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Abstract

Biomolecular condensates frequently rely on membrane interactions for localization,
recruitment, and chemical substrates. These interactions are often mediated by membrane-
anchored tethers, a feature overlooked by traditional wetting models. Using a surface free-energy
framework that couples surface tension with tether density, we solve for the contact angle and
tether density in a spherical cap geometry, generalizing the Young-Dupré equation. While the
contact angle retains its force-balance form, the tether density depends nontrivially on the form
and strength of tether-condensate interactions. We solve for this dependence within a simple
interaction model, and find a wetting phase diagram with a transition from non-wetting to partial
to complete wetting over a biologically realistic parameter range. This work provides a
quantitative framework for characterizing condensate-membrane interactions, uncovering

potential mechanisms by which membranes mediate cellular organization and function.
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Biomolecular condensates, intracellular compartments formed via phase separation, are
essential for diverse biological processes, including gene regulation, metabolism, and cell
signaling [1-3]. In many instances, proper condensate function relies on interactions with
membranes [4-5]. These membrane interactions can spatially organize condensates, concentrate
interaction partners, and facilitate access to reactants. The algal pyrenoid exemplifies this
interplay: condensates enriched with the CO:-fixing enzyme Rubisco form around traversing
membranes that supply CO: to enhance photosynthetic efficiency. Conversely, condensates can
also facilitate membrane processes such as transport, signaling, force generation, and structural
remodeling. For example, Focal Adhesion Kinase (FAK) forms condensates on the cytoplasmic
membrane, binding to lipids at sites where focal adhesions assemble, thereby regulating cell
motility [6]. Similarly, during B cell activation, scaffold proteins in the cytoplasm form
condensates that associate with the plasma membrane, a process essential for downstream
signaling [3]. More broadly, unraveling the dynamic relationship between condensates and
membranes is likely to be essential to understand various instances of intracellular
compartmentalization.

In many cases, membrane-associated condensates do not directly wet membranes.
Instead, they adhere to membrane surfaces via tethering molecules, such as proteins or specific
lipids, that are anchored to the membrane. In the pyrenoid of the model alga Chlamydomonas
reinhardtii, for example, pyrenoid-traversing membranes feature tethers like RBMP1, RBMP2,
and SAGAT1 which directly bind to Rubisco [7, 8]. Since membranes are typically fluid, tethers

such as these are likely to be mobile within the membrane. Figure 1A illustrates a condensate
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wetting a membrane through interaction with mobile tethers; because of the favorable
interaction, the tethers are shown as enriched at the location of the condensate. We were
motivated to ask how does tether mobility affect the condensate-membrane interaction and thus
the extent of wetting?

Previous studies have explored various aspects of condensate-membrane wetting,
including the effects of binding to fixed receptors on membranes [9], the influence of
nonequilibrium component synthesis [10], and the role of membrane criticality on tether-
mediated prewetting—characterized by a thin layer of molecules forming in domains on the
membrane [11]. However, the influence of mobile tethers on condensate wetting within an
otherwise uniform membrane—particularly the factors governing tether density—remains
unexplored.

The wetting of a surface by a liquid is expressed by the Young-Dupré equation [12],
which relates the surface tensions between the liquid, solid, and gas phases to the contact

angle 0 of a liquid droplet. The equation is expressed as follows:

OsGg — OsL
cosf = ———,

OLG

where 05, Ogy, and oy are the surface tensions of the solid-gas, solid-liquid, and liquid-gas
interfaces, respectively. This equation assumes a balance of surface tensions at the contact line.
For a condensate wetting a membrane, one can view the membrane as the solid, the condensate
as the liquid, and the dilute phase as the gas in Eq. 1, and we will continue using this solid-
liquid-gas terminology. However, mobile tethers introduce an additional dependency that is not

accounted for in the classical Young-Dupré framework. Namely, the contact angle also depends

Eq. 1
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on the density of tethers, which in turn depends on the tethers’ interaction strength with the
condensate (see Fig. 1B).

Here, we present a generalized Young-Dupré equation that incorporates mobile tethers,
bridging the gap between classical wetting theory and the unique physics of condensate wetting.
Furthermore, our framework predicts the equilibrium tether density at the condensate-membrane
interface as a function of the interaction strength between the tethers and the condensate. This
formulation is broadly applicable and makes minimal assumptions about the specific properties
of the condensate, the membrane, or the tethers.

In order to derive the equations for the contact angle and the tether density p,, we start by

defining the total surface free energy of a 3D condensate wetting a 2D surface as

Fiot = 016 f dA;c + f os(pr) dAgy, + 0sg f dAge - Eq. 2

Here, A; ¢, Asy,, and Agy, are the surface areas of the liquid-gas, solid-liquid, and solid-gas
interfaces, and py is the density of tethers at the solid-liquid interface. Within our framework,
ogi.depends on tether density, while gy, and g do not. The solid-liquid surface tension has this

simple form (see ST Appendix for derivation):

p
os.(py) = o510 + kgT (ptlnp—t —pct Po) +E(py) , Eq. 3

0

where ogy, o 1s constant term representing the surface tension in the absence of tethers, the next

term accounts for the entropic cost of bringing tethers together from a surrounding reservoir of
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density, p,, and the final term, E(p,), accounts for interactions including condensate-tether and
tether-tether (see ST Appendix). This framework is general, with the only assumption being that
the tether density p; is uniform at the membrane-condensate interface.

To analyze the model defined in Egs. 2 and 3 and ultimately minimize the free energy
with respect to the contact angle and tether density, we consider a spherical cap geometry for the
condensate (Fig. 1B and SI Appendix). This geometry arises naturally from force balance at the
liquid-gas interface and the uniform pressure within the droplet. The surface areas in Eq. 2 can

be expressed in terms of the contact angle 6, and the radius of the sphere R as

Arg = 2mR*(6,,)(1 — cosb,,), Eq. 4

and
As, = TR?(6,,) sin? 6,,. Eq. 5
Using the definitions of surface areas from Eqgs. 4 and 5, and changing variables to
express the solid-gas area in terms of the total solid area minus the solid-liquid area, Agg = Ag —

Ag1,, and keeping only the relevant terms (i.e. minus a global constant), the surface free energy

from Eq. 2 becomes

F = o0,6AL + (0sL(pr) — 0sg) AsL. Eq. 6
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Note that the surface free energy in Eq. 6 depends on the sphere radius R, which for a

given volume V' of the condensate depends in turn on the contact angle 6, . To obtain a

functional form for the radius, we write the volume of the droplet as

mR*(6,,)
V= Tt(l — c0s6,,)*(2 +cos 6,,). Eq. 7

The volume of the droplet is always conserved and is a constant. From Eq. 7, we can find

R(Hpt) to be

Pt (1 — cos6,,)?(2 +cos b, )

Combining Eqgs. 4-8 , we obtain the final form of the surface free energy in terms of the contact

angle and tether density:
F = nR?(6,,)[2016(1 — cos 6,,) + (os.(pr) — 05 )sin? 6, . Eq.9

To solve for the contact angle and the tether density, we minimize the surface free energy

in terms of p,, which yields (SI Appendix):

OsG — O
cos B, = SG—SL(pt)' Eq. 10

OLG
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and

dE(py) _ kT Eq. 11

dpy Po

Equation 10 is the generalized Young-Dupré equation. It has the same form as Eq. 1, since it
simply expresses force balance, but contains the contribution of the tether density to the solid-
liquid surface free energy og;.(p;) (Eq. 3). The nontrivial result is Eq. 11 which gives the tether
density in terms of the function E(p.). For the spherical cap geometry, Egs.10 and 11 are exact
provided that p; is uniform, and also hold in 2D (S7 Appendix).

To illustrate these results, we consider a simple potential E(p,) = —yp;. From Eq. 11, we

find the tether density to be

pe = ex/kaTp,, Eg. 12
so the contact angle is
O — Oso + po(eX/ 8T — 1
COS Gpt — SG SL,0 pO( ) . Eq 13
o
LG

For y > 0 tethers are attracted to the condensate and are enriched at its location. This increased
tether density decreases the solid-liquid surface tension as well as the contact angle, implying
stronger wetting and a flatter interface. In contrast, y < 0 implies a repulsive interaction (e.g.
due to steric hindrance, charge, hydrophobicity, etc.), and leads to a depletion of tethers at the

condensate location, and the opposite effect on wetting.
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Since y governs the strength of wetting, there should be a critical value of y above which
the condensate completely wets the membrane (i.e. the droplet spreads out). Generically, the
transition to complete wetting occurs when cos 8, = 1, i.e. when gsg — 051,(pr) = 0.
Physically, this condition means the preference for the solid to contact the liquid rather than the
gas exactly balances the energy cost of expanding the liquid-gas interface. Using this condition

and Eq. 3, we find the critical value of y to be

016 T OsL0 — Osg
ksTpo

Xe=kgT In|1+ Eq. 14

To better understand how the wetting transition applies to biomolecular condensates, we
can estimate the dependence of the contact angle 8, on p, and y for a typical condensate. The
contact angle depends only on the difference g, o — 056, 016, and the reference tether density
po- The difference ogy, o — g5 can, in principle, be negative, indicating an attractive interaction
between the condensate and the membrane in the absence of tethers, or positive, signifying a
repulsive interaction. For modeling the pyrenoid and related condensates, we assume a positive
value. First, based on the entropic penalty of bringing the flexible polymers in a droplet into
contact with a surface, we estimate this difference to be approximately og;, o — 056~0.4 mN/m
(see SI Appendix). Second, for natural condensates, the “liquid-gas” surface tension (ay,g) varies
over a large range 10™* — 10° mN/m, but for concreteness we take a value of ;. = 0.2 mN/m
[13]. For these parameters, in Fig. 2 we plot a heat map of cos 6, versus p, and y, and find a
large region where partial or complete wetting occurs. For an approximate reservoir tether

density of p, ~ 1/(100 nm?) as observed in human cells [14], our model predicts y. = 2.7 kgT
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as the binding energy per tether required for complete wetting. In general, increasing y shifts the
domain of wetting to smaller values of p,.

In this work, we derived a generalized Young-Dupré equation that incorporates the
interactions between condensates and mobile tethers anchored to membranes, extending classical
wetting theory to biological contexts. Our model emphasizes the tradeoff between the favorable
energy of tether-condensate interactions and the entropy cost of tether concentration. The
generalized equation for the contact angle takes the usual Young-Dupré form, but including the
dependence of the solid-liquid surface tension on the tether density. For a minimal model of this
surface tension, we find that the tether density is the product of the surrounding tether density
and an exponential of the tether-condensate interaction strength. For a typical tether density and
condensate parameters, we find that complete wetting requires that each tether interact with the
condensate with a modest energy of ~3 kgT.

To test our theory, experiments could measure the reservoir density p, and the tether
density p,. One prediction of the simple interaction model is that the ratio p;/p, will remain
constant at eX/¥8Tas reservoir density or droplet volume are varied. If this prediction is
confirmed, these experiments would also provide a measurement of the tether-condensate
interaction strength y, which could be studied as a function of both condensate and tether
properties. The simple model also predicts the functional dependence of the wetting angle on p,
and p,, which could also be tested. More generally, Eq. 14 relates the ratio p/p, to the
membrane-tether interaction energy, allowing the latter to be inferred even in more complex
cases. A potential experimental system for these tests is a supported lipid bilayer with either
protein or DNA [15] fluorescently-tagged tethers with known affinity for a non-wetting

condensate.
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Our minimal model of tether-mediated wetting provides a foundation for exploring
complex phenomena at condensate-membrane interfaces. Extensions could include the effects of
membrane curvature [16], which alters tether density and induces geometry-dependent wetting,
as well as nonequilibrium dynamics such as posttranslational modifications or active fluid
coupling to membranes, which may drive directed condensate motion. For instance, active
droplets propelled by internal activity gradients [17] or transport influenced by hydrodynamic
flows [ 18] suggest mechanisms for regulating condensate dynamics. Investigating condensate-
membrane wetting dynamics, including nucleation and the role of kinetic parameters like tether
diffusivity, is a promising direction for understanding condensate morphology and function in

biological and synthetic systems.
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Appendix A: Derivation of tether entropy

Consider a two-dimensional system of N noninteracting tethers in an area A. The entropy is

given by

A
S = Nkgln —, Eq. 1
BnN q. 15


https://doi.org/10.1101/2024.12.04.626804
http://creativecommons.org/licenses/by-nd/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2024.12.04.626804; this version posted December 5, 2024. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made
available under aCC-BY-ND 4.0 International license.

where kg is Boltzmann’s constant. Now, consider two compartment with areas A;and 4,, and

initial particle numbers N; and N,. The entropy of this system is

Ay A,
S; = N;kg lnN—1 + Ny kg lnN—Z. Eq. 16

Next, consider moving 6N tethers from compartment 2 to compartment 1. The total entropy of

this final state is

Ay

S = (Ny + 6N)kg In——— + (N, — 6N)kg In———. Eq. 17
p= (N + )BnN1+6N+(2 )BnN2—5N q
The change in the entropy is
AS =S¢ —§; = AS; + AS,, Eq. 18
1 A,
ASl = (Nl +6N)kB lan-I——SN_leB ll'lN—l, Eq 19
and
AS, = (N, — §N)kg In——— — N,k Iz Eq. 20
2 2 B N, — 6N 2KB N, q.
We can write the change in the entropy of compartment 1 as
N. N; + 6N
AS, = —8N kgln— — (N, + 6N)kgIn———. Eq. 21

A, Ny
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If we consider compartment 2 to be a large reservoir, we expand Eq. 20, since 6N is much

smaller than N,:

N,
AS, ~ 5Nkg (1 +1n A—).

2

Using Egs. 16-22, we find that the entropy change is

Ny + 6N

1

Now, we consider the case where the two systems are at the same density initially

Ny N,
p = — = —
A A
By defining
N{ = N; + 6N,
and
Ny
Pt =7
t A1

after moving &N tethers with the entropy change in Eq. 22-23, we obtain the free-energy density

in the second term on the right-hand side of Eq. 3.

Eq. 22

Eq. 23

Eq. 24

Eq. 25

Eq. 26
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Appendix B: Tether-condensate interaction energy

The solutions in Egs. 10-11 are valid as long as the tether density in each compartment is
uniform. To go farther, we consider a simple energy function corresponding to each tether

interacting independently with the condensate

E(p) = —xp:- Eq. 27
However, the theory would also apply to more complex functions such as a power law expansion

in p;. For example, an energy function of the form

E(py) = —xp. + Bp¢ Eq. 28
would account for tether-condensate interactions via the first term, while the second term

describes tether-tether interactions, repulsive for f > 0 and attractive for f < 0.
Appendix C: Spherical cap geometry and free energy minimization

The volume of a spherical cap is

1
V= §nh2(3R(9pt) —h), Eq. 29
where R(th) is the sphere radius as a function of the contact angle, 6, , and h is the height of

the spherical cap. The height of the spherical cap can be written in terms of the contact angle as

h = R(Hpt)(l — cos HPt). Eq. 30
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Substituting this formula for h into Eq. 27, V gives the volume in terms of the radius of
curvature and the contact angle as given in Eq. 7, and provides the equation for the radius in Eq.
8.
Now, we want to write the surface areas Ay and Ag;, in terms of the contact angle. The
surface area of the spherical cap excluding the surface in contact with the solid is given by
Arg = 2mthR(6,,). Eq. 31

Using our formula for the height gives an equation for the area in terms of the contact angle to be

Arg = 2nR*(6,,)(1 — cos6,) . Eq. 32
Lastly, let us find the area of the surface in contact with the solid. That area is

Agy, = ma? = nR*(6,,) sin?6,,, Eq. 33
where a = RO, sin 6, is the radius of the circle in contact with the solid. Using Egs. 31-33, we

can minimize the surface free energy in terms of the tether density which gives the solutions in

Egs. 10-11.

Appendix D: Two-dimensional solution

The two-dimensional analogue of the surface free energy given in Eq. 2 is

F = o016l + (osL(pt) — 0s6) lsw, Eq. 34

where [} and [g;, are the lengths of the liquid/gas and solid/liquid interfaces. In two dimensions,

the liquid/gas interface is the arc length of a circular cap:
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lig = 2 R(6,,) 6,y Eq. 35
where 6, is the contact angle and R(Bpt) is the circle radius which is a function of the contact
angle 6, . The liquid/solid interface is
ls;, = 2R(6,,) sinB,,. Eq. 36
We can substitute these expressions into the surface free energy along with the definition for the

liquid/solid surface tension, and we obtain

F =2016R(6,,) + (os.(po) — 0s6)2R(6,,) sinb,,. Eq. 37
In order to find how the circle radius depends on the contact angle, we first compute the area of

the droplet to be
Ad = Aarc - Atr' Eq. 38
where A, = % R 2(9pt) is the area of the circular arc enclosed by the arc length that equals [ g,

and
Ay 1lSL[R( ) —h] Eq. 39

is the area of the triangle within the circular arc area that we must subtract. From the

Pythagorean Theorem, we can find the height to be

h =R(6,,)(1 —cosb,,). Eq. 40
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Substituting Eqs. 38-39 into Eq. 37 for A4, we find that

tr

R*(6,,) .
= Tptsm 20, . Eq. 41

Hence, using Eq. 36-41, the area of the droplet is

sin 26
Aq = R*(6,,) <9pt — T‘“) Eq. 42

Since the area is a constant, we can solve for R(th) in the previous equation:

Ag
R(th) - sin26,,\ Eq. 43
< Pt 2 )

Free energy minimization of Eq. 32, gives the same solutions as Eqs. 10-11.

Appendix E: Typical values for surface free energies

As noted in the main text, the results in Eqs. 10 and 11 depend on the difference g, g — 05¢ ,
which quantifies the interaction between the condensate and the membrane in the absence of
tethers. We study the case where this difference is positive which means that the condensate has
a repulsive interaction with the bare membrane. We can roughly estimate a typical magnitude of
this interaction by considering polymer condensates that tend to avoid a surface because that
reduces their polymers’ conformational entropy. We’d expect about 1 kgT per polymer “blob”
area in contact with the membrane, which could be ~10 nm?, which would produce a surface

energy density of 0.1kgT /nm?. Converting to relevant units gives gg o — 0sg~0.4 mN/m.
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Figure 1: Wetting of a membrane by a biomolecular
condensate via interaction with mobile tethers.

A Tllustration of a biomolecular condensate (blue)
interacting with mobile tether molecules (black) to wet a
membrane (purple). The interaction creates a localized,
enrichment of tethers at the membrane-condensate
interface. B Version of A mapped onto generalized
Young-Dupré system of “solid” (membrane), “liquid”
(condensate), and “gas” (dilute phase), showing the
contact angle, 6, along with the surface tensions between
the solid and gas (o5g), liquid and gas (oyg), and solid and
liquid (os,(pc))- The surface tension ogy,(p.)) depends on
the enhanced constant density of tethers, p., at the solid-
liquid (i.e. membrane-condensate) interface.
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Figure 2: Phase diagram of wetting as a
function of the tunable parameters y and p,,.
The color bar denotes the value of cos 8, from Eq.
10 with 051,90 — 056 = 0.4 mN/m and o6 =

0.2 mN/m. Solid black curves represent contours
of constant angle between the regions of non-
wetting (cos 0, = —1) and complete wetting

(cos Bpt = 1).
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