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ABSTRACT
Considering that almost all existing solutions of fusing different reconstructed results require
experts’ opinions and the issue of how to fuse probabilistic results and mixed results has
not been discussed. Two solutions are proposed. The first is based on the Monte Carlo
Method (FMCM), while the second is based on the Sub-Interval Technique (FSIT). The
method based on FMCM generates sample points according to the distribution of each
uncertain result firstly, and then gives out the cumulative distribution function of the final
fused result by statistical analysis. The method based on FSIT gets the result fusion interval
set according to lower and upper bounds of all interval results and a given length d of each
sub-interval firstly, and then calculate the weighted matrix of the result fusion interval. As a
result, the cumulative distribution function of the final fused result can also be given out by
statistical analysis. Finally, three real accidents are given to demonstrate the methods of
FMCM and FSIT, the results of which show that both work well in practice.
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Introduction

The occurrence of traffic accidents is affected by
many aspects, such as road surface and pavement
marking [1]. Traces left on the accident scene are
the basis of accident reconstruction and hence the
precision of traces has a great influence on the acci-
dent reconstruction result. Unfortunately, traces
always cannot be measured precisely because they
will vanish slowly under the influence of passers-by
or other vehicles or the weather. In order to make
the reconstructed result more precise and reliable,
lots of reconstruction methods are proposed, such
as methods based on the braking distance of the
vehicle [2,3], the throw distance of the pedestrian
[3–5], the deformation of the vehicle [6,7], the
injury of the human body [8–10], simulations
(almost all traces), videos and data from some
attached active safety equipment [8,11–18].
Accordingly, many uncertainty analysis methods are
also proposed [2,19–26]. By using these proposed
methods, the reconstructed results can be obtained
from the uncertain information of traces. Based on
these existing researches, it is easy for people to
reconstruct an accident by selecting appropriate
accident reconstruction methods, and naturally a lot
of uncertain reconstructed results will be obtained.
How to describe those different results obtained

from different accident reconstruction methods
becomes the next issue. According to some opera-
tors, Zou et al. [27] has proposed two solutions
recently, the first is to fuse different results into one
result, while the other is to rank different results
according to their credibility. The experts’ opinions
are necessary in these two solutions. It is not hard
to obtain experts’ opinions in major cases but it is
hard and unnecessary to obtain experts’ opinions in
regular cases. In addition, there are at least two
kinds of uncertain results in reconstructing an acci-
dent [26], which are interval and probabilistic
results. It means that three (interval, probabilistic
and mixed) situations can be resulted in fusing
uncertain results, but only interval results have been
fused in Zou’s research. All these show that new
methods are deserved to be studied.

Problems description

In a traffic accident, the reconstructed result can be
calculated by

yi ¼ fiðxÞ, i ¼ 1, 2, :::, s (1)

where x are traces, fi is an accident reconstruction
method, s is the number of accident reconstruction
methods and yi is the reconstructed result. Normally,
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yi represents the reconstructed velocity. There will be
three situations in the fusing process.

Situation 1, only interval results need to be fused.

G ¼ g1ðyiÞ, i ¼ 1, 2, :::, s (2)

where yi is the interval result, g is a fusing method.
Situation 2, only probabilistic results need to be

fused.

G ¼ g2ðyjÞ, j ¼ 1, 2, :::, s (3)

where yj is the probabilistic result.
Situation 3, the interval and probabilistic results

need to be fused together.

G ¼ g3ðyi, yjÞ, i ¼ 1, 2, :::, s1; j ¼ 1, 2, :::, s2
s1 þ s2 ¼ s

(4)

where yi is the interval result and yj is the probabil-
istic result.

Methods proposed in Zou’s research [27] can be
employed to tackle with Situation 1 if experts’ opin-
ions can be obtained. As for the other two situa-
tions, new methods need to be studied. Hence, in
the present paper two fusing methods will be pro-
posed based on the Monte Carlo Method and the
Sub-Interval Technique.

The fusing method based on the Monte
Carlo Method

The Monte Carlo Method is widely used and suc-
cessful in many fields [19,20]. It is used in the paper
to fuse different uncertain results. For convenience,
this method is referred to as FMCM for short.
Three steps of the method are:

Step 1. To obtain the distribution of different
uncertain results. In the case, the interval results are
regarded as probabilistic results that are subject to
uniform distribution.

Step 2. To generate sample points according to
the distribution of each uncertain result. In order to
make the final fused result stable, the sum of sample
points of each uncertain result should be EO� 108,
where EO is a weighting coefficient vector. In regu-
lar cases, EO¼ 1/s; while in those major cases with
experts’ opinions, EO is calculated from experts’
opinions shown in reference [27].

Step 3. To do statistical analysis. Firstly, all sam-
ple points generated in Step 2 are put together to
form a new sample set. Obviously, there will be 108

sample points in the new set. Then the cumulative
distribution function of the final fused result will be
given out by statistical analysis.

The fusing method based on the
Sub-Interval Technique

In reference [28], the FMCM is precise but not
most efficient. The relatively more efficient Sub-
Interval Technique [28] can replace it in many
cases, with result quite similar to that from FMCM,
if there are enough subintervals in the analysis.
Hence another method based on Sub-Interval
Technique referred to as FSIT for short, will be pro-
posed. Four steps of the method are:

Step 1. To find out the interval of each uncertain
result. As for a probabilistic result, its interval is
formed by the lower and upper bound.

Step 2. To obtain the result fusion interval set.
Firstly, a new interval [a, b] should be obtained based
on the lower bound a and upper bound b obtained
in Step 1. After that, the length d of those sub-inter-
vals in the interval set can be given according to the
maximum number of decimal places of those interval
bounds in Step 1. As for a bound with n decimal pla-
ces, the d should be smaller than 10-n. In fact, d is
often set to 0.01. For example, as for two interval
results f½1, 3�, ½2, 4�g, their result fusion interval sets
can be given as f½1, 1:01�, :::, ½3:99, 4�g when d¼ 0.01.

Step 3. To calculate the weighted matrix. The
weighted matrix is show in Table 1.

As for an interval result [Ri-lower, Ri-upper] and a
sub-interval [cj, cjþd], the weighted coefficient of
each sub-interval is calculated by

wij ¼ EO� d
Ri-upper � Ri-lower

; if cj>Ri-lower

and cj þ d � Ri-upper; else wij ¼ 0 (5)

Where EO is the defined vector in the Step 2
of FMCM.

As for a probabilistic result x with an interval
[Ri-lower, Ri-upper], a probabilistic density function
PDF, and a sub-interval [cj, cjþd], the weighted
coefficient of each sub-interval is calculated by

wij ¼ EO�
ðcjþd

cj

PDFðxÞdx; if cj>Ri-lower

and cj þ d � Ri-upper; else wij ¼ 0

(6)

Step 4. To do statistical analysis. The cumulative
distribution function of the final fused results will
be given out by statistical analysis.

Table 1. The weighted matrix.
Sub-intervals

Results [a, aþ d]� … [b–d, b]

1 w11 … w1k

… … … …
s ws1 … wsk

Sum s1 … sk
�Where wij is the weighted coefficient, and k ¼ (b–a)/d,
si¼w1i þ…þ wsi.
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Case 1

The aim of this case is to show how to fuse interval
results by the two proposed methods and validate
the results by comparing them with the existing
fusing results. There are four interval results and
the weight of each result has been calculated
through seven experts’ opinions [27]. Hence the
EO can be given in Table 2 accordingly. FMCM
and FSIT will then be used to fuse the inter-
val results.

To fuse interval results by FMCM

Step 1. The interval results are shown in Table 2,
which are regarded as the probabilistic results
subject to uniform distribution.

Step 2. To make the sum of sample points of
each uncertain result equals EO� 108, and EO is
shown in Table 2. Then sample points can be gener-
ated according to the distribution of each uncer-
tain results.

Step 3. To do statistical analysis. Firstly, all sam-
ple points generated in Step 2 are put together to
form a new sample set. Obviously, there will be 108

sample points in the new set. Then the cumulative
distribution function of the final fused result will be
given out by statistical analysis (Figure 1). It takes
1.95 s to complete the calculation.

To fuse interval results by FSIT

Step 1. The interval results are also shown in the
Table 2.

Step 2. Firstly, a new interval [59, 75] is obtained
based on the lower bound and upper bound
obtained in Step 1. Then the result fusion interval
set {[59, 59.01],… ,[74.99, 75]} with d¼ 0.01
is obtained.

Step 3. To calculate the weighted matrix by
Eq. (5), and EO is shown in Table 2. Results are
shown in Table 3.

Step 4. To do statistical analysis. The cumulative
distribution of the fused result is given by doing
statistical analysis (Figure 1). It takes 0.06 s to com-
plete the calculation.

From Figure 1, the probability of any velocity
interval can be seen clearly. For example, the prob-
ability of 59< v< 70 km/h is about 90%. Besides, it
is obvious that results obtained from the two meth-
ods are the same. However, the simulation time of
FSIT is far less than that of FMCM.

Comparison

A specific fusion result interval set is given in reference
[27], which is f½59, 63�, ½63, 64�, ½64, 65�, ½65, 66�, ½66,
69�, ½69, 75�g: In order to compare fusion results
obtained by FMCM and FSIT with reference [27],
the probability in the specific fusion result interval
set is calculated again by the two proposed meth-
ods, and results are shown in Figure 2, from which
we can intuitively draw a conclusion that results
obtained by FMCM and FSIT are completely con-
sistent with the fusion result in reference [27],
which fully demonstrates that FMCM and FSIT are
feasible and trustworthy.

Table 2. The EO and interval results in Case 1.
Interval results EO

[64, 66] 0.2970
[63, 65] 0.2769
[59, 69] 0.2315
[65, 75] 0.1945

Figure 1. Cumulative distribution in Case 1. FMCM: Monte Carlo Method; FSIT: Sub-Interval Technique.
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Case 2

The aim of this case is to show how to fuse prob-
abilistic results. In reconstructing a car–pedestrian
accident, two probabilistic results subject to normal
distribution are obtained, and results are shown in
Table 4. Detailed information about the case and
the process of getting these results can be found in
Supplement 1. FMCM and FSIT will then be used
to fuse the two different results.

To fuse probabilistic results by FMCM

Step 1. The probabilistic results are shown in
Table 4, which are subject to normal distribution.

Step 2. To make EO¼ 0.5 and the sum of sample
points of each uncertain result equals EO� 108, and
then sample points are generated according to its
corresponding distribution.

Step 3. To put all sample points generated in
Step 2 together to form a new sample set and then
give out the cumulative distribution function of the
final fused result by statistical analysis (Figure 3). It
takes 16.65 s to complete the calculation.

To fuse probabilistic results by FSIT

Step 1. The interval of each uncertain result is
shown in Table 4.

Step 2. A new interval [8, 47] is obtained based
on the lower bound and upper bound obtained in
Step 1. Then the result fusion interval set can be
given as {[8,8.01],… ,[46.99,47]} with d¼ 0.01.

Step 3. To calculate the weighted matrix by
Eq. (6) with EO¼ 0.5. The weighted matrix is
shown in Table 5.

Step 4. To do statistical analysis. The cumulative
distribution of the fused result can be given by
doing statistical analysis (Figure 3). It takes 0.11 s to
complete the calculation.

From Figure 3, the probability of any vehicle vel-
ocity interval can be seen clearly. For instance, the
probability of 8<v< 25 km/h is about 50%. It can
be easily concluded that results obtained from the
two different methods are the same, but the simula-
tion time of the FSIT is far less than the time
of FMCM.

Case 3

The aim of this case is to show how to fuse mixed
uncertain results. Three interval results and a prob-
abilistic result are obtained in reconstructing a car–
pedestrian accident (Table 6). Detailed information
of the case and the process of obtaining these results

Table 3. The weighted matrix in Case 1.
Sub-intervals

Results [59, 59.01] ... [63, 63.01] ... [64, 64.01] ... [65, 65.01] ... [74.99, 75]

[64, 66] 0 ... 0 ... 0.000149 ... 0.000149 ... 0
[63, 65] 0 ... 0.001385 ... 0.001385 ... 0 ... 0
[59, 69] 0.000232 ... 0.000232 ... 0.000232 ... 0.000232 ... 0
[65, 75] 0 ... 0 ... 0 ... 0.000195 ... 0.000195
Sum 0.000232 ... 0.001616 ... 0.001765 ... 0.000575 ... 0.000195

Figure 2. The fusion results of different methods. FMCM: Monte Carlo Method; FSIT: Sub-Interval Technique.

Table 4. Two probabilistic results.
Model Mean Variance Interval

Model A 33.10 8.052 [17, 47]
Model B 14.02 4.202 [8, 21]

Model A: reconstruct the velocity based on the post-braking-distance.
Model B: reconstruct the velocity based on the throw distance
of pedestrian.
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can be found in Supplement 2. Next, FMCM and
FSIT are used to fuse these uncertain results.

To fuse mixed results by FMCM

Step 1. All results are shown in Table 6, where
interval results are regarded as results subject to
uniform distribution and the probabilistic result
subject to normal distribution.

Step 2. The sum of sample points of each uncer-
tain result is set to EO� 108, and EO¼ 0.25. Then
sample points are generated according to its corre-
sponding distribution.

Step 3. To put all sample points generated in Step 2
together to form a new sample set and then give out
the cumulative distribution function of the fused result
by statistical analysis (Figure 4). It takes 105.7 s to
complete the calculation.

Table 6. The uncertain mixed results.
Model Results

1 [45, 55]
2 [55, 58]
3 [45, 51]
4� [44, 59]
�The probability result obtained from Model 4, Mean ¼ 52.06 km/h,
Variance ¼ 2.0725, Interval ¼ [44, 59] km/h.

Figure 4. Cumulative distribution in Case 3. FMCM: Monte Carlo Method; FSIT: Sub-Interval Technique.

Figure 3. Cumulative distribution in Case 2. FMCM: Monte Carlo Method; FSIT: Sub-Interval Technique.

Table 5. The weighted matrix in Case 2.
Sub-interval

Results [8, 8.01] ... [17, 17.01] ... [21, 21.01] ... [46.99, 47]

[17, 47] 0 ... 0 ... 8.2E-08 ... 4.23E-09
[8, 21] 1.346E-05 ... 3.328E-04 ... 0 ... 0
Sum 1.346E-05 ... 3.328E-04 ... 8.2E-08 ... 4.23E-09
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To fuse mixed results by FSIT

Step 1. The interval of each uncertain result is
shown in Table 6.

Step 2. A new interval [44, 59] is obtained based on
the lower bound and upper bound obtained in Step 1.
Then the length d is set to 0.01, and EO¼ 0.25. The
result fusion interval set is obtained (Table 7).

Step 3. As for interval results, the weighted
matrix is calculated by Eq. (5). As for the probabilis-
tic result, the weighted matrix is calculated by
Eq. (6). The final obtained weighted matrix is shown
in Table 7.

Step 4. To give out the cumulative distribution
function of the final fused results by doing statistical
analysis (Figure 4). It takes 0.094 s to complete the
calculation.

From Figure 4, the probability of any velocity
interval can be seen clearly. For example, the prob-
ability of 48<v< 59 km/h is about 80%. It can be
easily conclude, that results obtained from the two
different methods are the same, but the simulation
time of the FSIT is far less than the time of FMCM.

Conclusions

From the analysis above, conclusions can be
given below:

� The results obtained by FMCM and FSIT are
completely consistent with the results shown in
reference [27], which fully demonstrates that
FMCM and FSIT are feasible and trustworthy.

� FMCM and FSIT can fuse interval, probabilistic and
mixed uncertain results and they can work well no
matter whether experts’ opinions are obtained or not.

� Research results show that both FMCM and
FSIT can obtain results in a short time. The
simulation time of FMCM typically varies from a
few seconds to a few minutes, while that of FSIT
is less than a second, which indicates that FSIT
is more efficient.

� Both FMCM and FSIT can give out the cumula-
tive distribution function of the final fused
results by doing statistical analysis. The probabil-
ity of any speed interval can be obtained from
the cumulative distribution. This is meaningful
and valuable in practice.
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