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We propose an efficient scheme for preparing entangled states between two separated nitrogen-
vacancy (NV) centers in a spin-mechanical system via a dissipative quantum dynamical process. The
proposal actively exploits the nanomechanical resonator (NAMR) damping to drive the NV centers to
the target state through a quantum reservoir engineering approach. The distinct features of the present
work are that we turn the detrimental source of noise into a resource and only need high-frequency
low-Q mechanical resonators, which make our scheme more simple and feasible in experimental
implementation. This protocol may have interesting applications in quantum information processing
with spin-mechanical systems.

Hybrid quantum systems involving mechanical structures have attracted great interests in recent years'4,

Traditionally, mechanical systems have served as sensitive force detectors because of their sensitivity to elec-
tric, magnetic and optical fields. With the advance of nanofabrication techniques, mechanical motion has
reached the quantum regime, thereby providing an ideal platform to test quantum theory with macroscopic
objects. Furthermore, since the mechanical structure, often fabricated with a high quality factor Q (in the range
of ~10°)", can couple to a wide range of quantum systems, hybrid mechanical devices are now widely used in
quantum information science. Thus far, experimental and theoretical progress has realized the coherent cou-
pling between mechanical resonators and other quantum systems, such as superconducting circuits'¢-?°, ultracold
atoms?'~%*, quantum dots**?°, and solid-state defects**~*’. This unconventional coupling offers a promising route
for quantum-information processing with hybrid nanomechanical systems.

One of the most prominent examples of hybrid mechanical systems is the NV-nanomechanical system, where
the coupling often arises from the relative motion of the NV center and a strongly magnetized tip. In such setups,
either the N'V center or the tip is affixed to a vibrating nanomechanical resonator®-*!. The benefits of such hybrid
quantum systems are quite diverse. For one thing, NV centers in diamond possess excellent coherence properties
even at room temperature, and their electronic ground states can be tuned by external magnetic fields via Zeeman
effect*®-. For another, several experiments have shown that the NV-mechanical coupling strength can reach
100 kHz, which far exceeds the decoherence rates of NV spins. Moreover, the interaction between an NV spin and
a mechanical resonator can be described by the well-known Jaynes-Cummings (JC) Hamiltonian, in analogy with
cavity quantum electrodynamics (cavity QED). In this case, mechanical resonators can be used as a quantum data
bus to realize quantum states transfer between different quantum systems.

As for the application of NV-nanomechanical systems, generating entangled states between distant NV centers
is of particular interest and experimental challenge. Several theoretical works have been proposed to prepare
entangled states of NV centers by using a mechanical resonator as a data bus. L. G. Zhou ef al.*® showed that the
maximal entangled state between the NV centers can be probabilistically generated by detecting the frequency
shift of the NAMR. Besides, L. Chotorlishvili et al.*! also proposed to steer two NV centers to the entangled state
via control over the deflection of the cantilever. In essence, these schemes are based on the unitary dynamical
evolution of the hybrid quantum system. However, the entanglement generated in these protocols will inevitably
be affected by the mechanical damping and ambient thermal noises. The traditional method for beating such det-
rimental decoherence often needs the strong spin-phonon interaction to exceed the decay of the phonons. Then,
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magnetic tips

Figure 1. Schematics of the hybrid device studied in this work. Two NV centers are implanted separately in a
nanomechanical resonator with dimensions (I, w, t). Magnetic tips are near the NV centers, which are used to
generate strong magnetic gradients. The setup is immersed in a static magnetic field B,. Note that the crystalline
axis of the NV center is along the z axis.

the mechanical resonator must have an ultrahigh quality factor Q and often needs extra ground state cooling, but
these requirements are too demanding for current nanofabrication techniques.

In this work, we propose a new scheme for generating entangled states of NV centers in an NV-nanomehanical
system. In our setup, two NV centers are embedded separately in a nanomechanical resonator, and equally cou-
pled to the mechanical motion through magnetic coupling. We apply a strong static magnetic field to the NV
centers, enabling the NV spin transition |0) < |—1) to be resonant with the mechanical mode. In addition, micro-
wave driving fields are applied to each NV center in order to break the symmetry of the system Hamiltonian.
As a result, the system will eventually evolve into a singlet-like entangled steady state®. Here, the damping of
the mechanical resonator plays a positive role and helps drive the system to the target state, without the need of
ultrahigh-Q nanomechanical resonators®®. Similarly, the counterintuitive effects of loss have also been studied in
optical systems, which shown that dissipation can be converted to gain near an exceptional point (EP)**. The
distinct features of the present work are that we turn the detrimental source of noise into a resource and only
need high-frequency low-Q mechanical resonators, which make our scheme more simple and feasible in exper-
imental implementations. This work may have interesting applications in quantum information processing with
spin-mechanical systems.

Results
The setup. Asshown in Fig. 1, two NV centers are implanted separately in a nanomechanical resonator, with
the magnetic tips positioned at a distance h ~ 25 nm away from them. The setup is immersed in a static magnetic
field in the positive direction of the z axis. The motion of the mechanical resonator along the x axis can be quan-
tized, which is described by the Hamiltonian H, = fiw,a'a, with 4 and &@" the annihilation and creation operators
for the vibrational mode.

As the mechanical resonator vibrates, the magnetic field felt by the NV centers will depend on their motion,
which has the form \B, | ~ G,%, with G, the magnetic field gradient, X = ay(a + a ) the position operator, and
a, the mechanical zero point amphtude61 For a cantilever with the mass density p and Young’s modulus E, the

12
resonant frequency of the fundamental mode is w, = 3.516—2 % and the motional mass is m, = plwt/4,

where [, w, t refer to the length, width and thickness of the resonator, respectively®. In this paper, we consider a
nanomechanical resonator with dimensions (I, w, ) = (200, 50, 50) nm, a magnetic field gradient G,,= 10" T/m,
and then the spin-phonon coupling strength can reach 27 x 30kHz®%. Apparently, this coupling strength consid-
erably exceeds the effective decoherence rate of single NV spins.

An NV center consists of a substitutional nitrogen atom with an adjacent vacancy in the diamond lattice, and
the electronic ground states of a single NV center are spin triplet states denoted as |m, =0, £-1). The zero-field
splitting D,, between spin states with different values of || is 27 x 2.87 GHz®. In our setup, the external mag-
netic fields applied to each NV center consist of three parts. One is static magnetic field B, whose role is to cause
Zeeman splitting of the states |m,=£1). And then the microwave fields are polarlzed in the x direction,
B,, = Bycoswjté,, which are applied to drive Rabi oscillations between |m,=0) and the excited state |m,==+1),
as shown in Fig. 2. Besides, the gradient magnetic field B = By;,¢€,. Thus, the external magnetic fields can be
written as By, = B, + B, + B,,. The Hamiltonian of a smgle NV spin interacting with the total magnetic fields

tip*
has the form

Hyy = hiD, DysS, "‘ 1p&Byy - S. (1)

In the basis defined by the eigenstates of§z, ie., {|m,), m;=0, £1}, with §Z|ms) = m,|m,), we get
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Figure 2. Simplified energy levels of a single NV center in the electronic ground state. Here, Q) denotes the Rabi
frequencies between |0) and the excited states |+1), 1g,B, is the Zeeman shift under the static magnetic field,
and 6 denotes the detuning between the microwave driving field and the transition |0) < |—1).

Hyy = hDgmZ|m)(m,| + pgB.m|m)(m,|

+ Z/”BgsBOCoswotlmx/)(ms/|§x|mx)(mx|
mgmg
+ 30 1,8,Gao(@ + @) m]) (m{|S,|m,) (.
moms @)

In this paper, we assume that two NV centers are equally coupled to the cantilever (A= )\,), which could be
realized by skillfully adjusting the magnetic field gradient of the tips and the distances between the tips and the
corresponding NV centers. The direct spin-spin interaction can be neglected since it is excessively weak com-
pared with the spin-phonon interaction®. Besides, we consider the NV centers can be individually addressed.
Note that, for spin-1 system, the spin operator component §x = %(|0)(+ 1| + |0){—1| + H. c.). The
Hamiltonian of the system then takes the form

Hy = hwd'a + 32 [RA_|-1),(A[+hA, [ + 1),¢1]

i=1,2
+RQ([0) (1| + [0); (1] + H.c.) (e + e ™)
FRA0);(+1] + [0);(—1] + H.c.) @ + "], 3)

where hA = hDy =+ ppgB,, Q) = guBgsBiO, hA = g 158G o> A is the coupling strength between the NV
centers and the NAMR, and wj, are the frequencies of microwave driving fields.

If we consider the resonance condition, w,~ A_, then the transition between the states |0) and |+1) is far
off-resonance for the mechanical mode and therefore can be removed from Eq. (3). Besides, we assume w;y~ A _,
i.e, the microwave fields contain only one frequency, which near-resonant to the transition |0) < |—1). If the free
Hamiltonian is chosen as H, = hwr&*ﬁ + Y12 (hw;o| —1);,(—1|4+hA,| +1) (+1]), under the rotating-wave
approximation, we can obtain the interaction Hamiltonian t

Hy = hé|—1)(~1|+h&,| —1),(-1]
+Q(|0), (1] + [0),(=1] + H.c.)
+hAA@T0)y(~1]+a"(0), (~1| + H.c), @)

with §;= A_ — wj;, and here we have assumed Q,;= Q. From the Hamiltonian (4), we can find that the spin-phonon
interaction is analogous to the Jaynes-Cummins model of two-level atoms coupled to a single cavity mode, with
resonant phonons playing the role of cavity photons. Therefore, similar to previous works in cavity QED®, our
setup can achieve the preparation of the entangled states between two NV centers through a dissipative quantum
dynamical process.

The dissipative quantum dynamical process. In this section, we show how to drive the NV centers to
an entangled stationary state through a quantum reservoir engineering approach. Taking into account the cou-
pling of the NAMR with the environment in the Markovian approximation, we can write the master equation for
the density operator p of the system in the form

D _ g, 51+ S 4DIo1p + nyrnDIa1p + (ngy + DrpDlals,

dt h i=1,2 (5)

with 6! = |-1);(—1| — [0),(0], 7 the spin dephasing rate of the NV centers, 7,, = w,/Q the intrinsic damping rate
of the mechanical resonator, and D[6]p = 656" — % poTe — %6*6 p for a given operator 6. Here, we focus on the
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regime ~,, > ~,, and ignore the dissipation of the NV centers in the following. Besides, in the regime of large
mechanical frequency (in the gigahertz range) and at cryogenic temperature, the thermal phonon number is
nearly zero, i.e., n,, = ("% — 1)! =~ 0, which corresponds to coupling with the vacuum bath for the NAMR.
Then Eq. (5) reduces to

dp

i
= ——[H, p] + ~,,Dlalp.
7 ﬁ[Ip] VDlalp

(6)

We now introduce the phonon number representation for the density operator p with respect to the vibra-
tional mode 4, i.e., p = 30 _ p |m)(n|, where p,,, are the field-matrix elements in the basis of the phonon
number states. Under the condition of strong mechanical damping, we can neglect populations of the highly
excited modes. Thus, we consider only the matrix elements p,,, inside the subspace {|0), |1)} of the phonon num-
bers®”. Under this approximation, the master equation (6) leads to the following set of coupled equations of
motion for the density-matrix elements (let i=1)

Poo = Fpyy + 1Ay, [0 —1\+i)\p01|0)2(—1\—i)\| —1),{0]p,, —iA| —I)Z(O\p10 + Vb p

py = Epy, + idpo[=1)(0[+ip | — 1)2(0|—i)\\0)1(—1|p01 —i)\\O)z(—1|pO1 = VP p

{
)
)
{

. > . . . . Y
Lo1 = Fpyy T iAoy =10 (0] +idpy | — 1)2(0|71/\\ —1),(0]p,, —i}| 71)2(0|p11 = S Pop
. A . . . . Vo
bo = Epyy+ irp[0) —1|—|—z)\p“\0)2(—1|—1)\|0)1(—1|p00 - 1)\|0)2 (=P = P10 )
where
Ep, = —i[8-1)(—1]+ 8] — 1), (1] + Q(-1),(0]
FOW{1] + | = 1:(0] + [0 (1) 1] ®

Note that the field-matrix elements p,,, are still operators with respect to the NV centers. Then the reduced
density operator for the NV centers can be approximated as g, = Tr(9) ~ p,, + p,,- Since the vibrational
mode is strongly damped, most of the phonons are in the ground state |0). Then we can assume that the coherence
por and py, change slowly in time, so that we can take g = 0, and p, ; = 0. In this case, the elements p,; can be
neglected from Eq. (7), and then the master equation for the reduced density operator of the two NV centers takes
the form

A

dp . . . 1 . N
—V = —i[Hy pyy) + LpNV‘LT - E(LTLPNV + pNvLTL)’

dt 9)

where

Hy = 6| =1} (=1[+&] = 1) (=1] + Q| =1),(0] + [ = 1),(0] + H.c), (10)

/\2
L= ,/4—<|o>1<—1| +10),(~1)).
T (11)

We find that Eq. (9) is the standard form of the master equation. The first term describes the interaction of the
NV centers and the microwave driving fields, while the last two terms represent an effective engineered reservoir
for the NV centers.

Now we introduce collective states for the two N'V centers, i.e., the ground state |G) =]0), |0),, the upper state
|E) =|—1),|—1),, the symmetric state |T) = %(|0)1\ —1), + |—1)]0),) and the antisymmetric state
IS) = %(|0)1| —1), —|—=1)0),), of which |T) and |S) are maximally entangled states®’. In order to make the
evolution of the system more clear, we transform the Hamiltonian H, and the Lindblad operator L into the basis
of the collective states. Then we can obtain

Hy = \2QIE)(T|++2Q|T)(G| - 6|S)(T| + H.c. (12)

2
L= ,/—SA (G)(T] + |T)(E]).
Ym (13)

Here, we have assumed ¢, = —8, =, ie., two microwave fields are red detuned and blue detuned by 6 respectively.
The effective processes described by the Hamiltonian H, and the Lindblad operator L are shown in Fig. 3.
According to the Hamiltonian H,, the microwave driving fields can induce transitions |G) < |T), |T) < |E) and
|T) < |S). On the other hand, the Lindblad operator L will drive |G) — |T) and | T) — |E) with an effective decay
rate 8\*/~,,. In the following, by calculating the eigenstate with eigenvalue 0 of the Hamiltonian H, and the
Lindblad operator L, we can obtain a unique steady state of the system
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|G)

Figure 3. Effective process of the scheme. The microwave driving ~/2 €2 induces transitions of |G) < | T) and
|T) < |E). The effective damping rate .5 causes transitions of |G) — |T) and | T) — |B). The state |S) is
coherently coupled to |T) by the level shift 6.
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Figure 4. Time evolution of the population P of the collective states from two different initial states (a) |G),
(b) |E). The relevant parameters are chosen as §, = —6,=0.1\, Q=0.1), n,;, =0.01, y,,= 10\ and ~,=0.

Ws) = 117 '(8]G) + 2€S)) (14)

wheren = N §% 4+ 2072 is the normalized coefficient. As discussed above, two NV centers can be steered into a
steady entangled state by utilizing the dissipation of the NAMR. In the following section, we can confirm the
results by means of numerical simulations.

Note that the preparation of entangled states of two NV centers in the hybrid mechanical system can also be
achieved by using the unitary dynamical evolution of the system®**. These schemes work in the large detuning
regime, 6 = |A_ — w;y| > A, and then the two NV centers can couple to each other via the exchange of virtual
phonons. According to the calculation, this phonon-mediated spin-spin coupling strength can be given by \?/6.
For our proposal, the microwave fields and the transition |0) <> |—1) are near-resonance. The spin-spin entangle-
ment results from the interaction between two NV centers and a common engineered reservoir.

Numerical simulations. In order to verify the model and evaluate the performance of this protocol, we
simulate the dynamics of the system by solving the full master equation (5) numerically®®. In the calculation,
we choose 6, = —§,=0.1\, Q@ =0.1) and the mechanical resonator damping rate y,,= 20\. These parameters
are chosen in such a way that they are within the parameter range for which this scheme is valid and are acces-
sible with current experimental setup. Note that the above analysis has neglected the dephasing effect of the NV
centers, however, which should be considered under the realistic circumstance. In the following, we calculate the
time evolution of the population, fidelity and concurrence of the system for different initial states.

Figure 4 shows the numerical results for the populations of the collective states |G), |E),|T) and |S) with-
out spin dephasing. In this case, the evolution of the system follows Eq. (12), and the combined effect of the
Hamiltonian H, and Lindblad operator L drives the system to the unique stationary state |¢). From this fig-
ure we find that, when the system reaches the steady state, the probabilities for detecting the states |G) and |S)
approximate to 0.33 and 0.67, respectively, and the probabilities for detecting the states |E) and | T) are almost 0.
These numerical results are highly consistent with the previous analysis under the above choice of parameters.
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Figure 5. Time evolution of the fidelity F from two different initial states (a) |G), (b) |E). The dephasing rate ~,
are chosen as 0, 0.005)\ and 0.01 \. Other parameters are the same as those in Fig. 4.
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Figure 6. Time evolution of the concurrence C with different Q. (a) v, =0, (b) 7,=0.005\. Other parameters
are the same as those in Fig. 4.

Moreover, we can also find that the probability of the steady state is independent of the initial states. Thus, the
numerical simulations for populations prove our scheme valid.

The fidelity with respect to the state |¢)) is defined as F = (15| pyi(t — 00)|t)5), where pyy is the reduced den-
sity operator for the NV centers. In Fig. 5, we simulate the fidelity F as a function of time starting from two dif-
ferent initial states |G) and |E). In the absence of spin dephashing of the NV centers, it is shown that, the system
evolves to the stationary states |1)s) with a fidelity higher than 99.9% (black solid line). This simulation result
indicates that the two NV centers are indeed driven into the target state. In addition, we also simulate time evolu-
tion of the fidelity F taking into consideration of spin dephasing. As shown in Fig. 5, when setting the dephashing
rate 7,=0.005), it is seen that the fidelity F = 91%. Furthermore, as the dephashing rate increases to 0.01 A, which
is close to the realistic experimental conditions, the fidelity of this scheme can still reach 85% (blue dash line).
Therefore, our protocol can achieve high fidelity of the target state with feasible experimental parameters.

According to ref.%, we can calculate the concurrence of the steady state as Cg=2Q?%1?. Then the entangle-
ment between the NV centers can be enhanced by improving the value of Q). In order to assess the entanglement
between the NV centers, we simulate the time evolution of the concurrence as shown in Fig. 6. We first consider
the ideal case in which the spin dephasing is neglected. As illustrated in Fig. 6(a), the concurrence is close to 0.67
when we take QO =0.1) (blue dot line), and the concurrence has a significant increase when () takes the larger
values. At the same time, we can see that the time for reaching the stationary state has also increased. However, to
implement this proposal with high concurrence, the time required for the system to reach the steady state should
be shorter than the coherence time of single NV spins. Furthermore, when taking the spin dephasing into con-
sideration, we notice that there is obvious decrease in the concurrence when Q = 0.2\. Thus, when improving the
value of ), we should consider the impact of spin dephasing as well.

In addition, we simulate the impact of different mechanical damping rates on the fidelity and concurrence.
In this case, the spin dephasing and other parameters remain unchanged, while the damping rates of the reso-
nator are taken as 20, 30\, 40\. As illustrated in Fig. 7, with the increase of the mechanical damping rate, the
fidelity and concurrence of the steady state are obviously reduced. Moreover, for the larger oscillator dissipation,
it takes a longer time for the system to reach the steady state. Actually, this simulation results are exactly in agree-
ment with the above theoretical derivation. From Eq. (13) the effective decay rate is inversely proportional to
the mechanical damping rate v, i.e., as the oscillator dissipation increases, the time for the system to reach the
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Figure 7. Time evolution of the fidelity F and concurrence C with different +,,. The spin dephasing rate
7,=0.005), and other parameters are the same as those in Fig. 4.

final steady state will be longer. However, to make sure this scheme is valid, the time required for the system to
reach the stationary state should be shorter than the coherence time of single NV spins. From Fig. 7 we can find
that when the mechanical damping rates satisfies 7, < A\*/y,,, the time for the system to reach the steady state is
acceptable. Therefore, in order to make sure our scheme is valid, there is a limit for the mechanical damping rate,
i€, Y < AN,

Experimental Consideration

Finally, we proceed to examine the feasibility of our scheme in a realistic experiment. In our scheme, the static
magnetic field B, is about 0.05 T, which is easy to achieve in the present-day experiment”. As discussed previ-
ously, we consider a nanomechanical resonator with dimensions (I, w, t) = (200, 50, 50) nm, the mass
m, ~3 x 10 kg, and a, = .[/2m,w, ~ 1.4 x 10" m. Then the coupling strength between the NV centers
and the NAMR is about 27 x 30 kHz. Obviously, this coupling strength considerably exceeds the single NV center
decoherence rate with a coherence time (T, ~ 1 ms). The fundamental mode of the mechanical resonator is
w,/2m ~ 1.5GHz, from which we obtain the damping rate ~, /27 ~ 600kHZ (Q=2.5 x 10°). In this case, the
damping of the NAMR can be utilized to drive the system to the target state. At the temperature T ~ 10mK, the
equilibrium phonon occupation number is less than 0.01, and it can be neglected from the master equation (5).
According to the numerical results, when we take 6 =0.1\, Q=0.1), the time for the system to reach the station-
ary state |¢) is about 120/\ ~ 0.6 ms, which is shorter than the coherence time T,. Moreover, if we choose an
appropriate value for Q, the entanglement between the NV centers can be enhanced. Therefore, with current
technologies in the field of spin-mechanics, this proposal can be implemented in experiment.

Conclusion

We have proposed an efficient scheme for generating entangled states between two spatially separated NV
centers which are coupled by a nanomechanical resonator. With the vibration of the mechanical resonator, a
motion-dependent magnetic field is applied to the NV center spins, which induces a strong-coupling between
the mechanical resonator and the NV centers. In our scheme, the preparation of the entangled state is based on a
dissipative quantum dynamical process, which converts the intrinsic damping of the mechanical resonator into a
resource. Compared to previous works utilizing unitary dynamical process, our scheme does not need the specific
preparation of the initial state and designed special dynamical process of the system. More importantly, our setup
only needs high-frequency low-Q mechanical resonators, which has significant advantages in actual experiments.
With the advanced technology for nanomechanical resonators, this protocol can offer a realistic platform for
implementing quantum information with spin-mechanical systems.
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