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The primary theme of this communication is to employ convective condition of mass transfer in the theory
of peristalsis. The magnetohydrodynamic (MHD) peristaltic transport of viscous liquid in an asymmetric
channel was considered for this purpose. Effects of Ohmic heating and Soret and Dufour are presented. The
governing mathematical model was expressed in terms of closed form solution expressions. Attention has
been focused to the analysis of temperature and concentration distributions. The graphical results are pre-
sented to visualize the impact of sundry quantities on temperature and concentration. It is visualized that
the liquid temperature was enhanced with the enhancing values of Soret-Dufour parameters. The liquid
temperature was reduced when the values of Biot number were larger. It is also examined that mass
transfer Biot number for one wall has no impact on transfer rate. Different mass transfer Biot numbers
generate a non-uniform concentration profile throughout the channel cross section.
� 2017 Production and hosting by Elsevier B.V. on behalf of Cairo University. This is an open access article

under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
Introduction

It is well established fact that ‘‘peristalsis” is a mechanism of
liquid transport produced by progressive wave of area expansion
or contraction in length of a distensible tube containing fluid. At
present, the physiologists considered it one of key mechanisms
of liquid transport in various biological processes. Especially, it
occurs in ovummovement of female fallopian tube, urine transport
in the ureter, small blood vessels vasomotion, food swallowing via
esophagus and many others. Mechanism of peristalsis has impor-
tant applications in many appliances of modern biomedical engi-
neering include heart-lung machine, dialysis machines and blood
pumps. Apart from physiology and biomedical engineering, this
type of mechanism is utilized in many engineering devices where
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the fluid is meant to be kept away from direct contact of machin-
ery. Modern pumps are also designed through principle of peristal-
sis. Initial seminal works on the peristaltic motion was addressed
by Latham [1] and Shapiro et al. [2]. Available literature on
peristalsis through various aspects is quite extensive. Interested
readers may be directed to some recent investigations on this topic
[3–15].

Analysis of temperature and mass species transport is impor-
tant for better understanding of any physical system. This is
because of the fact that temperature and mass species transfer
are not only vital in energy distribution of a system but also they
greatly influence the mechanics of the systems. Clearly the rela-
tions between their driving potentials are more complicated when
temperature and concentration phenomenon is occurred simulta-
neously in a system. Energy flux produced by concentration gradi-
ents is called Dufour effect while mass flux induced by energy
gradient is known as Soret effect. No doubt, there is key impor-
tance of heat and mass transport in exchange of gases in lungs,
blood purification in kidney, maintaining body temperature of
warm blooded species, perspiration in hot weather, water and food
transport from roots to all parts of plants, metal purification, con-
trolled nuclear reaction etc. Also Soret-Dufour phenomenon has
major importance in mixture of gases having medium and lighter
molecular weights and in isotope separation. However, it is
observed that almost all the previous contributions on peristalsis
with heat transfer are presented via prescribed surface tempera-
ture or heat flux. The published studies about peristaltic flows sub-
ject to convective conditions of temperature are still scarce. From
literature review, we stand out the following works by Hayat
et al. [16] and Abbasi et al. [17].

Although peristaltic motion through heat and mass transport
phenomenon is discussed but no information is yet available about
peristaltic motion subject to convective condition for concentra-
tion. The aim here is to utilize such condition in the peristaltic
flows. Therefore, the present attempt examines the MHD peri-
staltic flow of viscous fluid in an asymmetric channel with Joule
heating and convective conditions for temperature and concentra-
tion distributions. Lubrication approach is used in the performed
analysis. Temperature and concentration distributions are ana-
lyzed for various embedded parameters in the problem formula-
tion. It is expected that presented analysis will provide a basis
for several future investigations on the topic.

Mathematical formulation

We consider the peristaltic flow in an asymmetric channel with
width d1 þ d2: The considered liquid is electrically conducting
through applied magnetic field B0. A uniform magnetic field is
applied in the Y� direction (see Fig. 1). An incompressible liquid
is taken in channel. The flow is induced due to travelling waves
along the channel walls. The wave shapes can be taken into the
forms give below:

H1ðX; tÞ ¼ e1 þ d1;Upperwall;H2ðX; tÞ ¼ �ðe2 þ d2Þ; Lowerwall:

Here the disturbances generated due to propagation of peristaltic
waves at the upper and lower walls are denoted by e1 and e2,
respectively. The values of e1 and e2 are defined by

e1 ¼ a cos 2p
k ðX � ctÞ� �

;

e2 ¼ b cos 2p
k ðX � ctÞ þ a
� �

;

here a, b represent the amplitudes of waves, k the wavelength and a
the phase difference of waves. A schematic diagram of such an
asymmetric channel has been provided through Fig.1a. The low
magnetic Reynolds number assumption leads to ignorance of
induced magnetic field. The upper and lower walls satisfy the con-
vective conditions through temperature and concentration distribu-
tions. The basic laws which can govern the present flow analysis are

r:V ¼ 0;

q
dV
dt

¼ �rP þ lðr2VÞ þ J � B:

In above equations V ¼ ½UðX; Y; tÞ; VðX; Y; tÞ; 0� is the velocity field,
P is the pressure, l is the dynamic viscosity, d

dt is the material time

derivative, t is the time, q is the fluid density, J is the current density
and B is the applied magnetic field. Using the assigned values of
velocity field, we have the following expressions:

UX þ VY ¼ 0; ð1Þ

Ut þ VUY þ UUX ¼ � 1
q
PX þ tðUXX þ UYY Þ �

r
q
B2
0U; ð2Þ

Vt þ VVY þ UVX ¼ � 1
q
PY þ t VXX þ VYY

� �
; ð3Þ

The energy and concentration equations are

Cp Tt þ UTX þ VTY

� � ¼ K
q ½TXX þ TYY �

þt 2ðU2
X
þ V2

Y
Þ þ ðUY þ VXÞ

2
h i

þ DKT
qCs

½CXX þ CYY � þ r
q B

2
0U

2 þ U
q ;

ð4Þ

Ct þ UCX þ VCY ¼ D½CXX þ CYY � þ
DKT

Tm
½TXX þ TYY �; ð5Þ

where Cp the specific heat, T the temperature, t the kinematic vis-
cosity, K the thermal conductivity, D the mass diffusivity, KT the
thermal diffusion ratio, Cs the concentration susceptibility, r the
electric conductivity, U the constant heat addition/absorption, C
the concentration, Tm the fluid mean temperature, T0, T1, C0, C1

the temperature and concentration at the lower and upper walls
respectively, and subscripts (X; Y , t) are used for the partial
derivatives.

The present phenomenon can be transfer from laboratory frame
to wave frame via the following relations

x ¼ X � ct; y ¼ Y; u ¼ U � c; v ¼ V ; pðx; yÞ ¼ PðX; Y ; tÞ; ð6Þ
where ‘c’ is the speed of propagation of wave. Implementation of
above transformations gives the following expressions

@u
@x

þ @v
@y

¼ 0; ð7Þ

q ðuþ cÞ @

@x
þ v @

@y

� �
ðuþ cÞ ¼ � @p

@x
þ l @2u

@x2
þ @2u

@y2

 !

� rB2
0ðuþ cÞ; ð8Þ

q ðuþ cÞ @

@x
þ v @

@y

� �
v ¼ � @p

@y
þ l @2v
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@y2

 !
; ð9Þ
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þDKT
Cs

@2C
@x2 þ @2C

@y2

� 	
þrB2

0ðuþcÞþU;

ð10Þ

ðuþ cÞ @

@x
þ v @

@y

� �
C ¼ D

@2C
@x2

þ @2C
@y2

 !
þ DKT

Tm

@2T
@x2

þ @2T
@y2

 !
:

ð11Þ



X axis  

Y axis  
a 

d1

O  

B0 B0B0B0

 c 
T  T1 and  C  C1 at Y H1

d2

b 
T T0 and  C C0 at Y H2

Fig. 1. Schematic picture of the asymmetric channel.
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Making use of the following non-dimensional quantities

x ¼ x
k ; y ¼ y

d1
; u ¼ u

c ; v ¼ v
cd ; d ¼ d1

k ; H1 ¼ H1
d1
;

H2 ¼ H2
d1
; d ¼ d2

d1
; a ¼ a1

d1
; b ¼ b1

d1
; p ¼ d21p

ckl ;t ¼ l
q ;

Re ¼ qcd1
l ; t ¼ ct

k ; h ¼ T�T0
T1�T0

; u ¼ C�C0
C1�C0

;

Br ¼ PrE;M2 ¼ r
l

� 	
B2
0a

2; E ¼ c2
CpðT1�T0Þ ;

Df ¼ DðC1�C0ÞKT
CsCplðT1�T0Þ ; Sr ¼

qDKT ðT1�T0Þ
lTmðC1�C0Þ ; Sc ¼

l
qD ;

b ¼ U
KT0

; Pr ¼ lCp

K ; u ¼ wy; v ¼ �wx;

ð12Þ

px ¼ wyyy �M2ðwy þ 1Þ; ð13Þ

py ¼ 0; ð14Þ

hyy þ BrðwyyÞ2 þ BrM2ðwy þ 1Þ2 þ PrDf ðuyyÞ þ b ¼ 0; ð15Þ

1
Sc
uyy þ Srhyy ¼ 0; ð16Þ

where Re is the Reynolds number, Br is the Brinkman number, w is
the stream function, Pr is the Prandtl number, E is the Eckert num-
ber, Sr is the Soret number, Sc is the Schmidt number, Df is the
Dufour number, M is the Hartman number, d is the wave number,
b is the dimensionless source/sink parameter, u is dimensionless
concentration and h is the dimensionless temperature. Now expres-
sion of continuity is automatically satisfied and low Reynolds
number and long wavelength approach is used in obtaining
Eqs. (13)–(16).

Introducing F and g as non-dimensional mean flow rates in
wave and laboratory frames, one has [15,17]:
w ¼ e�Myð2eðh1þh2 ÞMðFþh1�h2Þ�2e2MyðFþh1�h2Þ�eMðh2þyÞð�2þFMÞ ðh1þh2�2yÞ�eMðh1þyÞð2þFMÞ ðh1þh2�2yÞÞ

2ðeh1Mðeh2Mð2þ h1M � h2MÞ � 2þ h1M � h2MÞÞ ;
g ¼ F þ dþ 1 ð17Þ
in which

F¼h1
h2

@w
@y

dy: ð18Þ
The convective temperature condition is

�K
@T
@Y

¼ lðT � TwÞ:

Here K, l and Tw represent the thermal conductivity, wall heat trans-
fer coefficient and wall temperature, respectively. The asymmetric
characteristic of channel requires considering the various coeffi-
cients of heat transfer for upper and lower walls, i.e. l1 for upper
and l2 for lower wall. The convection condition for concentration
field is

�D
@C
@Y

¼ kmðC � CwÞ:

Here km the coefficient of mass transfer and Cw the concentration of
wall.

The non-dimensional conditions may be imposed as follows:

w ¼ F
2 ;wy ¼ �1;hy þ Bi1h ¼ 0;uy þMi1u ¼ 0; aty ¼ h1;

w ¼ � F
2 ;wy ¼ �1;hy � Bi2ðh� 1Þ ¼ 0;uy �Mi2ðu� 1Þ ¼ 0;aty ¼ h2;

ð19Þ
where

h1ðxÞ ¼ 1þ a cosð2pxÞ;h2ðxÞ ¼ �d� b cosð2pxþ aÞ;
Bi1 ¼ l1d1

K ; Bi2 ¼ l2d1
K ; Mi1 ¼ km1d1

D ;Mi2 ¼ km2d1
D :

ð20Þ

In above expressions l1, l2; km1and km2 are dimensionless heat and
mass transfer coefficients, Bi1; 2 are heat transfer Biot-numbers
and Mi1; 2 are mass transfer Biot-numbers.

Closed form solutions of the involved systems are presented in
the forms
h ¼ 1
2A1

ðg1 � g2Þ þ
1
A6

ðg3 þ g4Þ;

u ¼ �ScSr
2A1

ðg5A12 þ e2h2My2g6 þ e2h1My2g7 þ 2eðh1þh2ÞMy2g8Þ
� g9

2A1A11
;
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For the sake of simplicity, only the reduced form of the solution is
presented here, where the Ais and gis are given in Appendix. Such
solutions are computed using the software Mathematica.
Graphical analysis

The primary aim of this study is to analyze the effects of convec-
tive boundary conditions in heat and mass transfer of MHD peri-
staltic transport through a channel. Hence the graphs of
Fig. 2. Temperature variations for different Dufour and Hartman numbers when a ¼

Fig. 4. Temperature variation for different heat transfer Biot-number and b when a

Fig. 3. Temperature variation for different heat transfer Biot-numbers when a ¼
temperature and concentration curves are plotted. For this theme,
the Figs. 2–4 are presented for temperature and Figs. 5 and 6 for
the concentration. Fig. 2 shows an increase in temperature when
Dufour and Hartman numbers are increased. Also an increase in
temperature is slow for variation in Df. It is found that the temper-
ature increases rapidly when M > 2; but for M < 2; the change in
temperature for changing M is slow. Fig. 3 examines the behavior
of temperature for variation in Bi1; 2:Temperature at the wall
decreases with increase in the corresponding Biot number. Such
variation is weak as we move away from the wall. As expected
0:3; b ¼ 0:5; b ¼ 0:5; d ¼ 1:2; Sr ¼ 0:5; Br ¼ 0:25, Bi1 ¼ 2, Sc ¼ 0:5 and Bi2 ¼ 1:

¼ 0:3; x ¼ 0; b ¼ 0:5; d ¼ 1:2; Sc ¼ 0:5; Br ¼ 0:25, M ¼ 1, Sr ¼ 0:5 and Df ¼ 1:

0:3; b ¼ 0:5; b ¼ 0:5; d ¼ 1:2; Sr ¼ 0:5; Br ¼ 0:25; M ¼ 1, Sc ¼ 0:5 and Df ¼ 1:
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the different Biot numbers for both walls generate non-uniformity
in the temperature profile. This argument holds only for small val-
ues of Biot number. If the upper and lower walls have similar heat
transfer coefficient then both walls have same Biot number. This
situation is plotted in Fig.4(a). Here temperature decreases in view
of an increase in Bi. Such decrease is more significant for Bi 6 1:
This decrease in temperature slowly vanishes when we have Biot
number greater than one. Temperature increased linearly with an
increase in b which corresponds to the absorption and generation
Fig. 5. Concentration variation for different Dufour and Hartman numbers when a ¼ 0:3;
Br ¼ 0:16; Sr ¼ 0:7 and b ¼ 1:

Fig. 6. Concentration variation for different mass transfer Biot-numbers when a ¼ 0:3;
Br ¼ 0:16; Sr ¼ 0:7 and b ¼ 1:

Fig. 7. Concentration variation for different flow rate and mass transfer Biot-number wh
Br ¼ 0:16; Sr ¼ 0:7 and b ¼ 1:
of heat (as b varies from negative to positive). Negative values of
variations in b indicate the presence of a heat sink within the
system.

Concentration profile is examined in the Figs. 5-7. The negative
value of concentration in these plots is mainly due to the concen-
tration difference at the walls and the Soret and Dufour effects. The
numbers Df and M tend to decrease the dimensionless concentra-
tion. Such decrease in concentration is slow for Df 6 2:5 beyond
which the variation in concentration becomes more significant
x ¼ 0; b ¼ 0:5; d ¼ 1:2; Sc ¼ 0:7; g ¼ 1:6; Bi1 ¼ 2; Bi2 ¼ 1; Mi1 ¼ 1; Mi2 ¼ 2; Sr ¼ 0:5;

x ¼ 0; b ¼ 0:5; d ¼ 1:2; Sc ¼ 0:7; g ¼ 1:6; Bi1 ¼ 2; Bi2 ¼ 1; Df ¼ 1; M ¼ 2; Sr ¼ 0:5;

en a ¼ 0:3; b ¼ 0:5; x ¼ 0; d ¼ 1:2; Sc ¼ 0:7; Bi1 ¼ 2; Bi2 ¼ 1; Df ¼ 1; M ¼ 2; Sr ¼ 0:5;
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(see Fig. 5). Maximum decrease is observed near the center of the
channel in all the graphs. Effects of mass transfer Biot-numbers for
the upper walls are shown in Fig. 6. As in the case of heat transfer
Biot-number, mass transfer Biot number for one wall has no
impact on transfer rate at the opposite wall. Different mass transfer
Biot numbers generate a non-uniform concentration profile
throughout the channel cross section. Increase in mean flow rate
decreases the concentration which is very well justified physically.
The dimensionless concentration field increases uniformly when
upper and lower walls have similar mass transfer Biot numbers.
Again the maximum change is observed for Mi 6 1: It depicts that
the concentration is higher for moving fluid than the static liquid in
which the transfer only takes place through diffusion (see Fig. 7).

Conclusions

In this piece of research, phenomenon of convective tempera-
ture and concentration conditions in hydromagnetic peristaltic
transport of viscous liquid is considered. Special attention is
focused on the results of concentration and temperature distribu-
tions. It is visualized that the liquid temperature is enhanced with
the enhancing values of Soret-Dufour parameters. The liquid tem-
perature is reduced when the values of Biot number are larger and
very weak away from the wall. It is also examined that mass trans-
fer Biot number for one wall has no impact on transfer rate at the
opposite wall. Different mass transfer Biot numbers generate a
non-uniform concentration profile throughout the channel cross
section. Increase in mean flow rate decreases the concentration
which is very well justified physically. Comparative analysis of pre-
sent results indicates that these results are in excellent agreement
with the previously available ones in the qualitative sense. The
results reported in Refs. [16,17] are qualitatively verified by pre-
sent study.
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Appendix A. Appendix: We include the values involved in
equations of solution

g1 ¼ e2Mðh1þh2�yÞðA2 þ e2MyÞ;

g2 ¼ 4eMðh1þh2�yÞA3 � 4eMyA4 þ y2A5;

g3 ¼ �ð1� Bi2h2Þ
2A1

ðA7 þ Bi1A8Þ;

g4 ¼ �ð1� Bi1h1Þ
2A1

ðA9 þ Bi1A10Þ;

g5 ¼ e2Mðh1þh2�yÞ � 4eMð2h1þh2�yÞ � 4eMðh1þ2h2�yÞ þ e2My � 4eMðh1þyÞ

� 4eMðh2þyÞ;

g6 ¼ M2A12 þ ð2þ h1M � h2MÞ2b;

g7 ¼ M2A12 þ ð2� h1M þ h2MÞ2b;
g8 ¼ M2A12 þ ð�4þ ðh1 � h2Þ2M2Þb;A ¼ PrScSrDu;

g9 ¼ �ðð1�Mi2h2ÞScSrA15Þ þ 2ð1þ h1M1ÞMi2
� ð1þ h1M1ÞMi2ScSrA16;

A1 ¼ ð�1þ AÞðeh1Mð�2þ h1M � h2MÞ þ eh2Mð2þ h1M � h2MÞÞ2;

A2 ¼ EcðF þ h1 � h2Þ2M2Pr;

A3 ¼ ðeh1M þ eh2MÞEcðF þ h1 � h2Þ2M2Pr;

A4 ¼ ðeh1M þ eh2MÞEcðF þ h1 � h2Þ2M3Pr;

A5 ¼ e2h2MðEcðF þ h1 � h2Þ2M4Prþ ð2þ h1M � h2MÞ2bÞ
þ2e2h1MðEcðF þ h1 � h2Þ2M4Prþ ð2� h1M þ h2MÞ2bÞ
þ2eðh1þh2ÞMðEcðF þ h1 � h2Þ2M4Prþ ð�4þ ðh1 � h2Þ2M2ÞbÞ;

A6 ¼ Bi1 þ Bi2 þ Bi1Bi2h1 � Bi1Bi2h2;

A7 ¼2e2h2MðEcðFþh1�h2Þ2M3ð1þh1MÞPrþh1ð2þh1M�h2MÞ2bÞ
þ2e2h1MðEcðFþh1�h2Þ2M3ð�1þh1MÞPrþh1ð2�h1Mþh2MÞ2bÞ
þ4eðh1þh2ÞMh1ðEcðFþh1�h2Þ2M4Prþð�4þðh1�h2Þ2M2ÞbÞ;

A8 ¼ e2h2MðEcðFþh1�h2Þ2M2ð�3þh2
1M

2ÞPrþh2
1ð2þh1M�h2MÞ2bÞ

þe2h1MðEcðFþh1�h2Þ2M2ð�3þh2
1M

2ÞPrþh2
1ð2�h1Mþh2MÞ2bÞ

þ2eðh1þh2ÞMðEcðFþh1�h2Þ2M2þh2
1ð�4þðh1�h2Þ2M2ÞbÞ;

A9 ¼ e2h1MðEcðFþh1 �h2Þ2M2ð1þh2MÞPrþh2ð2þh1M�h2MÞ2bÞ
þ2e2h2MðEcðFþh1 �h2Þ2M3ð�1þh1MÞPrþh2ð2�h1Mþh2MÞ2bÞ;

A10 ¼ e2h1MðEcðF þ h1 � h2Þ2M4ð�3þ h2
1M

2ÞPr
þ h2

2ð2þ h1M � h2MÞ2bÞ;

A11 ¼ Mi1 þMi2 þ ðh1 � h2ÞMi1Mi2;

A12 ¼ EcðF þ h1 � h2Þ2M2Pr;

A13 ¼ EcðF þ h1 � h2Þ2M3ð�3Mi1 þMð2þ h1Mð2þ h1Mi1ÞÞÞPr
þh1ð2þ h1M � h2MÞ2ð2þ h1Mi1Þb;

A14 ¼ EcðF þ h1 � h2Þ2M2ð�3Mi1 þMð�2þ h1Mð2þ h1Mi1ÞÞÞPr
þh1ð2� h1M þ h2MÞ2ð2þ h1Mi1Þb;

A15 ¼ EcðF þ h1 � h2Þ2M2ð�4Mi1 þ h1M
2ð2þ h1Mi1ÞÞPr

þ h1ð�4þ ðh1 � h2Þ2M2Þð2þ h1Mi1Þb;

A16 ¼ e2h2MðMA12ð�1þ h2MÞ
þ h2ð2þ h1M � h2MÞ2bÞðe2h2M þ e2h1M þM22eðh1þh2ÞMh2Þ:
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