Supplementary document

Proof of the theorems in Stability analysis subsection

Theorem 1. The equilibrium point Ey = (%,0,0,0,0,0,0) is locally asymptotically stable under some restriction on
parameters.

Proof. The Jacobain matrix of the given system at non-trivial point Ey = (%,O, 0,0,0,0,0) is obtained as follows:

-u =B 0 —B 0 0 0
0 Bi—u 0 0 0 0 0
0 0 —d] ﬁz 0 0 0
JE, = 0 0 A —ap 0 0 0]
0 0 vi 0 —(n+p) 0 0
0 0 0 v 0 —(L+7) 0
0 0 0 0 il r —(o+p)

where

a1 =M +u+vy), a2=(y2+U1+0)
The characteristic equation |Jg, — ZI| = 0, we have the following two eigen values —u and 8 — 1, where other five eigenvalues
are the roots of the following equations

M’ +C1M4+C2M3 +C3M2—|—C4M+C5

where,
Ci = amt+a+p+n+o+3u,
G = (otp)(@t+p+p)ta(ut+r)+(@t+rt+to+2u)(a+n+p)+an+u) —Lps,
G = ant+p)@+o+p+2u)+talp+r)(@+p)+(a+n+u)(o+p)(a+u+r)+aln+nr)

“Vino— b (n+n+3u),
G = a+p)o+m)(a+n+u)+a(n+u)e+u+rn) —(@+n+uwnyio—rphn+u)(o+u)
—~m+o+2p)(u+r)-phyine
G = am+np)(o+u)(n+u)—vinoan+u) —hr+u)(0+u)(u+nr) - (L+nbhvine
The equilibrium Ey = (%,07 0,0,0,0,0) is locally asymptotically stable is it satisfy the following Routh-Hurwitz criteria

Ci >0, fori=1,2,3,4,5
CC1 —C5 >0,

C3(C1Cy — C3) — C4C? > 0,
C4(C1C3 —C3) —C5CT > 0,
Cs5(C2C3—C3)

O

Theorem 2. The depression free equilibrium point Ey = (S*,B*,0,0,0,0,0), where S* = ﬁ and B* = (% — l)ﬁ is locally
asymptotically stable under some restriction on parameters.

Proof. The jacobain matrix of the given system at non-trivial point £1 = (S*,B*,0,0,0,0,0) is obtained by

by —u by bs by b3 b3 b3
by —by—p —bsy —by —bs —b3 —b3
bs 0 be b, O 0 0
JE| = 0 0 bg by 0 0 0]
0 0 Y1 0 bio 0 0
0 0 0 Y 0 b1 0
0 0 0 0 n rn —(o+tu)
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where

BB —piS*  BiBS _ BBS  BS .,  MBP o
bl_(S—i—B)z’ 2_(S+B)2a 3—(S+B)27b4—(S+B)2+ vaS—(S_’_B)Z—O,b]l— (l«H-V2)
MB —B.S MB
bg = — A by = , bg = Ao, bg = — , bio=— ,
o= (g TR TR b= T b = gy T b= —(vat o), b= —(n )

The characteristic equation |Jg, —YI| = 0, and the eigenvalues are the roots of the following equation

Y +GY +GoY’ + GiY* + GuY? + GsY? + GeY + G7 =0

where
Gi = bi+by—bs—by—bio—bi1+3u+w
Gy = bg(bg—by—by+bio+bi1 =31 —®)+by(bg—by —by+b1o+ b1y — 31— @)+ big (bg +bs — b1 — by
+b11 — 31 — ©) + b1y (by + b — by — by + b1g — 31 — ©) + b3bs + bybg 4 2b1 l + 2bypt + b1 ® + by o + 2@ + 31>
Gs = (bi+by—3bs—3by—3byp— 3b11)u2 +,U.260+[i3 + (b1bgbg + b1bgb1g + b1beb11 + babebg + bbb + babebi1

+b1bgb1o +b1boby| + babobio 4 babobi| +bibiobi1 + babiobi1) — (b1b7bg + babrbg + bebobio + beboby
+beb1ob11 + bob1ob11) + bibgbio + bybsbi1 + (b3bsbg + bsbsbig + b3bsby — babsbg) — bsbsyy —2(b1bg
+bybg + b3bs +b1bg + b1b1y+ babg +b1b11 + bybio + babyy )[J + 3(b6b9 + bgb1o + bgb11 + bob1o + bob11 + b1ob11 )u
—(b1be + bybg + b3bs + b1bg 4 b1b1o + babg + b1b11 +bybio + bab11) @ + (bsbg + bsbio + bb11 4 bobig
+bob11 +b10b11)® + b1 L@+ by @ — 2(bg + bo +b1o +b11 ) LO — O

Gy = —(bo+Dbio+bi1 +be) > + (3bgbg — bibg — brbg — bbs — bibg — bibig — babg — bibyy — babig — babyy
—3b7bg + 3bgb1o + 3beb11 + 3bob1o + 3bob11 + 3b1ob11 — (bg + bg + b1o + b11) ) ,le + (—b1bg — bybg — b3bs
+ —b1bg — b1b1g — babg — b1b11 — bab1o — bab11 4 2bgbo + 2bsb1o +2bsb11 +2bob1o + 2bob11 +2b10b11) O
+ (bab3bsbg — bybabsbg) +2 (b1bgbg + b1bgb1o + b1bsb11 + babebg + babsb1g + babeb11
+b3bsbg + b3bsbig + b3bsbi1 + b1bobio + b1bob11 + babobig + baboby1 + babioby1 )
—3 (bsbobio + bsbobi1 + bsbiob11 +bobiobi1) p

Gs = 3bgbopu* —bou’ —bio i —byy u* — by b u* — by b u* — b3 bs u* — by bo u* — by byo u* — by bo 1
—by by 1 —bybio u* — babyy u* —be 1 —3brbg u* +3bebio u* +3bsbiy p +3bobiou* +3bo by p?
+3b10b11 1> —2b3 bs LWy + ba by bs bg — by by bs by — by be by big + by by by big — by be bo b1y + by by bs by
—bybg by byo + b2 b7 bg b1o — b3 bs by b1 +babs bg big — by be b1ob11 — babe bg b1y +ba by bg i1 — b3 bsbg by
+b4bsbgby1 — babebrob11 — b3 bsbiobiy — b1 bgbigb11 — babo b1ob11 + b by bro b11 — b7 bg big b1y
2b1 bebo L — 2by by bs 1 + 2 b1 be bio [ -+ 2 b2 be b L — 2y by bs 11 + 2b3 bs by 1 — 2 by bs by L
+2b1bsbii W+2bybsbio +2b3bsbio +2babebii W+2b3bsbii LW+2b1bobiot +2b1boby 1
+2b2bgb1oh +2b1b1ob11 U +2bybo b1y L +2bybiobi1 L —3bebobioh +3b7bgbio ik —3bebo by U
+3b7bgb11 W —3bsb1ob1i L —3bgb1ob11 L — b3 bs by Wy + b3 bs bo Wy + b3 bs by Wi — b3 bs vy
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Ge

Gy

13 (b7bs(b1o+b11) — bebo(b1o+b11) — bebiob11 — bobiobit) + u? (b1 (b7bs(bio+bi1) — bebo(bio +bi1)
—bgb1ob11 — bob1ob11) + b2 (bbg(b1o +b11) — bebo(b1o + b11) — beb1ob11 — bob1ob11) + b3bs (bo (W1 + b1o
+b11) —bgWr — biobi11) + babs (bg(b1o + b11) — bobiobi11) + 3bebobiob11 — 3bbgb1ob11 —b3bsbgy,
+b3bsboy + b3bsbi1yi) + 1 (b2 (2bsbob1ob11 — 2b7bgb1ob11 — b3bs(bg(14-ya) —bo(1 4 w1) — b1 (14 1))
+b4bs (2bgb1ob11 — bg(b1o +b11)) +2b1 (bebob1ob11 — brbgb1ob11) + b3bs (2bgb1oWa — 2bob11 Y1 +boyi Y1
—bg oY +b1171 Y1) —babs (2bgb1ob11)) + babsbs (bgb1ob11 — bg(b1o +b11)) — bababs(bs(b1o +b11))
(bebobiob11 — brbgbiobi1 )1 + [(b1bebobiobiy — bibrbgbiobi -+ babebobiobii — babrbsbiobi

+b3bsbob1ob11 — babsbgbiob11 + bebob1ob11® — b7bgb1ob11® + b3bsbgb1oWa — b3bsbob11 W1 — beb1o 02
+brbiin @y |2 + [(babsbsbsbiobii — bababsbsbiobi + babsbsbsbio® — bybabsbsbio® + bibsbobioby @
—b1b7bgb10b11® + baybebyb1ob11 ® — byb7bgb10b11 O + b3bsbob1ob11 © — babsbgbiob11 © + b3bsbgb1oya ¥
—b3bsbob11i — bab3bshi1 i @Y + bababsby1 i @Y + bsbsbsbiol @Y, — b3bsboby i Loy, — bibebio L)
+b1b7b11 i LO YL — babeb10Ya L OY2 + bab7b11 Vi LWL — b3bsbio ol Y2 + babsbi Vi L@ Y1 — b3bs i LY Y2
+b3bs L uOYI Y1

If the following Routh-Hurwitz criteria satisfied, then E; will be locally asymptotically stable.

—G; >0, fori=1,2,3,4,5,6,7
G71G¢Gs — G2 >0

(G1G6Gs — G2)(G1G4Gs — GE — G3G3) — GGs5(G1G3Gs — G3) > 0

G7 (Ge (G5(G4G3 — G2Gs) — G5(G3G2 — G1Ga)) + GeGa) — GsGeG3 + GeGsG2G3 > 0
G1G6G5G4G3Gy — G2GsG4G3 — GsGsG3 + GsG5G4Gay — GsG5G1G4G3 + GGGy > 0

O

Theorem 3. The saboteurs population free equilibrium point E; = (S*,0,P*,D* M* ,C*,R"), is locally asymptotically stable
under some restriction on parameters.

Proof. The Jacobain matrix of the given system at non-trivial point E = (S*,0,P*,D*, M*,C* R*), is obtained as follows:

where

—(a1 + [J) ap aj ayg az a3 as
0 as 0 0 0 0 0
ai ag —(az+p) —ag —a3 —as —a3
Jg, = 0 ay A ag 0 0 [0}
0 0 Vi 0 —(n+tu) 0 0
o 0 0 v 0 —(u+n) 0
0 0 0 0 % % —(o+u)

N=(S+P+D+M+C+R), a

_ B.DN — ,DS 0= —BiS n B.DS 4= <ﬁ25NB2DS>

N2 ’ N NZ '’ N2
B>DS B.S BDS WP MP BDS  —MP
as = , s = ——, dg = — ——|,a7= —/, a8 = — -
N? N N? N N N? N

The characteristic equation |J/g, — ZI| = 0, we have the following eigen value

And the other eigen values are obtained from the following equation

70+ H\Z3 + HhZ* + H3Z> + HyZ> + HsZ+ Hg = 0
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where

H = aq+ta—-at+nt+p+iuto

H = a(n+n+4u+o)+a(ni+n+au+o+y)—(a+a+a)(yi+h+0)—aa—dal+r1n+ 10’
FApo+4(n +n)u

H; = (6a;+6asz—10ag+ 6y +671 +6w)u2 + 10;13 — (a1 +a3)as(y1 + 1) —azasyn + (aay1 + asys +4asdy + 3a3do)
+(a47tz + 3a; —|—3a3)(0—|— (3}’1 + 39 +3a; —|—3a3),LLO)—|- (1 +a3)}/1 Y]+ (1 —|—(13)Y21,l/1 +" }’z(ﬂ + CO) — Yoy,

H, = u4(5 +4w) +,u3 (4a) +4az —10ag + 4y +4p) —l—,uz Bnow+3po—6ajag —6azag +3a1y +3a1p +3a3n + 3a3)

—H.Lz (6asdy + 37171 —6agy — 6agys — 6as® + 3azyy) + U (3asayi Az + 3as s +2a1 710+ 2a1 0 + 2a3 71 ©
+2a3 0 — 3agy1 0 —3ag @) + (2az Y1 4 2a3 ok — a1 L OY: +as i OY1 + a3 0V + aspro® — a3 0y)
+(Basa o +3a3 L pyn + 271 UG + a3 o OY: + 203 LO Y — Vi 2Oz — 3 UOY?)
—(amagn1 2 +azagnp +3a1agyi L+ 3arag ol + 3azagyi L+ 3azag b +ajag © +ajag 0 +azag i © + azag o)
+(aanpra +2anpp +2a371 B0 —3as ol — 3a1as Lo — 3a3as O + a1 O + a3 O — agy O — 3azas Ly )
Hs = /.L5 + (a1 +az—Sas+m +Yz+a))[.t4+ o+ po+ay+an+ay+azyn —4aiag —4azag +4asdy
—dag(yi + %) +a10+a30—4aso+asyi| 1 + [ +asny —3(aiasy +arasy +azasyi +azasp)
+3a42a (71 + ) — 3(aras +azag) (1 + 1) 1> + [-2(a1as +azas)n e + (@np +any —2asnp)
F2a311 o ¥s +2a3 00 +asyi O — azag O | L+ [-2117 + 2a3 A2y
Hy = —agp®+(ashr —aras —azas —asyi —asy —as@) W + (—aiasyi — arasp — azagyi — azag’y, — asyipp — a1ag®
—azag® — azas Wi +asi o + aspla + asa 0+ asdoWh — pOYL) 11+ (—aiagn e —azasyi v, — ajas i o
—a1a3 O — a3agVi O — azagr O — azasyi Wi — azag ¥ + asN oho — ag¥i O — a3 O +ayn Ao
taspha®+asyi Vs + a3 loWn — a1 pOY: + asy OY) — ashOY: + a3zl 0V — 11 o)) i1
+(—aiagV1p® — azag 1 LW — azag V1 Y1 — azagL OV +ar1 Ao 0 + a3y o Yo — a1 1 0¥ — a3z o0
Fas1 OV +a3V1 0V + a3V OY1 Y — a3 01 Y,) 1
If the following conditions hold, E; will be locally asymptotically stable according to the Routh-Hurwitz criteria:
—H;>0fori=1,2,3,4,5,6
—(H\HyH3) > H3 + H Hy
—(H\Hy — Hs)(HiHyHy — H? — H*Hy) > Hs(HH, — H3)?H H2? > 0
—(H\H? — HyHe)(H\HyH3 — Hy — H{Hy) > Ho(H\H, — H3)*H{HZ > 0
O

Theorem 4. The Endemic equilibrium point E3 = (§**,B**, P**,D** M** ,C**,R**), is locally asymptotically stable under
some restriction on parameters.

Proof. The Jacobain matrix of the given system at non-trivial point E3 = (S**, B** P** D** M** C**,R**) is obtained as
follows:

ay ap as ay as as as
as ag ar ar ay ay ar
asg ag alp dari app dn ar
Jg, = | ais aiw ais aig a3 a3 ap+ o
0 0 Y1 0 ary 0 0
0 0 0 YL 0 aig 0
0o 0 0 0 7 r —-(t+to)
where
Bi1BN — B1BS B>DN — ,DS PB1SN — B1BS B.DS
a1=—(( - ) | - )HL 7a2:_( - ) 4 2 = —(n+ ),
_(BiBS=pBDS)  BiBS (BSN—B,DS) ~ BBN—-BBS  BiBS
az = N2 , A4 = N2 - N2 , A5 = N2 y A7 = — N2 761]8—*(')/24"“)7
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_ (BiSN — B:BS) _ (B.DN—B—-2DS) MBP  (MPN—MBP) B,DS
aG_Ti.uw ag = N2 + N2 , dg = N2 - N2 )
MBN — A BP DS SN — B,DS) ~ ABP —M\1BP
a10:< : N2 : >_B12v2 _(12+ﬂ+‘lf1)7a11=(ﬁ2 NzﬁZ )+ lez ’“13:#7
MBP — B,DS MPN — A BP M BN — A, BP M BP
012:( 1 Nzﬁz ),a14:( 1 - 1 ),015:( 1 = 1 )+127a16:,(y/2+u+6)— ]1\72 .

The characteristic equation |Jg, —XI| = 0 and the eigen values are the roots of the following equations,

X'+ KX+ KXo + K3 X + Ko X2 + KsX? + KX + K7 = 0.

The coefficient KS can be found use any software with symbolic computation. If the following Routh-Hurwitx criteria holds,

then the equilibrium pointFE3 is locally asymptotically stable;

—K; >0, fori=1,2,3,4,5,6,7
K7K¢Ks — K2 > 0,

(K7KsKs — K2)(K7K4Kg — K2 — K2K3) — KoKs(K7K3Ks — K3) > 0,

K7 (K (Ks(KsK3 — K2Ks) — K5 (K3K> — K1Ka)) + Kg K> ) — KsKoK3 + KoKs KoKz > 0,
K7KKsK4K3Ky — K2KsKy K3 — KKsK3 + KsKsKy Ky — KoKsK) K4K3 + KgK3 Ko > 0.
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