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Abstract
Competing risk analyses have been widely used for the analysis of in-hospital mortality in which hospital discharge is con-

sidered as a competing event. The competing risk model assumes that more than one cause of failure is possible, but there

is only one outcome of interest and all others serve as competing events. However, hospital discharge and in-hospital

death are two outcomes resulting from the same disease process and patients whose disease conditions were stabilized

so that inpatient care was no longer needed were discharged. We therefore propose to use cure models, in which hos-

pital discharge is treated as an observed “cure” of the disease. We consider both the mixture cure model and the pro-

motion time cure model and extend the models to allow cure status to be known for those who were discharged from

the hospital. An EM algorithm is developed for the mixture cure model. We also show that the competing risk model,

which treats hospital discharge as a competing event, is equivalent to a promotion time cure model. Both cure models

were examined in simulation studies and were applied to a recent cohort of COVID-19 in-hospital patients with diabetes.

The promotion time model shows that statin use improved the overall survival; the mixture cure model shows that while

statin use reduced the in-hospital mortality rate among the susceptible, it improved the cure probability only for older but

not younger patients. Both cure models show that treatment was more beneficial among older patients.
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1 Introduction
Competing risk analyses have been widely used for the analysis of in-hospital mortality or length of stay in hospital, either
for patients who were hospitalized for coronavirus disease 2019 (COVID-19),1,2 or for other diseases such as Malaria3 or
burns,4 where in-hospital death and hospital discharge are treated as competing events for each other.5 Hospital discharge is
treated as a competing instead of a censored event for in-hospital death because the latter approach violates the assumption
of non-informative censoring and overestimates the cumulative mortality rate.6 Our work was motivated by a recent study7

conducted by our team of over 4000 COVID-19 patients admitted into Montefiore Medical Center in the Bronx in the
spring of 2020, in the epicenter of COVID-19 pandemic in New York City. The study showed that statins, one of the
most commonly prescribed medicines to patients with cardiovascular disease and diabetes mellitus, had a beneficial
effect on the survival of patients with Type II diabetes.7 During the study’s follow-up, about 60% of patients were dis-
charged from the hospital. In this study, in-hospital mortality was the primary outcome of interest, and following the stand-
ard competing risk approach, discharge from the hospital was treated as a competing event for in-hospital death.
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However, hospital discharge is not the type of competing events commonly seen in competing risk analyses. The com-
peting risk approach typically concerns the situation where more than one cause of failure is possible,8,9 for example, mul-
tiple causes of death such as death due to cardiovascular disease or cancer, and only one of the causes is of interest so that
the others serve as competing events. On the other hand, hospital discharge and in-hospital death are outcomes resulting
from the same disease process. Although hospital discharge does not necessarily imply that the patient was either virus-free
or completely free of symptoms, it indicates a well-controlled condition of the patient for whom in-patient care was no
longer needed. Thus, it can be considered as “cured” of the disease. In addition, it is of interest to examine not only
how statin treatment prolonged survival but also how statin use improved the probability of being cured from the infection.
Thus, the cure model seems more suitable here.

Cure models have been used extensively in studies of cancer where some patients of a particular cancer type will never
suffer a relapse and hence are cured of the specific cancer type.10–12 There are also applications of cure models among HIV/
AIDS patients receiving antiretroviral therapy where there is a substantially large portion of long-term survivors.13 Cure
models have rarely been used to examine in-hospital mortality, treating hospital discharge as a cure.14 To the best of our
knowledge, our study is among the first to propose to use cure models in this setting.

Standard cure models assume that the cure status is unknown for patients who have not experienced the event of interest
during the study follow-up, as one cannot distinguish between cured observations and large censored uncured observations.
In our study, we actually observed the cure status of the patients who were discharged from hospital during the follow-up
period. Several recently developments in cure models have also considered the case that cure is known for a proportion of
the patient population.15 Laska and Meisner16 and Betensky and Schoenfeld17 and others14,18 proposed nonparametric esti-
mations of survival function and cure rate with cure status available for some patients. Nevertheless, the goal of our study is
to estimate treatment effects on patient’s survival and cure rate rather than the survival function itself. Cure threshold
models also consider cure status known as the models assume survival beyond a threshold as cured. For example, it
was determined that community acquired pneumonia patients who survived more than 90 days after admittance to the hos-
pital could be considered cured;19,20 pregnant women who did not experience spontaneous abortion (SAB) before 20 weeks
were considered cured of SAB.21 Cancer studies have also considered long term survivals as cured.22,23 However, such
threshold does not apply to our study, as it is not appropriate to assume a survival beyond certain time as cured. Wu,
et al.24 considered a situation when some diagnostic procedures may provide partial information about the cured or the
uncured status relative to certain sensitivity and specificity. In this paper, we extend cure models to incorporate the situation
that the cure status was truly known for those who were discharged from the hospital during the follow-up period.
Furthermore, while a few authors have discussed the connection between the competing risk model and the cure model
when the primary interest is to estimate the cumulative incidence function,17,25 to our best knowledge, there has not
been much work to examine how treatment effects estimated from a competing risk model when cure is the competing
event relate to those estimated from cure models. This paper aims to address this issue as well.

The paper is organized as follows: in Section 2, we start with the competing risk model, next propose the cure models
and then demonstrate the relationship between these two approaches in the context of our motivating example. In Section 3,
simulation studies are used to examine the performance of the proposed estimation procedure for cure models as well as to
verify the relationship established between the competing risk model and the cure model. Then in Section 4, we apply all
models to our example cohort of COVID-19 in-hospital patients to examine the effect of statin use on in-hospital mortality.
The paper’s conclusions are provided in Section 5.

2. Method

2.1 Competing risk model
Let Ti denote time to the event of interest, in the context of our motivating example, it is the time from hospital admission to
death in-hospital, and letQi denote time to hospital discharge for subject i, i = 1, . . . , N . Let Ci be the right censoring time
due to loss to follow-up or end of the follow-up, and Di denote the failure type so that Di = 0 for censoring if
Ci <min (Ti, Qi), Di = 1 for death if Ti <min (Qi, Ci) and Di = 2 for hospital discharge if Qi <min (Ti, Ci). Following
the standard competing risk approach for in-hospital mortality, with hospital discharge treated as a competing event,
the sub-distribution hazard function for in-hospital death is defined as the following

λsub(t) = − ∂ log (1− I(t))

∂t
, (1)

where I(t) is the cumulative incidence function of event of interest in the presence of competing events, I (∞) = P ≤ 1. The
Cox proportional hazards model on sub-distribution hazard function proposed by Fine and Gray26 can be used to examine

Xue et al. 1977



the association with the cumulative incidence of in-hospital death for variables of interest, denoted by X :

λsub(t) = λsub,0(t)e
γx, (2)

where λsub,0(t) is the baseline sub-distribution hazard function. Here, eγ is the relative risk for in-hospital death associated
with X in the presence of the competing event.

2.2 Cure models
Here we propose to use cure models to examine in-hospital mortality, where hospital discharge is treated as an observed
cure of the disease rather than a competing event. There are two main classes of cure models, the mixture cure model is the
most widely used cure model27–30 and the other class of cure models is called the promotion time cure model.12,31–37 Below
we consider the use of these two major classes of cure models.

2.2.1 Mixture cure model
Let Yi = min (Ti, Ci), Δi = I(Ti ≤ Ci) and ηi be the indicator for whether the cure status was observed so that ηi = 1
implies a known cured (hospital discharge) or a known uncured (death in hospital) and 0 for unknown cure status. The
observed data for subject i is then oi = (yi, Δi, ηi, xi, zi) where xi and zi are two covariate vectors.

The mixture cure model models the probability of not being cured, P(Z), and the survival function of the uncured (sus-
ceptible) patients, S(y|X ), separately, given covariates X and Z, so that the marginal survivor function is Smg(y) =
1− P(z)+ P(z)S(y|x). The literature on mixture cure models offers a wide variety of modelling approaches ranging
from fully parametric to completely non-parametric. Here we adopt a flexible semiparametric mixture cure model28

which uses a Cox proportional hazards model for time to event among uncured,

λ(t|xi) = λo(t)e
xiβ (3)

and a logistic regression model for the probability of being uncured, P(zi),

log itP(zi) = ziα (4)

where β represents the covariate effect among the susceptible patients, also referred to as the latency effect, and α represents
the covariate effect on the likelihood of uncure; xi and zi are may or may not be the same. In our example, we assume
xi = zi.

Note that actual time to hospital discharge, Qi, is not incorporated except via ηi such that ηi = 1 if Qi ≤ Ci. When
Qi⊥Ci, and it can be shown that

P(Qi < Ci) = 1−
∫∞
0
fQ(q)FC(q)dq

where fq(·) is the density function for Q and FC(·) is the cumulative distribution function for C. Here we further assume
neither the distribution of Qi nor that of Ci depend on covariates. We therefore denote pobs = P(Qi < Ci). Thus,
ηi|Ti = ∞ ∼ Ber(pobs).

The likelihood function from the ith subject becomes

Li(α, β, pobs|oi) = (P(zi; α)λ(yi|xi; β)S(yi|xi; β))Δi (pobs(1− P(zi; α)))(1−Δi)ηi

∗((1− P(zi; α))(1− pobs)+ P(zi; α)S(yi|xi; β))(1−Δi)(1−ηi).

The expectation and maximization (EM) algorithm for model estimation has been used in standard mixture cure models,
which treat the cure status among censored subjects as a latent variable,27,28 and also in the cure threshold models where
cure status is partially known.21 We also propose an EM algorithm to estimate the parameters of interest, i.e.,
θ = (α, β, pobs) where an additional parameter pobs is introduced. Specifically, we use Bi to denote uncured status for
subject i so that Bi = 1 if not cured and 0 otherwise. Thus, if Δi = 1, then Bi = 1, and if Δi = 0, ηi = 1, then
Bi = 0. When Δi = ηi = 0, Bi is a latent variable such that

Bi|Δi = ηi = 0 ∼ Ber(
P(zi; α)S(yi|xi; β)

(1− P(zi; α))(1− pobs)+ P(zi; α)S(yi|xi; β) ).

1978 Statistical Methods in Medical Research 31(10)



The complete likelihood function conditional on Bi can then be written as:

Li = (P(zi; α)λ(yi|xi; β)S(yi|xi; β))Δi (pobs(1− P(zi; α)))(1−Δi)ηi

∗(P(zi; α)S(yi|xi; β))(1−Δi)(1−ηi)Bi ((1− P(zi; α))(1− pobs))
(1−Δi)(1−ηi)(1−Bi)

= λ(yi|xi; β)Δi S(yi|xi; β))BiP(zi; α)Bi (1− P(zi; α))(1−Bi)pηi(1−Bi)
obs (1− pobs)

(1−Δi)(1−ηi)(1−Bi).

Therefore, the contribution to the log likelihood function from the ith subject can be broken into the following three parts:

l1i = BilogP(zi; α)+ (1− Bi) log (1− P(zi; α))

and

l2i = Δi log λ(yi|zi; β)+ Bi log S(yi|xi; β)
and

l3i = ηi(1− Bi)logpobs + (1− Δi)(1− ηi)(1− Bi) log (1− pobs).

In the expectation step at the mth iteration of the algorithm, to compute the expectation of the complete-data likelihood
given the current values of θ(m−1) = (α, β, pobs)(m−1) and the observed data oi, with respect to the latent variable Bi, we use

E(Bi = 1|oi, θ(m−1)) = W (m)
i = Δi + (1− Δi)(1− ηi)

p(zi; α)S(yi; β)
(1− p(zi; α)) ∗ (1− pobs)+ p(zi; α)S(yi; β)

;

while the M-step follows Amico & Keilegom12 to maximize the expected complete data likelihood with respect to the para-

meters in the model. The baseline survival function, S0(t) = e
−
�t

0
λ0(u)du = e−Λ0(t), is estimated by

Λ̂0(t) =
∑
j:T(j)≤t

D(j)∑
k∈R(j)

W (m)
k exp (xkβ)

where D(j) is the number of events and Rj is the risk set at time T(j).
28 The additional parameter, i.e., the proportion of cures

that were observed, pobs, is estimated by the following equation:

p̂obs =
∑N
i=1

ηi −
∑N
i=1

Δi

N −∑N
i=1

W (m)
i

.

With the estimate of pobs, we can then estimate the cure rate for the patient population by
∑N
i=1

(1− Δi)ηi / p̂obs.
The algorithm is implemented in R by modifying the smcure package and is available at Github (https://github.com/

xiaonanxue/Code). Because of the concerns raised in obtaining the variance estimates based on the EM algorithm,38

the bootstrap method is used to estimate the variances for the parameter estimates.

2.2.2 Promotion time cure model
The promotion time cure model, also called the bounded cumulative hazards model, is defined by an improper survival
function

Simp(t) = e−θF(t) (5)

where F(t) is a proper cumulative distribution function such that limt�∞ Simp(t) = e−θ > 0. Thus, θ = − log Simp(∞), is the
negative of the log of the cure probability. The promotion time cure model offers a biological interpretation for tumor
latency,36,39 where θ can be interpreted as the tumor cell growth rate. In the context of a viral infection, we can view θ
to be the viral growth rate and model it by

θ(x) = eδ0+δx (6)

where δ0 = log (− log (1− p0)) so that Simp(∞|x = 0) = 1− p0 is the baseline cure probability. The improper hazard
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function defined upon the improper survival function (equation (5)), λimp(t) = − ∂ log Simp(t)
∂t , can then be modelled as:

λimp(t) = λimp,0(t)e
δx

where λimp,0(t) = eδ0 f (t). Such modelling allows the use of the proportional hazards model for survival time with cure and
the partial likelihood function to estimate δ.32,40,41

As t � ∞, if X is a binary treatment indicator,

δ = log (− log (1− p1))− log (− log (1− p0)) (7)

where 1− p1 and 1− p0 are the cure probability for the treated group and the untreated group, respectively. Therefore, δ is
the difference in cure probabilities between the two treatment groups on a complementary log-log scale. Therefore, here δ
contains two types of effects: the effect on the survival among susceptible and the effect on the cure probability, which
cannot be separated.

Methods to estimate proportion of long-term survivals, i.e., δ0, and F(t) are available.33,41 Also there are other forms of
promotion time cure model. For example, Simp(t) = e−θ(x)F(t|z), which also allows covariates in F(·).34,42 The covariate
vector Z may or may not be the same as X. However, this model does not respect the proportional hazards assumption
because of the presence of covariates in F(·). There are also non-parametric form of θ(x).22 These models are beyond
the scope of this paper.

It should be noticed that one key issue in cure models is identifiability, as we cannot distinguish censored cured obser-
vations from censored uncured observations. The identifiability issue is crucial since the estimation of a cure model can be
severely biased if the model is not identifiable. Hanin & Huang43 discussed in detail the identifiability of the mixture cure
model. The mixture cure model is identifiable if the survival function among the susceptible (uncured) subjects, i.e., S(t|x),
is proper. Another type of identifiability is related to the uniqueness of the parameters of the model. A key assumption to
ensure identifiability of the model is that τF < τC where τF = inf {t:F(t|x) = 1} for all x where F(t|x) = 1− S(t|x) and
τC = inf {t:FC(t) = 1}.44–46 Informally speaking, these assumptions imply that if the survival function has a long
plateau, we can be confident that almost all observations in the plateau correspond to cured observations. In our study
for patients where were discharged from the hospital during the follow-up, their survival times are assigned to be censored
at a fixed value τ that is much larger than the domain of the distribution of survival time of the uncured subjects, i.e.,
τF ≪ τ. Therefore, the assumption of τF < τC is satisfied.

2.3 Promotion time cure model and competing risk model
Table 1 summarizes data settings for competing risk models, mixture cure models and promotion time cure models for
patients who died in the hospital, who were discharged from the hospital during the follow-up and who were censored.

Here we show the competing risk model when cure is the competing event becomes a promotion time cure model. Let
Ssub(t) = 1− I(t) denote the subdistribution survival function, i.e., the probability of not developing the event of interest by
time t, in the presence of competing events.

Proposition 1 Ssub(t) = Simp(t) defined in a promotion time cure model so that γ = δ.

Table 1. Definitions of event status and observing status and data settings under various models for in-hospital death, hospital discharge

and censored patients.

Scenarios

Definition of Indicators Data Settings

Event

Status Δi

Observed

Status ηi

Competing Risk

Model Mixture Cure Model

Promotion Time

Cure Model

Died in hospital during
follow up

1 1 Ti, Di = 1 Ti, Δi = 1 Ti, Δi = 1

Discharged from hospital
during follow-up

0 1 Qi, Di = 2 (1− Δi)ηi = 1 ∗τ, Δi = 0

Censored (cured status
unknown)

0 0 Ci, Di = 0 Ci, (1− Δi)(1− ηi) = 1 Ci, Δi = 0

Note: * τ is a very large number.
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Proof: Based on equation (2),

Ssub(t) = Ssub,0(t)
exp (γx) = (1− I0(t))

exp (γx)

where Ssub,0(t) is the baseline subdistribution survival function and I0(t) is the baseline cumulative incidence function of
the event of interest Let the baseline uncure probability, p0 = I0(∞), the subdistribution survival function can be
re-expressed as

Ssub(t) = exp (−eγx+log (−log (1−p0)) ∗ log (1− I0(t)) / log (1− p0)). (8)

Define F∗(t) = log (1− I0(t)) / log (1− p0), then F∗(t) is a cumulative distribution function s.t. F∗(t) ∈ [0, 1], F∗(t)
increases with t and F∗(0) = 0 and F∗(∞) = 1. Let θ∗(x) = eγx+log (−log (1−p0)), equation (8) becomes

Ssub(t) = exp (− θ∗(x)F∗(t)),

which is the same as the improper survival function defined in equation (5) such that θ(x) = θ∗(x), δ = γand F(t) = F∗(t).
Therefore, when the cure is treated as a competing event, the competing risk model is equivalent to the promotion time cure
model. The limit of cumulative incidence function in a competing risk setting, i.e., 1− Ssub(∞), equals the uncure prob-
ability, i.e., 1− Simp(∞).

The demonstrated equivalence of these two models allows the covariate effect obtained from the competing risk model
to have an easier interpretation. Covariate effect from a competing risk model, exp (γ), is interpreted as the covariate effect
on in-hospital mortality in the presence of the likelihood of being cured from the disease. This interpretation is somewhat
challenging, particularly since exp (γ) is known to be indirectly affected by the baseline cure rate and the covariate effect on
the cure rate.8 The equivalence of δ and γ shows that exp (γ) in fact represents the overall covariate effect on for all patients’
survival, including those being cured. In addition, the equivalence of δ and γ shows that based on exp (δ) obtained from the
promotion time cure model, one can make inference for the covariate effect on the cumulative in-hospital mortality rate
over time, taking into account time to cure.9

Note that because the variation for the estimates of γ in the competing risk model is estimated based on an inverse prob-
ability weighted score function,26 while the variation for the estimates of δ is estimated based on standard score function
derived from the partial likelihood function, the variability estimates may be slightly different. The estimates for covariate
effects and their variations are further compared in simulation studies.

3. Simulation
In the first set of the simulation, we examined the performance of the EM algorithm developed in Section 2.2.1 for estimating
the parameters of interest in the mixture cure model. In each simulated data set, the number of subjects is set to be N = 2000
and the baseline cure probability 1− p0 is set to vary from0.3 to 0.7. The size of the simulated data set was chosen close to our
example. We considered two independent covariates, X1 is a binary variables with P(X1 = 1) = 0.5 and X2 ∼ N (0, 1). The
parameters α1 and α2 and β1 and β2 were set to be pre-selected values so that they are close to the coefficients for the statin use
and per standard deviation increase in age in years in ourmotivating example, respectively. The proportion of observed cures,
pobs, is allowed to vary from 0.6 to 0.8. Each simulated data was generated based on the following steps:

1. Generate the uncure status B ∼ Bernoulli(1− p) based on equation (4) with Z = X;
2. Among cured, i.e., B = 0, generate the status of being observed, η ∼ Bernoulli(pobs);
3. For uncured, i.e., B = 1, generate time to event T based on equation (3) with S(t|x) = 1-F(t|x) where the baseline sur-

vival function follows a Weibull distribution;
4. Generate independent censoring time C ∼ UNIF(a, b) and a and b are chosen to have the censoring proportion to be

close to our example;
5. For uncured B = 1, observed survival time = min(T,C), if T <C, Δ = 1 and η = 1 otherwise, Δ = 0 and η = 0;

For unobserved cure, B = 0 and η = 0, observed survival time = C and Δ = 0;
For observed cure, B = 0 and η = 1.

The EM algorithm developed in Section 2.2.1 was applied to each simulated data set and the bootstrap method was applied
to estimate the variance of the parameter estimates. Due to computation intensity, we limited the number of bootstrap
samples to be 200 and repeated the simulation for 500 times. The results are summarized in relative bias, coverage prob-
ability of the 95% confidence interval in Table 2.
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Table 2 shows that the parameters for both the probability of uncure and for latency effects estimated by the proposed
EM algorithm are consistent with low bias and the variation of parameter estimates are also consistent so that the nominal
coverage probability for the interval estimate is close to its nominal level. The estimate for the proportion of observed cure,
pobs, is also consistent. Results are similar when the baseline cure probability and pobs vary.

In the second set of the simulation, we generated cure data based on the promotion time cure model and then applied
both the promotion time cure model and the competing risk model. We examined and compared the performance of each
model. To simulate time to event data based on the promotion time cure model (equations (5) and (6)), we adopted the
approach proposed by Oulhaj and Martin,40 while incorporating the possibility of observed cure. Specifically, we set
the number of subjects to be N = 2000 and same as the 1st set of simulations, we considered two independent covariates,
X1 and X2. Let the cure probability 1− p = exp (− exp (δ1x1 + δ2xz + log (− log (1− p0)))) where δ1 and δ2 were set to
be pre-selected values and the cure rate θ = exp (δ1x1 + δ2x2 + log (− log (1− p0))). The remaining of the parameters
including p0, pobs were chosen to be the same as the first set of the simulations. Then the time to event was generated
in the following steps:

1. Generate the uncure status B ∼ Bernoulli(1− p);
2. For cured, i.e., B = 0, generate the observed status η ∼ Bernoulli(pobs);
3. For uncured, i.e., B = 1, generate time to event T: specifically

(a) Generate U ∼ uniform(0, 1), calculate u∗=(1− p)u and u∗∗ = 1+ 1
θ log (1− u∗);

(b) Let T = S−1(u∗∗) where S−1(·) is the inverse Weibull survival function;
4. Generate independent censoring time C ∼ UNIF(a, b);
5. For promotion time cure model:

If B = 1, observed survival time = min(T,C), if T <C, Δ = 1 and otherwise Δ = 0;

Table 2. Performances of the estimation of the mixed cure models with cures partially observed: results from 500 simulated data sets of

N = 2000 subjects each with one binary random variable (X1) and one continuous random variable (X2) under various levels of baseline

cure probability (the cure probability when x1 = x2 = 0) and proportion of the cures that was observed in the study. Time to event was

generated based on a Weibull distribution.

Baseline cure probability = 0.3

Prob of observed cure = 0.6 Prob of observed cure = 0.8

Parameters for
Models

X1 X2 Prob of obs

cure

X1 X2 Prob of obs

cure

% bias1 % Cov2 % bias % Cov % bias % Cov % bias % Cov % bias % Cov % bias % Cov

Prob of Uncure α −0.48 93.4 0.51 96.8 0.13 97.2 −0.41 94.0 0.48 95.2 −0.01 96.2

Latency β −0.27 94.6 −0.31 95.2 −0.41 94.2 0.72 93.8

Baseline cure probability = 0.5

Prob of observed cure = 0.6 Prob of observed cure = 0.8

Parameters for
Models

X1 X2 Prob of obs

cure

X1 X2 Prob of obs

cure

% bias % Cov % bias % Cov % bias % Cov % bias % Cov % bias % Cov % bias % Cov

Prob of Uncure α 0.17 95.2 0.80 95.0 −0.02 96.0 −0.02 96.2 0.82 95.0 0.02 93.0

Latency β −0.60 94.0 −0.32 94.8 −0.58 93.8 −0.24 95.0

Baseline cure probability = 0.7

Prob of observed cure = 0.6 Prob of observed cure = 0.8

Parameters for
Models

X1 X2 Prob of obs

cure

X1 X2 Prob of obs

cure

% bias % Cov % bias % Cov % bias % Cov % bias % Cov % bias % Cov % bias % Cov

Prob of Uncure α 0.65 94.6 0.25 95.8 0.33 97.2 0.61 95.2 0.25 95.2 0.14 95.2

Latency β 0.73 93.8 −0.32 95.6 0.68 93.2 −0.21 95.6

Note. 1. % bias = (estimated parameter-true parameter)/true parameter*100%; 2. % cov = proportion of the true parameter included in the estimated 95%

confidence intervals obtained from bootstrapping.
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If B = 0 and η = 0, observed survival time = C and Δ = 0;
If B = 0 and η = 1, observed survival time is censored at a very large number, say τ(τ ≫ inf {t:F(t|x) = 1}), Δ = 0

6. For competing risk model
If B = 1, survival time = min(T,C), if T <C, failure type D = 1; otherwise failure type D = 0;
If B = 0 and η = 0, survival time = C and failure type D = 0;
If B = 0 and η = 1, discharge time = C and failure type D = 2

We applied the promotion time cure model as well as the competing risk subdistribution hazards model to each simulated
data set. We repeated this process for 1000 times and the results were summarized in relative bias, coverage probability of
the 95% confidence interval and ratio of sample standard deviation and average estimated standard deviation under each of
the model in Table 3.

Table 3 shows that the promotion time cure model estimated using the standard partial likelihood function results in
consistent estimates for the parameters in the model as well as for their variations. Results are similar when the baseline
cure probability and the proportion of observed cure varies. The competing risk model provides very close in some scen-
arios identical parameter estimates as well as variation estimates to those obtained from the promotion time cure model.
That is to say, when assessing the overall effect of covariates on survival outcomes with the possibility of being cured
from the disease, these two models are numerically equivalent.

4. Application
Our motivating example came from a retrospective cohort of all patients who were admitted into the Montefiore Medical
Center in the Bronx between March 1st, 2020 to May 2nd, 2020 with a confirmed COVID-19 diagnosis and were then fol-
lowed until May 4th of 2020. For this paper, we limited the study population to diabetic patients only. After removing <5%
patients with missing BMI information, there were 2159 patients in the study population. Among them 729 (32%) died in
hospital, 1349 (62%) were discharged and 188 (8%) remained in the hospital at the end of the follow-up. Note that in our
data example there was no patient discharged to hospice care. If there were such observations, then those patients would
have been considered as censored for death rather than cured of the disease.

About 44% of patients were treated with statins in this subset. Statins have known anti-inflammatory properties47 and
may represent an agent for modulating the host response during COVID-19.48 In this paper, we are interested to evaluate if
the impact of statin treatment varied over age. The median age of the patient population was 69 years old, and thus we used
age 70 years old as cutoff point to define the two age groups.

4.1 Cure models and competing risk model
We began our analysis by considering the effects of statin use, older age and their interactions while ignoring other cov-
ariates. In addition to the competing risk model, we applied both cure models presented in Sections 2.2.1 and 2.2.2 by
treating hospital discharge as “cured” of the disease. For the promotion time cure model, we assigned survival time for
the observed cured to be censored at 10,000 days. The results are summarized in Table 4a.

The mixture cure model shows that although statin use did not affect much on the probability of being cured among
younger COVID patients (OR for cure = 1.118 (95% CI: 0.854, 1.538), p-value = 0.414), it significantly improved the
cure probability among older patients (OR for cure = 1.848 (95% CI: 1.540, 2.223; p-value < 0.001)), ratio of ORs =
2.041 (95% CI: 1.397, 2.985; p-value < 0.001) between older and younger patients. Furthermore, among the uncured,
statin use was associated with longer survival (HR = 0.744 (95% CI: 0.555, 0.996; p-value = 0.047)) for younger patients
and the effect was about 40% stronger for older patients (HR = 0.541 (95% CI: 0.450, 0.650; p-value < 0.001)) with a
borderline statistical significance for the interaction term. Close to 98% of the cured patients were observed, suggesting
that the cure probability was about 64% (62%/98%) in this population.

The promotion time cure model combined the effects of statin use on the probability of cure and on survival among
those who were not cured and showed an overall HR of 0.745 (CI: 0.577, 0.962, p-value = 0.023) among younger patients
and a nearly doubled effect among older patients (HR = 0.413 (95% CI: 0.338, 0.507), p-value < 0.001)), ratio of HRs =
0.555 (95% CI: 0.410, 0.769, p-value < 0.001)) between older and younger patients. As Table 4a indicates, the magnitude
of the HR estimate obtained in the promotion time cure model is in between the OR for uncure and the HR for in-hospital
death among the uncured obtained from the mixture cure model. The competing risk model, as expected, provided effect
estimates very close to those obtained from the promotion time cure model. As discussed in Section 2.3, in this setting a
cure model is more natural because it provides a better interpretation for the covariate effect than a competing risk model
with cure as the competing event.

Xue et al. 1983
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4.2 Model fitting
To examine how the models fit the data, in Figure 1 we compared the estimated cumulative incidence of in-hospital mor-
tality under each of the cure models. Figure 1 shows that both cure models fit the cumulative incidence rate very well at
short hospital stays with the mixture cure model having a slight advantage. As their hospital stays become longer than 10 to
15 days, both cure models indicate some level of lack of fit with a slightly larger discrepancy for the mixture cure model:
the mixed cure models tend to overestimate the cumulative incidence rate while the promotion cure models tend to under-
estimate the cumulative incidence rate.

To address potential confounding effects and to improve the model fit, we additionally included in the model BMI and
the Charlson comorbidity index as continuous variables as well as gender. The results are summarized in Table 4b.
Table 4b shows that while male patients did not differ from female patients in survival time, they were less likely to be
cured (OR for uncure = 1.572 (95% CI: 1.287, 1.921; p-value < 0.001)); BMI did not affect survival nor the cure

Figure 1. The cumulative incidence rate of in hospital mortality by statin Use. Statin users (red) and Non-Statin users (black) among

younger patient population (Age <70) is on the left panel and among older patient population (Age>= 70) is on the right panel. solid

line is the non-parametric estimate of cumulative incidence of in hospital mortality, the dashed line is the fitted estimate of cumulative

incidence rate based on the mixture cure model and the dotted and dashed line is the fitted estimate of cumulative incidence rate based

on the promotion time cure model. Both cure models included statin use, age and their interaction in the model.

1986 Statistical Methods in Medical Research 31(10)
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probability while the Charlson index predicted both, suggesting patients’ underlying condition played an important role on
their COVID outcome. The overall impact of each of these additional variables on COVID survival assessed by the pro-
motion time cure model shows statistical significance. The difference in treatment effects between younger and older
patients decreases after the inclusion of these additional variables, implying that the difference observed between age
groups is somewhat explained by these variables.

To examine the fit of the expanded models, we calculated the martingale residuals, which shows the discrepancy
between the observed and the expected number of in-hospital deaths given the fitted model. For the mixture cure
model, we used the martingale residual for the overall model49 defined as the following:

M̂i = Δi + log Ŝmg(ti|xi, zi)
The martingale residual shares some of the properties of the martingale residual for classical survival model: it has mean 0
and is uncorrelated between each other, except that it has a lower bound of log (1− P(zi)). These martingale residuals were

Figure 2. Estimated martingale residuals vs the estimated linear predictor for the retrospective cohort of COVID patients with

diabetes. Under the expanded model with additional covariates, the survival part of the mixture cure model is on the top panel and the

promotion time cure model is on the bottom panel. Dashed horizon line indicates residual = 0, the solid line is the loess smoothed

curve of the residuals.

1988 Statistical Methods in Medical Research 31(10)



then plotted against the estimated linear predictor xβ̂ for the mixture cure model and δ̂x for the promotion time cure model
in Figure 2. Figure 2 indicates that the discrepancy is small for both models with few outliers. When the estimated linear
predictor is large, which means higher risk of uncure and earlier death, the mixture cure model has a slight advantage. On
the other hand, when the estimated linear predictor is small, the loess smoothed curve for the promotion time cure model is
closer to 0 than that for the mixture cure model, indicating a better fit of the promotion time cure model for longer hospital
stays. These findings are somewhat consistent with what we have observed in Figure 1. The promotion time cure model has
resulted in a few larger residuals (close to −2.0) while the mixture cure model has not, which may result from the fact that
the martingale residuals from the mixture cure model have a lower bound and but not those from the promotion time cure
model. For the promotion time cure model, we also used Schoenfeld residuals to examine the proportionality assumption
graphically and no obvious violation was identified. Overall, as suggested by these residual plots, the two cure models
when additional covariates were included fit the data generally well.

5. Conclusion and discussion
In this paper, we proposed to use cure models to assess the treatment and disease association for COVID-19 in-hospital
patients. Competing risk analyses have been widely used in the literature to model cumulative in-hospital mortality
while treating hospital discharge as a competing event. However, unlike a typical situation of multiple types of failures
where the competing risk model is used, hospital discharge and in-hospital death reflect two absorbing stages of the
same disease. We therefore propose to use the cure model instead, which treats hospital discharge as a “cure”. In standard
cure models the cure of the disease, for example, cure of cancer, is not directly observed. While cure threshold models
allow cure status known for those whose time to event exceeding a threshold, the model assumption does not apply to
our data. In this paper, we extended cure models to allow hospital discharge during the follow-up to be treated as an
observed cure. Both the mixture cure model and the promotion time cure model were considered. We developed an
EM algorithm to estimate the parameters of interest for the mixture cure model and estimated the parameters of interest
for the promotion time cure model via maximizing the standard partial likelihood function. Our simulation studies
showed that the proposed algorithms perform well in estimating parameters of interest for both models.

We have shown mathematically as well as numerically that the competing risk model which treats discharges from the
hospital as a competing event is equivalent to a promotion time cure model. As we mentioned earlier in the paper, the inter-
pretation of treatment effect under a competing risk model is somewhat challenging when the competing event is the cure
of the disease. The equivalence of the competing risk model and the promotion time cure model shows that hazard ratios
obtained from the competing risk model capture the global effects of the treatment on time to in-hospital death and on the
probability of cure of the disease. The equivalence between the promotion time cure model and the competing risk model
also suggests that the promotion time cure model provides an effect estimate on cumulative in-hospital mortality rate over
time.

We applied the proposed models to a retrospective cohort of COVID-19 in-hospital patients who were diabetic. The
mixture cure model showed that for younger patients (<70) statin use reduced the rate of in-hospital death but did not
improve the probability of cure; on the other hand, statin use reduced the rate of in-hospital death as well as improved
the probability of cure for older patients. The promotion time model showed that statin use improves the overall survival
for both younger and older patients and but statins were much more beneficial among older patients. The findings from our
application suggest the administration of statins to COVID-19 patients with diabetes, in particular among older patients.

Comparisons between mixture cure models and promotion time cure models in the literature tended to favor the pro-
motion time cure model for several reasons.39 First, the promotion time cure model respects the proportional hazards
assumption thus is easier to compute. Second, the promotion time cure models can be interpreted biologically as we
described in Section 2.2.2. Third, Bayesian techniques have been developed for the promotion time cure model not for
the mixture cure model. Nevertheless, while studies of chronic diseases including cancer might be more interested to esti-
mate the overall treatment effect on survival, in studies of acute diseases such as COVID-19 infection, the treatment effect
on the probability of cure might also be of the primary interest. The mixture cure model distinguishes the treatment effect
on the probability of being cured from the treatment effect on the survival function among the uncured patients. On the
other hand, in a the promotion time cure model, even by introducing covariates in F(·),34 it is not possible to separate
the effect on cure probability from the effect on survival among those uncured.12 Thus, the mixture cure model is preferred
in our data example.

One of the limitation of our mixture cure model is that we assume the probability of observed cure does not depend on
covariates. In our future work, we will extend the model to allow pobs to be dependent on X or Z, as treatment and patient
characteristics may affect time to hospital discharge.
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It is also worth pointing that Yin and Ibrahim50 proposed a unified approach to model time to event data with a cure
fraction based on the Box-Cox transformation, in which the mixture cure model and the promotion time cure model are
special cases of this unified model.51 Under this approach, the model selection can be based on a test of the Box-Cox trans-
formation parameter: a test of the parameter equal to 1 evaluates the adequacy of the mixture cure model and a test of the
transformation parameter equal to 0 evaluates the adequacy of the promotion time cure model. Extension of the approach to
our data with partially observed cures is of interest. Furthermore, model fittings should always be examined and used as one
of the criteria for model selections.
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