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Abstract

We propose a continuum finite strain theory for the interplay between the bioelectricity and the poromechanics of a cell
cluster. Specifically, we refer to a cluster of closely packed cells, whose mechanics is governed by a polymer network of
cytoskeletal filaments joined by anchoring junctions, modeled through compressible hyperelasticity. The cluster is saturated
with a solution of water and ions. We account for water and ion transport in the intercellular spaces, between cells through
gap junctions, and across cell membranes through aquaporins and ion channels. Water fluxes result from the contributions
due to osmosis, electro-osmosis, and water pressure, while ion fluxes encompass electro-diffusive and convective terms.
We consider both the cases of permeable and impermeable cluster boundary, the latter simulating the presence of sealing
tight junctions. We solve the coupled governing equations for a one-dimensional axisymmetric benchmark through finite
elements, thus determining the spatiotemporal evolution of the intracellular and extracellular ion concentrations, setting
the membrane potential, and water concentrations, establishing the cluster deformation. When suitably complemented with
genetic, biochemical, and growth dynamics, we expect this model to become a useful instrument for investigating specific

aspects of developmental mechanobioelectricity.
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1 Introduction

Recent endeavors have documented that, alongside genetic
and biochemical cues, bioelectrical and mechanical signal-
ing is important for development (McCaig et al. 2005; Mam-
moto and Ingber 2010).

In particular, bioelectricity deals with the study of the ion
redistribution within a network of non-excitable cells and
its environment, modulating the membrane potential (Levin
et al. 2017). The latter qualifies as both a key readout and
regulator of several developmental processes, such as prolif-
eration and differentiation (Sundelacruz et al. 2009), at the
single cell level, and symmetry breaking (Levin et al. 2002),
wound healing and regeneration (Levin 2007), and cancer
progression (Chernet and Levin 2013), at the tissue level.

In addition to experimentation through ion channels
manipulation, deciphering the bioelectrical dynamics
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requires ad hoc simulators. The BioElectric Tissue Simu-
lation Engine (BETSE), a finite volume code proposed by
Pietak and Levin (2016), allows one to predict the spati-
otemporal evolution of the ion concentrations and membrane
potential within a cluster of closely packed cells, in response
to a perturbation of the bioelectric state. Later, BETSE has
been augmented to consider the interplay between genetic,
biochemical, and bioelectrical dynamics, so as to explain
aspects of planaria regeneration (Pietak and Levin 2017)
and developmental brain damage and rescue in frogs (Pai
et al. 2018).

Notably, as argued by Silver and Nelson (2018), bioelec-
trical and mechanical cues are expected to affect each other.
Indeed, on the one hand, the membrane potential and the
osmotic pressure are strictly related. On the other hand, sev-
eral ion channels are mechanosensitive, that is, they respond
electrically to changes in the membrane mechanics (Marti-
nac 2004).

Then, Silver et al. (2020) have proved that mechanotrans-
duction may effectively direct the establishment of mem-
brane potential gradients within a tissue. In particular,
they show that connexin hemichannels, which are mecha-
nosensitive, preferentially open in the peripheral regions
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of mammary epithelial tissues, characterized by a higher
endogenous mechanical stress, thus leading to local depo-
larization. This, in turn, is responsible for transcriptional
changes that promote cell proliferation.

In order to numerically address the coupling between
mechanical and bioelectrical signaling, BETSE has been
endowed with a solid mechanics module in Leronni et al.
(2020), leading to mecBETSE. Specifically, such a module
allows one to compute the cluster deformation due to the
osmotic pressure gradients determined by the bioelectrical
activity and to account for mechanosensitive channels.

However, mecBETSE is limited to small deformations,
thus hampering developmental applications. Moreover, it
does not account for the water flow triggered by osmotic
pressure gradients, which, according to poromechanics
frameworks (Coussy 2004), largely employed for cells
(Moeendarbary et al. 2013), mechanistically establishes the
deformation field.

So as to overcome the previous limits, we propose a con-
tinuum finite strain theory coupling the bioelectricity and the
poromechanics of cell clusters. In this theory, the bioelectri-
cal response is governed by mass balances for the intracel-
lular and extracellular concentrations of mobile ions and by
Gauss laws for the intracellular and extracellular electric
potentials. The poromechanical response is determined by
mass balances for the intracellular and extracellular concen-
trations of water molecules and by a momentum balance for
the displacement field of the solid network of cytoskeletal
filaments and anchoring junctions.

After introducing the object of modeling, that is, the clus-
ter with its main constituents involved in the mechanobio-
electrical response, in Sect. 2, we systematically derive the
theory in Sect. 3, starting from first principles. In Sect. 4,
with reference to a 1D axisymmetric benchmark, we discuss
the finite element solution of the proposed model obtained
through the commercial software Comsol Multiphysics®.
Finally, in Sect. 5 we draw the conclusions of our study and
outline possible future developments.

2 Modeling object

We refer to a cluster of closely packed animal cells, as
sketched in Fig. 1. Each cell is endowed with a cytoskel-
eton of actin filaments, microtubules, and intermediate fila-
ments. Similar to epithelia, actin and intermediate filaments
of neighboring cells are mechanically joined by adherens
junctions and desmosomes, respectively (Alberts 1983).
Importantly, there exists a thin space between cells (Tsukita
et al. 2001), constituting a porosity network referred to as
the extracellular (EC) space, within which water and ions
can freely flow. At the cluster boundary, we assume that

@ Springer

LEGEND

—— Cell membranes Tight junctions

Cell nuclei —— Ion channels
—— Actin filaments with adherens junctions Aquaporins
— Microtubules Gap junctions

Intermediate filaments with desmosomes

Fig. 1 Cell cluster with the main constituents involved in the mecha-
nobioelectrical response

perfectly sealing tight junctions (TJs) (Tsukita et al. 2001)
may be either absent or present, respectively allowing or
preventing the water and ion exchange between the EC space
and the bath surrounding the cluster. Water and ions can also
flow directly between neighboring cells through gap junc-
tions (GJs) (Goodenough and Paul 2009; Gao et al. 2011).
We refer to the porosity network formed by the cytoplasm
and the GlJs as the intracellular (IC) space. Finally, the
transmembrane water and ion transport, that is, the trans-
port between the IC and EC spaces, is allowed by aquaporins
(Agre 2006) and ion channels (Hille 1984), respectively. In
a cluster of plant cells, anchoring junctions are replaced by
rigid cell walls, and plasmodesmata play the role of GJs
(Alberts 1983).

3 Modeling framework

In the following, we develop a continuum Lagrangian finite
strain theory addressing the mechanobioelectricity of the
cell cluster described in Sect. 2. By relying on mixture the-
ory (Ateshian 2007), we assume that the solid network and
the IC and EC spaces coexist within the same material point,
such that transmembrane fluxes should be regarded as local
fluxes.
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3.1 Balance equations

The momentum balance, to be solved for the displace-
ment field u, describes the mechanics of the solid network
of cytoskeletal filaments and anchoring junctions. Under
the quasi-static approximation, and in the absence of bulk
loads, it reduces to the mechanical equilibrium

DivP =0, ey

where Div is the material divergence and P is the nomi-
nal stress tensor, such that (Div P);, = 0P;;/dX;, in which
X denotes the material position vector and the small and
capital case subscripts indicate the spatial and material coor-
dinates, respectively.

The mass balances for the IC and EC water concentra-
tions read

@,C,, +Div], = —JTA/VE, (2a)

DiCy, +Div]s = JRA Ve, (2b)

where @, and @; are the initial IC and EC porosities, C,
and C}, are the IC and EC molar concentrations of water
per unit reference volume of the IC and EC spaces, J,, and
J;, are the IC and EC nominal molar fluxes of water, Jy
is the transmembrane nominal molar flux of water, posi-
tive if water moves from the IC to the EC space, A® is the
reference cell membrane area, and V¢ is the reference cell
volume. The symbol ~ indicates time derivative, that is,
C,, = dC,,/ot. Since the cluster is constituted by closely
packed cells, @) < @,. The terms on the right-hand sides
are self-balancing, that is, a source of water for the IC space
is a sink for the EC space, or vice versa.

Similarly, the mass balances for the IC and EC concen-
trations of mobile ion i read

®,C; + Div ], = —J"AS )V, (3a)

@5CT +Div s = JPAC/ Ve, (3b)

where C; and €Y are the IC and EC molar concentrations of
ion i per unit reference volume of the IC and EC spaces, J;
and Jie are the IC and EC nominal molar fluxes of ion i, and
Ji" is the transmembrane nominal molar flux of ion i.

For the sake of clarity, J, and J;, JfN and Jf, and J“;V"
and J;" represent the water and ion fluxes between cells
through GJs, in the interconnected intercellular spaces,
and across cell membranes through aquaporins and ion
channels, respectively.

Finally, the Gauss laws for the IC and EC electric poten-
tials y and y° read
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DivD = &)F Y zC;, (42)
DiV De = (DSF Z Zi Cf N (4b)

where D and D¢ are the IC and EC nominal electric displace-
ments, F is the Faraday constant, and z; is the valency of ion
i. The terms on the right-hand sides represent the IC and
EC nominal free charges, and account for both mobile and
fixed ions.

3.2 Boundary and initial conditions

In our benchmark, we consider that the cluster is traction-free,
that is, we supplement Eq. (1) with the boundary condition

PN=0, (5)

where N is the outward unit normal to the reference
boundary.
The initial conditions for the mass balances (2) and (3) read

Cy=C, & =C0, (62)

G=C, c=c?. (6b)
We assume that water and ions can be exchanged with the
bath surrounding the cluster through the EC space only, pro-
vided that TJs are absent. Therefore, we equip Egs. (2a) and

(3a) with the boundary conditions

Jy N=0, (7a)

Ji-N=0, (7b)

where the symbol - denotes the inner product, such that
J-N=JUN,

As for Egs. (2b) and (3b), in the absence of TJs we impose
chemical equilibrium at the boundary, that is,

e, = ity = 1, (8a)
e _ - __ e,0
wo= = (8b)

where u§, and 7 are the EC chemical potentials of water and
ion i, coinciding with those of the bath ji, and i, in turn
supposed to be equal to the initial EC ones. Instead, in the
presence of sealing TJs we impose the boundary conditions

J-N=0, (9a)

J-N=0. (9b)
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We assign to Eq. (4a) the boundary condition
D-N=D", (10)

in which D™ is the transmembrane electric displacement at
the boundary, which is defined in Sect. 3.6.

As for Eq. (4b), in the absence of TJs we impose electri-
cal equilibrium, that is,

W=y =0, (11)

where ¥ is the electric potential of the bath, assumed to be
zero. Instead, in the presence of TJs, we impose

D°-N=DY, (12)

with DY denoting the electric displacement across the TJs,
which is defined in Sect. 3.6.

While in the present work we focus on endogenous
mechanobioelectricity, our framework may be also adopted
to investigate the effect of an externally applied mechanical
load or electric field, or of the exposure to an hypotonic or
hypertonic environment, by enforcing appropriate boundary
conditions.

3.3 Thermodynamic restrictions

We follow the approach of Gurtin et al. (2010) for coupled
problems of mechanics and species transport, suitably aug-
mented to account for the electric charge of ions. Therefore,
under isothermal conditions, the energy balance reads

U=P Ft+@y(,Co+ Y uC )+ 05 (5 Co+ Y uiCs)

+E-D+E-D =T, - Vi, = D Ji- Vi =I5 - Vi,

—ZJie'Vﬁie
i

_AC/VC []\T(,M:/ — Iuw) + ZJlm(ﬂle - ﬂl)] s
‘ (13)

where U is the nominal internal energy density, F =1+ Vu
is the deformation gradient (with I denoting the second-
order identity tensor and V denoting the material gradient,
such that (Vu),;; = du;/0X,), u,, and y; are the IC chemical
potentials of water and ion i,

E=-Vy, E°'=-Vy° (14)
are the IC and EC nominal electric fields, and

A=t Frw, 5= p + Fry© (15)

are the IC and EC electrochemical potentials of ion i.
Upon combining Eq. (13) with the second law of ther-

modynamics and introducing the nominal Helmholtz free

energy density W, we obtain the free energy imbalance
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—W+P-F+¢0<MWCW+Z;4iCi)
+ 05 (HSCo+ Y HECE) +E-DHES D - ), Vi,
2 vE

= APV, = ) + ZJ“‘ A= )] 2 0.

_ZJi'Vﬂi_Ji‘Vﬂs«_

(16)

We assume that W is a function of the independent variables
F.C,.C, Csv, Cf, D, and D¢, such that Eq. (16) becomes

owy ow \ -
(P‘a—F>'F+<‘1’oﬂw‘a>Cw

ow \
P G+ (@oeus - ce
+2< oHi — > +( w aCe> w
NG e+ (B-25) D
ace oD
+(Ee gg’) D —J, Vi, — ZJ Vi

— 35,V = - Vi
i

— AV s, = )+ Y IPGE = )] 2 0.

a7

By relying on the Coleman—Noll procedure, we obtain the
following constitutive prescriptions:

ow

P=22,

o (182)
_Low . 1 oW
=00, T @gacs (18b)
LW e 1 oW

Hi = d)o ()Cl ’ H; Ce ’ (ISC)
oW oW

E= °= (18d)

D’ T oDe

Consequently, Eq. (17) reduces to the dissipation inequality

2 v

AV [ng(y; BRI A ;zi)] >0.

—Jo Vi = Y3V =3 Vi, -
1 (19)

We remark that the terms in the second line are local dis-
sipation terms, arising from the exchange of water and ions
across the cell membrane within the same material point.
Since water and ions share the same IC and EC spaces, we
assume that each IC or EC flux is affected by the chemical
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potential gradient of water and by the electrochemical potential
gradients of all mobile ions, that is,

J.=-M,,Vu, - Z M, Vi , (20a)

Ji =MV, = M Vi — ; MV, J#1L (o0p)

Iy = ML Vi, - 4 MG VA, (20¢)

I =ML VA, - MV = Y MOV j#i. 500
J

where the constitutive operators can be collected into the
symmetric (Onsager 1931) mobility matrices

MWW MWl MW2
_[Mw My M,
M= My My, My, . ’ (2la)
M, ME, M,
ME ME ME. ...
M= e, e, | (21b)

in which the off-diagonal entries account for so-called cross-
diffusion (Vanag and Epstein 2009).

Conversely, aquaporins and ion channels are specific for
water and ion transport. Therefore, the transmembrane fluxes
of water and ion i only depend on the difference between the
EC and IC chemical potentials of water and electrochemical
potentials of ion i, respectively:

= MR, — ) (222)

S = =M — ) - (22b)

We assume the mobility matrices M and M to be posi-
tive definite and the mobility coefficients M} and M" to be
positive, in order to fulfill Eq. (19), as detailed in Sect. 3.7.

3.4 Free energy density

We choose the following additive decomposition for the free
energy density:

W= mec(F)+ (Cys C) + WE.(CE,CY)

mix mix

e e 2
Wy (F. D) + WS, (F.D%), 23

where W_.. accounts for the elasticity of the solid network,
Wiix and W account for the mixing of water and ions in

the IC and EC spaces, and

dielectric polarization of the IC and EC spaces.
We adopt for W, the compressible Neo-Hookean

mec

model proposed by Simo and Pister (1984):

Wyo and Wo ' account for the
pol

W (F) = g(trC—3)—Gan+ %Alan, 24)
where A and G are the first and second Lamé parameters
of the solid network, C = FTF is the right Cauchy—Green
deformation tensor, and

J = detF 25)

is the Jacobian, that is, the volume ratio.

We assume the IC and EC solutions of water and ions
to be ideal, such that W, and W7 . are purely entropic and
read (Ateshian 2007)

(C,,C) = RT®,

le

C C. (26a)
x| C,ln—2— ¢ Cln———— ),
<W Cy + 2 G Z‘ ! CW+ZJ.C)

J

We. (CE,CY) = RTD,

mix

ce Ct
X (C\evlnﬁ + Z Ciell’l ﬁ) N (26b)
C+2CG 4 C+ 2 G

where R is the gas constant and T is the absolute tempera-
ture. We note that W,;, and W¢. account for both mobile
and fixed ions, also the latter being part of the IC and EC
solutions. We further hypothesize that the IC and EC solu-
tions are dilute, that is, ), C; < C,, and }}; C? < C;, such

that we may rewrite Eqgs. (26) as

C
W, (Cyn C) = RT®,, Z <ln e 1>

w

(27a)

W, (CS,C%) = RT®E Z Ce< n— — 1) (27b)

Finally, we treat the IC and EC solutions as ideal dielec-
trics, such that W, and Wsol read (Hong et al. 2010)

|FD|?
W _(F,D) = ,
pol (F, D) 2ege] (28a)
We (F,D°) = [FD|? 28b
pol®™> 206’ (286)

in which g, is the vacuum permittivity and €, is the relative
permittivity of the IC and EC solutions, assumed to coincide
with that of water given their diluteness.
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3.5 Constraint on the volume ratio

We assume that the solid network, water, and ions are
incompressible, such that the volume ratio of Eq. (25) is
inextricably related to the redistribution of water and ions,
namely
J=1 +<1>0(vwcw + Y e - 1)

‘ (29)
+05(v, G+ Y uCs 1),

i

where v, and v; are the molar volumes of water and ion i. In
the limit of dilute IC and EC solutions, Eq. (29) reduces to

=14 (r,C = 1) + @5 (v, 6 - 1), (30)
implying that
CO _ CC,O — 1
C=c0=-, (3D

w
to be replaced in Eq. (6a). Moreover,

¢ ._ G
¢ = ¢ = (32)

, G "
Vo Cy vWCW

are the IC and EC molar concentrations of ion i per unit
current volume of the IC and EC spaces.

In order to impose the constraint (30), we modify the
free energy density (23) as (Hong et al. 2010)

W=W_,.F)+W,

+ Wyoi(F, D) + We_ (F, D)

+pw[1 + ¢0<vwcw - 1) + ¢>g<vwc; - 1) - J] :
(33)
where p,, is a Lagrange multiplier field assuming the role

of water pressure. For later developments, we rearrange Eq.
(30) for the IC water concentration:

(C,,,C)+we

mix

(e ey

ixX

1 1
W:_+<Dov [J—l—<1>8<vWC:/—1>]. (34)

Vi

C

Notably, this operation removes C,, from the list of the inde-
pendent variables, in favor of the independent variable p,,
introduced by Eq. (33).

3.6 Conservative constitutive laws

We obtain the nominal stress P by combining Egs. (18a),
(24), and (33):

@ Springer

P=GF-F")+ Aln JFT —p JFT
- ~ 7\ )
P P

mec

w

1
2epe,.J

P (35)

+

[ZF(D ®D)—-C-D® D)F‘T]

pol
1

+
2epe,.J
o

[ZF(D" ®D)—C-(D°® D"')F'T] :

7/

~-
e
Ppol

where ® denotes the tensor product, such that
(D ® D);; = D;D,. The stresses P, P, ;, and Pgol could be

regarded as active stresses (or eigenstresses), to be balanced

pol®

by P,,.. through equilibrium (1). The corresponding Cauchy
stress is
o= }PFT -1 G -1+ 21| —p,1
L] -~ e
GmCC GW
4 ra@d-@-a|
E0E;
. ~~ —/ (36)
o-pol
4 [2(1e ®d° — (d° - de)I] ,
E0E;
o-fnol

where b = FFT is the left Cauchy—Green deformation tensor
andd = J~'FD and d® = J-'FD® are the IC and EC current
electric displacements. We define the pressure as

p= —%tro- = —%[G(ltrb - 1) + MnJ] Py

3
meC
37
e e, G
6g€, 6¢)€,
—— Y—
p pol pe
pol

adopting the convention that each contribution to p is posi-
tive if compressive.

By using Egs. (18b), (27), and (33), we obtain the following
IC and EC chemical potentials of water:

c

C C
py=—RT = +vpy. py=-RT+vpy.  (38)

w w

where

C=2G. C=26G (39)
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are the IC and EC osmotic concentrations. We remark that M= 1 c-!

u,, and u¢ are affected by both the IC and EC osmotic pres- T RT

sures RTC and RTC® and the water pressure p,,. Boundary D, C, D,C, D,C, ]

condition (8a) may now be explicited for the independent

variable C¢, thus reading D,C, ( D, % +D, ) ¢, D, Cé C,

co RTC® X " " i

w o ’ 40

where we have used

Py, =0. 41) ] (46a)

By combining Egs. (15), (18c), (27), and (33) we obtain the =~ M° = %WC‘I

following IC and EC electrochemical potentials of ion i: - .
D C D C D5 CS

i = RTIn 1 F = RTInb + Foyt c 1G

fi=RTIn—=+Fay, @ =RTIn-+Fay®.  (42) Dece (De—l+DT)CT p 9%

w W wCsv w C\eu

Boundary condition (8b) may now be explicited for the inde- x e e ce ’

pendent variable CY, thus reading D; CS - éc 2 (vac—j + D§> (64

Cie = VWCie’OC‘eN . 43) .
] (46b)

Finally, the usage of Eqgs. (14), (18d), (28), and (33) pro-
vides the IC and EC nominal electric fields, whose inversion
results in the IC and EC nominal electric displacements

D = -, JC'Vy, D°=—g)eJC'Vy©. (44)

Similarly, the electric displacements at the boundary across
the cell membranes and the TJs in Eqgs. (10) and (12) are
given by

D™ = £0E, Tm = 605?1% s (45a)
4 we
DY = 806? =& Eﬂ’ (45b)

in which €]" and 5? and T™ and 7Y are the membrane and
TJ relative permittivities and thicknesses, respectively. Egs.
(45) neglect the local deformation of cell membranes and
TJs.

3.7 Dissipative constitutive laws

We choose the following form for the IC and EC mobility
matrices of Egs. (21):

in which Dy, and D;, are the water diffusivities in the IC and
EC spaces, while D; and Die are the diffusivities of ion i in
the IC and EC water. As for the transmembrane mobility
coefficients of Eqgs. (22), by still neglecting the local defor-
mation of the membrane, we adopt the forms

D™ C, +Ce
M$ = R_T—ZTm . (478.)
D" C, +C*
m o i (47b)

MM = L ,
i T RT 2T™

where D and D" are the transmembrane diffusivities of
water and ion i. The mobility matrices M and M are posi-
tive definite and the mobility coefficients M} and M" are
positive for nonzero diffusivities and concentrations, thus
ensuring the validity of Eq. (19).

Substituting Egs. (46) into Egs. (20) leads to

D
J, = ——2c! lcwww +> CiVﬂi] ,

RT (48a)
3= Sy P
i C, w T RT iVHi, (48b)
De
c=—_ Yoy cevicl,
o= mrC |GV + L CVA (48¢)
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e c

J= —J - ﬁc eav (484)
In the perspective of mixture theory, one would obtain the
same expressions by relying on the individual momentum
balances for water and ions in the IC and EC spaces sepa-
rately, and assuming that the friction between the different
ion species and between the ions and the solid network in
either the IC or EC space is negligible, given the diluteness
of the solutions (Huyghe and Janssen 1997).

Combining Egs. (38), (42), and (48) provides the follow-
ing IC and EC fluxes:

=-D,C”
Ly [ RT Pt RT ZZ
) c (49a)
+27 Jyce ]
CW
G
J = C—JW
v c (49b)
-DC'|ve - =Lvc C.V
[ c, 7 R "’]
v C
e _ _De C—l w
1 w [ Rt Pt RT ZZ
e (49c¢)
Zj#i & Vce] ’
Ce w
5=
c (49d)
—DICT'|VCE — = VC + ==z CV
i P T R W]

where the index i refers to mobile ions, whereas the index
j refers to fixed ions.

In particular, the first terms in Eqgs. (49a) and (49c)
account for the water flux down its pressure gradient; they
arise because of the coupling of water transport with
mechanics. The last terms in Egs. (49b) and (49d) account
for migration, that is, the ion transport in an electric field;
they result from the coupling of ion transport with electro-
statics. The second terms in Eqs. (49a) and (49c¢) describe
the electro-osmosis of water with mobile ions, while the first
terms in Eqgs. (49b) and (49d) are associated with the con-
vection of ions with water; electro-osmosis and convection
originate from the coupling of water and ion transport. In
the absence of ions (C; = C; = C = C7 =0), the water
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fluxes (49a) and (49c¢) reduce to Darcy-like fluxes, as in
standard poromechanics (Coussy 2004). For immobile water
(Dy, = D, = 0), the ion fluxes (49b) and (49d) reduce to
standard Nernst—Planck fluxes, describing the electro-diffu-
sion of ions (Rubinstein 1990).

Substituting Eqgs. (38), (42), and (47) in Eqgs. (22) leads
to the following transmembrane fluxes:

Cy +C [CEC—C,CC
Iy =Dy — [ = cCe ] ; (50a)
Jm = _pm C1+Cle 1 (jle CW FZi m
P =M ["ee ) TRV (50b)
where
yh =y -yt (51)

is the membrane potential. Equation (50a) accounts for the
transmembrane osmosis through aquaporins, whereas Eq.
(50b) accounts for the transmembrane electro-diffusion of
ions through ion channels, historically addressed through the
Goldman—Hodgkin—Katz flux equation (Hille 1984).

Finally, we note that, in light of Eq. (34), substituting
Egs. (49a) and (50a) into Eq. (2a) provides an equation to
be solved for the water pressure p,,.

4 One-dimensional axisymmetric
benchmark

As a representative benchmark, we consider a circular cell
cluster, of reference radius R, whose innermost circular
region, of reference radius R' /2 and denoted as £2;,, is char-
acterized by a transmembrane diffusivity to sodium Dga+ ten
times larger than the surrounding annular region, denoted
as . simulating an overexpression of sodium chan-
nels. Given the axial symmetry of the problem, the results
only depend on the radial coordinate R. We assume plane
stress conditions in Eq. (1), and that each cell is circular in
the reference configuration, such that, in Eqgs. (2) and (3),
A°/V¢ = 2/R°, with R° denoting the reference cell radius.

We derive the governing equations for this 1D axisym-
metric problem in “Appendix A” and detail their finite ele-
ment implementation in Comsol Multiphysics® in “Appen-
dix B”. After listing the model parameters in Sect. 4.1, we
first present the results of the simulation in the absence of
both GJs and TJs, in Sect. 4.2. Then, we introduce and com-
ment on the role of GJs in Sect. 4.3. Finally, we further
account for TJs in Sect. 4.4.
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4.1 Parameters

The model parameters are listed in Table 1. We refer to an
average animal cell of reference radius R° = 5 ym and mem-
brane thickness 7™ = 5 nm. The cluster reference radius is
R = 500 um, which is much larger than R, that is, the char-
acteristic size of a material point, thus ensuring the valid-
ity of our continuum formulation. We assume that cells are
separated by a reference intercellular space of about 30 nm
in size (Pietak and Levin 2016), and that approximately the
70% of the cluster is occupied by fluid. Correspondingly,
we obtain an estimate of @, = 0.695 and & = 0.005 for the
initial IC and EC porosities.

The simulations are conducted at body temperature
T = 310K. Accordingly, &, = 80 and v, = 18 cm3/mol are
reliable estimates for the relative permittivity and molar

volume of water. We employ &' = 3 for the relative per-
mittivity of the cell membrane (Gramse et al. 2013). The
thickness of a TJ complex is about T9 = 500 nm (Tsukita
et al. 2001), and we use e? = 30 for its relative permittivity,
which is an average between those of bulk water and proteins
inside (Li et al. 2013).

We choose a representative value E = 0.4 kPa for the
Young modulus and assume a Poisson ratio v = 0.3 (Moe-
endarbary et al. 2013). The Lamé parameters entering Eq.
(24) thus read A =Ev/[(1 +v)(1 —2v)] ~ 0.23kPa and
G = E/[2(1 + v)] = 0.15kPa. In Sect. 4.3, we also consider
the case of a larger E, simulating a cluster of plant cells,
equipped with stiff cell walls.

With reference to a typical mammalian cell, the more
abundant ions involved in bioelectricity are sodium, potas-
sium, and chloride. We adopt the following initial IC and
EC concentrations (Alberts 1983): Cﬁm* = 10 mol/m’,

Table 1 Employed model

parameters Name Symbol  Reference value  Range explored  Unit
Reference cell radius R¢ 5 um
Membrane thickness ™ 5 nm
Reference cluster radius R 500 pm
Initial IC porosity D, 0.695 -
Initial EC porosity D] 0.005 -
Temperature T 310 K
Water relative permittivity £ 80 -
Water molar volume Vi 18 cm?/mol
Membrane relative permittivity er 3 -
TJ thickness TY 500 nm
TJ relative permittivity €l 30 -
Young modulus E 0.4 0.4 = 4000 kPa
Poisson ratio v 0.3 -
Initial IC Na* concentration Cgf 10 mol/m?
Initial EC Na* concentration C;’; 145 mol/m?
Initial IC K* concentration cy. 140 mol/m?
Initial EC K* concentration C:(? 5 mol/m’
Initial IC CI~ concentration (o 10 mol/m?
Initial EC C1™ concentration C(e:’l({ 110 mol/m*
IC fixed anion concentration (ON 140 mol/m>
EC fixed anion concentration Cs- 40 mol/m>
Transmembrane Na* diffusivity Dg . 10718 (2., m?/s

10717(2,,) m?/s

Transmembrane K™ diffusivity Diﬂ 5% 10718 m?/s
Transmembrane C1™ diffusivity DY 5x 1077 m?/s
Transmembrane water diffusivity Dn 1078 10714 =108 m?/s
EC Na*, K*, and CI" diffusivity D§ 1070 m2/s
EC water diffusivity D¢, 1077 1078 +10°° m?/s
IC Na*t, K*, and CI~ diffusivity (with GJs) D, 1012 m?/s
IC water diffusivity (with GJs) D, 1079 10710+ 10-8 m?/s
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CY. = 145mol/m’, €%, = 140 mol/m’, C5) = 5mol/m’,
Cgl, = 10 mol/m?, and Ceo = 110 mol/m®. We also con-
sider a fixed generic monovalent anion, whose IC and
EC concentrations are uniform and constant and equal to
C,- = 140mol/m® and C$_ = 40 mol/m>. In the IC space,
A~ is intended to represent negatively charged proteins,
nucleic acids, and other cellular constituents. Notably, C,-
and C5_ ensure the initial electroneutrality in both the IC
and EC spaces (that is, Y, z;C? = ¥, 5 CeO =0) and also
the equality of the initial IC and EC osmotlc concentra-
tions (that is, C° = C*° = 300 mol/m?). By usmg Eq. 31),
we obtain C? = C0 =1/v, ~ 5.6 x 10*mol/m’. There-
fore, the IC and EC solutions are actually dilute; indeed,
o/ = Ce’(’/Csv") ~ 0.5%.

We employ the following transmembrane ion diffu-

sivities: DY, = 107"%m?/s, DR, =5x 107" m*/s, and

Df =5Xx 10 7m?2/s. These are on the order of those
reported in Pietak and Levin (2016), but account for the
fact that the permeability of artificial lipid bilayers to Na*,

K*, and Cl1” is not the same (Alberts 1983). As anticipated,
in Q we set instead DT . = 1077 m?/s. We consider that
the transmembrane water diffusivity is D™ = 1078 m? /s, that
is, ten order of magnitudes larger than Dg‘ap as documented
in Alberts (1983) with reference to artificial lipid bilayers. In
Sect. 4.2, we further analyze the case of smaller DY, simulat-
ing an underexpression of aquaporins.

We follow Pietak and Levin (2016) and assume
Df =107 m* /s for the diffusivity of all ions in EC water.
We set D¢ = 107" m?/s for the EC water diffusivity, as
approximately obtained through the Kozeny—Carman equa-
tion (Coussy 2004). Given the uncertainty in this parameter,
in Sect. 4.2 we also explore how the response changes by
increasing or decreasing DS, of one order of magnitude.

In the presence of GJs, we adopt D; = 107"2m?/s
for the diffusivity of all ions in IC water. In particu-
lar, D; < 10" m?/s should be excluded, as it has no
impact on the behavior of the cluster. Finally, we adopt
D, = 1072 m? /s for the IC water diffusivity and, in Sect. 4.3,
we further explore how the cluster behavior is affected by
variations of D, of one order of magnitude.

4.2 Results in the absence of gap and tight
junctions

We first assume that GJs are either absent or closed, such
that D, = D; = 0 in Eqgs. (49a) and (49b). Therefore, the
mass balances (2a) and (3a) reduce to ordinary differential
equations. Moreover, we assume that TJs are absent, such
that boundary conditions (8) and (11) hold. In Fig. 2, we
represent the relevant bioelectrical and mechanical fields as
a function of R at different times.
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The large DY . in £2;, leads to a prominent influx of Na*
from the EC to the IC space, that is, down its concentration
gradient. Correspondingly, the IC osmotic concentration C
rapidly increases. We register a little increase in C in £,
as well, which is essentially due to the large C,- compared
to C;-, as explained by the Gibbs-Donnan effect (Over-
beek 1956). While C presents a steep gradient at R = R%2,
due to the lack of GJs connecting £2;, and Q. the EC
osmotic concentration C¢ is smoother, because of the inter-
connection of the intercellular spaces. Moreover, while
C°¢ initially decreases with time, it then increases as Na*
is transported from the outside to the inside of the cluster.

The redistribution of ions establishes a negative IC
electric potential y, as of the beginning of the simula-
tion. This is again explained by the Gibbs—Donnan effect.
In particular, £2;, is depolarized, that is, at a higher y,
with respect to 2, and the depolarization increases over
time due to the influx of Na*. The EC electric potential y*©
remains rather small, such that the membrane potential y™
nearly corresponds to y. In particular, the value of about
—60mV, registered in £2,,, is representative of the resting
w™ associated with the adopted initial ion concentrations
and transmembrane diffusivities, which can be estimated
through the Goldman—Hodgkin—Katz voltage equation
(Hille 1984).

As Na* is transported from the EC to the IC space
through ion channels in £;,, water follows by osmosis
through aquaporins. Correspondingly, the IC water con-
centration C,, increases with time. In the EC space, as Na*
ions enter the cluster to cope with the request for Na* in

£, , they drag water molecules by electro-osmosis. There-
fore, the EC water concentration C:/ increases after ini-
tially decreasing, similar to C®.

As water enters £2; , the water pressure p,, increases
therein and is equilibrated by the mechanical stress. The
IC and EC electrostatic pressures p, and ppol, not repre-
sented here, are both irrelevant, being orders of magnitude
lower than p,,. The increase in C, in £, is also accompa-
nied by an increase in the Jacobian J. We remark that,
given the smaller variation of C}, compared to C,, except
for the initial transient, and, mostly, the close cell packing,
implying @, > @, the contribution of the variation of C},
to J, as described by Eq. (30), is negligible.

The areal Jacobian J,, given by the product of the radial
and circumferential deformation gradient components (or
stretches) F,, and Fyq, indicates in-plane expansion eve-
rywhere, larger in £2,,. By comparing J and J,, we infer
that there occurs an out-of-plane expansion in £;, and a
little out-of-plane compression in £2 . Finally, the radial
displacement u increases from R =0 to R = R /2, and
then decreases.
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In Fig. 3, we explore how the same fields are affected
by variations of the EC water diffusivity DS . By increasing
D, water is transported more rapidly from the outside to
the inside of the cluster through the EC space, and con-
sequently from the EC to the IC space across cell mem-
branes. Therefore, fixed the time, C,, Css Dy Js I and
u increase. Interestingly, C and C® increase as well, since
the convective contribution to ion transport grows with
D;,. The change in the ion redistribution also impacts on
w™, though mildly. Finally, we note that, by decreasing
D¢ t010~* m? /s, the demand for water in £, can be barely
sustained, such that, for a given time, C,, decreases from
R = R°1/2 to R = 0; furthermore, C,, also decreases from
R = R% to R = R /2, suggesting that water is transported
from the IC to the EC space in £, and then from Q2 to
£, through the EC space, resulting in an in-plane shrink-
age of 2.

In Fig. 4, we consider the effect of the transmembrane
water diffusivity D, modulated by the density and open
fraction of aquaporins. Increasing D above 108 m?/s or
decreasing it up to 10712 m? /s does not affect the results.
By further decreasing D™ to 10~'* m? /s, the transmembrane
water transport is hampered, such that C,, strongly decreases
and ny increases. In turn, this determines a decrease in p,,,, J,
J,» and u. Importantly, while varying D¢ strongly impacted
on the ion redistribution, changing Dy} mildly affects it.
Indeed, Dy, enters the EC ion fluxes through the convective
contribution [see Egs. (49¢) and (49d)], while D does not
govern the transmembrane ion fluxes, given that aquaporins
and ion channels are specific for water and ions [see Eqgs.
(50)]. The impact of D} on ™ is also negligible.

4.3 Introducing gap junctions

We now investigate on the role of GJs on the mechanobio-
electricity of the cluster. As reported in Sect. 4.1, we adopt
D; = 10712 m? /s uniformly for all ions and D,, = 10~ m?/s.

In Fig. 5, we compare the relevant fields at the end of the
simulation with and without GJs. If GJs are present, the Na*
ions entering the IC space in £2;, flow down their IC electro-
chemical potential gradient toward £2,,,. Therefore, account-
ing for GJs smooths out the steep gradient of C at R = R°'/2,
thus leading to a reduction in C in £;, and to an increase in
Cin Q. The different ion redistribution in the IC space
also influences y, with a lesser depolarization occurring in
£, and a larger one characterizing £2,,,. Similarly, the water
entering the IC space in £2,, flows toward €, through GJs,
mainly dragged by ions through electro-osmosis. Predict-
ably, the EC fields are almost no affected by GJs. Notably,
the IC water redistribution in the presence of GJs leads to
a decrease in J, in £ and to an increase in J, in ; cor-
respondingly, (R /2) diminishes, but u(R') remains equal.
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In Fig. 6, we compare the responses for different values
of D,,. By increasing D,,, more water is transported from
£, to £, such that the difference in C,, between £2; and
Q. reduces, along with that in J,. However, again, u(R")
remains the same. The difference in C between 2;, and €2,
reduces as well, which confirms the relevance of ion trans-
port by convection as D, is risen. Decreasing D, below
10719 m? /s does not affect further the results.

In Fig. 7, we examine the cluster behavior by varying its
Young modulus E. Increasing it up to one order of magni-
tude does not affect the results, except for p,,, which grows
proportionally to E. Therefore, we conclude that, for suitably
small values of E, proper of animal cells, the response of the
cluster to the imposed bioelectrical perturbation is independ-
ent of E. More specifically, the ion redistribution triggers the
water redistribution, which establishes the cluster deforma-
tion. However, for larger values of E, which may be proper
of plant cells endowed with stiff walls, the mechanics affects
the water redistribution as well. Indeed, the accumulation
of water in the IC space of £2,, determines the build-up of a
large water (turgor) pressure gradient Vp,,, forcing water to
flow back toward £, through both GJs and the EC space
according to our model [see Egs. (49a) and (49c)]. Con-
sequently, C, and C; both diminish, along with J, and u.
Though at a lesser extent, C and C° are affected as well,
while y™ practically remains unaltered, given the similar
reductions in both y and y°©.

In Fig. 8, we investigate the cluster behavior in the pres-
ence of GJs until the steady state, reached at about 24 h. The
IC fields monotonically increase with time, both at R =0
and, albeit slower, as ions and water flow outward through
GJs, at R = R, At the steady state, the IC fields attain
the uniform values (C—C%)/C" = (C,, - C?)/C? = 2.5
and y = 0. The EC fields at R = 0 rapidly decrease in
the first 2min and then slowly increase. At the steady
state, the EC fields C® — C*0, C¢ — C2°, and y*° attain
uniform zero values. Therefore, the EC space is unde-
formed at the steady state. Notably, at the steady state
c=C/(v,C,)=C'=C0=C/(v,CS) = [see Eq.
(32)]; moreover, we could show that ¢; = ¢f = Cf’o Vi. The
volume ratio J behaves similar to C, as C, is not significant
for J in the absence of TJs. While initially u(R®'/2) ~ u(R®),
they progressively diverge and, at the steady state,
u(R") = 2u(R'/2) ~ 0.4 R. To conclude, this simulation
reveals that, in the absence of TJs and for a sufficiently com-
pliant cluster [such that p, is irrelevant in Eq. (40)] devoid
of ion pumps, at the steady state the current IC and EC ion
concentrations and the IC and EC electric potentials become
equal to those of the bath surrounding the cluster, in turn
coinciding with the initial EC ones. This is accompanied by
large cluster deformations, exclusively attributable to the
deformation of the IC space.
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4.4 Introducing tight junctions

In this section, we comment on the cluster response in the
presence of TJs, that is, by considering that the EC space
cannot exchange neither water nor ions with the bath sur-
rounding the cluster. Boundary conditions (9) and (12) now
hold. As in Sect. 4.3, we also account for GJs. We display
the results of the simulation in Fig. 9, by focusing on a rela-
tively short time interval of 30 s.

As for the previous case, the large Dy , in £2;, leads to a
rapid inflow of Na* from the EC to the IC space. However,
in the presence of TJs, the ions of the outside bath cannot
replace those lost by the EC space. Therefore, given that
Dy > @8, the increase in C with time is limited, while the
decrease in C° is more pronounced and nearly uniform with
R.

While y° remained nearly null everywhere in the absence
of TJs, such that y™ practically coincided with y, here both
y and y° contribute to y™, being comparable in magnitude.
We observe that, initially, ™ is very close to the value regis-
tered in the absence of TJs. We further note that the positive
w® at R = R corresponds to the transepithelial potential
established by TJs (Nuccitelli 2003).

Following Na*, water molecules pass from the EC to
the IC space by osmosis through aquaporins, leading to an
increase in C,, and to a decrease in C,. As reported for C and
C¢, given the impermeability of the boundary to water and
the large difference between @, and @, C,, little increases,
while C, strongly decreases.

Given the limited water redistribution, the mechanical
fields are much smaller in magnitude than in the absence of
TJs. Furthermore, we highlight that J and consequently p,,
are negative in £2_,, meaning that the decrease in the EC
volume is larger than the increase in the IC volume. Indeed,
we remark that, in the presence of TJs, the great disparity
between |C,, — C? |and|C¢, — C%°| makes both contributions
important for the estimation of J through Eq. (30). The radial
displacement u increases from R = 0 to R = R /2, though
remaining very small, and then decreases becoming nearly
zero at R = R°.

In Fig. 10, we display the time evolution of the relevant
fields until the steady state. After quickly increasing in
the first 30s, C(R = 0) slowly decreases to a steady state
value & 1.005 C%, reached at about = 60 min. Similarly,
C(R") increases quite rapidly in the first 30's, but then keeps
increasing, though slower, until the same steady state value
of C(0). Both C°(0) and C°(R®') decrease to the same steady
state value ~ 0.3 C*° at about ¢ = 30s. Therefore, we con-
clude that Na* ions electro-diffuse from the EC to the IC
space of £; in the first 30 s and then flow from £, to 2,
through GJs until the steady state, when C becomes uniform
within the whole cluster.
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Fig.9 a Relative IC osmotic concentration (C — C°)/C° b rela-
tive EC osmotic concentration (C® — C%%)/C%?, ¢ IC electric poten-
tial y, d EC electric potential y°, e relative IC water concentration
(C,, — Cg/)/Cg/, f relative EC water concentration (C{, — CfN’O)/ij'O, g
water pressure p,,, h Jacobian J, i areal Jacobian J,, and j radial dis-
placement u as a function of R/R at different times, in the presence
of gap and tight junctions
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Fig. 10 a Relative IC osmotic concentration (C — C%)/CP, b rela-
tive EC osmotic concentration (C® — C*%)/C®9, ¢ IC electric poten-
tial y, d EC electric potential y°, e relative IC water concentration
(C, —C°)/CO, f relative EC water concentration (C¢, — C%)/C0, g
water pressure p,,, h Jacobian J, and i areal Jacobian J, at R = 0 and
R =R, and j radial displacement u at R = R®/2 and R =R, as a
function of time # in the presence of gap and tight junctions
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The evolution of C,, and C¢ at R = 0 and R = R” in the
first 30 s is analogous to that observed for C and C¢. How-
ever, between approximately t = 30s and # = 3 min, C,,(0)
increases, while CW(RCI) decreases. This suggests that, in
this time interval, some water flows from £, to £, , either
directly through GJs or by passing through the EC space.
After 3 min, water starts flowing back from £2;, to €2, until
both C,,(0) and C,, (R reach the same steady state value
~ 1.005 Cg. Notably, ¢ = CO = 0 = ¢ at the steady state;
moreover, we could show that ¢; = ¢ » C? Vi.

The Jacobian J and the areal Jacobian J, increase at R = 0
and decrease at R = R until = 3 min and then asymptoti-
cally tend to one. In particular, J, is equal to the out-of-
plane stretch J/J,. The radial displacement u at R = R /2
increases until # = 3 min and then goes to zero.

To conclude, in the presence of TJs and in the absence
of ion pumps, at the steady state the current IC and EC ion
concentrations are equal and close to the initial IC values,
and both the IC and EC spaces are electroneutral. Moreover,
within the same material point, the volume increase in the IC
space balances the volume decrease in the EC space, such
that the cluster is globally undeformed.

5 Concluding remarks

We have proposed a continuum finite strain theory for the
coupling of electrostatics, ion transport, water transport, and
mechanics of a closely packed cell cluster.

Specifically, we have regarded the cluster as the super-
position of a solid network of cytoskeletal filaments and
anchoring junctions and intracellular (IC) and extracellu-
lar (EC) solutions of water and ions. We have described
the mechanics of the solid network through compressible
hyperelasticity. Given the diluteness of the IC and EC
solutions and the incompressibility of all the constituents,
volumetric deformations are established by water redistribu-
tion only. We have obtained the IC and EC fluxes, the first
being allowed by gap junctions, by considering cross-dif-
fusing effects. Correspondingly, the IC and EC water fluxes
result from the contributions of water pressure and electro-
osmosis, while the IC and EC ion fluxes are due to electro-
diffusion and convection. We have further accounted for
transmembrane osmosis and ion electro-diffusion through
aquaporins and ion channels, respectively.

We have tested our model to an in-plane circular cluster
whose central region £2,, presents an overexpression of
sodium channels. The model correctly predicts the accu-
mulation of ions and, consequently, of water, in the IC
space of €2, , and the resulting depolarization and in-plane

m?
expansion. The presence of gap junctions smooths out the

steep gradients in all the relevant fields otherwise existing
at the boundary of £2;,. The contribution of the pressure to
the water flux becomes relevant in stiff plant cell clusters,
while in deformable animal cell clusters the water flow is
exclusively dictated by osmotic phenomena. In the absence
of tight junctions, the ion and water redistribution may be
severe, leading to large deformations; moreover, the mem-
brane potential and the volumetric deformation are essen-
tially established by the IC fields only, as the EC space
remains nearly electroneutral and undeformed, except for
the very initial transient. Differently, in the presence of
cluster-sealing tight junctions, the ion and water redistri-
bution is much more limited, resulting in small deforma-
tions, and both the IC and EC spaces contribute to setting
the membrane potential and the volumetric deformation.

The model may be quite straightforwardly comple-
mented with the addition of (i) the active transmembrane
ion transport through ion pumps, (ii) the dependency of
the diffusivity of ion channels and gap junctions on the
membrane potential and tension (so as to account for volt-
age gating and mechanosensitivity), and (iii) genetic and
biochemical dynamics required for specific applications,
as already addressed in the literature (Pietak and Levin
2016, 2017; Leronni et al. 2020).

A major and cumbersome advancement would be the
inclusion of growth into the model, toward exploring the
interplay between mechanical and bioelectrical dynamics
in development and regeneration. This could be achieved
by introducing an inelastic (growth) deformation gradient,
multiplying the elastic contribution and being modulated
by the membrane potential, so as to relate growth and
depolarization (Sundelacruz et al. 2009; Ambrosi et al.
2019; Silver et al. 2020).
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Appendix A

Governing equations
for the one-dimensional axisymmetric
benchmark

In a 1D axisymmetric space dimension, equilibrium (1)
reduces to

, 1
PrR+§(PrR_P0@)=O’ (52)

where P/, = 0P, /0R, and P and Py are the radial and
circumferential nominal stresses, given by [see Eq. (35)]

P,R=G<F,R—%>+/1h‘—1—p I

F YF
e R R rR (533)
—*_[D* + (D],
2epe,J
1 InJ J
Pyo=G|Fpg— — | + A— —_—
00 < 0 Fe@) Fye pree
2 (53b)
—™__[D*+(D°
2606 JFQQ [ ) ]
where
J =FgFooF 7, G4
with
Fp=1+u, (55)
Fpo=1+2
00 = R’ (55b)

and F_, denoting the radial, circumferential, and out-of-
plane deformation gradient components (or stretches), and u
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being the radial displacement. Under plane stress conditions,
the out-of-plane nominal stress P, is zero:

1 InJ J
P,=G(F +A— —p,—
i < “ FZZ> FzZ WFZZ
2 (56)
— X ___[D? + (D% N =0.
250 rJF [ ( ]

We equip Eq. (52) with the following boundary conditions
[see Eq. (5)], with that in R = 0 ensuing from symmetry:

u0)=0, PLRH=0. (57)

Mass balances (2) and (3) become

. J
A (582)
B+ U + =2 (58b)
. , Jl m 2
P+ + = -2 (58¢)
? 2
B+ + =2 (584)

where the radial IC and EC nominal fluxes read [see Eq.
(49)]

7, c
(59a)
D¢ /v, C F
e _ _ _ W WTw + C(w® !
v FfR< RS TP
e (59b)
%G .
=€) )
J = Ci J Di C Ci C/ C.
i Cw w F,.R Cw RTZ W (59C)

J ieje_D_e (Ce) _C_6(Ce)l+izce( 8)/
Tt R, RTAV )

(594d)
The IC nominal concentration of water C,, and the trans-
membrane nominal fluxes J! and Ji" are still given by Egs.
(34) and (50). We supply Egs. (58) with the following initial
conditions [see Egs. (6b), (31), and (41)]:
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|
Pu=0, G =—, (60a)
G=C, c=c?, (60b)

and with the following boundary conditions [see Egs. (7),
(9), (40), and (43)]:

J,0)=J, (R =0, (61a)
JE0)=0,
) TC® Rcl )
C:,(Rd) = RTC(RT) without TJs, (61b)
vy [RTCeO + p, (R)]
JE(RY =0 with Tls,
J;(0) = (R =0, (61c)
J0)=0,
C(RY) = v,,CCS(RY)  without TJs, (61d)
JR =0 with TJs.
Finally, Gauss laws (4) reduce to
D
/ —
D'+ 2 = ®F Z zC;, (622)
DC
(D) + — = BFF Z ol (62b)

where the IC and EC electric displacements are given by
[see Eq. (44)]

D= _SOErLZW, ,

FrR

(63a)

J

D° = —gpe,— W) .
2
FrR

(63b)

We complement Eqgs. (62) with the following boundary con-
ditions [see Eqs. (10)—(12) and (45)]:

D0)=0, DRY) =egpem~—,

T (64a)

D*(0) =0,

erpcly 1
w°(R") =0 without TJs, (64b)

. €
DERY) = e, with TJs.
0¢r Tt-]

Appendix B

Finite element implementation

We solve the coupled governing equations presented in
“Appendix A” by employing the finite element commer-
cial software Comsol Multiphysics®. We use the Gen-
eral Form PDE interface to implement equilibrium (52),
mass balances (58), and Gauss laws (62), and the Domain
ODEs and DAEs interface to impose the plane stress
constraint (56). We employ quadratic Lagrange shape func-
tions to approximate the independent variables u, p,,, CS

G, Cf, v, ¢, and F_,. The mesh consists of 100 elementv;,
whose size decreases linearly from the boundaries to the
interface between 2, and 2., where the independent vari-
ables undergo steep gradients, especially in the absence of
GJs. Specifically, the ratio between the largest and smallest
elements is 10. We employ the BDF method for the time
integration and adopt the Fully Coupled approach,
equipped with the MUMPS linear solver, to solve all the
discretized equations simultaneously at each time step.
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