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Hilbert-Schmidt speed

as an efficient figure of merit

for quantum estimation of phase
encoded into the initial state

of open n-qubit systems

Hossein Rangani Jahromi® & Rosario Lo Franco?*

Hilbert-Schmidt speed (HSS) is a special type of quantum statistical speed which is easily computable,
since it does not require diagonalization of the system state. We find that, when both HSS and
quantum Fisher information (QFI) are calculated with respect to the phase parameter encoded into
the initial state of an n-qubit register, the zeros of the HSS dynamics are actually equal to those of

the QFI dynamics. Moreover, the signs of the time-derivatives of both HSS and QFI exactly coincide.
These findings, obtained via a thorough investigation of several paradigmatic open quantum systems,
show that HSS and QFI exhibit the same qualitative time evolution. Therefore, HSS reveals itself

as a powerful figure of merit for enhancing quantum phase estimation in an open quantum system
made of n qubits. Our results also provide strong evidence for both contractivity of the HSS under
memoryless dynamics and its sensitivity to system-environment information backflows to detect the
non-Markovianity in high-dimensional systems, as suggested in previous studies.

The process of quantum parameter estimation typically consists in preparing the probe system in an initial state,
letting it interact with the target system to encode the information about the unknown parameter, then measuring
the probe to extract the information and finally estimate the parameter. It should be noted that in this process,
the system also may be affected by different noises. Provided that the physical mechanism governing the system
dynamics is known, one may deduce a value of the parameter, with a given precision, by comparison between
the input and the output states of the probe"2

Phase estimation is at the heart of quantum metrology®~*° due to the fact that, in many technological areas, the
parameter estimation problem can be reduced to determining a phase shift induced in the quantum state of the
probe. Measuring an unknown phase has many significant applications in different scenarios, some of them being
gravitational wave observation!®~'?, test-mass position measurements®, frequency standards®!, gravimeters*>**
and detection of weak signals or defects resulting in the design of very sensitive sensors®*. In these scenarios an
interferometric scheme is typically used to implement the quantum phase estimation, as happens for optical
interferometry in gravitational wave detectors®, atomic interferometry in Ramsey spectroscopy and physical
law testing'?, optical imaging or laser gyroscopes® to name a few. All of these applications usually aim at optimal
estimation of a relative phase gathered by the signal along one arm of the interferometer®.

According to the quantum Cramér-Rao theorem, the precision of quantum phase estimation is bounded by
the inverse of the quantum Fisher information (QFI)*?’-?, which thus represents a central quantity in quantum
metrology. In fact, evaluation of the QFI provides the ultimate quantum limits to measurement precision and
consequently a general benchmark to assess quantum metrological protocols. The QFI is also a measure of
quantum statistical speed that quantifies the sensitivity of an initial state with respect to changes of the parameter
which should be estimated. In general, each measure of statistical distance naturally leads to a statistical speed
for parametric evolutions of classical probability distributions or quantum states. This statistical speed can be
obtained by the change in distance originated from a small variation of this parameter (i.e., the derivative of the
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distance). The quantum statistical speed is then obtained by maximizing over the classical statistical speed over
all quantum measurements®.

Inspired by the fact that the QFI is a measure of quantum statistical speed, obtained from the Hellinger
distance®®, here we investigate the application of the Hilbert-Schmidt speed (HSS), another quantifier of quantum
statistical speed, in the process of quantum phase estimation. Because calculating the QFI for high-dimensional
quantum systems is typically complicated®?, it is useful to inquire the efficiency of the HSS, which is an easily
computable quantity having the advantage of avoiding diagonalization of the evolved density matrix, in the quan-
tum estimation theory. In this paper, we show that the HSS can be indeed exploited as a powerful and convenient
figure of merit in quantum metrology for n-qubit systems. This result gains particular attention considering the
fact that many quantum information protocols are designed by n-qubit registers.

Results
Preliminaries: quantum Fisher information (QFI). We start our analysis by recalling the general for-
mulation leading to defining a kind of quantum statistical speed by which the quantum Fisher information (QFI)
can be characterized.

First, we consider the (classical) Hellinger distance’!

1
[d(p, )’ = 3 > Vb — Vasl (1)

where p = {p.}x and q = {qx} represent the probability distributions, i.e., probabilities of occurrence of different
possible outcomes for two different experiments. Here the random variable x is assumed to take only discrete
values. Formally, in order to achieve the statistical speed from a given statistical distance, one should quantify
the distance between infinitesimally close distributions taken from a one-parameter family p, (¢) with parameter
. In other words, the statistical speed versus a special parameter is defined as the change in the corresponding
distance originated from a small variation of the parameter. Following this prescription and performing a Taylor
expansion at ¢y for small values of ¢, we find that the classical statistical speed associated with the (classical)
Hellinger distance is given by

d
o0l = 3 d(plen +0),p(00) = \/@, @)

3 Inp,
Fpe) —pr(q»( “pw(“’)) , 3

where

denotes the Fisher information*?,

Extending these classical notions to the quantum case and considering a given pair of quantum states p
and o, one may write py = Tr{E,p} and qx = Tr{E.o} representing the measurement probabilities associated
with the positive-operator-valued measure (POVM) defined by the set {E, > 0} which satisfies >, Ex = I. The
associated quantum distance can be obtained by maximizing the (classical) Hellinger distance over all possible
choices of POVMs?3, that is

D(p,0) = maxd(p.q) = V1=F(p,0), (4)

called the Bures distance®® in which F(p,0) = Tr/,/po ,/p denotes the state fidelity**. Now, the quantum
statistical speed?® can be defined as

d F
Slo(po)] = @D(p(wo +9), 0(p0)) =1/ w, (5)

1,5,6,28

in which the QFI F(p(¢)) appears and is given by

1 A’l

2 5 (3p4)* (i — »J)
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where |¢;) and 4; denote, respectively, the eigenvectors and eigenvalues of the density matrix p(¢). In fact, the
QFI is obtained by maximizing the Fisher information over all possible POVMs?, that is

F(p(p)) = r&iff(P(w)), )

where p(¢) = {px(¢)}x and px(¢) = Tr{Esp(¢)}. The fundamental relationship between the QFI and its cor-
responding quantum bound is expressed by the quantum Cramér-Rao bound?

1
Apqcr = \/ Fo@) (8)

which sets the precision limit for quantum estimation of unknown parameter ¢: Ap > A@qcr.
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Preliminaries: Hilbert-Schmidt speed (HSS). We now report the definition of the Hilbert-Schmidt
speed (HSS). Introducing the distance measure®

1
[, = 2> Ipe — axl, 9)

where p = {py}x as well as ¢ = {gx} are probability distributions, and subsequently considering the classical
statistical speed

d
slp(po)] = @d (p(@0 + @), p(@0)), (10)

one can define a special kind of quantum statistical speed which is called HSS. Following the procedure dis-
cussed in the previous subsection for obtaining the corresponding quantum relations, one can determine the

Hilbert-Schmidt distance®”
1
D(p,0) = max d(p,0) =/ 5 Trl(o — o)?], (11)

not requiring the diagonalization of the argument operator. The corresponding quantum statistical speed is just
the HSS given by

L [(do@)?
H. = H. = = = -T _ N 12
SS(p(9) 88y = Slp(@)] max slp(e)] S 1T K o (12)
which can be computed without diagonalizing dp (¢)/dg. This is a significant advantage from a computational
perspective.

Quantum estimation through HSS. Because both QFI and HSS are quantum statistical speeds associ-
ated, respectively, with the Bures and Hilbert-Schmidt distances, it is reasonable to investigate how they can be
related to each other. Based on analytical and numerical calculation, we find that an important relationship exists
between them. We summarize our main result in the following.

Main Result. Suppose that we are given a pure initial state of an n-qubit quantum register such as

d
o) = N> eigli), (13)
j=1

where N =1/ Zj I¢j |2 is the normalization factor and { i»ji=1... ,d} denotes the computational basis of

the collective Hilbert space of dimension d. Then, let this state be affected by an arbitrary quantum channel &
giving the output state p; = & (o) (¥o|). Under these conditions, we find that HSSy; = HSS(pe(95)) and
Fy = F(pt(9)), computed with respect to phase parameter ¢; encoded into the input state of Eq. (13), exhibit
the same qualitative dynamics, that is:

o dHSS,, dF,, oo _
(i) if HSS, # 0, onehassgn| —g— | =sgn| —g ), where sgn(x) indicates the sign of the argument x.

(i) HSS, =0 % F, =0.

Notice that the relation (i) above immediately implies that maxima and minima times of QFI and HSS coincide.
Therefore, by investigating the HSS dynamics we can faithfully detect the instants when the optimal phase
estimation is achieved.

The sanity check of these relationships is performed by presenting various physical examples in the follow-
ing subsections. It should be noted that using the general hierarchy between the HSS and QFI discussed in the
context of quantum statistical speeds®, one can show that 0 < HSSy, < \/I? ,hence Fy =0 leads to HSSy; = 0.
However, the reverse (i.e., detecting the QFI zeros through the HSS zeros, which is the study of this paper) cannot
be extracted from the above general inequality. Our subsequent analysis just confirms that if HSS vanishes then
QFI also vanishes, leading to our main result. We also point out that, in the following, the special choice of the
initial state of the system is chosen in order to simplify the analytical expressions of the QFI and the HSS. It is
emphasized that our main result is independent of which one of the phase parameters ¢; appearing in Eq. (13) is
estimated. The results along the manuscript are general and hold for any other choices of the initial state where
a relative phase parameter appears.

One-qubit system. First we focus on the paradigmatic one-qubit system where the qubit interacts with a
dissipative reservoir (cavity), as depicted in Fig. 1, through the Hamiltonian (& = 1)*

H=wyor0_ + Z a)kb}tbk + (64B+o_B"),

(14)
k
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photon
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Figure 1. Sketch of a single qubit of transition frequency wg embedded in a dissipative zero-temperature cavity,
with spectral width 4 (rate of photon losses). The qubit is initially prepared in a given superposition of its two
states, with a relative phase parameter ¢. This figure was created using Keynote, version 10.3.9 (7029.9.8), URL:
https://apps.apple.com/it/app/keynote/id409183694?mt=12.

where wy is the transition frequency of the qubit, o+ represent the system raising and lowering operators, wy is
the frequency of the k-th field mode of the reservoir, by (b;i) denotes the k-mode annihilation (creation) operator,
and B = > gkbx with gi being the coupling constant with the k-th mode. The cavity is initially in the vacuum
state and uncorrelated from the qubit. Consider then the qubit prepared in the initial state

_ o 1 Qo 4 0
[¥o) —C05<5>| )te Sln<5)| ) (15)

where the parameter ¢ is the one to be estimated, while 6 just fixes the probability amplitudes in the quantum
superposition.

In the limit of a continuum of reservoir modes ), |gk|2 = [ dw](w)§(wx — w), where J(w) denotes the
reservoir spectral density®®*. Restricting ourselves to the case of a single excitation in the atom-cavity system,

we find that the cavity mode can be eliminated in favour of an effective spectral density of the following form*

1 Yo ),2
Jw) = 21 (wp — )2 + 42’ (16)
where parameter A, connected to the reservoir correlation time 7. by t. & 1/4, represents the spectral width for
the qubit-reservoir coupling. Moreover, the decay rate y; is related to the system (qubit) relaxation time scale z,,
over which the state of the system changes, by means of 7, = 1/y.
From the Hamiltonian of Eq. (14), at zero temperature and in the strong-coupling regime with the above
Lorentzian spectral density for the cavity modes, one finds that the dynamics of the qubit in the basis {|1), [0)}
is described by the evolved reduced density matrix®*

%(cos @ +1) @e*i‘” sin (0)

S
p>(t) = ; 17)
VP P
Ttew sin(6) 1— é(cos ®) +1)
where the coherence characteristic function P(t) is
P(t) = e “[cos(T't/2) + (4/T) sin(T't/2)]?, (18)

withI' = / 2)/02 — A2,
Inserting the time-dependent density matrix of Eq. (17) into Egs. (6) and (12), we find that the QFI and HSS
associated with an initial phase ¢ are, respectively, given by

VP

F,(t) = Pysin? (), HSS,(t) = Tf sin (), (19)

leading to the relations

dHSS,

dF,
F, = 4(HSS,)* = —~ = (8 HSS,) T

dt
Accordingly, we see that when the HSS vanishes, the QFI also equals zero. Moreover, at all times when HSS,, # 0,
the signs of dF, /dt and dHSS,,/dt coincide (HSS is a nonnegative quantity) and hence they exhibit the same
qualitative dynamics. In particular, the times when the optimal estimation is achieved, i.e., dF,,/dt = 0 (maxi-
mum points of the QFI), can be easily detected by looking at the HSS dynamics.

(20)
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Figure 2. Sketch of two separated identical qubits each one interacting with its own zero-temperature
dissipative cavity C; (i = 1, 2). The initial state of the two qubits is such that a relative phase parameter ¢ appears
between two-qubit basis states. This figure was created using Keynote, version 10.3.9 (7029.9.8), URL: https://
apps.apple.com/it/app/keynote/id409183694?mt=12.

Two-qubit systems.  The validity of our main result is here discussed for two-qubit systems in three differ-
ent scenarios: local coupling to independent environments, coupling to a common environment, teleportation
of entanglement between the two qubits.

Coupling to independent environments. 'We consider a composite quantum system which consists of two sepa-
rated identical qubits independently interacting with their own zero-temperature dissipative reservoir, as illus-
trated in Fig. 2. The two local qubit-reservoir interactions are assumed to be the same, for the sake of simplicity
and without losing any generality. The two cavities (reservoirs), each exhibiting a Lorentzian spectral density, are
initially in the vacuum state and uncorrelated from the two-qubit system. Knowing the evolved density matrix
of the single qubit discussed in previous subsection, one can easily obtain the density matrix evolution of the
two independent qubits***. In the computational basis {|11), |10), |01), |00)}, we take the two qubits initially
prepared in the state

x
73

with the phase parameter ¢, giving rise to the evolved reduced density matrix

[¥0) = —=(e'|10) + |01) + [00)), 1)

0o 0 0 0
ST
S
FPO=1, Py P VP | (22)
N AT
0 3te_i¢ 3t I_Tt

where P; € [0, 1]is the coherence characteristic function of Eq. (18).
Computing the QFI of Eq. (6) and the HSS of Eq. (12) with respect to the phase parameter ¢, one promptly
gets, respectively, the expressions

8 1
Fot) = P HSSy(t) = SV Pi(Pr + 1), (23)

leading to

F, = 4( 1+36HSS2 —1) = dF(p _ 16 HSS,, dHSS(p
o ! dt — fiysemssy 4t (24)

The expressions above show once again our main result. In fact, assuming that HSS,, # 0, we have that the two
time derivatives dHSS,, /dt) and dFy, /d¢) have the same sign. In addition, at times when HSS,; = 0, the QFI also
vanishes and hence no information can be extracted from the system. Similar expressions would be obtained for
different choices of the two-qubit initial state.

Coupling to a common environment. We study two separated qubits interacting with a common zero-temper-
ature bosonic reservoir, as depicted in Fig. 3. In such a case, the interaction between the two qubits is not direct
but mediated by the common quantum reservoir. The total Hamiltonian of the system plus the reservoir is writ-
ten as H = Hy + Hiyp, with*!
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Figure 3. Illustration of two separated qubits both interacting with a zero-temperature common dissipative
cavity. The initial state of the qubits is such that a relative phase parameter ¢ appears between the two-qubit basis
states. This figure was created using Keynote, version 10.3.9 (7029.9.8), URL: https://apps.apple.com/it/app/
keynote/id409183694?mt=12.

Hy=w; O’j})o’El) + w gf)gg) + Z u)kb,‘;bk, (unperturbed Hamiltonian)
k (25)
Hipt = (ozlaJ(rl) + azaf))B + (alaﬁl) + (XzUEz))BT, (interaction Hamiltonian)

where aﬁ) and w; denote, respectively, inversion operator and transition frequency of the j-th qubit (j = 1,2),
bl (bk) represents the k-mode creation (annihilation) operator of quanta (photons) of the environment, and
B =" gkbr in which g is the coupling constant with the k-th mode. Moreover, the interaction of the j-th qubit
with the reservoir is quantified by the dimensionless constant «; depending on the value of the cavity field at the
qubit position, which can be effectively controlled by means of dc Stark shifts tuning the atomic transition in
and out of resonance. We investigate the case when the two atomic qubits interact resonantly with the reservoir
described by a Lorentzian spectral density and they have the same transition frequency, i.e., w; = @, = wy.

It is useful to introduce a collective coupling constant ar = |/ @ + o3, the relative strengths r; = oj /a7 such
that 72 + r? = 1, and mutually orthogonal quantum states
(Y1) =11[10) +12|01),  [¢—) = r2[10) —r1|01). (26)

The cavity is initially in its vacuum state |0) = ). |0x), uncorrelated from the two-qubit system. With these
definitions, for an initial two-qubit state of the form

1
V2

one finds that the evolved reduced density matrix of the two-qubit system in the computational basis
{|11),110), |01),00)} is given by!

[¥o) = —=(]10) + €*|01)), 27)

0 0 0 0
0 Ja®P a®d) 0
PO=10 cWaw lo®? 0 ’ (28)
0 0 0 1—|a@®P—la®)?

where, defining B4+ = (Y¥+|o), one has
() =np-+nFifs, ) =-—np- +nFip+. (29)

Moreover, introducing the dimensionless quantities T = At and R = R /A, where 1/ is the reservoir correlation
time and R denotes the vacuum Rabi frequency, one obtains

Fr=e 2 [cosh <§\/1 - 4R2) + ﬁ sinh G\/l - 4R2>} (30)

The above equations allow us to calculate the relevant quantities for our study, that is QFI and HSS. The QFI
can be computed analytically but its expression is too cumbersome to be presented here. On the other hand, we
find that the HSS is given by

1
HSSw(t) = E (}’12 —+ r22) \/.’thr14 -2 (.’F}z — 1)21’12722 COS (2 (p) + 2 (.’Ft4 — .’th + 1)?’121”22 + .7:}21’24.

(31)
The dynamical comparison between the two figures of merit is then performed by plots. In particular, we show
in Fig. 4 that both the QFI and HSS dynamics simultaneously exhibit an oscillatory behavior such that their
maximum and minimum points exactly coincide. This plot qualitatively verifies our result that the HSS can
detect exactly the times at which the best phase estimation occurs (maximum of the QFI). Therefore, also for
this system, the HSS, similarly to QFI, can be used as a distinguishability metric on the space of quantum states
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Figure 4. Dynamics of quantum Fisher information F, (¢) (red solid line) and Hilbert-Schmidt speed HSS,, (t)
(amplified by 1.4 times for comparison, blue dashed line), as a function of the dimensionless time 7 for the
two-qubits system coupled to a common reservoir, with r; = 0.3 and R = 8. Notice that F,,(t) approximately
oscillates between 0.3 and 1 due to the special choice of the initial parameters.

which quantifies the maximum amount of information on an unknown phase parameter attainable by a given
probe state.

Two-qubit entanglement teleportation. 'We now study the relationship between QFI and HSS within the sce-
nario of noisy two-qubit teleportation, where a two-qubit entangled state is to be teleported from a place to
another*>*. Let us first describe the noisy two-qubit system to this aim, which shall constitute the resource
channel for the teleportation.

One of the most important noise models used in the low-temperature regime is described by a spin
environment***. In particular, in order to achieve suitable operations in experiments performed to study mac-
roscopic quantum coherence and decoherence, one requires temperatures close to absolute zero. Here we consider
a two-qubit system interacting with an external environment composed of N spins. The general Hamiltonian is
written as H = Hg + Hg + H where the system, environment and interaction Hamiltonians are given, respec-

44,45

tively, by

h$2 h&2 N N
1 2 H 5 Z

Hs 2 o; 2 of +yolol, Hp= E :hioxi’ 1=o0; ®Z£"C” : 4oz (32)
i=1 n=1 n=1

where ©; and y denote, respectively, the characteristic frequency of the i-th qubit and the coupling strength
between the two spin qubits. Moreover, h; denotes the tunneling matrix element for the i-th environmental spin,
while ¢; (4;) represents the coupling between qubit 1 (qubit 2) and the spins of the environment.

Initializing the two-qubit system in an extended Werner-like state*

- "Ly + r|9) (0, (33)

p(0) =

where r € (0, 1] quantifies the degree of purity of the state, I is the 4 x 4 identity matrix and

19) = \/T—pl00) + /pI11), (0 <p<1), (34)

one finds that the evolved reduced density matrix in the two-qubit computational basis {|00), [01), [10), [11)} is
given by*®

% +r(1—p) 0 0 r/p(1 — p)e " +2Q(p)

1—7r
0 0 0
p(t) = 4, , (35)
0 0 2 0
PP —pe@+ Qe 0 0 i

where the decoherence factor Q(t) is

N

2(g; + 4i)? . /
Q) = H [1 - {M} sin (¢ h,2 + (&i + /11.)2)] . (36)

i=1

Assuming that the two qubits are shared between Alice (location A) and Bob (location B), we use two copies
of this system state as a resource channel for the teleportation of an unknown entangled state pi, from A to B,
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Figure 5. Sketch of the noisy two-qubit teleportation protocol. Two copies of the evolved noisy two-qubit

state p () are employed as resource channel for the protocol, shared between the two locations A and B. The
input state pj, to be teleported, containing information about the phase parameter ¢, is manipulated in location
A. After the protocol, the state poy is teleported at the location B encoded in the two qubits coming from the
resource state*. This figure was created using Keynote, version 10.3.9 (7029.9.8), URL: https://apps.apple.com/
it/app/keynote/id409183694tmt=12.

according to a basic scheme*? illustrated in Fig. 5. It is useful to introduce the Bell states 3;’s associated with the
Pauli matrices o;’s by

Bi = (00 ® Ui)BO(UO ® Ui): (l = 1)2: 3)) (37)

whereoy = I (I being the2 x 2identity matrix),01 = 0x,02 = 0),03 = 0and By = %(IOO) =+ |11))({00] + (11]).
Now, one can generalize the standard teleportation protocol** and find that the output state of the two-qubit
teleportation is*

Pout = ZPZ} (Ui ® Uj)pin (Ui ® Uj)a (i)j =0,1,2,3), (38)
y

where pj; = Tr(Bjpres) Tt (Bj pres), pres being the resource state for the teleportation which is equal to the reduced
density matrix of Eq. (35) in our model. Accordingly, for the input state pin = |V¥in) (¥in| with

[¥in) = cos(8/2)]10) + sin(8/2)e*|01), (39)

where0 < 6 <, 0 < ¢ < 27, we find that the output state of the teleportation is given by

4R+ 2Rr 0 0 0
0 .
0 (4Rr + r?) sin? (E) +4R* 26 sin (0)A%(1) cos® (R + ) 0
Pout(t) = . [% ’
0 2 e sin (9)A2(t) cos? (Ql + Qz) (4 Rr + rz) cos? <E> +4R? 0
0 0 0 4R% 4+ 2Rr

(40)
with R = (1 —r)/4 and A(t) = rQ(t)/p(1 — p). Using this expression for the output state, we find that the
QFI and HSS associated to the phase parameter ¢ encoded into the input state pj, sent into the teleportation
channel are, respectively,

A%(t) cost (21 + Q) sin? 0

Fy(t) = 32
o) 1+72

. HSS,(t) = 2A%(t) cos” (Q1 + ) sin 6. (41)

From these expressions we straightforwardly obtain

2
_ 8HSS,  dF, 16 HSS, dHSS,

_ ke _ )
¢ 1+r2 dt 1472 dt (42)

>

leading to our main result, i.e., the possibility of extracting the QFI dynamics through the HSS dynamics due to
the fact that the two figures of merit have the same qualitative time behavior.
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General case: n-qubit system (n > 3). Now the validity of the main result is investigated for high-
dimensional systems in two scenarios: local coupling to independent environments and coupling to a common
environment.

Coupling to independent environments. Here we analyze the case of an open quantum system made of # non-
interacting qubits locally subject to their own reservoir, a typical configuration for quantum networking with
quantum registers. To this aim, one has to choose the type of qubit and the local qubit-environment interaction.

We specifically consider the dynamics of a topological qubit realized by two Majorana modes which are
generated at the endpoints of some nanowire with strong spin-orbit interaction, placed on top of an s-wave
superconductor and driven by an external magnetic field B along the wire axis direction***’. We also assume
that each Majorana mode is coupled to the metallic nanowire via a tunnel junction in the way that the tunneling
strength is controllable by an external gate voltage. The total Hamiltonian is written as

H=Hs+Hg+V (43)

where Hg denotes the Hamiltonian of the topological qubit, V represents the system-environment interaction
Hamiltonian, while Hg, is the environment Hamiltonian whose elementary constituents can be considered as
electrons or holes. The decoherence which affects the topological qubit is modeled as a fermionic Ohmic-like
environment described by spectral density J(w) o ? with Q > 0. The Ohmic, super-Ohmic and sub-Ohmic
environments are characterized by Q = 1, Q > 1and Q < 1, respectively. Since these Majorana modes used as
the topological qubit are zero-energy modes, we have Hg = 0. Moreover, the interaction Hamiltonian V, con-
structed by the electron creation (annihilation) operators with Majorana modes y; and y», satisfies the properties

Y =Ye (Vave)=20m (ab=12). (44)

Before turning on the interaction V, the two Majorana modes construct a topological (non-local) qubit with
states|0) and |1) related to each other by

1 1
5(7/1 —iyp)]0) = (1), 5(1/1 +1iy2) 1) = |0), (45)

where y1, y; are chosen to be represented by y1 = o1, y2 = 02, iy1y2 = 03, in which o;’s are the usual Pauli
matrices.

Let us now assume, as usual, that the state o7 of the total qubit-environment system is uncorrelated initially:
0T (0) = 0(0) ® og, where pg(0) and pg, are the initial density matrices of the topological qubit and of its environ-
ment, respectively. Supposing that the initial state of the Majorana qubit is written as

_ ( 011(0) 012(0)
0= (921(0) 022(0) )’ (46)

one finds that the reduced density matrix of the topological qubit at time ¢ can be obtained by a dynamical map
®; such that (for details, see Ref.%%)

B 114 201 (0) — D) 2012(0)a(t) )
o(®) = 21 (0(0) = 2( 2051 (0)x(1) 1+ 2022(0) — Da?(t) )’ “7)
where
2 n (&t {1— B (%1 L P } 1
a(t) = e~ 2B B0 ﬁ5i<i>Q“) o) 0 %) 1P (5755 jz) Q#
LQ+n\lo %t2F022F2<{1,1}; {3/2,2};—%) Q=1
(48)

with I indicating the high-frequency cutoff for the linear spectrum of the edge state, I'(z) representing the
Gamma function, and ,F, being the generalized hypergeometric function . From the eigenvalues and eigen-
vectors of the Choi matrix*® of the map ®;, we obtain the corresponding operator-sum representation
o(t) = Z?zl K;(t)0(0)K;(t)" with Kraus operators {K;(t)} given by

-l atl
ko= (3 %) eo= (5 L),

2 2
0 V1—a? 0 0 (49)
Ks3(8) = V2o |, Kt = | Jyite? L
0 0 2

In the following, we take a system formed by n noninteracting topological qubits S; (each one defined by two
Majorana modes as above) such that each qubit locally interacts with the environment E; described above by
the interaction V; (i = 1,2, ..., n), as displayed in Fig. 6. Note that the effects of the environment on each of the
qubits can be canceled by setting the corresponding external magnetic field B to zero. With this in mind, we
focus on the scenarios in which m of the qubits are affected by the noise, while the remaining ones (n — m) are
noiseless. Since the environments are independent in our model, the Kraus operators are just tensor products
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Figure 6. Illustration of a system of n noninteracting topological qubits S; (i = 1,2,. .., n), each one built by
two Majorana modes y»;—1 and y»; (only 1, y2 are explicitly indicated for simplicity), locally interacting by V; to
the environment E; (constituted by electrons and holes). The n qubits are initially prepared in a state containing
relative phase parameters ¢; between the computational basis states. This figure was created using Keynote,
version 10.3.9 (7029.9.8), URL: https://apps.apple.com/it/app/keynote/id409183694?mt=12.

of Kraus operators acting on each of the qubits, noting that the Kraus operators of the noiseless qubits are set
to identity operator®®*.
We start by considering a three-qubit system (n = 3) with m = 3, initially prepared in the W-like state*

[W)3 = %(eiq’lllOO) +1010) + €#2|001)), (50)

where two phase parameters ¢, ¢, appear. We find that the QFI and HSS associated with phase parameter ¢;
is obtained as

2 2 a’(t) +1
Fp()==(5— ———— ), HSSp () = ——=—.
o1 (1) 9( az(t)+1) o1 (1) i (51)
It is easily found that
Fpt) = 2 _ _2v2 = Lo _ 22 dHSS,, (52)
& 9 27HSS,, dt — 27(HSSy)* dt

As clear from Eq. (51), the HSS is always nonzero and we conclude that the QFI dynamics can be completely
determined by analyzing the HSS dynamics: our main result is once again proved. Now we compute the measures
associated with the phase parameter ¢», leading to the expressions

16a2(t) V2a(t)
F, (t) = ——, HSS,,(t) = 5
(pz( ) 9(12(t) +9 (ﬂz( ) 3 (53)
from which we obtain
2
16 (HSSwz(t))
dF, 64 HSS dHSS,
sz (t) — = 2 — ©2 2 , (54)

2 dt 2 2 dt
9 (HSS,pz(t)) +2 [0 (HSS,)? + 2]

so that our main result is manifestly confirmed also in this case.

In Fig. 7, we numerically illustrate the same qualitative time behavior of the HSS and QFI for two different
initial states: (a) a four-qubit system (n = 4) and (b) a six-qubit system (n = 6) (with m = 1), initially prepared
in the following W-like states

1 ,
|[W)s = —= (]1000) 4 €'#|0100) + [0010) + [0001}), (55)
V4
and
1 ; .
IW)g = %(e“pllOOOOO) + ¢010000) + [001000) -+ [000100) -+ [000010) + [000001)), (56)
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Figure 7. Dynamics of quantum Fisher information F(¢) (red solid line) and Hilbert-Schmidt speed HSS(#)
(amplified by 1.3 times for comparison, blue dashed line) which are computed with the same phase parameter as

a function of time ¢ for the (a) four-qubit system prepared in initial state (55) and (b) six-qubit system prepared
in initial state (56) described in Fig. 6 when one of the qubits is affected by the noise.

respectively.

As another example, we choose n and m arbitrary with the #-qubit register prepared in a Greenberger-Horne-
Zeilinger (GHZ)-like state®**! written as

:L ip ®n n
|GHZ), ﬁ(e [0)®" + (1)),

(57)
where the relevant phase parameter appears. Calculating the evolved state of the system, we find that the cor-
responding QFI and HSS are given, respectively, by

GHZ 20 " GHZ a™
Fpm (9) =Fp = (1 +O(2) »  HSS. " (@) = HSS, =
Hence, we can write

(58)

_ dF,
F, = 2"F2(HSS,)? (4™ (HSS )™M +1) " = =2

1 dHSS
= 273 (HSS,) (47 (HSS,)/™ + 1) " 22

dt
(59)
explicitly leading to our main result also in this general case of n qubits, as already confirmed by the other previ-
ous examples with a fixed number of qubits.
Coupling to a common environment: depolarizing channel.
the map

Now we investigate the phase estimation problem
for a natural parametrization of arbitrary pure states affected by the (isotropic) depolarizing channel® given by

1 —
Vo) = Pacp = nlvo) (Wol + T"ded,

(60)
in which n and d denote the reliability of the channel and dimension of the Hilbert space, respectively. This

form of collective channel, mixing the initial n-qubit pure state with white noise and illustrated in Fig. 8, plays
an important role in various quantum information tasks, such as quantum cloning machines*’, NMR quantum
computing®, entanglement optimization®, quantum error correction®, and quantum repeaters**. We focus on
the following parametrization of input pure states

1 )
Yo) = —dZe“"fm.
j

(61)
After lengthy calculation one can find that the general expression of QFI associated with any parameter ¢; is
given by’
4(d — Hn?
= ( n ‘ 62)
I 2d+d(d —2)n
Moreover, we obtain that the HSS corresponding to the parameter ¢; can be represented as
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Figure 8. Illustration of an n-qubit register collectively subject to white noise under the action

of a common depolarizing channel. This channel turns an initial pure state [1¢) into the mixture

Pdep = Nl¥o) (Yol + ITT”]Idxd. This figure was created using Keynote, version 10.3.9 (7029.9.8), URL: https://
apps.apple.com/it/app/keynote/id409183694?mt=12.
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Figure 9. Tllustration of an n-qubsit register subject to the action of a common dephasing channel. This channel
turns an initial pure GHZ state |GHZ),, = % (10)®" + €™¢|1)®") into a mixed state p. This figure was created
using Keynote, version 10.3.9 (7029.9.8), URL: https://apps.apple.com/it/app/keynote/id409183694?mt=12.

HSSy, = @n, (63)
leading to the following relationship between QFI and HSS:
L ddva-Tmss ar,  (4V@=T+dW - 2)HSS,)dVd = THSS, auss,,
U@ 2d)HSS, +2VA-T A (2v@—T+dwd - z)Hssgaj)2 de
(64)

gecause d = 2" > 2, our main result can be immediately confirmed. Combining this result with the fact that
HSS,, d
— R (Vd—1/d) £ (see Eq. (63)), we see that when the reliability parameter of the depolarizing channel

oscillates with time, an indication of non-Markovianity®®, the oscillations are in turn detected easily by the HSS.

Coupling to a common environment: dephasing channel. Here, the validity of our main result is checked for the
dynamics of an n-qubit system with total angular momentum j = /2 in the presence of collisional dephasing,
as depicted in Fig. 9. Using a unitary evolution, we can prepare the probes in the following GHZ-like initial state

1

— 1 ) .

GHZ), = — (|0)®" + ™ |1)®") = n/2,n/2) + e"|n/2,—n/2)),

| )n ﬁ(l) [1)%") ﬁ(| /2,n/2) |n/ /2)) (65)
where {|j, m)} for m = —j, ..., j denotes the collective basis constructed from the eigenvectors of J,, representing

the z component of the total angular momentum for all qubits, i.e., J;|j, m) = m/j, m). The effect of the collisional
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dephasing channel on input state (65), can be modeled as the interaction between the qubits and the common
thermal reservoir’®®. In the interaction picture, the master equation of the system can be expressed as®!

() = gmzp(tﬂz —pW2 = J2p(0)], (66)

where y represents the dephasing rate which may be time-dependent, and p denotes the reduced density operator
of the system. In the case of single-qubit systems, Eq. (66) reduces to

pt) = %[azp(naz — ()], (67)

corresponding to a single-qubit dephasing channel. Because the QFI and the HSS remain invariant under the
unitary evolution being independent of the phase parameter, working in the interaction picture does not affect
the result of the calculation. Solving Eq. (82), one can find that the time evolution of the density matrix elements
is expressed as

. . _ N2
P (£) = (o mlp (D) |jy m') = Py (0)e 7T, (68)

wheret = ypt.
We are interested to compare the dynamics of the QFI and HSS when computed with respect to initial phase
@ = ny imprinted on the input state (65). The corresponding QFI is given by®

F; = ne=2m'T (69)

In addition, we find that the HSS has the following simple exponential form:

o2 @"-1)?r
HSS; = ———\ (70)
2
resulting in the relation
#21n (21835 ) - N n2In (2HS5) 5
Fj=ne -V’ s m ey LHSS“’, (71)
dt  HSS; (2" — 1)* dt

by which our main result can be verified straightforwardly.

Discussion

Quantum information processing based on n-qubit registers provides a paradigmatic playground for fundamental
research on composite quantum systems with potential technological advances®%2-%, For this reason, finding use-
ful tools for the convenient characterization of quantum features within quantum registers is particularly desired.

In this paper, we have constructed a strong relationship for n-qubit systems between the Hilbert-Schmidt
speed (HSS), which is a special case of quantum statistical speed, and the quantum Fisher information (QFI),
a key concept in parameter estimation theory and in quantum metrology in general. The idea underlying this
relationship stems from the fact that the QFI, quantifying the sensitivity of an initial state with respect to changes
of the parameter of a dynamical evolution, is itself a quantum statistical speed extracted from the Bures distance.
In fact, our detailed analysis, carried out for several paradigmatic open quantum systems ranging from one qubit
to n qubits under different environmental conditions, shows that these two quantities exhibit the same qualita-
tive dynamical behaviors. Therefore, in contrast to the typical computational complication of the QFI, especially
for multipartite systems, our findings provide evidence that the HSS can be instead adopted as an efficient tool
in the process of quantum phase estimation implemented by n-qubit systems, because of its straightforward
determination.

We point out that the present results are an advance of previously reported analysis®, where the HSS has been
shown to be useful for metrological resolution of phase shift induced by a unitary transformation without noisy
dynamics. Here, instead, we provide evidence that the HSS is a powerful figure of merit for the enhanced estima-
tion of a phase encoded in the initial state of an open system made of n qubits subject to noisy channels. As an
interesting outlook, these results suggest to extend the analysis to problems in noisy quantum phase estimation,
which encompass cases when both parameter encoding and noisy dynamics happen simultaneously (as occurs,
for instance, in frequency estimation processes under pure dephasing®’).

On the one hand, it is known that the QFI monotonically decreases under Markovian dynamics, since it
cannot increase under completely positive maps®®~°, so that it can be used as a witness of non-Markovianity.
Originally, introducing a flow of QFI as Z,,(t) = dF,(t)/dt, it has been suggested”" that if Z,,(t) > 0 for some
t, then the time evolution is non-Markovian. Nevertheless, the efficiency of the QFI flow to detect the non-
Markovianity in various scenarios has not been yet analytically compared with the other faithful witnesses of
non-Markovianity (see Ref.”? for a numerical study on the interplay between the dynamics of the QFI and the
trace distance an important indicator of non-Markovianity). On the other hand, the HSS flow dHSS,, (¢)/dt has
been recently proposed as a faithful witness of non-Markovianity in low dimensional systems”>7*. As a useful
consequence, our results also provide a sanity check of the QFI flow as a witness of non-Markovianity. Moreo-
ver, because the QFI is always contractive under Markovian dynamics, our results supply strong evidence for
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contractivity of the HSS under memoryless evolution of high-dimensional systems and pave the way to further
studies on its applications in measuring the non-Markovianity in open quantum systems made of qudits.

Finally, it should be noted that much attention has been recently devoted to exploring the use of continuous
variable (CV) systems in quantum information processing’>~"’. It originates from the fact that the continuous-
spectrum quantum variables can be easier to manipulate than quantum bits for performing various quantum
information processes. Therefore, generalizing our results to the applicability of HSS in the CV context remains
of interest and will be addressed elsewhere.
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