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This paper links the nonequilibrium glassy relaxation behavior of
otherwise athermal granular materials to those of thermally acti-
vated glasses. Thus, it demonstrates a much wider universality
among complex glassy materials out of equilibrium. Our three-
dimensional molecular dynamics simulations, fully incorporating
friction and inelastic collisions, are designed to reproduce experi-
mental behavior of tapped granular piles. A simple theory based
on a dynamics of records explains why the typical phenomenol-
ogy of annealing and aging after a quench should extend to
such granular matter, activated by taps, beyond the more famil-
iar realm of polymers, colloids, and magnetic materials that all
exhibit thermal fluctuations.
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In thermodynamic systems, physical aging arises when disor-
dered systems fall out of equilibrium after a sudden quench

through the glass transition into a glassy regime where relax-
ation timescales begin to exceed experimental timescales at low
temperature, high density, low shear, and so on (1). The experi-
mental observation of “anomalous” nonequilibrium events (2–8)
has established intermittency as key property of the relaxation
dynamics commonly referred to as “aging” (9) in a wide variety of
glassy materials. Spin-glass thermoremanent magnetic data (10),
magnetic flux creep in type-II high-Tc superconductors (11), and
particle motion data in dense colloids (12, 13) have all been inter-
preted using the statistics of “quakes,” that is, rare, localized
events which lead the system from one of its metastable states
to the next.

The classic experiments on the “Chicago pile” (14, 15) have
established the slow dynamic nature of the relaxation in tapped
granular piles. Unlike for fluctuating thermodynamic systems
(15), a tap is needed for a cycle of momentary acceleration
of the grains, followed by complete dissipation. By measur-
ing the density evolution of a tapped column of grains, ref.
14 reported that, for low-intensity taps, changes in density are
logarithmic in time (measured in taps). Remarkably, such log-
arithmic behavior is also characteristic of relaxation in thermal
systems (16–18). For the pile, this logarithmic density evolu-
tion has been successfully modeled using the parking-lot model
for compaction (14, 19), which has been noted as an example
of event-driven dynamics (20). The events driving the long-
time relaxation behavior in granular experiments are unclear.
Such granular piles have been shown to fall out of equilib-
rium when the energy infused by tapping is insufficient to
break all contacts between grains during each tap (21). How
changes within the pile, for example in its contact network,
relax the free energy and increase its density remains largely
unexplored.

Here, we study the relaxation of the Chicago pile in molec-
ular dynamics (MD) simulations and show that the ensuing
nonequilibrium aging phenomenology is surprisingly similar to
other glassy systems. Density fluctuations are induced athermally
through a cycle of taps imposed externally to briefly acceler-
ate the grains upward. Kinetic energy is completely dissipated
through friction before the application of a new tap. First, we

establish that the granular pile exhibits annealing behavior com-
parable to glassy polymer or colloidal systems, shown in Fig. 1.
To that end, we anneal the pile repeatedly from an equilibrated,
highly agitated regime into a completely jammed state over a
wide range of fixed speeds by which the acceleration amplitude is
gradually reduced. The system falls apparently out of equilibrium
below a certain level of agitation, akin to a glass transition (16,
18, 22–24), by attaining densities that systematically vary with
the speed. Then, we study the aging dynamics following the con-
ventional protocol of quenching instantly, at infinite speed, from
the equilibrated into the nearly jammed regime of agitation, well
below the observed glass transition but still sufficiently agitated
to discern its relaxation. The evolution of density on average
reproduces the logarithmic rise found in the Chicago experiment.
We can attribute this slow rise to a hyperbolic deceleration in
the rate of irreversible events by which grains progressively solid-
ify in their neighborhood matrix. These events are signaled by a
geometric rearrangement of a grain reaching a new record in its
number of contacts.

Significance

We explore the compaction dynamics of a granular pile after
a hard quench from a liquid into the glassy regime. First,
we establish that the otherwise athermal granular pile dur-
ing tapping exhibits annealing behavior comparable to glassy
polymer or colloidal systems. Like those other systems, the
pile undergoes a glass transition and “freezes” into differ-
ent nonequilibrium glassy states at low agitation for different
annealing speeds, starting from the same initial equilibrium
state at high agitation. Then, we quench the system instan-
taneously from the highly agitated state to below the glass
transition regime to study the ensuing aging dynamics. In this
classic aging protocol, the density increases (i.e., the poten-
tial energy of the pile decreases) logarithmically over several
decades in time. Instead of system-wide, thermodynamic mea-
sures, here we identify the intermittent, irreversible events
(“quakes”) that actually drive the glassy relaxation process.
We find that the event rate decelerates hyperbolically, which
explains the observed increase in density when the integrated
contribution to the downward displacements is evaluated. We
argue that such a hyperbolically decelerating event rate is con-
sistent with a log-Poisson process, also found as a universal
feature of aging in many thermal glasses.
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Fig. 1. Average packing fraction φ as a function of the dimensionless
acceleration Γ during different annealing protocols, all initiated after suf-
ficient equilibration at Γhigh = 12. For reference, a protocol (S–W) with
stepwise decrements of −∆Γ = 0.92, imposed after 150 taps at each Γ,
similar to the Chicago experiments (14, 15), was adopted to create the
“reversible branch.” In the other simulations, the acceleration Γ was gradu-
ally reduced after each tap at various constant decrements such that −Γ̇i =

vi × 10−2 with v1 = 0.279, v2 = 0.808, v3 = 1.373, v4 = 2.334, v5 = 3.83, and
v6 = 6.747. Results are averaged over 10 independent realizations, with
error bars corresponding to the SEM. In turn, the arrows indicate the aging
protocol: An instantaneous quench from Γhigh to a finite Γq = 1.3 (arrow
left), well below the glass transition, is executed after which system proper-
ties are traced as a function of time/taps (arrow down), as shown in Figs. 2
and 3. (Inset) Plot of the terminal plateau value 〈φΓ→0〉 reached for Γ< 1
in the main panel as a function of annealing speed −Γ̇. The dotted line is
〈φΓ→0〉∼ 0.696− 0.026(−Γ̇)1/4, merely to guide the eye.

Materials and Methods
Methods. We employ a numerical implementation inspired by the experi-
mental setup used for the Chicago experiment. Our pile consists of 60,000
bidisperse spheres 1 to 1.02 mm in diameter contained in a vertical cylin-
der of 2.4-cm diameter. The resulting column height is about 11.5 cm.
A minute bidispersity, in equal proportion, was introduced in order to
prevent crystallization and the grain diameter ratio was chosen to avoid
segregation.

We use MD, in particular the implementation of the soft spheres (25)
model provided by the LIGGGHTS (LAMMPS improved for general granular
and granular heat transfer simulations) (26) open source software. Within
LIGGGHTS, we apply a Hertz model for the grain–grain and grain–wall
contact forces (with Young’s modulus Y = 6× 106Nm−2, Poisson ratio n =

0.3, restitution coefficient ε= 0.5, and friction coefficient µ= 0.5). Particle
densities equal 2,500 kg/m3.

Taps consist of moving the whole container along a semisinusoidal wave
pulse of amplitude A and angular frequency ω. A new tap will be applied
to the system only after the system has attained a mechanically stable state.
The system will be considered mechanically static when the kinetic energy
of the pile falls below 1.6−8 J. This cutoff value was deemed sufficient
after examination of the system dynamics and its kinetic energy evolu-
tion. The amplitude A of the tap becomes the control parameter while ω
remains constant, equal to ω= 134 Hz. Although there is an open discussion
(27–30) about the proper parameter to characterize tap energy, follow-
ing the most standard usage results will be reported as function of the
dimensionless acceleration Γ =ω2×A/g, where g is the acceleration due
to gravity.

Because of gravity, density is not uniform along the height of the sys-
tem (14, 30, 31). For this reason, the analysis is performed for three narrow
horizontal slices at different heights of the silo, at z = 3 to 4 cm, z = 4.5 to
5.5 cm, and z = 6 to 7 cm. To avoid wall effects, only the 2-cm-diameter inner
region is considered. Then, each slice contains of the order of 3,500 parti-

cles. Apart from the quantitative differences imposed by gravity, all regions
behave consistently, and, for simplicity, results corresponding only to the
central slice (z = 4.5 to 5.5 cm) are shown here. Analysis corresponding to
the remaining slices can be found in SI Appendix.

Local “grain densities” are obtained by dividing grain volume by their
corresponding Voronoi volume, obtained using Voro++ (32) open source
software. The reported density (or packing fraction) φ for the system is
then obtained by averaging local grain densities of the grains over the
observed region. Ten independent realizations are performed for each
experiment.

Results
Annealing Simulations. Using a stepwise protocol inspired by the
Chicago experiments, we obtain a “reversible branch” (14) that
will serve as a reference for the annealing simulations. It follows
a stepwise ramp-down of the tap acceleration Γ, initiated at a
high value such as to avoid the “nonreversible” density branch
(28). Starting with a loosely poured configuration at Γ = 12, a set
of 150 taps are applied at each Γ, followed by a decrease with a
wide step, −∆Γ, for another set of 150 taps, and so on. Only the
density for the last 100 taps at each Γ is averaged over, meant
to avoid transients. Fig. 1 shows the packing fraction φ for the
middle part of the system obtained in this manner as a function
of Γ, averaged over 10 independent realizations.

Our annealing simulations, also shown in Fig. 1, employ
instead a protocol of gradual changes after each tap, reducing
Γ minutely at a fixed −Γ̇. In this annealing protocol, we start
from the stationary state created by the previous protocol at
a high value of Γhigh = 12. Then, Γ is reduced by −Γ̇ each tap
until reaching well below Γ< 1, where the density plateaus into
a terminal density 〈φΓ→0〉 that depends on −Γ̇. We repeat these
simulations for various −Γ̇. In Fig. 1, Inset we plot 〈φΓ→0〉 as
a function of −Γ̇. It varies rapidly, albeit systematically, with a
sublinear exponent and an apparently much lower “ideal” equi-
librium density 〈φΓ→0〉 for−Γ̇→ 0, although both are difficult to
determine from fitting these data.

The densities during gradual annealing as well as during the
stepped Chicago protocol track each other closely for high accel-
erations Γ and, as a function of is ramp-down with −Γ̇, they
start deviating from each other at lower Γ. This suggests a tran-
sition into a glassy, nonequilibrium regime. This behavior closely
resembles glass transitions found in corresponding studies

Fig. 2. Average density φ of the granular pile (left axis) and average num-
ber of contacts, 〈zc〉 (right axis), as a function of number of taps, after a
quench from Γhigh = 12 to Γq = 1.3, averaged over 10 runs. Solid symbols
show the log-binned average for each variable.
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of polymers and many other glasses (16, 18, 22–24), and it is
consistent with previous studies finding “nonergodicity” in these
systems at low values of Γ (21, 33). In particular, at very low
−Γ̇→ 0, densities are reached that are above the ostensibly
reversible branch, projecting an even more dense ideal proto-
col in the limit than is found in the Chicago pile (14, 15). (Note
that we plot increasing density downward to conform with most
of the previous literature on annealing of glasses, which con-
cerns the loss of free energy, corresponding here to a loss of free
volume and gravitational potential energy that amounts to the
complement, 1−φ, of the density.) The entire annealing behav-
ior for a granular pile, as exhibited in Fig. 1, clearly warrants
more detailed investigation in the future. Here, we merely note
the existence of an actual glass-like transition.

Aging Simulations. For the remainder of this paper we focus on
the aging protocol indicated by dashed arrows in Fig. 1. The
aging dynamics is induced by a hard quench (−Γ̇ =∞) from an
equilibrated state at Γhigh = 12 into the glassy regime at Γq = 1.3,
just above Γ = 1, below which the acceleration in a tap is insuf-
ficient to excite further changes. At Γq , the acceleration of the
pile is high enough that relaxation can proceed but sufficiently
low inside the glassy regime to avoid equilibration on any experi-
mentally reasonable timeline. We explore the aging dynamics for
a sequence of 212 taps.

In Fig. 2, we plot the evolution of the average density φ within
the observation region as a function of taps. Consistent with ref.
14, φ increases logarithmically with the number of taps during
aging. This is also analogous to state variables in many other
glassy (thermal) systems (5, 16–18, 34). As minute amounts of
free volume and gravitational potential energy get dissipated via
friction and collisions, we also find a commensurate increase in
the average number of supporting contacts 〈zc〉 holding each
grain in position after a tap (red squares in Fig. 2).

Identifying and counting events that facilitate such irreversible
changes is far from straightforward. We define as such an event
the moment at which a given grain for the first time increases
its coordination number from zc→ zc + 1. Although its coor-
dination number may still decrease occasionally, achieving a
new record in contacts for the first time signifies an irreversible
structural change in the contact network of that grain and the
forces holding it in place. We argue that such an event per-
manently modifies the energetic landscape. Fig. 3 shows the

Fig. 3. Number of new record events per unit time (tap), where an event
is accounted when a particle increases its coordination number from zc→
zc + 1 for the first time, averaged over 10 runs. The full symbols show the
log-binned averaged.
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Fig. 4. Tracking of the displacement for a few randomly selected particles
in the observed region (dashed box) inside the pile. The color coding is log-
arithmic in time (taps) and indicates a decelerating downward drift along
increasingly rugged (intermittent) trajectories.

decelerating rate at which these record-breaking events occur,
essentially hyperbolically, ∼ 1/t , over four decades as a function
of time t since the quench. Assuming that each “event” dissi-
pates approximately an equal amount of potential energy, then
the accumulated decline in potential energy—and correspond-
ingly, the increase in density—as a logarithm in time follows
quite naturally as the integral of this rate, as we will argue below.

It proves prohibitive to relate such a topological change in
the contact network to an immediate, adjacent increase in den-
sity. Due to gravity, discrete topological changes in one place
may often lead to a net increase in local density spread widely
and much farther upstream. However, the accumulative effect of
these events reveals itself microscopically in the net downward
drift of all grains individually, as Fig. 4 shows. Unlike for col-
loidal systems in the absence of gravity, where diffusion drives
relaxation and dissipation of free energy (5, 13), no discernible
mean-square displacement within the horizontal plane is present
in the granular pile. Instead, particles predominantly drift down-
ward in intermittent steps, ever more slowly, as those tracks in
Fig. 4 indicate. Such downward displacements signify the loss of
free energy, the main mechanism by which this system relaxes
and density increases.

To examine the history of particle trajectories in more detail,
we study the downward drift as a function of two times, namely
the displacement achieved at t taps relative to the height attained
after a number of tw taps beyond the quench. In equilibrium,
such a measure would be translationally invariant and merely
depend on the difference t − tw . An aging system is character-
ized by its history dependence via the “waiting time” tw . The
overall decelerating dynamics is reflected in the fact that the later
tw , the fewer particles manage to advance during the subsequent
“lag time” τ = t − tw . However, as Fig. 5 shows, such waiting-
time dependence assumes a very specific form for the granular
pile, similar to other glassy systems (13, 35, 36). There, we plot
the average downward displacement for all grains in the observed
region as a function of lag time τ for a geometric progression of
waiting times. Notably, the data collapse reasonably well when
time is simply rescaled by the age of the quench process itself
and plotted as function of τ/tw = t

tw
− 1, as Fig. 5, Inset shows.∗

Discussion
Remarkably, we thus find that a tapped granular pile exhibits
an aging phenomenology, after being driven out of equilib-
rium by a hard quench, akin to many other thermal systems,

*In some experiments, such as for thermoremanent relaxation in spin glasses (35, 36), it
is necessary to actively perturb the system at a time tw to elicit a measurable response
at a later time t. However, in simulations where one controls the state of every variable
at tw and t, such perturbations are unnecessary.
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Fig. 5. Plot of the downward displacement averaged over all grains within
the observation region as a function of lag time τ = t− tw , relative to each
grain’s position at time tw after the quench. (Inset) Collapse of the data in
the main panel when plotted as function of τ/tw .

not only macroscopically (14) but also in the statistics of local
events facilitating relaxation. The statistics of these events closely
resemble a log-Poisson process, which is at the heart of a uni-
versal description—essential for explaining the ubiquity of this
phenomenology across so many materials—in terms of record
dynamics (12, 37–40). These events are enabled, in fact, by sta-
tistically independent, record-sized fluctuations that evolve the
dynamics irreversibly and in ever more rare increments. Hence,
the instantaneous rate λ(t) of irreversible events as a function
of time (t , in taps) should follow a simple statistic of records,
for which λ∼ 1/t , the chance that the next number drawn ran-
domly out of t is the largest. Activity decelerates as an aging
system “stiffens” and a new record event is needed to evolve
further. Unlike for a Poisson process with a constant rate, the
average number of intermittent events in an interval (tw , t ] for a
log-Poisson process is

〈nI (t , tw )〉=
∫ t

tw

λ
(
t ′
)
dt ′∼ ln (t/tw ), [1]

entailing an explicit memory of the age tw .

Indeed, we find that the rate of meaningful events in stiffen-
ing a grain’s contact network follows such a statistics of records,
as shown in Fig. 3. Then, according to Eq. 1, any two-time func-
tions, such as the displacements in Fig. 5, become subordinate
(34, 39) to this process, C (t , tw )=C [nI ]=C (t/tw ), implying
both activated displacements that increase logarithmic in time
as well as the data collapse in Fig. 5, Inset. In particular, the log-
arithmic behavior in time of one-time macroscopic observables,
such as the density of the system in Fig. 2, follows equally from
Eq. 1. Previously, those predictions already have been verified
in experiments and simulations with colloids (5, 13, 34) and spin
glasses (10, 41).

In conclusion, we have found that a granular pile has similar
relaxation behavior after a quench compared with other glassy
materials. While there has been much discussion concerning the
possibility of describing athermal granular systems in terms of an
equilibrium thermodynamics (42–45), our study shows that, with
regard to the aging phenomenology, granular piles belong in a
wide class of glassy materials that exhibit universal behavior out
of equilibrium. Our data are consistent with predictions based
on a log-Poisson process, in which increasingly rare, record-
sized fluctuations provide the activation to move a glassy system
from one metastable state to the next, marginally more stable
state and irreversibly expel free energy. As the origin of such
fluctuations, either from thermal or from athermal driving, is
irrelevant for the existence of records, such a theory is well-suited
to account for the ubiquity of this phenomenology across many
materials.

In the process, we also found that during the annealing of
a granular pile, at finite but very slow, fixed damping, the
observed relaxation trajectories undergo a glass transition similar
to polymer glasses, as shown in Fig. 1. Beyond that transi-
tion, the system falls out of equilibrium and settles into an
ensemble of metastable states whose average energy (i.e., its
density) varies systematically with the annealing speed. The
variable dependence of macroscopic observables on annealing
speed has not been noted previously and contradicts established
assumptions about granular piles and, thus, warrants future
investigation.

Data Availability. All study data are included in the paper and SI Appendix.
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