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ABSTRACT: Hydrometallurgy technology can directly deal with low grade and complex materials, improve the comprehensive
utilization rate of resources, and effectively adapt to the demand of low carbon and cleaner production. A series of cascade
continuous stirred tank reactors are usually applied in the gold leaching industrial process. The equations of leaching process
mechanism model are mainly composed of gold conservation, cyanide ion conservation, and kinetic reaction rate equations. The
derivation of the theoretical model involves many unknown parameters and some ideal assumptions, which leads to difficulty and
imprecision in establishing the accurate mechanism model of the leaching process. Imprecise mechanism models limit the
application of model-based control algorithms in the leaching process. Due to the constraints and limitations of the input variables in
the cascade leaching process, a novel model-free adaptive control algorithm based on compact form dynamic linearization with
integration (ICFDL-MFAC) control factor is first constructed. The constraints between input variables is realized by setting the
initial value of the input to the pseudo-gradient and the weight of the integral coefficient. The proposed pure data-driven ICFDL-
MFAC algorithm has anti-integral saturation ability and can achieve faster control rate and higher control precision. This control
strategy can effectively improve the utilization efficiency of sodium cyanide and reduce environmental pollution. The consistent
stability of the proposed control algorithm is also analyzed and proved. Compared with the existing model-free control algorithms,
the merit and practicability of the control algorithm are verified by the practical leaching industrial process test. The proposed
model-free control strategy has advantages of strong adaptive ability, robustness, and practicability. The MFAC algorithm can also be
easily applied to control the multi-input multi-output of other industrial processes.

1. INTRODUCTION
Hydrometallurgical technology can effectively extract gold
from low-grade gold ore and plays an important role in the
field of non-ferrous metal smelting. The hydrometallurgical
process can make full use of ore resources and facilitate the
recovery of other precious metals.1−3 Hydrometallurgy is a
clean production process, which can satisfy the requirements of
environmental protection and low carbon emission. The
discipline basis of hydrometallurgy mainly includes physical
chemistry of metallurgy, chemical reaction principles, and
mechanical engineering.4 The leaching process is the key
process of hydrometallurgy, which determines the extraction
efficiency of target products and the difficulty of slag recovery.5

Gold leaching process is a chemical process in which sodium

cyanide solution reacts with gold in the ore. Through the
thickening washing process, the cyanide leaching liquid
containing sodium gold cyanide can be preliminary separated
from the slag.6 The leaching rate is the key index of the gold
leaching process, which determines the quality of the liquid,
and it needs to be obtained by the off-line assay.7 The leaching
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rate directly determines the extraction quality and economic
benefit of the subsequent process. The main factors affecting
gold cyanidation leaching are cyanide concentration, oxygen
concentration, pH value of leaching solution, ore pulp
temperature, ore particle size and shape, pulp concentration,
leaching time, impurities, and associated minerals.8 In order to
improve the leaching efficiency and reduce the residual amount
of sodium cyanide in the leaching process, the addition of
sodium cyanide in the cascade leaching process is constrained.9

The leaching process involves complex multiphase chemical
reaction principles and physical knowledge. The complex
reaction kinetics mechanism and process random factors
increase the difficulty of modeling the cascade leaching
process.10 The working environment of different leaching
tanks is not exactly the same. Although the structure of each
leaching model is the same, the parameters to be determined
are also different.11 To establish the leaching rate prediction
model of the cascade leaching process, it is necessary not only
to have complete mechanism knowledge but also to use data
mining technology for error compensation.12 The imprecise
model will degrade the performance of the existing model-
based control algorithm.13 Model-free adaptive control
techniques do not need to analyze the internal model
mechanism and structure of the system.14 Model-free adaptive
control technology can achieve accurate control of complex
multivariable systems by adjusting a small number of
parameters based on the input and output signals of the
system.15 Model-free adaptive control technology has
important advantages for the complex cascade leaching
process, which is expected to achieve accurate control and
facilitate practical application.
Model-free control technology is a hot topic in scientific

theory and engineering application. Researchers have obtained
a few scientific research achievements. The proportional-
integral-derivative (PID) control algorithm is a typical kind of
model-free control method.16 However, the PID control
algorithm needs to use decoupling technology to realize the
control of multi-input multi-output (MIMO) system.17

Another typical model-free adaptive control method is based
on neural network adaptive control technology. This kind of
control algorithm needs a lot of process data with good
performance to train the network.18 Insufficient training data
will lead to poor accuracy and dynamic performance of the
controller.19 For the system with constraints on input and
output variables, the control algorithm based on neural
networks is difficult to satisfy the control requirements.20

When the feedback error is less than a certain threshold, the
update speed of the neural network control rate will be slow,
which leads to a long control time.21 In contrast, the newly
developed model-free adaptive control technology has the
advantages of easy engineering implementation and robust-
ness.22 Based on a simultaneous perturbation approximation, a
model-free controller design method has been presented for
complex systems with time-varying dynamics, but it cannot
control the systems with input constraints.23 In order to
linearize a nonlinear system, a multiple adaptive observer is
applied to estimate the pseudo-partial derivative parameter
matrix of compact form dynamic linearization. The proposed
data-driven method can take control of MIMO nonlinear
processes based on the online identified multiobserver models
derived from the input/output (I/O) data. The design strategy
of this control algorithm can well enlighten the controller
design of the leaching process.24 By using the compact-form-

dynamic-linearization-based controller (CFDLc) and partial-
form-dynamic-linearization-based controller, a data-driven
control method has been presented for discrete-time SISO
nonlinear systems. This control algorithm does not rely on the
first-principles model and identification model and can control
the system well. This result provides a good guide for the
engineering application of model-free adaptive control
(MFAC) technology.25 By using a Q-function, the long-term
performance of the proposed adaptive controller is estimated.
The proposed policy can ensure search of an optimal
stabilizing control signal for uncertain and unstable systems.
The derived control law does not require an initial stabilizing
control assumption. This controller takes into account the
common control difficulties of industrial processes such as
parametric uncertainty, internal-external nonparametric ran-
dom uncertainties, and time varying delay.26 A data-driven
MFAC method with dual radial basis function neural networks
has been proposed for nonlinear systems. The proposed
method provides a systematic design method for controller
structure by the direct usage of I/O data. The controller
parameters are tuned by the pseudo-gradient (PG) informa-
tion. This control algorithm does not need to train the system
data online, and the applicability of the algorithm is verified in
the engineering system.27 By using constriction coefficient and
Heńon chaotic sequences, the model-free learning adaptive
control based on PG concepts and optimization procedure by a
particle swarm optimization approach has been proposed. The
intelligent method used to optimize MFAC control parameters
can improve the process control precision, but it will increase
the complexity of control parameter adjustment in the leaching
process, which is not conducive to industrial application.28 A
different-factor structure-based compact-form model-free
adaptive control method with neural networks (DF-
CFMFAC-NN) has been proposed for MIMO nonlinear
systems. The DF-CFMFAC-NN with learning parameters has
powerful tracking ability and flexible design for each control
channel. The learning parameters are auto-tuned by back
propagation neural networks. This control algorithm has been
successfully applied to coal mill system.29 Combining a
sampled-data parameter estimator to estimate the unknown
partial derivatives and a sampled-data observer to estimate the
residual nonlinear uncertainty, an observer-based SMFAC
scheme has been proposed for continuous-time nonlinear
nonaffine systems with input constraints. The constraint on the
input rate is also considered in the control law as the transition
condition. The control algorithm can deal with the constraint
input, and it can guide to solve the practical problems of the
control input constraint in the leaching process.30 In order to
get the effective tracking trajectory of the lower extremity
exoskeleton, a neural network and time-delay estimation
technique is added to model-free based iPD controller. The
neural network technology can improve the control accuracy of
MFAC, but it will increase the difficulty of application in an
industrial computer.31 An adaptive neural network control is
designed for the n-link robotic system with full-state
constraints. The Moore−Penrose inverse term is employed
to prevent the violation of the full-state constraints. The
uniform ultimate boundedness of the closed-loop system is
guaranteed by using the barrier Lyapunov function. The state
constraint technology can provide inspiration for input
constraint control technology in the leaching process.32 A
variable structure control in combination with back stepping
and Lyapunov synthesis is investigated for MIMO nonlinear
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systems with unknown control coefficient matrices and input
nonlinearities. Command filters are also presented to imple-
ment physical constraints on the virtual control laws. The
control technology of the nonlinear system dealing with dead
zone input is mainly applied to mechanical systems and is not
involved in the leaching process.33 The neural-network-based
output-feedback control strategy is constructed for a class of
nonlinear systems. An adaptive dynamic programming
algorithm is developed to obtain the desired suboptimal
solution with the help of auxiliary quasi-HJB equation. Neural
network control technology is a typical model-free control
technology, but it is not easy to apply in industrial
technology.34 By simultaneously considering the input
saturation and underactuated problems, an adaptive output
feedback control for trajectory tracking of underactuated
surface vessels. The combination of neural network control
technology and MFAC technology is expected to obtain
model-free control technology with better performance to
promote the development of industry.35 Based on the
simplified mechanism model and the use of intelligent neural
network to compensate the unmodeled dynamics in the model,
the accurate prediction of the leaching rate in the leaching
process has made some progress. It has great significance and
application value in the research of leaching process prediction
and process operation monitoring. However, the establishment
of leaching process model is heavy and not universal. Once the
working environment or production conditions change, the
model needs to be updated, which limits the implementation
of model-based controllers.36,37 Besides, the model-based
control strategy not only has greater computational complexity
but also has great engineering application limitations.38 The
MFAC control algorithm based on CFDL has the advantages
of simple structure, good algorithm stability, and easy to realize
controller design of the actual process. Therefore, this paper
will study the MFAC control strategy based on CFDL and
design the controller according to the characteristics of the
leaching process. Therefore, the model-free adaptive control
strategy will be used in this paper to achieve accurate control of
the leaching process. These achievements obtained by model-
free control strategies provide a good reference and guidance
for control of cascade leaching process.
In this paper, a typical cascade leaching process structure is

designed and described. The factors affecting the leaching
efficiency are introduced and analyzed. The main mechanism
model structures and equations involved in the cascade
leaching process are also discussed. The complex kinetic
reaction mechanism and process random factors may cause the
difficulty of accurately modeling the leaching process. A model-
free adaptive control strategy with integral regulators is
constructed for the first time to control the cascade gold
leaching process with input constraints. The stable con-
vergence of the proposed control algorithm is also analyzed.
The effectiveness and advantage of the proposed control
algorithm will be cross-verified by comparing with the existing
methods. The remainder of this paper is organized as below.
The hydrometallurgical gold leaching process is introduced
and designed in Section 2. The mechanism relationship of the
cascade leaching process is given in Section 3. The model-free
adaptive control algorithm is proposed in Section 4. The
convergence analysis of the MFAC controller is presented in
Section 5. The experiment verification is given in Section 6.
The results and discussion are given in Section 7. Finally, the
main conclusions are drawn in Section 8.

2. HYDROMETALLURGICAL GOLD LEACHING
PROCESS

Seven tank reactors in series are adopted to carry out cyanide
reaction for the hydrometallurgical gold leaching process as
shown in Figure 1. The blower is used to fill each leaching tank

with air. Sodium cyanide is added to the first, second, fourth,
and sixth reaction tanks. The ore pulp containing gold is
concentrated and stored in buffer tanks. The insoluble gold in
the solid phase reacts with sodium cyanide and oxygen to form
water-soluble gold cyanide complex ions. Compressed air is
passed through the bottom of the leaching tank to provide
dissolved oxygen for the reaction. Pneumatic agitation is used
to prevent ore pulp accumulation. The reacted ore pulp flows
into the subsequent leaching tank through overflow. The
cascade leaching process involves complex physical and
chemical reactions, and different leaching tanks have different
kinetic reaction rates. The leaching process is a complex
multiphase chemical reaction process accompanied by the
mixing of solid and liquid phases. Leaching reaction involves
mechanics, physics, and chemical phenomena. The reaction
mechanism of leaching kinetics is very complex and contains
random factors. Therefore, there are many factors affecting
gold cyanide leaching, mainly as shown in Figure 2.
Ore pulp flow rate, ore pulp concentration, pH value, and

dissolved oxygen concentration can be measured online. Gold
grade and cyanide ion concentration can only be measured

Figure 1. Schematic diagram of the cascade leaching process.

Figure 2. Main influencing factors of the gold leaching process.
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offline. Low-frequency and high-frequency disturbances exist in
the measurement process, which increase the difficulty of
process modeling. The continuous stirred leaching tank reactor
also called Pachuca extractor is adopted in the leaching
process, as shown in Figure 3. The bottom of the leaching tank

is filled with compressed air into the central pipe, forming a
large number of bubbles rising along the central pipe. The
bubble in the central pipe makes the volume of ore pulp
expand and the density decrease, which results in the pulp
pressure in the central pipe being less than the pressure outside
the central pipe. Under the action of pressure difference
between the inside and outside of the pipe, the ore pulp in the
pipe moves upward and flows out from the upper end of the
central pipe. The bubbles that overflow from the ore pulp are
discharged through the exhaust pipe at the top of the tank.
The reaction of gold with sodium cyanide is electrochemical

dissolution. The oxidation and dissolution of gold occurs at the
anode, while the depolarization of oxygen occurs at the
cathode, as shown in Figure 4.
The major chemical reactions can be expressed as

+ + +

+ +

2Au 4NaCN O 2H O

2NaAu(CN) 2NaOH H O

2 2

2 2 2 (1)

The concentration polarization of oxygen and cyanide ion
can be determined by Fick’s law

= {[ ] [ ] }
t

D
A

d(O )
d

O O i
2 O

1 2 2
2

(2)

= {[ ] [ ] }
t

D
A

d(CN )
d

CN CN i
CN

2 (3)

where
t

d(O )
d

2 and
t

d(CN )
d

are the diffusion rates of O2 and CN−,
respectively; DO2

and DCN are the diffusion coefficients of
dissolved oxygen and cyanide ion, respectively; [O2] and
[CN−] are the concentrations of O2 and CN− in the solution,
respectively; [ ]O i2 and [ ]CN i are the concentrations of O2 and
CN− at the interface, respectively.
The chemical reaction rate of O2 and CN− at the metal

interface is much higher than the diffusion rate, that is,
[ ]O 0i2 , [ ]CN 0i . Eqs 2 and 3 can be simplified as

= [ ]
t

D
A

d(O )
d

O2 O
1 2

2

(4)

= [ ]
t

D
A

d(CN )
d

CNCN
2 (5)

The dissolution rate of gold is twice that of oxygen
consumption and half that of cyanide consumption. The
dissolution rate of gold v can be expressed as

= = [ ]v
t

D
A

1
2

d(CN )
d

1
2

CNCN
2 (6)

or

= = [ ]v
t

D
A2

d(O )
d

2 O2 O
1 2

2

(7)

When the above equation reaches equilibrium

[ ] = [ ]D
A

D
A1

2
CN 2 OCN

2
O

1 2
2

(8)

The total surface area of the metal in contact with water can
be expressed as A = A1 + A2. The dissolution rate of gold can
be expressed as

=
[ ][ ]

{ [ ] + [ ]}
v

AD D

D D

2 CN O

CN 4 O
CN O 2

CN O 2

2

2 (9)

Since oxygen is cheap and readily available, cyanide is used
to control the leaching process rather than oxygen in the
control process. The chemical reaction of the leaching process
involves many variables and intermediate variables which
cannot be directly measured. Therefore, it is very difficult to
establish the reaction mechanism model of the leaching
process.

3. MECHANISM OF CASCADE LEACHING PROCESS
Existing mechanisms of modeling strategies for leaching
processes require the following assumptions. (1) The flow
field in the leaching tank is uniformly distributed; (2) the
temperature in the leaching tank is uniformly distributed; (3)
the slurry stirring in the leaching tank is uniform; (4) mud
capacity and resistance are constant; (5) the reaction process is
not exothermic; (6) there is no material isolation in the
reactor; (7) the oxygen in the pulp can fully react; (8) the

Figure 3. Air-agitation cyanidation leaching tank reactors (Pachuca
extractor). (1. Central pipe. 2. Feed pipe. 3. Reaction tank. 4. Exhaust
pipe. 5. Auxiliary charging pipe. 6. Ore pulp inlet. 7. Ore pulp
discharge. 8. Compressed air pipe).

Figure 4. Electrochemical principle of gold cyanidation leaching
process. [A1: Cathode region (negative electrode); A2: anode region
(positive electrode); δ: Nernst interface layer thickness].
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average particle size of the ore is the same; (9) the pH value of
the slurry in the leaching tank is constant.
The mechanism model of the leaching process mainly

consists of the mass conservation equations of gold in the ore,
gold in the liquid, and cyanide ion in the liquid, as well as the
corresponding kinetic reaction rate models of gold and cyanide
ions. The conservation equation of gold and cyanide in the
single tank leaching process can be expressed as

=
Q

M
C C r

C
t

( )
d
d

s

s
s0 s Au

s

(10)

+ =
Q
M

C C
M
M

r
C
t

( )
d
d

l

l
l0 l

s

l
Au

l

(11)

+ =
Q
M

C C
Q

M
r

C
t

( )
d

d
l

l
CN0 CN

CN

l
CN

CN

(12)

where Qs is the solid flow rate of ore pulp; Ql is the liquid flow
rate of ore pulp; Cs0 and Cl0 are the initial gold concentrations
of the solid and liquid, respectively; Ms is the mass of the solid
ore pulp in the leaching tank; Ml is the mass of liquid ore pulp
in the leaching tank; CCN0 is the initial cyanide ion
concentration of the liquid; Cs and Cl are the concentrations
of solid and liquid gold in the leaching tank, respectively; CCN
is the liquid cyanide ion concentration; QCN is the addition
flow rate of sodium cyanide; rAu is the gold dissolution rate;
rCN is the consumption rate of the cyanide ion.
Equations 10 and 12 can be rewritten as

=r
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where =C (0) 0is, and =C (0) 0iCN, .
Generalized measurements A and B based on gold solid and

liquid concentrations can be obtained by integrating both sides
of eqs 13 and 14, respectively, as follows
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The gold dissolution rate rAu is a nonlinear function of the
average diameter of ore particles d̅, dissolved oxygen
concentration CO, liquid cyanide ion concentration CCN, and
solid gold concentration Cs and can be expressed as

=r f d C C C( , , , )Au O CN s (17)

The consumption rate of cyanide ion rCN is a nonlinear
function of the d̅ and CCN, and can be expressed by

=r g d C( , )CN CN (18)

The solid and liquid mass of ore pulp satisfies the
conservation relation. The relationship between the solid
flow rate and the liquid flow rate of ore pulp can be expressed
as

=
i
k
jjjjj

y
{
zzzzzQ Q

C
1

1l s
w (19)

where Cw is the ore pulp concentration.
The average residence time of the chemical reaction can be

computed by

=
+

×V
1000Q Qs

s

l

l (20)

where ρs and ρl are the solid density and liquid density of the
ore pulp, respectively; V is the volume of the leaching tank.
The residence mass of the solid and liquid in the leaching

tank can be expressed as

= ×M Qs s (21)

= ×M Ql l (22)

The leaching rate of gold can be computed by

= ×y
C C

C
100%1

s0 s

s0 (23)

The mechanism model of the leaching process is a typical
nonlinear function and can be expressed as

=y F C C M M
Q Q

Q d C V C r r

( , , ,
, , ,

, , , , , , , , )i

1 s0 CN0 s l

s l

CN w s l o Au CN

(24)
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The leaching tank is serially connected by ore pulp overflow.
The effective volume of each leaching tank is the same. It is
assumed that the reactants in the leaching tank can be mixed
adequately. Material isolation is neglected. The resistance of
the ore pulp is constant. The input and output schematic
diagram of the cascade leaching process is shown in Figure 5.
For the stable operation of the leaching industrial process,
according to the mass conservation principle, we get

=Q Qs s0 (25)

=Q Ql l0 (26)

The total leaching rate of the cascaded gold cyanidation
leaching process can be expressed as

= ×y
C C

C
100%Ns0 s

s0 (27)

where CsN is the solid gold concentration of the Nth leaching
tank.
The addition of sodium cyanide to each leaching tank is an

operational variable. The model structure of each leaching tank
in the cascade leaching process is the same, but the kinetic
reaction velocity model parameters of different leaching tanks
need to be estimated. If every leaching tank model adopts the
same parameter, it will cause model mismatch and reduce the
prediction accuracy of the leaching rate. Therefore, the
unknown parameters in the model should be identified by
the actual process data. The gold dissolution rate

=r f d C C C( , , , )Au O CN s and the consumption rate of the
cyanide ion =r g d C( , )CN CN cannot use the detection
equipment for online measurement. The key adjusting
parameters uAu and uCN in the gold dissolution rate and
cyanide ion consumption rate models need to be estimated.
When estimating the unknown parameters of the dynamic
model, the errors caused by model structure approximation
and ideal assumptions are not considered. The mechanism
model of leaching process is derived by rigorous mathematical
operation. The mechanism model cannot accurately describe
all characteristics and complex variable relationships of the
actual process. The variation of production working conditions
and random disturbance will lead to the mismatching of
mechanism model parameters, which will cause a large
prediction error. According to the chemical principle involved
in the leaching process and the actual production demand, the
sodium cyanide content of the four leaching tanks in the
leaching process should satisfy the constraint requirement of
gradually decrease. This production technique strategy can
effectively improve the utilization efficiency of sodium cyanide
and reduce environmental pollution. Therefore, the leaching
process control input signal should satisfy the following
constraints.

> > >Q Q Q QCN1 CN2 CN4 CN6 (28)

4. MODEL-FREE ADAPTIVE CONTROL OF THE
LEACHING PROCESS

The theoretical basis of MFAC control is the general model,
which dynamically linearizes and controls the nonlinear
system. The discrete-time control multiple input single output
(MISO) system can be expressed as

+ = ··· ···u uy k f y k y k n k k n( 1) ( ( ), , ( ), ( ), , ( ))y u

(29)

where u(k) ∈ Rm and y(k) ∈ R, respectively, represent the
input and output of the system at time k; nu and ny are the
orders of the input and output of the system, respectively;

··· ×+ +R R Rf ( ) m
n n1 1y u

is an unknown nonlinear

function.
Without loss of generality, the following assumptions are

taken.
Assumption 1: f(···) is a continuous partial derivative with

respect to each component of the (n + 2)th variable.
Assumption 2: System (29) satisfies the generalized

Lipschitz condition, which means, for any k1 ≠ k2, k1, k2 ≥ 0
and u k u k( ) ( )1 2 , we have

| + + | u uy k y k b k k( 1) ( 1) ( ) ( )1 2 1 2 (30)

w h e r e
+ = ··· ···

=

u uy k f y k y k n k k n

i

( 1) ( ( ), , ( ), ( ), , ( ))

,

1,2

i i i y i i u ; b

> 0 is a constant.
For the MISO discrete-time nonlinear system satisfying the

assumptions 1 and 2 above, for ∥u(k)∥ ≠ 0, there must be a
time-varying parameter vector ϕ(k) ∈ Rm, so that the system
(29) can be transformed into the following CFDL data model.

+ = uy k k k( 1) ( ) ( )T
(31)

where = [ ··· ]k k k k( ) ( ), ( ), , ( )m
T

1 2 is bounded for any
time k.
Eq 31 is a general model, in which ϕ(k) is the PG of the

system. Using eq 31, eq 29 can be linearized to obtain the
following expression

+ = + uy k y k k k( 1) ( ) ( ) ( )T
(32)

By transforming the complex chemical leaching system into
a multiparameter linear time-varying system, the MFAC
controller can be designed theoretically.
Consider the following control input criterion function.

= + +

+ +

u

u u

J k y k y k

k k

( ( )) ( 1) ( 1)

( ) ( 1)

d
2

2 (33)

where β > 0 is the weight factor, which is used to control for
excessive changes in the input; yd(k + 1) is the expectation
output signal.
Substituting eq 32 into eq 33 and differentiating with respect

to u(k), for ∂J(u(k))/∂u(k) = 0, the following control law can
be obtained.

Figure 5. Input and output schematic diagram of the cascade leaching
process.
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= +
+

+
u uk k

k y k y k

k
( ) ( 1)

( )( ( 1) ( ))

( )
d

2 (34)

where ρ ∈ (0,1] is the step factor; λ is the control parameter of
the control law. The PG Φ(k) changes with the input and
output data.
When the state of the system at different moments is known,

the expectation output yd(k + 1) of the system can be obtained
by the MFAC controller. For the complex chemical leaching
system, in order to obtain faster control rate and better
accuracy, the following control law with integral term is
constructed

= +
+

+

+
=

Q Q

K

k k
k y k y k

k

e j

( ) ( 1)
( )( ( 1) ( ))

( )

( )
j

k

d
2

1 (35)

where e(j) = yd(j) − y(j) is the output tracking error; K =
[K1,K2,···,Ki] is the integral proportionality coefficient.
In order to prevent the phenomenon of integral saturation,

the integral control factor α is introduced to obtain the
following control law with anti-integral saturation ability.

= +
+

+

+
=

Q Q

K

k k
k y k y k

k

e j

( ) ( 1)
( )( ( 1) ( ))

( )

( )
j

k

d
2

1 (36)

=
| |

| | <

l
mooo
noo

e k

e k

1, ( )

0, ( ) (37)

The parameter estimation algorithm derived from the
minimization criterion function constructed by the square of
the difference between the system model output and the real
output is too sensitive to inaccurate sampled data. There are
nonlinear uncertainties in the chemical leaching system. In
order to ensure the rate of change of the PG, the following
criterion function is taken.

=

+

uJ k y k y k k k

k k

( ( )) ( ) ( 1) ( ) ( 1)

( ) ( 1)

T 2

2

(38)

For ∂J(Φ(k))/∂Φ̂(k) = 0, the PG estimation law can be
obtained as follows

=

+
+

u u
u

k k

k y k k k
k

( ) ( 1)

( 1)( ( ) ( 1) ( 1))
( 1)

T

2

(39)

where η ∈ (0,2] is the step factor; μ > 0 is the weighting factor,
which is used to penalize large changes in the PG estimation.
The estimation of the PG will change with the actual input and
output, which can reduce the influence of system disturbance
on the PG, so as to ensure the accuracy of the controller.
The general model of the chemical leaching system replaces

the mechanism model of the chemical leaching system as
follows

+ = ··· ···Q Qy k f y k y k n k k n( 1) ( ( ), , ( ), ( ), , ( ))y q

(40)

w h e r e y ( k ) i s t h e l e a c h i n g r a t e ;
= [ ]Q k Q k Q k Q k Q k( ) ( ), ( ), ( ), ( ) T

CN1 CN2 CN4 CN6 is sodium
cyanide addition variable of the four leaching tanks; ny and nq is
the order of the system output and input.
According to eqs 34 and 39, the control scheme of MFAC

for the chemical leaching system can be obtained as follows

=

+
+

Q Q
Q

k k

k y k k k
k

( ) ( 1)

( 1)( ( ) ( 1) ( 1))
( 1)

T

2

(41)

k( )i is taken as =k( ) (1)i i , for | | <k( )i or

=k isign( ( )) sign( (1)), 1,2,3,4i i (42)

Figure 6. Schematic diagram of ICFDL-MFAC controller for the leaching process.

ACS Omega http://pubs.acs.org/journal/acsodf Article

https://doi.org/10.1021/acsomega.2c06830
ACS Omega 2023, 8, 6559−6570

6565

https://pubs.acs.org/doi/10.1021/acsomega.2c06830?fig=fig6&ref=pdf
https://pubs.acs.org/doi/10.1021/acsomega.2c06830?fig=fig6&ref=pdf
https://pubs.acs.org/doi/10.1021/acsomega.2c06830?fig=fig6&ref=pdf
https://pubs.acs.org/doi/10.1021/acsomega.2c06830?fig=fig6&ref=pdf
http://pubs.acs.org/journal/acsodf?ref=pdf
https://doi.org/10.1021/acsomega.2c06830?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as


= +
+

+

+
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Q Q

K

k k
k y k y k

k

e j

( ) ( 1)
( )( ( 1) ( ))

( )

( )

d

j

k

2

1 (43)

=
| |

| | <

l
mooo
noo

e k

e k

1, ( )

0, ( ) (44)

where λ > 0; μ > 0; η ∈ (0,2]; ρ ∈ (0,1];
= [ ] Rk k k k k( ) ( ), ( ), ( ), ( ) T

1 2 3 4
4 is the estimation

of the PG Φ(k); The initial value of k( )i is taken

=k( ) (1)i i , i = 1,2,3,4; yd(k + 1) is the expectation leaching
rate; Δy(k) = y(k) − y(k − 1); K = [K1,K2,K3,K4] is the
integral proportionality coefficient; ΔQ(k − 1) = Q(k − 1) −
Q(k − 2).
Eq 42 is the reset mechanism of the PG estimation law,

which is introduced to make the PG estimation algorithm have
stronger tracking ability for time-varying parameters. The
MFAC control structure of the leaching process is determined
by eqs 41 and 43, and its internal structure is shown in Figure
6. The control output of the next moment is obtained from the
expected input signal, output signal, and control quantity of the
previous moment. The proposed model-free adaptive control
algorithm based on compact form dynamic linearization with
integration term is named as ICFDL-MFAC.
In order to ensure that the control algorithm satisfies the

input variable constraints of the leaching process as shown in
eq 28, by combining eqs 43 and 44, we have

=
+

+
+

=
Q Kk

k y k y k

k
e j( )

( )( ( 1) ( ))

( )
( )d

j

k

2
1 (45)

yd(k + 1) − y(k), k( ) , and = e j( )j
k

1 are constants for
every definite time k. Therefore, the inputs of the four leaching
tanks are only related to Φ̂(k) and K. According to eq 41, it
can be seen that for each determined time k, the change
magnitude of the PG corresponding to the four input
quantities in Φ̂(k) is only related to Φ̂(k − 1) and ΔQ(k −
1) because the change amplitude of the four input variables in
ΔQ(k − 1) is only related to Φ̂(k − 1) and K. Therefore, the
PGs in Φ̂(k) corresponding to the four input variables are only
related to Φ̂(k − 1) and K. Therefore, when Φ̂(1) and K are
initialized to satisfy the following inequalities, the input
variables in the leaching process can satisfy the constraints of
eq 28 in the adaptive control update process.

l
mooo
n
oooK K K K

(1) (1) (1) (1)1 2 3 4

1 2 3 4 (46)

5. CONVERGENCE ANALYSIS OF THE ICFDL-MFAC
ALGORITHM

In order to research the convergence and stability of the
ICFDL-MFAC control system, the following assumption 3 is
taken.
Assumption 3: The symbols of the elements in the PG

remain the same.

The convergence of the ICFDL-MFAC algorithm is
illustrated in Theorem 1.
Theorem 1: For the ICFDL-MFAC algorithm composed of

eqs 41−43, when it satisfies the assumptions 1, 2, and 3 and
the expectation output yd(k + 1) is constant, if η, μ and λ are
taken appropriate values, there will be a positive number λmin >
0. When λ satisfies λ ≥ λmin, the control algorithm satisfies the
following conclusions.

(1) The output tracking error is convergent, that is,
| + + | =y k y klim ( 1) ( 1) 0

k d ;

(2) The output sequence {y(k)} and input sequence {Q(k)}
of the system are bounded

Proof: The variation between the estimation and the true
value of Φ(k) is defined as

=k k k( ) ( ) ( ) (47)

From eq 41, we have

=

+
+

Q Q
Q

k k k

k y k k k
k

( ) ( 1) ( )

( 1)( ( ) ( 1) ( 1))
( 1)

T

2

(48)

Substituting eq 31 into eq 48, the following equation can be
obtained from eq 30 as

+

+

I
Q Q

Q
k

k k
k

k

b

( )
( 1) ( 1)

( 1)
( 1)

2

T

2

(49)

where b is an appropriate constant.
For μ > 0, η ∈ (0,2], we can obtain the following equation

<
+

<I
Q Q

Q
k k

k
d0

( 1) ( 1)
( 1)

1
T

2
(50)

Substituting eq 50 into eq 49, the following inequality can be
obtained

+

+ +

··· +

k d k b

d k db b

d b
d

( ) ( 1) 2

( 2) 2 2

(1)
2

1
k

2

1

(51)

According to eq 51, when d < 1, k( ) is bounded, and
since Φ(k) is bounded, Φ̂(k) is also bounded.
The output error of the system is defined as e(k) = yd −

y(k), and combining eqs 31 and 43, the following equation can
be obtained

+ =
+

Ä

Ç

ÅÅÅÅÅÅÅÅÅÅÅ

É

Ö

ÑÑÑÑÑÑÑÑÑÑÑ
e k

k k

k
e k( 1) 1

( ) ( )

( )
( )

T

2
(52)

According to the reset algorithm of eq 42 and assumption 3,
> =k k i( ) ( ) 0, 1,2,3,4i i can be obtained.

Then there exists appropriate ρ and λ that satisfy the
following equation
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(53)

Taking f = 1 − ρM and combining eqs 52 and 53, the
following equation can be derived

| + | | | | | ··· | |e k f e k f e k f e k( 1) ( ) ( 1) ( )k2 (54)

From eq 54, we can obtain | + + | =y k y klim ( 1) ( 1) 0
k d ,

and thus the conclusion (1) of Theorem 1 can be proved. By
the convergence of the output tracking error e(k) and the
boundedness of the expectation output, it can be concluded
that y(k) is bounded.
Since Φ̂(k) is bounded, it is always possible to find a positive

number Ν such that the following equation holds

+
k

k

( )

( )

T

2
(55)

Combining eqs 43, 54, and 55, we have
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(56)

According to eq 53, the control input Q(k) is bounded,
which also proves that the ICFDL-MFAC controller is
convergent and stable.

6. EXPERIMENTAL VERIFICATION
For the chemical leaching system, the output leaching rate can
be controlled by controlling the amount of NaCN added to the

four leaching tanks. The variables and parameter values
involved in the leaching system are shown in Table 1. The

detailed system parameters are shown in refs 7 and 8. The
sampling period of the system is 200 s. The time-varying target
leaching rate of the chemical leaching system output is taken as

=
<

<
<

l
m
ooooo

n
ooooo

y

k

k

k

0.93,0 500

0.97,501 1000

0.95,1001 1500
d

(57)

The initial values of the proposed ICFDL-MFAC control
algorithm are taken as y(0) = 0, Q(0) = [0,0,0,0]T,

= [ ](0) 20,10,5,0.5 T , ρ = 1, η = 2, μ = 0.8, λ = 0.001, ε =
0.0001, KMFAC = [0.5,0.5,0.3,0.2]. In order to compare and
highlight the advantages of the proposed algorithm, the CFDL-
MFAC without integration term algorithm in ref 24, the
existing difference estimator algorithm based on CFDL-MFAC
(DECFDL-MAFC) in ref 25, and the control algorithm
proposed in the ref 39 named as Meng are also verified. The
adaptive control strategy based on the RBF neural network
with integration term in ref 40 is named as IRBF and also
tested for comparison. The control parameters in the IRBF
algorithm are taken as γ = 0.01 and σ = 0.001. The structure of
IRBF neural network contains nine hidden layers. The control
inputs of the RBF neural network are taken as z(k) = y(k), ci =
[−2,−1.5,−1.0,−0.5,0,0.5,1.0,1.5,2]T,and bi = 3. The initial
values of the weights of the RBF neural network are taken as
ω2 = [0.9,0.6,0.4,0.3]ω1 = [1,0.7,0.5,0.4], ω3 =
[ 0 . 8 , 0 . 5 , 0 . 3 , 0 . 2 ] , a n d

= [ ]; ; ; ; ; ; ; ;1 2 3 1 2 3 1 2 3 . The proportional
coefficient of RBF neural network is taken as KRBF = [5,5,3,2].
The dynamic control results of the target leaching rate based
on the different control algorithms are shown in the Figure 7.
The dynamic variations of the four leaching tanks in the
leaching process based on the different control algorithms are
shown in Figure 8. The control output errors of the different
adaptive control algorithms are shown in Figure 9.
For the systems with multiple input and single output, the

update of the PG of the MFAC algorithm and the update of
the control law are achieved driven by the output tracking
error. For chemical leaching processes, the amount of change
in the control input and output varies greatly in terms of
dimensions. In the control process, the numerical change of
the leaching rate is very small and slow. Especially when the set
control output value reaches a certain value, the change of the
leaching rate is too small or even difficult to drive the control

Table 1. Variables and Value in the Mechanistic Model

variables value unit

Cw 39 %
Cw0 0 mg/kg
Cs 5 mg/kg
Cl 0 mg/kg
CO 7 mg/kg
d̅ 80 μm
CCN0 250 mg/kg
Qs 2500 kg/h
V 68 m3

ρs 2.8 g/cm3

ρl 1 g/cm3
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input change. Besides, the control input changes several times
and the control output may be almost constant. Therefore, for
the MFAC algorithm without the integration term, the updates
of its PG and control law cannot quickly meet the actual needs
of the system and thus cannot achieve effective control
tracking. For the DECFDL-MFAC algorithm, its error
amplification term is added to the PG update and the control
law update, which is better than CFDL-MFAC and Meng’s
control algorithm. However, the error amplification capability
of the DECFDL-MFAC algorithm is far from enough
compared with the ICFDL-MFAC algorithm.
In order to quantify the control accuracy of different control

algorithms, the mean error of the control output error is
defined as = =

Ä
Ç
ÅÅÅÅÅ

É
Ö
ÑÑÑÑÑy y i y i N( ( ) ( )) /i

N
err 1 d . The mean error of

the control output error based on different control algorithms
is shown in Table 2.

7. RESULTS AND DISCUSSION
From the above experimental verification control results, it can
be seen that the mean error of the proposed control algorithm
is 0.0136, which is much smaller than that of other control
algorithms. The rise time or peak time is usually used to
evaluate the response speed of the system. For the system in
this paper, the rise time is selected to evaluate the response
speed of the system. The rise time refers to the time required
for the response curve to rise from zero to 90% of the steady-
state value for the first time. The rise time of the other three
control algorithms is shown in Table 3. It can be seen from
Figure 7 that the traditional CFDL-MFAC, DECFDL-MFAC,
and Meng’s control algorithm cannot meet the conditions for
calculating the rise time in the control process. Therefore, the
rise time of the two control algorithms is not given. We can see
that although the proposed ICFDL-MFAC method does not
have the smallest rise time, it is the most stable and accurate.
It can be seen that the dynamic control inputs of the MFAC

control algorithm and the IRBF control algorithm are smooth.
However, under the same control conditions, the response
speed of the control input based on MFAC is faster than that

Figure 7. Leaching rate dynamic tracking results of different control
algorithms.

Figure 8. Dynamic input of four leaching tanks based on different control algorithms.

Figure 9. Control output errors based on different adaptive control
algorithms.
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IRBF control algorithm. The weight updating strategy of the
IRBF control algorithm has a limitation. When the output
feedback error is less than a certain threshold, the weight will
not be updated. The IRBF control algorithm involves more
regulation parameters and has higher control complexity. The
IRBF control algorithm is difficult to satisfy the actual four
inputs constraints of production. Therefore, the precision
adjustment of the IRBF control algorithm is more difficult,
which limits its application and implementation in the
hydrometallurgical leaching process of precious gold. In
contrast, the MFAC control algorithm involves fewer control
adjustment parameters and has better accuracy and statio-
narity. By adding integral weights to the input variables, the
proposed control algorithm based on MFAC not only achieves
the expectation leaching rate but also achieves the production
requirement that the input sodium cyanide content of the four
leaching tanks is gradually decreasing. The proposed control
algorithm can easily adjust the input constraints proportionally
according to the production requirements. The MFAC control
algorithm can effectively track the dynamic changes of the
target leaching rate.

8. CONCLUSIONS
The cascade leaching process of hydrometallurgy involves
many complex multiphase chemical reaction principles and
physical conservation principles. The cascade leaching process
model involves many undetermined parameters and assump-
tions. It is difficult and computationally complex to establish an
accurate mechanism model for predicting the leaching rate.
Imprecise prediction model may degrade the performance of
model-based control strategies. Model-free adaptive control
strategy has its unique adaptability and advantages in
controlling the complex cascade leaching process. There are
process constraints and limitations among the input variables
in the actual cascade leaching process. In order to solve the
constraint problem between input variables, a novel model-free
adaptive control algorithm has been designed by introducing
the integral factor parameter of input variables. By setting the
initial value of the input to the PG and the weight of the
integral coefficient, the input variable constraint can be
adjusted and satisfied adaptively. According to scientific
assumptions, the stability convergence of the model-free
adaptive control algorithm is analyzed and proved. Based on
the data sampled from the leaching industrial process, the
superiority and practicability of the proposed model-free
adaptive control algorithm are verified by comparing with
the existing model-free control method. The main advantages
of MFAC include the ability to accurately control a system
using only the input and output data of the system. Compared
with the PID control algorithm, the MFAC algorithm can
easily realize the precise control of the MIMO system.
Compared with the neural network and other intelligent
control algorithms, the MFAC algorithm has the advantages of

simple structure and small computation burden. However,
some parameters of the MFAC control algorithm need to be
adjusted, which takes a little time when applied to the
industrial system. The standard MFAC algorithm is difficult to
achieve a good control of the integral system. The existing
MFAC control algorithm can be improved to apply to time-
delay systems and output constrained systems. The MFAC
algorithm may be optimized to reduce the workload of
adjusting parameters in engineering applications. The MFAC
algorithm can also be applied to control MIMO of other
chemical processes, power systems, or mechanical systems.
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