) we conclude that

u0(t) � ψ + 􏽚
t

0
u(u − α)(u − 1) + ϵun

ux( 􏼁dτ, (55)

and therefore, u0 ∈ AC([0, Ts]; Hs− 2(R)). □

Theorem 4. Let s> 3/2 and T> 0 be fixed, ψj ∈ Hs(R),
j � 1, 2, and vj ∈ C([0, T]; L2(R))∩Cw ([0, T]; Hs(R))∩
AC([0, T]; Hs− 2(R)) two weak sense solutions to (1) with
D � 0 such that vj(0) � ψj, j � 1, 2. 1en,

v1(t) − v2(t)
����

����0≤ ψ1 − ψ2
����

����0e
t L0(R,R)+α( ), (56)

where L0 is as in the Proposition 7 and

R � max sup
t∈[0,T]

v1(t)
����

����s
, sup

t∈[0,T]

v2(t)
����

����s
􏼨 􏼩. (57)

proof. Let w(t) � v1(t) − v2(t). Since s> 3/2, we have s −

2> − 1/2> 1 − s and 1 − s> − s, and also
Hs− 2(R)⟶ H− s(R). Using the fact thatw(t) is real valued
we have
(w(t + h)|w(t + h)|)0 − (w(t)|w(t)|)0

h

�
w(t + h) − w(t)

h
|w(t + h)|􏼠 􏼡

0
+

w(t + h) − w(t)

h
|w(t)|􏼠 􏼡

0

� 􏼪
w(t + h) − w(t)

h
|w(t + h)|􏼫

s

+ 􏼪
w(t + h) − w(t)

h
|w(t)|􏼫

s

,

(58)

where t ∈ [0, T] is fixed, h is such that t + h ∈ [0, T], and
〈·| · |〉s is the Hs duality bracket. As t ∈ [0, T]↦
w(t) ∈ Hs(R) is bounded and

ztw(t) � lim
h⟶ 0

w(t + h) − w(t)

h
� − v1(t) v1(t) − α( 􏼁 v1(t) − 1( 􏼁 − v2(t) v2(t) − α( 􏼁 v2(t) − 1( 􏼁( 􏼁

− ϵ v1(t)
n
zxv1(t) − v2(t)

n
zxv2(t)( 􏼁,

(59)

exists in the norm of Hs− 2(R)⟶ H− s(R), from (58) and
(59) we have as follows:

10 (e Scientific World Journal



zt‖w(t)‖
2
0

� − 2〈v1(t) v1(t) − α( 􏼁 v1(t) − 1( 􏼁 − v2(t) v2(t) − α( 􏼁 v2(t) − 1( 􏼁 + ϵv1(t)
n
zxv1(t) − ϵv2(t)

n
zxv2(t)|w(t)|〉s

� − 2 v1(t) v1(t) − α( 􏼁 v1(t) − 1( 􏼁 − v2(t) v2(t) − α( 􏼁 v2(t) − 1( 􏼁 + ϵv1(t)
n
zxv1(t)− ϵv2(t)

n
zxv2(t)|w(t)|􏼁0( 􏼁

� − 2 v1(t)
3

− (α + 1)v1(t)
2

− ϵv1(t)
n
zxv1(t) − v2(t)

3
− (α + 1)v2(t)

2
− ϵv2(t)

n
zxv2(t)􏼐 􏼑 + α v1(t) − v2(t)( 􏼁|w(t)|􏼐 􏼑0.

(60)

From Proposition 7 and (60) we have as follows:

zt‖w(t)‖
2
0 ≤ L0(R, R) + α( 􏼁 v1(t) − v2(t)

����
����
2
0, (61)

where R is given by (57). Applying Gronwall’s inequality to
(61), and we have proved the theorem. □

Theorem 5. Let ψ ∈ Hs(R) with s> 3/2. 1en, there exists a
Ts � Ts(ψ)> 0 and a unique u0 ∈ C([0, Ts]; Hs(R)) such
that

ztu0(t) + u0(t) u0(t) − α( 􏼁 u0(t) − 1( 􏼁 + u0(t)
n
zxu0 � 0,

u0(0) � ψ.
􏼨

(62)

proof. From the previous results, there exists a unique so-
lution of (62) in the class described in (eorem 4. Now, we
will show that u0 ∈ C([0, Ts]; Hs(R)).

Let φ ∈ Hs(R) be such that ‖φ‖s � 1. (en, we have
|(u0|φ|)s|≤ ‖u0(t)‖s≤ ρ(t)1/2, for all φ ∈ Hs(R) and for all
t ∈ [0, Ts]. Additionally,

(ψ|φ|)s

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌 � lim

t⟶0
+ u0|φ|( 􏼁s

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌 � liminf

t⟶0
+ u0|φ|( 􏼁s

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌≤ liminf

t⟶0
+ u0(t)

����
����s

≤ limsup
t⟶0

+ u0(t)
����

����s
≤ limsup

t⟶0
+ρ(t)

1/2
� ‖ψ‖s,

(63)

for all φ ∈ Hs(R). As we have ‖ψ‖s � sup‖φ‖s
� 1|(ψ|φ|)s|,

then taking supremum over ‖φ‖s � 1 in (63) we have
liminf t⟶0 + ‖u0(t)‖s � limsupt⟶0 + ‖u0(t)‖s � ‖ψ‖s, i.e.,
the limit of ‖u0(t)‖s exists as t⟶ 0+ and
limt⟶0 + ‖u0(t)‖s � ‖ψ‖s. Since u(t)⟶ ψ weakly in
Hs(R) as t⟶ 0+, it follows that limt⟶0 + u0(t) � ψ in the
norm of Hs(R). Let t′ ∈ [0, Ts) be fixed. (en, there exists
􏽥T> 0, with Ts − t′ > 􏽥T, and a unique v ∈ Cw([0, 􏽥T]; Hs(R))

∩C1
w([0, 􏽥T]; Hs− 2(R)) satisfying ztv(t) + v(t) (v(t) − α)

(v(t) − 1) + v(t)nzxv � 0, with v(0) � u(t′). We have noticed
that the uniqueness of solutions implies that v(t) � u0(t + t′),
for t ∈ [0, 􏽥T]. Since v is continuous from the right at t � 0, then
u0 is continuous from the right at t � t′. Now, let t′ ∈ (0, T] be
fixed. Observe that the following problem

− ztw(t) + w(t)(w(t) − α)(w(t) − 1) − w(t)
n
zxw � 0,

w(0) � 􏽥u t′( 􏼁,

⎧⎨

⎩

(64)

has a unique solution w(t, x) � u0(t′ − t, − x) with
􏽥u(t′, x) � u0(t′, − x), because the equation in problem (64) is

similar to the equation in problem (1) with D � 0 and it is
easy to show similar results to those obtained for problem (1)
with D � 0, specially the uniqueness results.

In particular, for the problem (64) there are results
analogous to (eorems 3 and 4. (erefore, since w is
continuous from the right at t � 0, then u0 is continuous
from the left at t′. So, u0 ∈ C([0, Ts]; Hs(R)). Moreover, we
have u0(u0 − α)(u0 − 1) + ϵun

0zxu0 ∈ C([0, T]; Hs− 2(R)).
From (55) we also conclude that u0 ∈ C1([0, T]; Hs− 2(R))

and that it is the unique strong solution of (1) with
D � 0. □

Theorem 6. Let s> 3/2, ψ ∈ Hs+1(R) and uD ∈ C

([0, Ts+1(ψ)]; Hs+1 (R))∩C1([0, Ts+1(ψ)]; Hs− 1(R)) be the
corresponding solution of the problem (1) for D≥ 0, defined in
the interval [0, Ts+1(ψ)] which is independent of D. 1en, uD

can be extended, if necessary, to the interval [0, Ts], with ψ
viewed as an element of Hs(R).

proof. Applying (30) with r � s + 1 to obtain
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d

dt
uD

����
����
2
s+1 � 2 uD zuD(t)

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌􏼐 􏼑

s+1

� 2 − D zxuD

����
����
2
s+1 − uD uD uD − α( 􏼁 uD − 1( 􏼁

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌􏼐 􏼑

s+1 − ϵ uD u
n
DzxuD

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌􏼐 􏼑

s+1􏼔 􏼕

≤ 2Cs u
3
D

����
����s+1 uD

����
����s+1 +(α + 1) u

2
D

����
����s+1 uD

����
����s+1 + uD

����
����

n

s
uD

����
����
2
s+1􏼒 􏼓.

(65)

Now, from inequality (3.12) and(eorem 3.2 in [14], we
obtain as follows:

u
2
D

����
����s+1 ≤ 2 uD

����
����L∞

uD

����
����s+1≤ uD

����
����s

uD

����
����s+1, (66)

u
3
D

����
����s+1 ≤ uD

����
����L∞

u
2
D

����
����s+1 + u

2
D

����
����L∞

uD

����
����s+1􏼐 􏼑

≤ 2 uD

����
����
2
L∞

uD

����
����s+1 +‖u‖

2
L∞ uD

����
����s+1 � 3 uD

����
����
2
L∞

uD

����
����s+1

≤C uD

����
����
2
s

uD

����
����s+1.

(67)

(erefore, using (66), (67) in (65), we have as follows:

d

dt
uD(t)

����
����
2
s+1 ≤ 2C′ uD(t)

����
����
2
s

+(α + 1) uD(t)
����

����s
+ uD(t)

����
����

n

s
􏼒 􏼓 uD(t)

����
����
2
s+1, (68)

and integrating from 0 to t, we have as follows:

uD(t)
����

����
2
s+1 ≤ ‖ψ‖

2
s+1 + 2C′ 􏽚

t

0
uD(τ)

����
����
2
s

+(α + 1) uD(τ)
����

����s
+ uD(τ)

����
����

n

s
􏼒 􏼓 uD(τ)

����
����
2
s+1dτ, (69)

and applying the Gronwall’s inequality to obtain

uD(t)
����

����
2
s+1 ≤ ‖ψ‖

2
s+1 exp 2C′ 􏽚

t

0
uD(τ)

����
����
2
s

+(α + 1) uD(τ)
����

����s
+ uD(τ)

����
����

n

s
􏼒 􏼓dτ􏼠 􏼡. (70)

Observe that on the right-hand side of (70) is well-de-
fined for t ∈ [0, Ts(ψ)] and therefore we can extend (if
necessary) u � u(t) to [0, Ts(ψ)] as a solution in Hs+1(R).
(us, we conclude that Ts(ψ)≤Ts+1(ψ). So,
uD ∈ C([0, Ts(ψ)]; Hs+1(R)) for D> 0. From (70) also we
have that

uD(t)
����

����
2
s+1 ≤ ‖ψ‖

2
s+1 exp 2C′ M

2
+(α + 1)M + M

n
􏼐 􏼑Ts(ψ)􏼐 􏼑.

(71)

Observe that the last inequality is independent of D> 0
and since uD weakly converges and uniformly to u0 in
Hs+1(R), then we have u0 ∈ C([0, Ts(ψ)]; Hs+1(R)).

Following Lemma 5 in [15] we have the next lemma. □

Lemma 4. Let s> 3/2. For ψ ∈ Hs(R) and τ > 0, we define

ψτ
� exp − τ 1 − z

2
x􏼐 􏼑

s/2
􏼒 􏼓ψ � 􏽢ψ(·) exp − τ 1 +| · |

2
􏼐 􏼑􏼐 􏼑

s/2
􏼒 􏼓

∨
.

(72)

(en, limτ⟶0 + ‖ψτ − ψ‖s � 0, and there exists a con-
stant C � C(s) such that

ψτ����
����s+1 ≤C 1 +

1
τs

􏼒 􏼓
2/s

􏼠 􏼡

1/2

‖ψ‖s,

ψτ
− ψθ

�����

�����0
≤ |τ − θ|‖ψ‖s.

(73)

Moreover, limτ⟶0 + ‖ψτ − ψ‖s � 0 uniformly on com-
pact subsets of Hs(R).

proof. Notice that ‖ψτ − ψ‖2s � 􏽒
R

(1 + ξ2)s|e− τ(1+ξ2)s/2
−

1|2|􏽢ψ(ξ)|2dξ. (en, using Lebesque’s dominated
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convergence theorem, we obtain limτ⟶0 + ‖ψτ − ψ‖s � 0.
Now, to prove the uniformity on compact subsets, it is
enough to show that ψn⟶ ψ in Hs(R) implies limτ⟶0 +

‖ψτ
n − ψn‖s � 0 uniformly for n � 1, 2, . . ., since sequential

compactness is equivalent to compactness in metric spaces.
(us, observe that

ψτ
n − ψτ����

����
2
s

� 􏽚
R

1 + ξ2􏼐 􏼑
s
e

− 2τ 1+ξ2( )
s/2

􏽢ψn(ξ) − 􏽢ψ(ξ)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
2
dξ

≤􏽚
R

1 + ξ2􏼐 􏼑
s

􏽢ψn(ξ) − 􏽢ψ(ξ)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
2
dξ � ψn − ψ

����
����
2
s
.

(74)

Let ϵ> 0 be given and choose N such that if n≥N, then
‖ψn − ψ‖s< (1/3)ϵ. (us, for τ0 > 0 small enough that
0< τ < τ0 we have

ψτ
n − ψn

����
����< ϵ, (75)

for 1≤ n≤N. Now, if n≥N then we have

ψτ
n − ψn

����
����s
≤ ψτ

n − ψτ����
����s

+ ψτ
− ψ

����
����s

+ ψ − ψn

����
����s

≤ ψn − ψ
����

����s
+ ψτ

− ψ
����

����s
+ ψ − ψn

����
����s
< ϵ.

(76)

Hence (75) holds for all n.
On the other hand, we have

ψτ����
����
2
s+1 � 􏽚

R
1 + ξ2􏼐 􏼑

s+1
e

− 2τ 1+ξ2( )
s/2

|􏽢ψ(ξ)|
2
dξ ≤ 1 + max

ξ∈R
ξ2e− 2τ 1+ξ2( )

s/2

􏼒 􏼓􏼠 􏼡‖ψ‖
2
s

≤C 1 +
1
τs

􏼒 􏼓
2/s

􏼠 􏼡.

(77)

Finally, using the mean value theorem,
|e− τ(1+ξ2)s/2

− e− τ(1+ξ2)s/2
|≤ |τ − θ|(1 + ξ2)s/2, and then we have

ψτ
− ψθ

�����

�����
2

0
� 􏽚

R
ψτ

(x) − ψθ
(x)

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌
2
dx

� 􏽚
R

e
− τ 1+ξ2( )

s/2

− e
− τ 1+ξ2( )

s/2
􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌

2
|􏽢ψ(ξ)|

2
dξ ≤ |τ − θ|

2
‖ψ‖

2
s .

(78)

(e proof is complete. □

Proposition 8. Let s> 3/2, ψ ∈ Hs(R), ψτ (for τ > 0) be as in
the preceding lemma. If uτ

0 is solution of the problem (62) with
uτ
0(0) � ψτ, for all τ > 0, then there are constants

C � C(s, ‖ψ‖s, T)> 0 and η � η(s) ∈ (0, 1) such that

u
τ
0 − u

θ
0

�����

�����
2

s
≤C ψτ

− ψθ
�����

�����
2

s
+ τ1− η

􏼔 􏼕, (79)

for τ sufficiently small and 0≤ θ≤ 2τ.

proof. Let τ0 > 0 be such that uτ
0(t) is well-define in [0, T] for

all 0< τ ≤ τ0. (en,
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Now, the right-hand side of the inequality (3) will be
estimated.

First, we will estimate (80a). Applying the Cau-
chy–Schwartz inequality to (80a) we have
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(81)

where 􏽥L(x, y) � x2 + xy + y2 + (α + 1)(x + y) + α and
􏽥C � 􏽥L(M, M).

Now, we will estimate (80b). Observe that
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Finally, we estimate (80c). As s> 3/2, there is s0 such that
3/2< s0 + 1< s. From the Cauchy–Schwartz inequality, we
obtain
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Now, we will estimate each term on the right-hand side
of the last inequality. First, observe that
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where q is defined in the proof of Proposition 7.
We also estimate ‖(uτ
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n − (uθ
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‖uτ
0‖s+1. From Lemma

4 and the inequality (71), we have
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for all τ ≤ τ0.
From Lemma 4, we have
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where ϱ � (s0/s). To estimate the term ‖uτ
0 − uθ

0‖0, observe
that
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where 􏽥q(u, v) � 􏽐
n
j�0 ujvn− j, and from Gronwall inequality

we have as follows:
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From Lemma 4,
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for 0≤ θ≤ τ. (erefore, we have
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and the term (80c) is bounded for
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Of the bounds that were found for (80a), (80b), (80c) we
conclude that
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and using Gronwall inequality, we obtain (79).
(e following corollary follows immediately from

Proposition 8 and Lemma 4. □

Corollary 2. Let F be a compact subset in Hs(R). Suppose
that ψ ∈ F, ψτ and uτ

0 are defined as in the preceding result.

1en, uτ
0 converges uniformly to u0, for all t ∈ [0, T], as

τ⟶ 0+.

Theorem 7. 1e map ψ↦u0 is continuous in the following
sense: let ψj ∈ Hs(R), j � 1, 2, 3, . . . such that ψj⟶ ψ in
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problem (62) with initial condition u0,j(0) � ψj. Let
T ∈ (0, Ts,∞). 1en, there exists a positive integer
N0 � N0(s,ψ) such that Ts,j ≥T for all j≥N0 and

limj⟶∞sup[0,T] u0,j(t) − u0(t)
�����

�����s
� 0. (93)

proof. Consider ψ ∈ Hs(R) and let ψj􏽮 􏽯
j∈N be a sequence in
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for all t ∈ [0, T]. Now, we will show that ‖uτ
0,j − uτ

0‖s con-
verges uniformly to zero, as j⟶∞. In fact, from Lemma 3
and the Cauchy–Schwartz inequality, we have as follows:
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Applying Gronwall inequality to the last relation and the
fact that ‖ψτ

j − ψτ‖s ≤ ‖ψj − ψ‖s, we have
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(erefore, for j sufficiently large, we have ‖u0,j − u0‖s≤ ϵ,
for all t ∈ [0, T].

Finally, the results obtained above can be summarized as
follows: □

Theorem 8. Let s> 3/2. For D � 0, the problem (1) is locally
well-posed in Hs(R).
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[11] R. José Iório Jr, “On the cauchy problem for the benjamin-ono
equation,” Communications in Partial Differential Equations,
vol. 11, no. 10, pp. 1031–1081, 1986.
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