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Supplementary Figures
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Figure SI1: (a) Example realization of population spiking activity of excitatory and inhibitory neurons
in a single recurrent network as shown in Figure 1 in the main text. Right: the firing rate of neurons
averaged over time, with shaded region encompassing one standard deviation from the mean. (b-c) The
variance of firing rate (b) and Fano factor (c) of responses of E neurons in the network. (d) The spike
count correlation between two excitatory (E) neurons with their difference of preferred stimulus features.
Parameters: U = 30Hz, wg = 4 x 1073, and others are the same as the ones listed in Table S1.
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Figure S2: In the single recurrent network shown in Figure 4, the peak firing rate (blue) and the averaged
correlation coefficient (red) of E neurons in the network model as a function of recurrent excitatory weight
(a) and the feedforward input rate (b). Parameters: (a) U' = 30Hz, (b) wg = 2 x 1072, and others are the
same as the one listed in Table S1.
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Figure S3: The sampling distribution of stimulus from internal Poisson spike generation given a Gaussian
profile population firing rate. (a) The joint distribution of stimulus samples and spike counts of all neurons
given a Gaussian profile population firing rate (Eq. S3). (b) The sampling distribution averaged from
different values of spike counts. (¢) The sampling precision (inverse of sampling variability) obtained using
a Laplacian approximation (y-axis) and numerical simulation (x-axis).
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Figure S4: The comparison of the sampling precision of stimulus s and context z in a single recurrent
network (shown in Figure 4) with posterior precision under different combinations of feedforward input rate
and recurrent weight. Due to the negative rectification of the multiplicative variability in the recurrent inputs
(Eq. 48), the precision of stimulus samples is lower than the posterior precision especially at large recurrent
input strength (the dots with high precision) where the rectification effect is strong. In the simulation, the
feedforward input rate Uf and recurrent weight wg were randomly generated. Each dot in the figure is the
result under a particular combination of randomly generated Uf and wg, and there are 1000 dots in above
figure. Parameters: U" € U(0,50)Hz, wg € U4(0.001,0.051) where U(a,b) represents a uniform distribution
ranges from a to b. The other parameters of the network are the same as the ones listed in Table S1.

a c c
2 212
& <
£ 10 2
8 8 8
s s
= 1m0 =
5 1 5 4
o o
25 50 0 0.025 0.05
Feedforward rate 1, U: (Hz) Coupling exc. weight

Figure S5: In the coupled networks shown in Figure 6, the amount of internally generated differential
correlations due to internal spike generation as a function of feedforward rate applied to network 1 (a),
and the coupling weight between two networks (b). (a) Increasing the firing rate of feedforward input
1 decreases the amount of internally generated differential correlations in network 1. (b) Increasing the
coupling weight between two networks increases the internally generated differential correlation. Parameters:
(a) wiy = wily = 0.01, (b) U = 30Hz.
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Figure S6: The sampling paths averaged from 10,000 different realizations in a single recurrent network
as shown in Figure 1 (a), and in coupled networks as shown in Figure 6 (b). The sampling-based inference
in stimulus subspace converges in less than 20ms. Parameters: (a) wp = 4 x 1073, U" = 30Hz; (b)
wi?y = wiy = 0.01, U = U = 30Hz, and others are the same as the ones listed in Table S1.

Supplementary Note 1: Internal Poisson spiking variability samples stim-

ulus

The sampling distribution under Gaussian profile firing rate

Here we show analytically that Poisson variability of internal spike generation provides the appro-
priate variability to drive sampling from a specified continuous distribution. By substituting the

instantaneous firing rate A; (Eq. 12, which is copied in below for ease of exposition)
Atj = Rexp|—(5; — 0;)%/24”]
into the expression for Poisson spike generation over the network (Eq. 11),
ry o~ H;V:EI Poisson (A At) ,

the probability of observed population spikes becomes (for concise notations we suppress the time

index t in the derivation below),

p (r|A) = [T} Poisson (r;|A;At)

5—0. _ (S1)
o (RAt)>=i " exp | — 32, 7; - )2] exp [ — RAtY, e—<8—9j>2/2a2] .
To simplify notations, let
ne=30;T5, na =30, AjAt = RALY, e~ (50720, (S2)

so that n, is the number of emitted spikes of the whole neural population, and ny is the sum of

instantaneous firing rate of all neurons. With the uniform distribution of the neurons’ preferred



stimulus, i.e., {6; }é\le is uniformly distributed, ny will be a constant irrespective of the value of 5.
Normalizing the distribution over spike counts in Eq. (S1) into a likelihood over § and ny (Fig. S3A)

gives,

p(I‘|A) X p(§7 nl"§7 TL)\),

o N (8]5,a’*n; ') Poisson(ny|ny),

where

5= Zj I'jej/Zj rj, §= Zj Aj%‘/Zj Ajs (S4)

as presented in Eq. 14. Here § is regarded as a stimulus sample.
When X repeatedly generates spikes over time, the sampling distribution of 5§ can be calculated

by marginalizing the likelihood (Eq. 13, last line) over different values of n,.

p(3IA) = p(8,nel5.n),

(S5)
- ZN (8]5,a*ny 1) Poisson(ng|ny),

We use Laplace’s method to approximate the marginalization in order to get an analytical
expression ([1], see Appendix ). To simplify the calculation, we approximate the Poisson distribution
in the above equation by a Gaussian distribution, which works well when the summed firing rate

ny, is large.

Q

p(3|A) /N(§|s, a*ng M) N (ng|nx, nx)dny,

~ N (35, a%ig ') N (fie|na, na) det(H/2m) 72, (S6)
where the second approximation in the above equation is obtained using Laplace’s method, and

iy = arg maxp(3, ne|5,n) = na,
r

32 (87)

———Inp(s S .
an% Ilp(S, nI‘|S7 n)\) —

H=

After some tedious analytical calculations (see Appendix ), the sampling distribution obtained over

time given a fixed firing rate A; is (Fig. S3B),

p(3A) = N (3|5,a’ny"), (S8)

where the mean, s, and variance, a2n;1, of the sampling distribution are both linear projections



of the firing rate A (Egs. S2 and S4). Therefore the firing rate fully determines the sampling
distribution, and the sum of the firing rate determines the sampling variability.

Fig. S3 numerically verifies that the sampling distribution indeed can be approximated by a
Gaussian distribution. In particular, the sampling variability computed by Laplacian approximation

is consistent with our numerical simulations (Fig. S3C).

The sampling distribution under an arbitrary profile of population firing rate

Our above derivations are based on a Gaussian profile for the firing rate (Eq. 12). Here we extend
our theory to a more general case. Similar to the assumption made in Eq. (12), we suppose the

instantaneous firing rate, A (time index ¢ is suppressed), is parameterized as
Aj = Rexplh;(s)], (S9)

where h;(5) determines the profile of population firing rate. The same firing rate A will be used
to generate independent Poisson spikes across time. Substituting Eq. (S9) into the expression of

Poisson spike generation (Eq. 11), and taking the logarithm of the distribution yields,

Inp (r|A) =32, r;h;(5) + (32, rj) n(RAL) — RAt )~ explh;(s)] — In(r;!). (S10)

Assuming that the preferred stimuli of the neurons in the network uniformly cover the stimulus
domain, then for large N the sum of population firing rate RAt ), explh;(5)] (the third term on
the right hand side in above equation) will be a constant irrespective of the stimulus. Since the
second and fourth terms on the right hand side of Eq. (S10) do not depend on § then the likelihood

of 5 given an emitted population response r can be simplified to

p(3]r) oc exp [ 35, 15hy(5)],

(S11)
X exp [h(§)Tr].

Eq. (S11) has the same form as a probabilistic population code (PPC) [2], where the likelihood over
§ belongs to an exponential family of distributions. In particular, the logarithm of the population
firing profile, h(s) (Eq. S9), determines the type of the likelihood of s.

Instead of using a single observation of neuronal response, r, to parametrically encode the
whole likelihood of § as in a PPC [2], here we treat each r as a stimulus sample § which is randomly
drawn from the likelihood. The two different views of the population response r correspond to

interchanging the random variable and the conditional parameters in the distribution,

§ ~ p(3|r) oc exp [h(3) 'r]. (S12)



The stimulus sample § = D(r) can be read out from r by a decoder D, whose detailed form depends
on the population firing rate profile, h(s).
When using a fixed population firing rate A with a known 5 (Eq. S9) to repeatedly generate a

vector of spike counts, r, across time, the distribution of stimulus samples collected over time is

By (510)] = [ plslo)p(c|\)dr (13)

Since the mean of the neuronal response is the same as the underlying firing rate, i.e., (r) = A,
we assume that the distribution in the integrand of the above equation, i.e., p(s|r)p(r|\), has a
peak at the point where r = A. With this assumption and using the Laplacian approximation, the

distribution of stimulus samples collected over time becomes,

Epra) [P(B[)] o< Epeia {GXP [h(3)r] } ,
~ exp [h(3)TA] = p(3|N). (S14)

This implies that each stimulus sample is randomly drawn from a conditional distribution which is

determined by the population firing rate profile,
5~ p(§|A) x exp [h(§)TA], (S15)

which is shown in Eq. (16) of the main text.

Supplementary Note 2: The equilibrium of Gibbs sampling dynamics

Hierarchically generative model

The iteration of the Gibbs sampling algorithm can be better analyzed by converting it into a discrete
dynamical system. We rewrite the Gibbs sampling dynamics (Egs. 25-26 in maintext) here to ease

the exposition:

p(s|z,uf) oo N (s[5, A7), (S16)
_ Af,uf + Aszt -
St—m, A—Af"‘AS
§t ~ N(S|§t,A_1) . (817)
2t+At ~ N(Z‘gt,As_l). (818)



The above three steps in the Gibbs sampling algorithm can be written as the iterations of the

following discrete dynamical system,

s Asps + N2y
t — Af+A5 9
5 =5+ (Af + Ay) V2%, (519)

- - ~1/2
ZiyAr = St + A / €t,

where ¢; and & are independent samples from a standard normal distribution.
In Eq. (S19), the mean and variance of §; and Z; conditioned on pf (the mean of the likelihood

conveyed by feedforward input uf, Eq. 19) in equilibrium (¢ — o) are calculated as,

_ oy A
(8lpe) = pe,  V(3lpe) = M7

(3lue) = pe, V(3lue) = AFY, (S20)
(Zlue) = pe, V(Z[pe) = A7t + AT

Here () denotes an expectation over different realizations of ¢ and &;.

The generative model with latent stimuli organized in parallel

Now we analyze the equilibrium statistics of Gibbs sampling dynamics used to approximate the
posterior of latent stimuli which are organized in parallel (Eq. 7). These sampling dynamics obey

(Egs. 8a and 8b in the main text):

p(51 \ufp 82 1—At) X P(uf1 151)p(52,t—At]51), (S21a)

1~ p(31|ul, 820 ae). (S21b)

Using the conditional distribution (Eq. S21a), the mean of the conditional distribution, (51, 52¢) ",

Q 0 S 01 S1¢— A
( 1 S1t — A, fl,t At 4 f1Hf1 7
0 Q o4 10 82— At Agapiso

where Q,, = Afp, + As (m = 1,2). Moreover, from the sampling step (Eq. S21b) we have

51¢ 51¢ Qfl/zﬁlt
- i + —-1/2
Sat Sat Qy, "Eu

must satisfy,



Combining above two equations we derive the dynamics for s1; and 5.

5 0 Q! 514 Qo2 QA
fu _ A . 1 fl,t A A 171 31/2£2t N 11 S ($22)
594 Q, 0 52,1 At Q)7 Q) "y Q5 " Asapieo

Then the mean of stimulus samples §; = (314, 32¢) ", and the mean of conditional distributions

¢ = (51¢,52) " in equilibrium (f — oo) becomes

-1
_ N Q9 A Af1pe1
(81) = (8¢) = ’ , (523)
—As Qo Ao pg2
where (-) means the average over different realizations of & and &;. It can be checked that the
mean of stimulus samples is the same as the posterior mean (Eq. 34).

The covariance of the mean generated from the conditional distribution is defined as, 3(8;) =
(8¢ — (8¢)) (3¢ — (8:)) 7). Based on Eq. (S22), the discrete dynamics of 3(5;) obey,

2(5) = AX(5_a)AT +T (S24)
where
0 Ot ot o
A = A, L), m=A2o0to e
Q0 0 0 QF

In equilibrium, i.e. 3(5;) = X(5;—a¢), we have that

A? ot o0
3(3) £ B(5t500) = m ( é o1 ) . (S25)
S 2

Furthermore, the covariance of stimulus samples in equilibrium X(8) = ((8; — (8:))(5: — (8:)) ") 1= 00

Qb oo 1 Q0
26 =2(6) + L = . S26
5) = =(E) ( 0 921> 9192—/\%(0 Ql> (526)

It can be checked that the equilibrium variance of 51; and 51; are the same as the variance of the

becomes

posterior distribution given in Eq. 34.

10



Supplementary Note 3: The neural responses distribution

The single recurrent network

We present the derivation of the distribution of neuronal responses, r, given an external stimulus
feature s, i.e., p(r|s). For a fixed external stimulus, s, the neuronal response r fluctuates over
time/trial due to both sensory transmission noise described by p(uf|s) (Eq. 23 and Fig. 2A, bottom),

as well as the internally generated variability described by p(r|uf). Hence we have,

plrls) = / p(rlu)p(ul]s)du’,
- / [ / p(rNp(A[u)dA|p(uf]s) . (827)

Furthermore, internal variability, captured by p(r|uf), has two parts: One is p(r|\) which describes
the independent Poisson spike generation (Eq. 11); and the other is p(A|uf) which describes the
fluctuation of instantaneous firing rate, A, due to internal variability. Here p(A|uf) is an unknown
distribution in Eq. (S27), and we must compute it afterwards.

Since we are mainly interested in how stimulus is represented by neuronal activity, we only con-
sider the covariability along the subspace defined by stimulus response, and ignore the covariability
due to fluctuation along other directions. The instantaneous firing rate, A¢, can be approximated as
a smooth Gaussian profile over 5, where 5; is the mean of the instantaneous conditional distribution
(Eq. 12),

Aij(50) ~ Rexpl—(5 — 0)*/(2a%)].

Assuming the variance of § (Eq. S20) is much smaller than the width of firing rate profile, i.e.,
V(5|puf) < a, the average of instantaneous firing rate A; over time can be approximated as a

Gaussian profile whose mean is the average of §; over time,

Ae(Be)la’) =~ A((se[uh)),
= Rexp[—(ur — 0;)%/(2a%)] = £ (ur). (528)

The second equality in above equation comes from (5;|uf) = ¢ as derived in Eq. (S20). Expanding

the instantaneous firing rate A;(s) around the mean responses f(uf),
A(st) = £(ue) + £, (50 — pe),

where f], = df (uf) /dus = Ra™2(0;— ) exp|—(us —0;)?/(2a*)]. The covariance of the instantaneous

11



firing rate becomes

EAG)] = (MG — Eun)]AG) — £(o)] ).
= (G = 10?) 8
= V(slug, g7 (829)

Jf T

V (5|us) is the variance of 5 given the feedforward input uf, as derived in Eq. (S20). The covariance
structure f/’“ fl’J captures the covariability due to firing rate fluctuations along the stimulus subspace,
which is often termed differential (noise) correlations [3, 4]. With the Gaussian tuning of f(uf)

(Eq. S28), f;Lffl’J exhibits anti-symmetric structure over us, i.e.,

5607 o (6= o) 6 — ) expl (e = 6/ (20)] expl— g — 6%/ (207)]

(see Fig. 8B). Combining Eqs. (S28 and S29) together, p(Ajuf) can be approximated as a multi-

variate normal distribution,

p(AJu) = N [A|F (), V (Slue) £, £ |, (S30)

where,
fj(ur) = Rexpl—(us —0;)*/2d%), (S31)
V(s|u) = m_a%f—lwg. (S32)

Here we have derived the Eq. (44) shown in the main text. The 2nd equality in Eq. (S32) is
obtained by using Eq. (6) in the main text. Furthermore, by approximating the independent

Poisson distributions p(r|A) and p(uf|s) as multivariate normal distribution, i.e.,
p(rlA) ~ NIr|A(s), diag(A(s))],
the distribution p(r|uf) can be computed as

pefu) = [ AP
= N[r|f(u), diag(A(5)) + V(5lue)f, £l |- (S33)

s

Compared with p(AJuf) (Eq. S30), we see the covariance of p(r|uf) (Eq. S33) has an extra term, i.e.,
diag(X(8)), which is a diagonal matrix denoting the independent Poisson spiking variability. Finally,
substituting Eqgs. (S30) and (23) into Eq. (S27), shows that the response distribution conditioned

12



on the external stimulus feature s, p(r|s), has the form
p(r]s) = N'[r|f(s), diag(f(s)) + V(5]s)ELf. " ]. (S34)

Here the variance V'(§|s) in the stimulus subspace is a mixture of internal variability due to Poisson

spike discharge and sensory noise. It follows from Egs. S20 and 23 that

V(sls) = V(8lur) + V(puls),
A, 1
- _|_ -—,
Af(Af -+ AS> Af
= a’n; ' (wp + 1) (S35)

The second term, V' (u¢|s), represents fluctuations in neuronal activity in the stimulus subspace due

to the sensory transmission noise (Eq. 23).

The coupled networks

We extend the derivation shown from Eq. (S27) to Eq. (S35) to calculate the response distribution
for the coupled network used to infer latent variables organized in parallel (Fig. 6A). We only
present the results for network 1 for example, as those for network 2 can be obtained by changing
indices Following the analysis above we consider only neuronal fluctuations along the stimulus

subspace,
plrils) = Nri|f((51)), V(50)EET]. (S36)

Here s = (s1,s2) are the external stimuli presented to the network (Eq. 7), (51) and V(5;) are
the mean and variance of S1; in equilibrium, and s1; denotes the mean of conditional distribution
p(51|ul, 524-a¢) (Eq. 8a).
Based on the results shown in Egs. (S23 and S25), the mean and variance of s,, given external
stimuli s are calculated as,
(51]s) = (Ay' + A s+ AT s
AP A AT
oo ATIAS? AP
AT+ AT+ ASTATT +AST

(937)

+ATL

The variance V(51|s) characterizes the total amount of differential correlations in the neuronal
response to a fixed stimuli s. We see that differential correlations decrease with the precision Aq
which is determined by the feedforward input rate (Eq. 20). Moreover, differential correlations

increase with the precision Ag, which determines the prior correlation between two stimuli (Eq. 7)

13



and is stored by the coupling weight between the two networks (Eq. 40). These results are confirmed

by numerical simulations (Fig. S5).

Supplementary Note 4: Invertible linear transformations do not degrade

linear Fisher information

A network that linearly transforms its inputs does not degrade linear Fisher information. On the
other hand, internally generated differential correlations will decrease linear Fisher information. To

prove this, we write the activity of cells in a linear network in response to a stimulus s as,
r(s) = Auf(s) + en.

Here A is the linear transformation matrix and is determined by the recurrent connections in the
network, uf(s) is the feedforward input defined in Eq. (18). The term en, captures the internally
generated differential correlations with amplitude controlled by e (Eq. 9). The random variable n
has zero mean, and covariance equal to ¥, = f/f!", with f. = df(s)/ds, and f(s) = (r(s)) is the

tuning of network responses (Eq. 9). When the matrix A is invertible, the linear Fisher information

of s in neuronal response r is,

II‘(S) = f;—rz;lfév
—1
= (A@m")T [AzquT+ef;f;T] Aufy

= )] [y et )

where (uf) is the tuning of feedforward inputs, u’ (Eq. 18).
Thus the linear Fisher information does not depend on A, and hence a linear invertible trans-

formation does not decrease the linear Fisher information. By using the matrix inverse lemma we

find that

—1 €
Sy + e(ufY <uf>/T] —y-l_ _ S ) ()Tt
" e M T eful)TE (T

the linear Fisher information of stimulus s in r can be computed as,

u

1+ e(u“)’sTE;fl (uf), 1+ €Ly(s)

T.(s) = WS ), Z(s)

(938)

If the linear network doesn’t internally generate differential correlation, i.e., € = 0, the linear Fisher
information in the network response is the same as the the information inherited from feedforward

input, i.e., Z;(s) = Z,s(s). Hence internal differential correlations degrade linear Fisher information,

14



Symbol Description Typical values (range)
Generative model

z Context (scalar variable) (—180°, 180°]
Sm Stimulus m (scalar variable) (—180°, 180°]
uf Feedforward spiking inputs (vector)

uf Peak feedforward input rate [0, 50]Hz
Ag The prior precision

As The likelihood precision

Network model

Ng Number of excitatory neurons 180

Ny Number of inhibitory neurons 45

a Tuning width 40°

Td Synaptic decaying time constant 2 ms

ry Neuronal spikes at time ¢ (vector)

At Firing rate at time ¢ (vector)

uj Recurrent input at time ¢ (vector)

U" Peak value of recurrent input

ng The total spike count of uf to all neurons (scalar variable)

Ny The sum of recurrent input (scalar variable)

nx The sum of population firing rate (scalar variable)

wWg The peak recurrent weight between excitatory neurons [0,5 x 1073]
wy The inhibitory synaptic weight Swg
wrf The feedforward weight to inhibitory neurons 0.8
wEE The E weight across networks in coupled circuit 0.01

0; The preferred stimulus of j*" excitatory neuron

dt Time step in numerical simulation 0.1 ms

Tyecode The time window of decoding a stimulus sample 20 ms

Table S1: Notations and parameters in the model

but any linear invertible transformations by the network do not.

Supplementary Note 5: Simulation details and model parameters

Parameters used in network simulation

Table S1 lists the notations and typical parameters used in the model and network simulations. The

results shown in the main text Figures are obtained with the typical parameters if not mentioned

otherwise.

Below summarizes some particular parameters used in figures.

e Figure 4: wg = 0.02

e Figure 5: U = 50Hz.

e Iigure 6B-D: whz = 0.05.

15



Figure 7D: Ul = Uf? = 30Hz

Figure 7E: wi = 0.01, U™ = 25Hz.

Figure 7F and G: U, ~ U[0,50Hz], p5,, ~ U[—10°,10°], wB? ~ 1[0,0.05]. Simulated under

1000 randomly generated parameters.

Figure 8C and 8E: Uf = 30Hz.

Figure 8D: wg =1 x 1073.

The single recurrent network
Estimating the sampling distribution and mutual information

To estimate the sampling distribution and the mutual information in the network responses, we
simulated the network with a fixed feedforward input uf but which is randomly generated given
the stimulus s in the external world. Without loss of generality we set the external stimulus s to
zero, since the feedforward inputs and network responses are translation-invariant.

The spiking network (Egs. 47-50) was simulated for 102 seconds, and the neuronal responses
during the first 2 seconds were discarded in all further analysis. In each time window lasting 20
ms, the samples of the stimulus and context were read out by population vector from the spiking

E Er

activities of E neurons, r”, and recurrent input of E neurons lasting over the time window, u

respectively,

¢ = Zj rf(t)%/zj rf(t), Z = Zj qur(t)ej/Zj ufr(t).

The duration of the decoding time window is not critical in obtaining the sampling distribution; it
only needs to be long enough to allow a neuron in the population fires a spike in this time window.
The joint distribution of samples § and Z is approximated as a bivariate normal distribution, and
its mean, p,4, and precision matrix, Kg, are computed.

Estimating the mutual information (Eq. 43) between latent variables, i.e., s and z, and the feed-
forward input uf requires the posterior distribution (Eq. 24). Computing the posterior (Eq. 24)
requires the likelihood function and prior distribution. The mean, ¢, and precision, A, of the like-
lihood were directly read out from the feedforward input (Eq. 20). Meanwhile, the prior precision,
A, was pre-assigned. Substituting the parameters of the sampling distribution, i.e., py and K,
and the parameters of posterior, i.e., p, and K,, into Eq. (43), permits the mutual information to

be calculated.
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Estimating the linear Fisher information

We estimated the linear Fisher information of the stimulus s from the responses of E neurons,

r”, using a bias-correction algorithm [5]. Given a pair of external stimuli s; = +1°, we randomly

generate the feedforward inputs in every time step (Eq. 18) and simulate the network for 7' = 1 x 10*

E

trials with each trial lasting 200ms. The mean and covariance of E neurons’ responses r* under

each stimulus are recorded. Then the bias-correction estimate of linear Fisher information is,

L d{xEY2T - N -3 2N
ds 2T —2 Tds?’

Toe(s) = 5(r") (539)
where d(r) = (r¥) — (rf), ds = s; — s_, and (-) represents the average over trials. ¥(r%) is the

covariance matrix of E neurons’ responses. IV is the number of neurons in the network.

Comparing the sampling precision with posterior precision

Due to symmetry in the recurrent coupling in the neural population (Fig. 4A), the means of stimulus
samples and context samples are always the same, and are the same as the posterior mean (Eq. 24).
Therefore, we only compare the sampling precision with the posterior precision in order to evaluate
the accuracy of network sampling.

To obtain the posterior precision matrix, we first read out the likelihood directly from the
feedforward inputs (Eq. 20). Since we do not know the value of the prior precision Ay stored in the
network, given each sampling distribution generated by the network, we numerically obtained the
value of A; which minimizes the KL divergence from the posterior to the sampling distribution.
Given this Ag, the prediction of posterior precision is computed as K, = A; + Af (Eq. 24) which
is then compared with actual sampling precision (Fig. S4).

It is worth noting that the searched prior precision Ay is a subjective prior, which reflects the

prior stored in the recurrent network and may change with input.

The coupled networks

In order to estimate the sampling distribution and the mutual information in the coupled networks,
we simulate the network model for 102 seconds in response to fixed feedforward spiking inputs which
are randomly generated from the generative model (Eq. 33). Then the network responses in first 2
seconds were discarded for further analysis. On each decoding time window of 20ms, the samples

of each stimulus is read out by population vector from E neurons in corresponding network,

Smt =), rrEnj(t)Hj/ > rgzj(t)ﬂ (m=1,2). (540)

17



For these simulations we compute the mean, p,, and covariance matrix, Ky, of stimulus samples,

which are then be substituted into Eq. (43) to compute the mutual information.
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Appendix

Computing the likelihood using Laplace’s method

We present the derivation used to compute the 7, and H defined in Eq. (S7) in order to approximate
the integral in Eq. (S6) by using Laplace’s method [1]. To simplify notations, we denote £ =
p(8,ne|S,nx), and then,

mL — %lnnr - (e s - (S41)
7y can be found by taking the derivative of £ over n, to be zero,
olmL 1 (5-5% ne—ma 0
ony 2Ny 2a2 nx ’
then the n, is computed as
~ [1 - (82;;)2] nx+0(ny?). (S42)

To gain insight, we simplify the above equation by omitting the term 2ny inside the square root
function (second line of Eq. S42). This approximation works well when ny is large enough. The

negative Hessian matrix is,

9*L 11
8n% Ny ="Nr 2ﬁ% nA’
_ 1 1
= — —— — —,
2[1 - S5 )
1 -2

This approximation is also considered under the large ny limit where the omitted term is a order
smaller than 1/njy.
Substituting Eqgs. (S42 and S43) back into Eq. (S6), we get an unnormalized distribution of

stimulus sample 3,

p(3]5,nx) x /e (5) exp [— fix(5) (s — 5)2} exp [— M . (S44)

2a2 2ny

Since this distribution is complicated, we again approximate it by a Gaussian distribution. It is

easy to see p(5|5,ny) is a symmetric distribution over its center § = §, and it is a mixture of
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Gaussian distributions with different width (Fig. S3A). Next, we compute the Hessian of p(s|s, ny)
at it peak location, i.e., § = 5, which is the precision of the approximated Gaussian distribution of

°9
p(§]3,nx). Denote by L(5) = p(5|5,nx) to simplify notations, and we have,

L @), s () —ny)?
InL(35) = 5 Inng(§) — 52 (§—35)°— T . (S45)
The Hessian of £(35) is calculated as
OlnL(5) 1 0ne(8)  (5—5)200:(3) (3 (G-3) - fir(8) — nx Ong(3)

03 -~ 2n.(3) 05 262 03 a2 nx 25’
PInL() 1 1 (8ﬁr(§))2+ 1 (5-5% () 41 0?1 (3)
932 2e(3)2 | nix 93 2ie(3) 242 ix 932

S(3-3)on.(3) 1
2 3 5% Enr(s). (S46)
Finally, the derivative of n,(3) over § is
0ne(3)  nx,_ .. 0*n(3) nx
5 T2t m T (547)

Substituting Eq. (S47) into Eq. (546), the the Hessian of £(5) at § = § can be calculated as,

9*In L(3) o (1 5
T . = —a (2 + n)\> = —a "ny. (848)

We ignore the 1/2 in the above equation since it is much smaller than ny when ny is large. Finally,

the likelihood can be approximated as a Gaussian distribution
p(3[5,n2) = N (55,a°ny "), (S49)

which turns to be Eq. (S8).
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