@’PLOS ‘ ONE

CrossMark

click for updates

E OPEN ACCESS

Citation: Zhao L, Wang F, Zhang Y, Zhao X (2016)
Theoretical Study on the Dynamic Behavior of a
Plate-Like Micro-Cantilever with Multiple Particles
Attached. PLoS ONE 11(3): e0151821. doi:10.1371/
journal.pone.0151821

Editor: Ming Dao, Massachusetts Institute Of
Technology, UNITED STATES

Received: February 28, 2015
Accepted: March 4, 2016
Published: March 29, 2016

Copyright: © 2016 Zhao et al. This is an open
access article distributed under the terms of the
Creative Commons Attribution License, which permits
unrestricted use, distribution, and reproduction in any
medium, provided the original author and source are
credited.

Data Availability Statement: All relevant data are
within the paper.

Funding: Supported by the National Natural Science
Foundation of China (Grant No. 11372089) FW.

Competing Interests: The authors have declared
that no competing interests exist.

RESEARCH ARTICLE

Theoretical Study on the Dynamic Behavior
of a Plate-Like Micro-Cantilever with Multiple
Particles Attached

Liang Zhao*, Fei Wang, YanLing Zhang, Xuezeng Zhao

School of Mechanical and Electronic Engineering, Harbin Institute of Technology, Harbin 150001, China

*zl_1985@126.com

Abstract

In this study, the dynamic characteristics of a plate-like micro-cantilever beam attached with
multiple concentrated masses are studied. The vibration modes of the cantilever plate are
represented by combinations of beam functions. Using classical mechanics (the effect of
size is not considered) and the corrected Cosserat’s theorem (the effect of size is consid-
ered), we employ the Lagrange equations to establish a dynamic model of the plate-like
micro-cantilever beam attached with multiple concentrated masses. The accuracy of the
model proposed in this paper is verified by comparing with the results of published literature.
Then, the natural frequencies of the cantilever plates are calculated with self-compiled algo-
rithms, and the results of the plates with 1-5 masses are displayed. The results are in high
accordance with the exact solution, and all errors are within 0.5%. The analysis shows that
the proposed model and analysis method converges quickly and is highly efficient. In addi-
tion, the effects of characteristic lengths, Poisson's ratios and plate thickness on the micro-
cantilever plate’s resonant frequency for the first five modes are analyzed.

Introduction

Micro-mass detection using a micro-cantilever beam sensor has been widely applied to mea-
sure one single cell or molecule with high accuracy[1,2,3] since it was first proposed in 1995
[4,5]. Typically, the measurement parameters of the dynamic response of the micro-cantilever
beam sensor are used to establish the dynamic model of the micro-cantilever beam with multi-
ple ultra-micro-masses attached[6,7], and from this inverse solution, the mass parameters of
the attached particles can be obtained [8].

Current research on micro-cantilever sensors is concentrated on single-beam with multiple
attached particles [9,10,11] and, alternatively, single-beam with uniformly distributed mole-
cules attached [12]. However, for the detection of individual adsorbed masses of a plate-like
micro-cantilever beam, two limitations need to be noticed 1) Most micro-cantilever sensors in
a practical application have a plate-like structure; however, in most cases their dynamic behav-
iors are analyzed using beam theory, and dynamic analysis with plate theory has rarely been
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reported. 2) The thickness of the practical micro-cantilever sensor is on the micrometer scale,
and as a result, the effect of size cannot be neglected, but studies on this effect are quite scarce.

In this study, plate theory is utilized to establish the dynamic model of the plate-like micro-
cantilever sensor with multiple concentrated masses attached considering the size effect. The
computed results are then compared with related references to verify the efficacy of the
improvements of the established model in our study. Additionally, the natural frequencies of a
widely applied type of rectangular micro-cantilever sensor with multiple concentrated masses
attached are calculated using a self-compiled algorithm, and the results for sensors with 1-5
masses are presented.

Materials and Methods

A micro-cantilever plate with N concentrated masses attached is set as the research object in
this study. The masses are spherical particles of different substances with known material prop-
erties, diameters (mass is known) and locations on the beam (the distributions of the particles
along the length and width of the beam are known). The size and material properties of the
plate are also known (the scale of the length of the plate is on the order of 100 pum, the width

10 pm, and the thickness 1 um). The details of the model are shown in the Fig 1.

A Cartesian coordinate system O—xyz is established on the plate, as shown in Fig 1. The Oxy
plane is the middle plane of the plate, and the displacement in the x, y, and z directions is repre-
sented as u, v, and w, respectively. we assume that the length of the plate in the x and y direc-
tions is @ and b and the thickness is H (in the z direction). It is given a hypothesis that
concentrated masses are attached to the upper and lower surfaces of the plate at +H / 2 on the z
axis and that the i'™ particle has the coordinates (x;,y;,+H / 2). The Poisson's ratio of the plate is
14, the Young’s modulus is E, the density is p, and the mass of the i™ particle is M;.

A. General Theory

In this section we present the theory of studying on dynamic behavior of plate-like micro-can-
tilever with multi-particles attached. This theoretical framework is applicable to thin plates of
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Fig 1. Model of the plate-like micro-cantilever beam with concentrated masses attached, which are dispersed in different locations.

doi:10.1371/journal.pone.0151821.g001
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arbitrary plan view and uniform thickness exhibiting small deflections, where the effects of in-
plane loading on the transverse (out-of-plane) deflections are negligible [13,14,15]. Since the
sizes of the particles are negligible compared with the size of the plate, they can be regarded as
concentrated masses. So only their kinetic energy and not their potential energy is considered
in the analysis [8].

The Poisson-Kirchhoff theorem of thin plates is applied to establish the strain-displacement
relationship (geometrical equation) and the stress-strain relationship (physical equation) of the
micro-cantilever plate.

For small deformation and displacement, higher-order terms are negligible, and the follow-
ing six equations are derived based on geometric principles [16]:

_ou o o
&7 e 5T oy &= e "
_Ov  Ow o ow  0Ou _ Ou  Ov

9T Tk Tar T oy T on

where € represents unit elongation, and y represents shear strain.

As the plate under study belongs to the Poisson-Kirchhoff theorem of thin plates, according
to straight line assumption, we have y,, = 7, = 0. Introducing the expressions of y,, and ¥, in
Eq (1) yields.

ow
u(x,y,z;t) = uy(x, y,0;t) — za

0
v(x,y,z;t) = vy(x,9,0;t) — za—;v

where 1, and v, are the displacements of the middle plane. According to the theory [11], no
deformations occur in the middle plane, so both u, and v are zero. Then Eq (2) is inserted into
Eq (1) and the above analysis yields the strain-displacement relationship of the Poisson-Kirch-
hoff thin plate (geometric equation):

g, = —282—W g = _282_14/ = -2z Ow (3)
R A Ty = Ox0y

The general form of the physical equation of an isotropic elastic material is[16]

1
&, = E [Jx - ,U,(O'y + O—z)]

e,=1l0,— u(o, + )]

? E
; (@
e.= 0.~ (o, +0,)
T T T
T ) _ =
I)xy*G’ ))yz*G’ ’yzxiG

According to the above analysis, we have y,. = 7., = 0. We can assume the normal stress per-
pendicular to the middle plane is neglected [16], in other words, the normal stress perpendicu-
lar to the middle plane is zero (o, = 0). Inserting these values into Eq (4), and combining with
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G=E/(2(1 +u)), yields

E
O-x = 1 _ 'uz (gx + :ugy>

E (5)
O-y = 1 _ /12 (8)/ + lu'gx>
T, = Gy,

B. Energy of the micro-cantilever plate with concentrated masses
attached

First, the energy of the plate is calculated. The potential energy of the deformation of an isotro-
pic elastic body is

1
Ue = 3 (0.8, + o, toe +1,7,+1.7,+ 7,74V (6)

\%4
For the Poisson-Kirchhoff thin plate in this study, we have o, = 7,, = 7., = 0, so Eq (6) can
be further simplified. Substituting Eqs (3) and (5) into Eq (6) yields

1
Hy (0., +0e, +1,7,)dxdydz
2
a b 1 E E
- Hol1— 2 (& + pe e, + 1w (&, + ueJe, + Gy, |dxdydz
2

LBS [ W\ Ow (P 0w
Ho1— 2|\ ox “ayZ Ox? 0y? Hox2
2

Fw (1—-p) Pw\’
gw —9
by A By dxdydz

D (" ("] [0°W\® Pw\ > O*w Pw Pw\’
=il [(a—> #(5) g v (gg) ]d"dy

where D is the bending stiffness of the plate and can be expressed as[17]

EHB
P=nu—w ®)

Eq (7) is the potential energy due to the deformation of the plate derived with classical
mechanics. When the effect of the size of the plate is considered, the bending stiffness of the
plate is changed and is represented by D'[17]

EH? EHP

D= Tatirw ®)
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Accordingly, the potential energy due to the deformation of the plate is

D Pw\* | (Pw\' L OPwdw o*w\*
U, - 2U———=+2(1 - dxd 10
o= 2”[(%)*(@2)* Wy 2005 e 00
Comparing Eqs (7) and (10) shows that their only difference lies in the bending stiffness.
If only the transverse bending vibration of the plate (movement in the z direction, that is w)

is considered and the movements in the plane of the plate (movements in the x and y direc-
tions, that are u and v) are neglected, the kinetic energy of the plate is

H

1 g 1w\’
T = |[[Lak.v2 :JJJ _<_> - pdxdyd
¢ ”,[2 Ve 0Jo ,EQ ot paxcyce
v 2
1 ow
‘EPHL J (a ) dxdy

After the energy of the plate is obtained, the energy of the attached concentrated masses
must be derived. As stated above, it is assumed that N numbers of particles that can be taken as
concentrated masses are attached to the upper (or lower) surface of the micro-cantilever plate.
As the particles can be taken as concentrated masses, their sizes are negligible compared with
the size of the plate, so the particles have no strain energy resulting from deformation, and only
the kinetic energy of the particles needs to be considered.

The i particle has mass M; and coordinates (x;,y,,z;), where z; = H/ 2 (when the particle is
attached to the upper surface of the plate) or z; = —H/ 2 (when the particle is attached to the

M (only the movement of the particle in the

lower surface of the plate). Its velocity is v
direction of the transverse bending vibration of the plate is considered (or in the z direction,

w)), so the total kinetic energy of N numbers of particles is

1 ; N1 [ow(x,y,2)]
T, = ZEMi(V;)Q = ZiMi {(at)’)] (12)

i=1 i=1

Now, the expression of the total energy of the micro-cantilever plate with N attached parti-
cles is as follows:

U=U, T=T.+T, (13)

C. Dynamic Equations

First, the vibration profiles of the plate are approximated. In this study, combinations of the
beam functions satisfying the boundary conditions are used to approximate the vibration pro-
files of the plate, and the displacement of the vibration in the z direction is expressed as

o0

W(x,y,t) Z Z Cn Wi(x) - W2(y) - sinw,, t (14)

m=1 n=1

Eq (14) does not contain z, as it is assumed that no deformation occurs in the z direction,
i.e., each point on the normal of the middle plane has uniform displacement w in the z direc-
tion. In this equation, m and n represent the order of beam functions included in the vibration
profile along x and y directions, respectively. ¢,,, is an unknown weighting coefficient. sin wt is
the harmonic function. W# (x) is the m™ vibration-profile beam function corresponding to the
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Table 1. Beam vibration-profile functions expression in the different boundary conditions.

left boundary right boundary Wx (x)
conditionx =0 conditionx =a
S S sinx x
C C (cosha,x — cosax) — Cp(sinha,x — sina,x)
F F

Wx =1, W;:\/§<1—za—x>

Wx = (cosha, x + cosa,x) — C,,(sinha,,x + sina, x) (m > 3)

C S (coshap,x — cosax) — Cp(sinha,x — sina,x)
C F (cosha,,x — cosax) — Cp(sinha,,x — sina,,x)
F S IX __ _ )_(

Wi = \/§<1 a)

W% = (coshu,,x + coso, x) — C,, (sinhe,,Xx + sina,,x) (m > 2)

doi:10.1371/journal.pone.0151821.1001

boundary conditions along x direction, and W? y) is the ' vibration-profile beam function
corresponding to the boundary conditions along y direction. The detailed expressions are
shown in Table 1.

The expression describing the coefficient C,, in Table 1 is shown in Table 2, and the expres-
sion describing the coefficient in Tables 1 and 2 is a,,, = a,,a / a, where @,,a is calculated in
Table 3. Note that the vibration-profile beam function in the y direction, W?(y), has the same
form as the vibration-profile beam function in the x direction, W* (x), so only W* (x) is listed
in Tables 1-3. The cantilever plate in this study has the following boundary conditions: free-
free in the x direction (F-F); in the y direction, fixed at y = 0(C), and free (F) at y = b.

F-F: free-free boundary conditions [18]

1 m=1

W (x) = ﬁ(%x—1) "9

C,, (cosho, x + cosa, x) — C,,(sinha, x + sina,x) m > 3 (15)
cosha, a — cosa,a sinho, a + sino, a
le = : : m2 T 1 T
sinha, asina, a sinha, asina, a
oa = 4.730, o,a = 7.853, oza = 10.995, o,a = (2m — B)g(m > 5)

C-F: fixed-free boundary conditions [18]
W* (x) = C,,(cosha, x — cosa, x) — C,,(sinho, x — sina, x)

_ cosha, a + cosx,,a _ sinha, a — sinx,a

ml

m2

: : : : (16)
sinha, asina,,a sinha, asina,a

oa = 1.875, a,a =4.694, a,a ="7.854, a,a= (2m—1)=(m > 3)

N

Let ¢, SIN W, be g (t), which is chosen as the generalized coordinate, and the beam
functions in the x and y directions are truncated to the m,™ and 1™ modes, respectively.
Transforming Eq (14) into the form of multiplication of vectors yields

W(x,y,t) = W' (x,y)q(t) (17)
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Table 2. The expression for the coefficient C,,, of beam vibration-profile functions is shown.

left boundary condition right boundary Cm left boundary condition right boundary Cm
x=0 conditionx =a x=0 conditionx =a
S S C S coshoy,a+cosama
sinho,a-+siny,a
C C coshy,,a—cosuy,a C F coshy,a+cosyma
sinhopa—sina,a sinhoy,a+singy,a
cosho,a—cosopa cosho,,a+cosuna
F F sinha,a—sinz,a (m Z 3) F S sinho,a+sing,a (m Z 2)

doi:10.1371/journal.pone.0151821.1002

where W(x,y) and q(f) have the following expressions:

W(x7y) - [Wf Wf7"'7Wf' Wﬁovw;'w{v"'vwg'wgﬂ?
e WE W W W W WZO]T (18)
T
q(t) = [qllv"' ! 7q1nl,ﬂq217' o 7q2n“) s Ay 7qml,17. o 7qml,no]

The vibration-profile function of the plateW(x,y) constructed in this section does not con-
tain the z coordinate. The expression describing the kinetic energy of the attached concentrated
masses also shows that the location of the masses in the z direction does not affect their kinetic
energy. Therefore, only the projected locations of the particles are required in the computation,
i.e., the (x;y;) coordinates.

Insert the vibration-profile of the plate into the elastic potential energy and kinetic energy of
the micro-cantilever plate with concentrated masses attached. The expression of the energy can
be separated and represented as a superposition of finite terms. The dynamic equations can
then be derived using the Lagrange equations.

It is noted that the expression describing the energy of the micro-cantilever plate with

attached concentrated masses includes the power and multiplication of ?)%“, ‘;73”, 5’:{;; and 2%, so
their expressions are derived as follows:
Pw _ OPW' Pw _ PW' Pw _ OPW' ow We (19)
o e Y o o Y oaxay oy ¥ e A
Table 3. The coefficient a,,a is given in the different boundary conditions.
Boundary conditions an,a
x=0 xX=a m=1 m=2 m=3 m=4 m=5 m>6
S S m 2 3 4 5m mir
C C 4.73004 7.85320 10.9956 14.1372 17.2786 2m+1):z
F F 0 0 4.73004 7.8532 10.9956 (2m —3)z
C S 3.9266 7.06858 10.2102 13.3518 16.4934 (4m+1)2
C F 1.87510 4.69409 7.85476 10.9955 14.1372 2m—-1):2
F S 0 3.9266 7.06858 10.2102 13.3518 (4m —3)z

doi:10.1371/journal.pone.0151821.t003

PLOS ONE | DOI:10.1371/journal.pone.0151821 March 29, 2016 7/16



@’PLOS ‘ ONE

A Plate-Like Micro-Cantilever with Multiple Particles Attached

Pw\* L PWPW! FPw\ LW PW!
oxz) 1o e T o) 7 9y 0y 4
Pwdw L PWPW' Pw\® LW OIW!

Ox2 Oy> 94 ox ay* @ oxdy) q Ox0y Oxdy q

ow\’ T T .
N =q WWq

The Galerkin discrete energy is derived as follows:

D J Jb [ + W O*W' + PW O*W'
0

U.=— - - -z
€2 o2 o AT 4 Oy2 Oy? at

0

O*W W' *W W'
T - 2(1 — T
Ox?  Oy? qa+2(1-wd O0x0y 0x0y q) dxdy

1 a b
To=35 pHJ0 L 4'W W'qdxdy (22)

N 1 ‘ N ) )
TP = Z_mi(v;)Z = Z?miqTW('xi?yi?zi)WT(xiﬂyﬂzi)q (23)
i=1 i=1

D [* (**W W' D [* [**W W'

= _ _— K = —_ —_——

K, 2 L JU Ox?  Ox? dxdy, 2 2 L L dy2  Oy*
a Jb W W'

a b 92 2 T
‘ W W (24)
o Ox2  Oy?

K, = D"J , Dxdy Dxdy

0

dxdy, K, — D<1—u>J

0

1 a b 1
M() = §pHJ J W Wded)/’ M]. = §miw(xi7yijzi) WT(xi’y”Zi)
0Jo

Eqgs (22), (23) and (24) can be simplified as follows:

U.=d'K,q+q'K,q+q'K;q+q'K,q (25)
T, = §¢"™™M,q (26)

N

Ty = Z%mi(";f =q (2_1: Mi> q (27)

i=1

The vector form of the Lagrange equation of the micro-cantilever plate with attached con-
centrated masses is

d [0(T.+Tp) 0 oU,.

where q is the generalized coordinate vector, and Q is the generalized force vector. As free
vibration is studied in this paper, we set Q = 0 to obtain the natural frequencies and modes of
the micro-cantilever plate with attached concentrated masses.
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The detailed expressions of dynamic equation are derived as follows:

E)(TT;LT) (M +M,)q + (ZMT> + (;M,ﬂq

d 8(TC + T ) T T =

O [78(,1 } (M!4+M,)q + (ZM > + <;Mi>]q 29
0

% (T, +T,)=0

U,

aq — K1 T K)atEK, + K)o+ (K; + K)aH(K, +K,)q

Inserting Eq (29) into Eq (28) and arranging the terms yields

[M+M, + (ZMT) - (ZM,)](H 30)

(K] +K,+K;, + K,+K; + K,+K] + K,)q =

Eq (30) shows that K;, K;, K4, My, and M; are symmetric matrices, so they have the follow-
ing property: M;+M, = 2M,(the same for the other matrices), and Eq (30) can be simpli-
fied as follows:

q + (2K, +2K,+K; + K,;+2K,)q = 0 (31)

i (54

Eq (31) is the dynamic equation of free vibration of the micro-cantilever plate with attached
concentrated masses (without considering the effect of size). When the effect of size is consid-
ered, the dynamic equation is similar to Eq (31), only with Eq (9) as the bending stiffness.

The general solution of ordinary differential equations has the following form:

q=ce" (32)

Inserting the above equation into Eq (31) yields

N
2|M, + (Z M)] ci’é'q + (2K, 2K, + K} + K, +2K,)ce’ = 0 (33)
i=1

At At .
¢"" can be removed because ¢** # 0, i.e.,

[ (M +ZM> + (2K, +2K,+K! + K,+2K,)|c =0 (34)

Because the coefficient vector ¢ # 0, we have

0 (35)

<M + ZM) + (2K, +2K,+K! + K,+2K,)| =

Eqs (34) and (35) are the characteristic equation and frequency equation of the system,
respectively.
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Table 4. Geometric and material parameters of the plates studied in this paper.

Dimension parameter

Length a
Width b
Thickness H

doi:10.1371/journal.pone.0151821.1004

M1

2m
2m
0.005 m

M2 M3 Material parameter M1 M2 M3
50 um 29um E (GPa) 205.1 50 160
50 um 87 um Poisson's ratio 0.3 0.33 0.27

5um 2um Density (kg/m°) 7850 2700 2320

Results and Discussion

To verify the efficacy of the dynamic model proposed in this paper, two comparisons are con-
ducted with the results of published literatures.

The first comparison is made using the result computed with classical mechanics (the effect
of size is not considered). We adopt the plate model that is shown by M1. The boundary condi-
tion is assumed as simply supported at four edges (SSSS). The geometrical parameter and
material parameter of the plate are shown in Table 4. The mass is attached to the plate which is
shown in Fig 2. The parametres of the attached masses are as follows: (x;,y;) = (0.754,0.25b)
and m,; = 50 kg. The bending stiffness in Eq (8) is adopted because we use classical mechanics.
The frequency can be calculated by Eq (35), which is compared with the one in the Reference
[19]. The comparison results are shown in Table 5. The comparisons show that the frequencies
computed using the equation in this paper are agree very well with the computation results of
reference [19], both within 0.5% error compared with the exact value. This agreement and
accuracy indicate that the equation derived in this paper for calculating the frequencies of
plates with attached masses is correct and has sufficient precision. The precision is enough in
practical engineering application.

The second comparison is made using the result computed with the DQ method and the
Rayleigh-Ritz method (the effect of size is considered). We adopt the plate model that is shown
by M2. The boundary condition is assumed as simply supported at four edges (SSSS). The geo-
metrical parameter and material parameter of the plate are shown in Table 4. The character
length of [ is 3 ym. The bending stiffness in Eq (9) is adopted while the frequency is calculated
in Eq (35). We made a comparison between the computed result and the result of Reference
[17]. The comparison result is shown in Table 6. The results obtained from the method

m;= P[
50kg @ (0.75a,0.25b)

X

Fig 2. Diagrammatic sketch of the parameters of the attached mass, P, (50kg, 0.75a, 0.25b).

doi:10.1371/journal.pone.0151821.9002
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Table 5. Natural frequencies of the M1 plate simply supported at four edges (comparison with classical mechanics).

Method Natural frequencies (rad/s)
w1 (1)) w3 Wy Ws
FEMI'® 32.503 63.913 97.13 130.077 182.947
ANCMU'! 31.814 63.232 95.415 127.616 180.593
Exact!'”! 31.825 63.318 95.415 127.741 180.677
Present 31.854 63.550 95.415 128.073 180.891
Error (%) 0.090 0.367 0.000 0.260 0.119

doi:10.1371/journal.pone.0151821.t005

Table 6. Natural frequencies of the M2 plate simply supported at four edges (comparison with the DQ method and the Rayleigh-Ritz method;
based on corrected Cosserat’s theorem (the effect of size is considered)).

Mode Reference[17](f/ 107 Hz) (f/ 10" Hz)
DQ method Rayleigh-Ritz method Frequency Modal combination(m, n)
1 1.289 1.292 1.293 (1, 1)
2 5.154 5.171 5.174 2,2)
3 11.59 11.63 11.64 (3,3)

doi:10.1371/journal.pone.0151821.t006

proposed in this paper agree very well with the those computed by using the DQ method and
the Rayleigh-Ritz method [17]. This agreement reveals that the equation reported in this paper
may be used to analyze the free vibration of micro-plates for which the size of the effect needs
to be considered.

Finally, we adopt the equation derived in this paper for calculating the natural frequencies
of micro-cantilever plates with attached masses. we choose a type of rectangular micro-cantile-
ver plate, which is shown as the plate M3 in Table 4. The cantilever length, width, thickness, E,
Poisson's ratio and density are approximately 29um, 87um, 2um, 160GPa, 0.27 and 2320kg/
m?, setting I = 0.365 um imposes the characteristic length. Fig 3 shows the locations of the mas-
ses, and the parameters of the masses are listed in Table 7. Then, the natural frequencies of the
plate with 1-5 attached masses are computed, and the results are shown in Table 8.

P,

P,

Py

X

Fig 3. Locations of the attached masses. Five points are choosing on the plate, there mass and location are different.

doi:10.1371/journal.pone.0151821.9003
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Table 7. Location and mass of the attached mass on the plate.

Attached mass P, P, Ps P, Ps
Location (0.5a, 0.125b) (0.75a, 0.25b) (0.25a, 0.625b) (a, 0.75b) (0, b)
Mass m4 = 0.05mq mq =0.1mq my =0.15mq m4 = 0.2mg my = 0.25mq
doi:10.1371/journal.pone.0151821.1007
Table 8. Natural frequencies of the plate-like micro-cantilever beam with attached masses from P; to P for the first five modes.
Attached mass fq fa fa fa fs
P, 3.8823E+05 2.4210E+06 2.4223E+06 6.7387E+06 7.6039E+06
P4, P> 3.8751E+05 2.3231E+06 2.4221E+06 6.0400E+06 7.4270E+06
P4, Py, P3, 3.6201E+05 2.1220E+06 2.3386E+06 5.6949E+06 7.4267E+06
P4, Po, P3, Py 3.1706E+05 1.6566E+06 2.1992E+06 5.2193E+06 7.4145E+06
P4, Ps, P3, P4, Ps 2.4472E+05 1.1501E+06 1.9518E+06 4.5446E+06 6.6338E+06

doi:10.1371/journal.pone.0151821.t008

In the following, some studies about parameters are carried out by using the dynamic model
which is attached in the masses on the plate M3 in Table 4. The locations and the parameters
are showed in Fig 3 and in Table 7.

Fig 4 shows that the variation of first-five resonant frequencies of the micro-cantilever plate
attached five points with characteristic length. From this figure, it is seen that the change of the
characteristic length causes the change of the micro-cantilever plate’s resonance frequency.
When the vibration mode is different, the degree of frequency variation is also different. When
the vibration modal is constant and characteristic length is small, the change of the micro-can-
tilever plate's resonance frequency is not obvious. When the characteristic length is big, the
effect of size is obvious. With the increase of the characteristic length, the resonance frequency
has increased dramatically.

We analyzed different Poisson's ratio and the quality of the five points distribution for the
first five modes as a change of the micro-cantilever plate’s resonant frequency. From the Fig 5,
it can be observed that different Poisson's ratio and points distribution will cause the change of
the micro-cantilever plate’s resonance frequency, and each order resonance frequency’s change
is different. Some resonance frequency reduce with the increase of the poisson's ratio, others
are higher, but the change of the higher resonance modes are significant than the lower reso-
nance modes.

Fig 6 shows that the change of first-five resonant frequencies with different thicknesses of
the plate and the qualities of five points distribution. From this figure, it is observed that the
increase of the thickness will cause the increase of the micro-cantilever plate’s resonance fre-
quency, and the increase of the higher resonance frequency are significant than the lower reso-
nance frequency. About plate thickness influence for resonant frequency, which can be
explained from bending rigidity. When the thickness increase, the bending stiffness will
increase. It cause the increase of the micro-cantilever plate’s resonance frequency.

Conclusions

This paper studies the dynamic characteristics of a micro-cantilever plate with multiple con-
centrated masses attached. Classical mechanics (the effect of size is not considered) and the
corrected Cosserat’s theorem (the effect of size is considered) are alternatively used to establish

PLOS ONE | DOI:10.1371/journal.pone.0151821
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doi:10.1371/journal.pone.0151821.9004

037 , 214 - 239 . 577 : 7.65 .
0369} . 4 2381 1 sl | 76} -
213} ] : .
. .
0.368 A ’ . 755} , .
. 237f 1 st 1
0367} 4 2 . ] ” . 75F . .
: . 236} 1  snf 1
. .
. .
0366 . . 745F . .
211 . .
« . N . o 23F 1 & 57} 1 s s
< 0365} . 4% 5 < < . S 74t . 1
X X X : x x s
. . e . S234t 4 Ss72t . 4 =
21f - . .
0364} : i . . 735} . i
* ¢ 233} . 1 snf . 1 *
- . - - . -
0.363 . 200} . . . 73 .
= o 232f 5 g 57F E B
0362} . - . . 7.25} .
. 4 s . -
. 208} . % P .
P i 231 o 1 ser 1 12l A
036 L 207 . " 5684 L 7.15 L
0.2 03 04 02 03 04 02 03 04 02 03 04 0.2 03 04
u u u
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doi:10.1371/journal.pone.0151821.g006

the kinetic energy and elastic potential energy of the micro-cantilever plate, including the
energy of the particles. The Galerkin discretization and the Lagrang equations are used to
establish the dynamic model of the micro-cantilever plate with multiple concentrated masses
attached.

To verify the accuracy of the model, first, the proposed method is compared with the finite
element method (FEM) and analytical and numerical combined method (ANCM). The fre-
quencies of a plate whose boundary condition is SSSS with attached masses are computed by
the three methods, and the results are in high accordance with one another. All errors are
within 0.5% of the exact solution. This agreement suggests that the equation derived in this
paper for calculating the frequencies of a plate with attached masses is accurate and has suffi-
cient precision.

Next, the proposed method is compared with the DQ method and the Rayleigh-Ritz
method. The frequencies of a plate simply supported at four edges are calculated by the three
methods, and the results agree well with one another. This comparison shows that the method
proposed in this paper can be applied to analyzing the free vibration of micro-plates when the
effect of size is considered.

Finally, the equation derived in this paper for calculating the natural frequencies of micro-
cantilever plates with attached masses is used to calculate the natural bending frequencies of a
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plate-like micro-cantilever beam with concentrated masses attached, and the results with 1-5
masses are presented. Also we analyzed different characteristic length, Poisson's ratio and
thickness of the plate for the first five modes as a change of the micro-cantilever plate’s reso-
nant frequency. According the analysis results, we can further optimize relevant parameter and
obtain the more accurate results.
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