Clinical Communication

Application of isotonic regression
in estimating EDg and its

95% confidence interval by
bootstrap method for a biased
coin up-and-down sequential
dose-finding design

INTRODUCTION

Newer anaesthetic drugs introduced in practice and
older drugs for novel route or indication has led to the
need to determine the optimal dose. In this context,
two most recent studies, for example, estimated the
effective dose of opioids for epidural initiation in the
latent and active phases during the first stage of labour
and remimazolam bolus for anaesthesia induction in
different age groups.!*? The primary aim of these studies
was to estimate a quantile, a dose at which a desired
probability of response is achieved. This dose is called
an effective dose (ED) with quantile g; that is, EDg is
defined as the dose of a drug that produces a response
of interest at quantile ‘g’ (‘g’ may be 90, 95 or 99%) of
the study population. In these studies, doses cannot be
assigned randomly because some patients may receive
optimal low doses, whereas others may receive high
doses that might induce adverse effects. To address
this issue, scholars demonstrated the up-and-down
design (UDM) to estimate the median, whereas Derman
demonstrated through nonparametric experimentation
that dose levels could be centred around any given
target quantile using the up-and-down designs using
a biased coin.’¥ Later, Durham et al.®! generalised
UDM as a biased coin design to estimate ED, using
random walk rules. This method of the biased coin
up-and-down design (BCUD) is used to assign doses
sequentially by random walk rule in which efficacy
or toxicity is assumed to be monotonically related to
dose.

In dose-finding studies within the BCUD setting, the
isotonic regression technique is utilised to estimate
the effective dose for a particular drug (ED,). Unlike
simple linear regression, isotonic regression ensures
that the regression function is monotonic, meaning it
continuously increases or decreases. This method is
suitable because it assumes that increasing the dose
level increases the drug effect.”® In this regression, the

dose (x) serves as the predictor variable, whereas the
response probability (P (x) = P (response | dose x)) acts
as the dependent variable, representing the probability
of a response to the drug.

This paper aims to describe these mathematical
conceptsusingadiagrammaticexplanation, specifically
focusing on a section of the isotonic regression curve
[Figure 1]. The paper also covers the estimation of
naive probability and adjusted probability using the
pooled adjacent violators algorithm (PAVA) for the
response.

The data used to elucidate the calculations needed to
estimate ED_, and its 95% confidence interval (CI) are
given [Table 1 and Figure 2a] in annexure.

Estimation of naive and PAVA probability

Table 2 shows the dose assigned to the participants
(nDoses), number of patients (nTrials), number of
successes (nEvents), the naive probability and PAVA
adjusted response rate at each distinctive dose level.

The naive probability is calculated [Table 2] using the
following formula:

Naive Probability = f{r; }=M (A)
nTrials

The PAVA probability is estimated using the PAVA
algorithm for each dose level.®! Under the PAVA
algorithm, starting with the lowermost dose,
we have to find the first adjoining pair of naive
probability that violates the increasing ordering
restriction (i.e. increasing dose level increases the drug
effect), that is f(7,) < f(7,,,) where f(r;)& f(z,,,)#0.
The PAVA probability for that pair of doses is

PAVA Probability = f(z,) = f(z,,,) =
(nTrials, * firn;)) +(nTrails,,, * A(x,,,))

nTrials, + nTrails,

(B)

In Figure 2b, the first adjoining pair of doses that
violate the ordering restriction of naive probability
is 7 and 8 ug, and the next successive pair of such
doses is 9 and 10 pg, but for dose 10 pg, the naive
probability is zero. Hence, the PAVA probability using
equation (B) for doses 8 and 9 ug is

f(ﬂ-]”lg =f(ﬂ-)8/lg =f(ﬂ-)9ug =f(7z-)10ug

*0. 7+4*0.7
_370.666 0 50020'7143

3+4

The same PAVA probability of 0.7143 is taken for
preceding and succeeding doses of 7 and 10 ug [Table 2].
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Figure 1: A small section of isotonic regression curve

ED,, and its 95% confidence interval
By substituting the values from Table 2 in annexure
equation (8), the ED, is given below:

11-10
(0.9333-0.7143)

ED,, = 10+ 22 _0.7143 |* ~10.848
100

The precision of ED, is its 95% CI and is estimated
using annexure equations (11) and (12):

Lower, = ®(2*0.03969-1.96)=0.03
Upper, = ®(2*0.03969+1.96)=0.9793
where, Z,,, = ®" (0.51583)= 0.03969

The final estimation of 95% bias-corrected bootstrap
confidence interval (BCBCI) is estimated using the
annexure equation (13):

| EDa, ,EDa,, |=| (3001+0.03)", (3001+0.9793)" |

Boot estimate = (90““, 2938™ )Boot estimate

Hence, the 95% CI for ED_, is (9.25, 11.675) ug.

All calculations were performed using R 4.2.1
(R Foundation of Statistical Computing, Vienna,
Austria), and the code used is given in Appendix I.

The bias of the original statistic (ED,) = -0.076 is
basically due to the discrete nature of the doses rather
than the dimensional. The bias would be closer to
zero if the dose ranges continuously, say, 10.1, 10.2,
10.3,..., 11.0, which would make the distance closer
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Figure 2: Plots showing the (a) patient’s allotment sequence and
the response to the assigned dose of norepinephrine prophylactic
bolus (ug) and (b) naive probability (observed response rate) and PAVA
probability (adjusted response rate) for the assigned dose

between the PAVA probability 0.7143 and 0.9000 for
the dose of 10 pg.

DISCUSSION

We explored the application of isotonic regression for
estimating ED, along with its 95% confidence interval
in the context of dose-finding studies. In anaesthesia,
it is vital to assess how drug effects change with
increasing doses using dose-response characterisation.
In a general scenario, we may encounter a violation
of the assumption of monotonicity in the observed
probability, as occurred in the specified example. We
employed the PAVA algorithm to rectify this violation
and ensure the validity of the assumption.

The isotonic estimate of ED, in the BCUD setting
has low bias and variance, particularly at low or high
quantiles.” It also has a smaller mean square error than
estimators from other methods.!*'®’ We also assessed
the overfitting of the estimate using bootstrapping,
and the bias of the ED,, estimate was very low [-0.076,
Table 2].
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Table 1: Norepinephrine prophylactic bolus dose and the response of 40 successive women

Patient Norepinephrine Prophylactic Response* Patient Norepinephrine Prophylactic Response*
number bolus dose (ug) number bolus dose (ug)

1 4 F 21 11 S
2 5 F 22 11 F
3 6 F 23 12 S
4 7 S 24 12 S
5 7 S 25 12 S
6 7 S 26 12 S
7 7 S 27 12 S
8 7 S 28 12 S
9 7 F 29 12 S
10 8 S 30 12 S
11 8 S 31 11 S
12 8 F 32 11 S
13 9 S 33 11 S
14 9 S 34 11 S
15 9 S 35 11 S
16 9 F 36 11 S
17 10 F 37 11 S
18 11 S 38 11 S
19 11 S 39 11 S
20 11 S 40 11 S

#F is failure, and S is success

Table 2: Naive (observed) and PAVA probability and

bootstrap estimates of 3000 boot replications

nDoses nTrials nSuccess Naive probability PAVA probability
4 1 0 0 0

5 1 0 0 0

6 1 0 0 0

7 6 5 0.8333 0.7143

8 3 2 7,= 0.6667 0.7143

9 4 3 7= 0.75 0.7143
7.=10 1 0 0 f (7,)=0.7143
=11 15 14 0.9333 f (7,+1)=0.9333
12 8 8 1 1
Statistic from bootstrapping (3000 Value
replications)

Original statistic (ED,;) 10.848
Mean of ED,;’s of Boot Replications 10.772
Median of ED,;’s of Boot Replications 10.834
Bias of Original statistic (ED90) (= Original -0.076
Statistics — Mean of ED 's of Boot Replications)

Bias Correction: (No. of Boot Replicates 0.51583
<=Original Statistic)/(Total Replicates +1)

Standard error of Boot Statistic (Mean of ED,’s) 0.626
2, 0.03969
z, -1.96
2 1.96
2.5% Bias-corrected Lower Bound 9.25
97.5% Bias-corrected Upper Bound 11.675

To evaluate the precision of the estimated target dose,
several methods estimate the bootstrap confidence
interval with a confidence level of (1-a)*100%.1!
Simulation studies suggested that the BCBCI method,
described in the paper, provides better balance,
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increased type I error and higher power than other
bootstrap methods.!?

Sequential dose-finding studies are appealing because
they provide accurate and stable estimates with small
sample sizes ranging from 20 to 40 patients.>® These
studies determine the critical intensity level (dose) at
which a drug either produces or prevents a reaction
in each patient. In such studies, the dose increment
between the first dose at experimentation and the
following subsequent doses is very small, and
therefore, the outliers are unlikely.

The comparative analysis of the proposed technique
against other methods is not included in this paper as
it is beyond the scope of the paper and can be found
elsewhere.” However, one notable comparison is the
simplicity of the BCUD method compared to other
methods; for example, the continual reassessment
method requires a mathematical model to assign
the dose and analyse previous dose responses for
the next dose, which requires the involvement of
a biostatistician.® On the other hand, the BCUD
sequential method requires less computation and
does not rely on a mathematical model to assign the
doses. It also has simple statistical properties for
estimating the target ED .1 In contrast, other standard
methods like logit and probit regression are complex
and hence not widely used by anaesthesiologists.
The isotonic estimate of EDg, on the other hand,
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does not demand technical expertise, and that is
why anaesthesiologists should prefer this method
to estimate any target dose without the help of the
biostatistician.

CONCLUSION

The isotonic regression adjusts the observed response
rate (naive) using PAVA when it is not monotonically
increasing with increasing dose levels. Also, it is
straightforward to estimate the effective dose for a
target quantile in the BCUD setting. Additionally,
computer programming is needed only to estimate the
95% CI of ED,.

Financial support and sponsorship
Nil.

Conflicts of interest
There are no conflicts of interest.

Chitralok Hemraj, Mani Kalaivani, Harsha Binu’,

Rashmi Ramachandran’
Departments of Biostatistics and *Anaesthesiology, Pain Medicine
and Critical Care, All India Institute of Medical Sciences, Delhi, India

Address for correspondence:

Dr. Mani Kalaivani,

Department of Biostatistics, All India Institute of Medical
Sciences, Delhi, India.

E-mail: manikalaivani@ gmail.com

Submitted: 11-May-2023
Revised: 23-Jun-2023
Accepted: 23-Jun-2023
Published: 06-Sep-2023

REFERENCES

1. Zheng J, Shen T, An XH, Bian Y, Shen Y, Xu Z, et al. ED90 of
sufentanil in epidural initiation for labor analgesia in latent
phase and active phase during the first labor stage. Pain
Physician 2023;26:91-9.

2. Oh J, Park SY, Lee SY, Song JY, Lee GY, Park JH, et al.
Determination of the 95% effective dose of remimazolam to
achieve loss of consciousness during anesthesia induction in
different age groups. Korean ] Anesthesiol 2022;75:510-7.

3.  Derman C. Non-parametric up-and-down experimentation.
Ann Math Stat 1957;28:795-8.

4.  Dixon WJ, Mood AM. A method for obtaining and analyzing
sensitivity data. ] Am Stat Assoc 1948;43:109-26.

5. Durham SD, Flournoy N, Rosenberger WE. A random walk rule
for phase I clinical trials. Biometrics 1997;53:745-60.

6. Pace NL, Stylianou MP Advances in and limitations
of up-and-down methodology: A précis of clinical use,
study design, and dose estimation in anesthesia research.
Anesthesiology 2007;107:144-52.

7. Sequential analysis of Durham and Flournoy’s biased coin
design for phase I clinical trials | AU Digital Research Archive.
Available from: https:/dra.american.edu/islandora/object/
thesesdissertations%3A2370. [Last accessed on 2023 Mar 27].

Indian Journal of Anaesthesia | Volume 67 | Issue 9 | September 2023

8.  Stylianou M, Flournoy N. Dose finding using the biased coin
up-and-down design and isotonic regression. Biometrics
2002;58:171-7.

9. Choi SC. Interval estimation of the LD50 based on an
up-and-down experiment. Biometrics 1990;46:485-92.

10. Végeré6 M, Sundberg R. The distribution of the maximum
likelihood estimator in up-and-down experiments for quantal
dose-response data. ] Biopharm Stat 1999;9:499-519.

11. Tibbe TD, Montoya AK. Correcting the bias correction for the
bootstrap confidence interval in mediation analysis. Front
Psychol 2022;13:810258. doi: 10.3389/fpsyg. 2022.810258.

12. Chen D, Fritz MS. Comparing alternative corrections for bias
in the bias-corrected bootstrap test of mediation. Eval Health
Prof 2021;44:416-27.

13. Garrett-Mayer E. The continual reassessment method for
dose-finding studies: A tutorial. Clin Trials Lond Engl
2006;3:57-71.

14. Best MJ, Chakravarti N. Active set algorithms for isotonic
regression; A unifying framework. Math  Program
1990;47:425-39.

15. Xu T, Zheng J, An XH, Xu ZF Wang F. Norepinephrine
intravenous prophylactic bolus versus rescue bolus to prevent
and treat maternal hypotension after combined spinal and
epidural anesthesia during cesarean delivery: A sequential
dose-finding study. Ann Transl Med 2019;7:451.

16. Shen T, Zheng J, Xu Z, Zhang C, Shen Y, Xu T. The 90%
effective dose of sufentanil for epidural analgesia in the early
first stage of labor: A double-blind, sequential dose-finding
study. Clin Ther 2021;43:1191-200.

17. Isotone Optimization in R: Pool-Adjacent-Violators
Algorithm (PAVA) and Active Set Methods | Journal of
Statistical Software. Available from: https://www.jstatsoft.org/
article/view/v032i05. [Last accessed on 2023 Mar 03].

18. Stylianou M, Proschan M, Flournoy N. Estimating the
probability of toxicity at the target dose following an
up-and-down design. Stat Med 2003;22:535-43.

19. Sharawi N, Tan HS, Taylor C, Fuller ME, Landreth RA,
Diomede OI, et al. ED 90 of intrathecal chloroprocaine with
fentanyl for prophylactic cervical cerclage: A sequential
allocation biased-coin design. Anesth Analg 2022;134:834-42.

20. DiCiccio TJ, Efron B. Bootstrap confidence intervals. Stat Sci
1996;11:189-228.

21. Efron B, Tibshirani RJ. An Introduction to the Bootstrap.
New York: Chapman and Hall/CRC Press; 1994. 456 p.

This is an open access journal, and articles are distributed under the terms of
the Creative Commons Attribution-NonCommercial-ShareAlike 4.0 License,
which allows others to remix, tweak, and build upon the work non-commerecially,
as long as appropriate credit is given and the new creations are licensed under
the identical terms.

Access this article online

Quick response code

O

Website:
https://journals.lww.com/ijaweb

DOI:
10.4103/ija.ija_431_23

How to cite this article: Hemraj C, Kalaivani M, Binu H,
Ramachandran R. Application of isotonic regression in estimating
EDg and its 95% confidence interval by bootstrap method for a
biased coin up-and-down sequential dose-finding design. Indian J
Anaesth 2023;67:828-31.

831

Page no. 77



<H1>ANNEXURE [SUPPLEMANTARY MATERIAL AVAILABLE ONLINE]:
MATHEMATICAL CONCEPTS

Mathematical Illustration:

Let (14, f(1r1)), (15, f(1r3)), (73, f(13)) ... ..... (7y, f(7,)) are the order set of doses and response

rates, respectively.

Since isotonic regression seeks for a weighted least square fit, hence let ¢; = 0 (commonly ¢; = 1)

be the weight assigned to each set of observation (7;, f (1r;)) for all i.

In the isotonic regression, the observations are to be least deviated, which implies that the square of

difference between the observed value and the predicted value should be minimal, that is ( f(m) —

f (ﬂl))2 ~ 0 for alli subject to the constraint that f (7r,) < f () whenever ; < 7;. The

corresponding quadratic function (F) using the variables f (), f (72), ... ..., f (1t,,) will be given
by:

) ——\2
F=min¥,0;(f(m) - f(=x)) (1)

Subject to the constraint that f () < f(i,) for all (i, j) € ©, where © = {(i,)): m; < m;}

In the regular situation, the f (7;) values fall in an ordered set such as in ©, where (i,)) =
{(i,i + 1) : 1 < i < n}, but sometime f(1r;) values may not fall in an ordered set, in such a scenario
a simple iterative algorithm; that is, PAVA is used to maintain ordering restriction. Hence, in this

case, PAVA algorithm can be used for solving the quadratic form given in equation (1).[14]

Let us consider a small section of isotonic regression curve [Figure 1] to generate its functional form.
In mathematics, we define slope as the rate of change in y-axis with respect to the change in x-axis of

the line.

Let,



Af (mr;): Change in y-axis.

Am;: Change in x-axis.

So,

Slope = ME) e 2)

Am;
Using the property of a straight line, we know that:
Slope of line ‘ab’ = Slope of line ‘ac’
Using equation (2), we can write:

Af(ﬂi)ab — Af(ni)ac
A(T[i)ab A(T[i)ac

@ - fm) _ fes) = f ()

(m —m;) B (41 — 707)

— _ (Ttr+1—T7)
Sr=m+ (f(m) — fm)) * 5= (3)

Moreover, the slope of a line ‘ea’ using equation (2) is given by

0 g A ()ea _ fp)—f(mr—1)
Slope of line 'ea’'= Mo ey e 4)

We know that the slope of a line parallel to x-axis is ‘0’, and a line ‘ea’ is parallel to x-axis. Hence,

from equation (4), we get

f(ry) — f (1)

(T[r - T[r—l)

Slope of line'ea’'= 0 =

— f(nr) - f(nr—l)

0
(T[r - T[r—l)




fm)=f(m—y) (5)

Similarly, for a line ‘cd’, we can get

f(n'r+1) = f(nr+2) ................. (6)

Hence, using equations (3), (5) and (6), isotonic regression model yields a continuous piecewise

linear function as mentioned below:

™ if f(m) < f(my)
m= o+ (F(m) - f() + (f((,,”_:l)__’;i(),,_) if f() < f() < f(m141)
, if f(m) = f(my)

Estimation of ED,:

Since the complete dose—response curve without any assumptions is generally estimated via linear
interpolation between the point estimates, the isotonic regression estimate of ED, is the linearly
interpolated dose between the adjusted proportion/rate of success just less than or equal to quantile

‘g’ (f(m,)) and just greater than or equal to quantile ‘g’ (f (1,41)).[%"!

Following the functional form of the isotonic regression model in equation (7), the interpolated dose

between f(m,) and f(m,,1) will be as follows:

) " (n'r+1 - nr)

- _ (9 _
ED, = mr + (355~ F ) * Gareay = fe

100

9

E"DgZ Interpolated Dose, 7, = max [ni: f(m) < %] and m,,; = min [ni: f(m) = 00

The value of f(7;) is estimated using the PAVA algorithm, which is used in order to obtain an
increased adjusted proportion/rate of f () = {f(7;) < f(m,) <..... < f(m,)} based on observed

rate f (") because sometimes it is possible that the observed proportion/rate



f(@) ={f(rw1), f(m3),.., f ()} might not be increasing in nature with respect to increasing dose

level, which is an implicit assumption for the dose-finding studies.!'>'”

To estimate ED,, doses for the succeeding subsequent patients are adjusted using the BCUD

sequential dose-finding method. In this method, the allocation scheme for determining EDy, the

probability of success (§) = 1‘;40 and the target probability of changing the dose for successive

patient = (B) = (1_5)/5_[5,6,18,19]

When a failure is observed, the dose is consistently increased for successive patients. In contrast, if
success is observed, the successive patient will receive the preceding lower dose with the

probability (B) or will receive the same dose with the probability (1 — ).

We randomly chose one of the published studies to elucidate the calculation of naive and PAVA
probability, estimation of EDgy and its 95% CI and that study includes forty women who underwent
caesarean delivery and were given the norepinephrine prophylactic bolus dose to maintain their
systolic blood pressure (SBP).!"") The BCUD method is used to decide the dose level under the
condition that the success is ‘SBP of a woman is maintained above 80% of her baseline until delivery
of the foetus’. The dose and response data of 40 successive women, extracted using the graph and

PAVA table from the published study, are given in Table 1.

Rules for PAVA probability if ordering restriction is violated:

(i) If the estimated PAV A probability of a pair is less than the naive probability of the preceding dose
and the naive probability of the succeeding dose is zero, then the PAV A probability for preceding
and succeeding dose will also be same as the PAV A probability of that pair [refer Table 2].

(i1) Repeat the estimation of PAVA probability using equation (B) if any violation of increasing
ordering restriction occurs further.

(iii) The PAVA probability is equal to naive probability for all those doses whose naive probability
does not violate the increasing ordering restriction [refer Table 2 for doses 11 and 12 ug].
Confidence Interval (CI):

To estimate the 95% CI of EDy, the bias-corrected bootstrap (BCB) method using 3000 bootstrap
replications of ET)g is used.>'#2% Each replication is obtained by extracting bootstrap data of
appropriate sample size and the BCUD method, considering that the true dose—response rate at every

doseis f(m;),i = 1,2,3, .......,n, estimated based on the original data.



To estimate (1 - a)*100% BCBCI, we need to calculate the z-scores corresponding to the percentiles
of the confidence interval’s lower and upper limits using the following equations!'*"):
Lower, score: 2 % Zgaj + Zq;2 e 9)

Upper, scoret 2 * Zqagj t Z(1—aj2)  eeeeeeenn (10)

No. of Bootstrap estimate<ED,
B+1

where 244; = qu( ) = ®~1(Bias correction). If this probability is

equal to 0.50, then the estimated ED, from sample data is same as the median of the bootstrap
sampling distribution, and hence, the bias term 2 * Z,4; will be equal to zero. The terms ®~1and B
are the inverse normal cumulative distribution function and the number of bootstrap replications,
respectively. zq /, and z;_g , are the z-scores corresponding to the % x 100" and (1 — %) X 100"
percentile of the standard normal distribution, respectively. Z,,; is a measure of the median bias of
the sample and bootstrap estimators, and hence, Z,,; value is multiplied by 2.

The proportions corresponding to the lower, score and upper,.score in €quations 9 and 10 can be

obtained using the following equations:

Lowery,: ®(2 * 240j + 242) e, (11)

Upper,: ®(2* 24i + Za —ajzy) e, (12)
where ® = normal cumulative distribution function.
The bias-corrected 100(1 — @)% CI for EDy after sorting the boot replicates in increasing order is

given by:

[E/'DgLL,E/'DgUL] = [((B +1) * Lowerp)th ) ((B +1) * Upperp)th] Boot estimate

Appendix I: R-Code

Code Comments
library(boot) # Open boot library
library(ed50simulation) # Open ed50simulation
library
doseSequence<- # Store dose sequence

c(4,5,6,7,7,7,7,7,7,8,8,8,9,9,9,9,10,11,11,11,11,11,12,12,12,1
2,12,12,12,12,11,11,11,11,11,11,11,11,11,11)



responseSequence<-
¢(0,0,0,1,1,1,1,1,0,1,1,0,1,1,1,0,0,1,1,1,1,0,1,1,1,1,1,1,1,1,1,1,
1,1,1,1,1,1,1,1)

dF <- data.frame(doseSequence, responseSequence)

pavaData <- preparePava(dF)

set.seed(sample(size = 1,x=seq(1000)))

bootResult <- boot(data = dF,

statistic = bootIsotonicRegression,

R =3000,

sim = 'parametric',

ran.gen = bootlsotonicResample,

mle = list(baselinePava = pavaData,
firstDose = doseSequence[1],
PROBABILITY.GAMMA = 0.9),

baselinePava = pavaData,

PROBABILITY.GAMMA = 0.9)

prediction <- bootBC.ci(tObserved = bootResult$t0[3],
tBoot = bootResult$t[, 3],
conf = 0.95)

# Store response

sequence

# Create data frame
using dose and response

sequence

# Calculates naive and

PAVA probability

# Seeding the boot
replicates so that the
output will be same on

each compilation.

# Generate the 3000
bootstrap replicates and
bootstrap results to
compute effective dose
for 90 %( 0.9) of the

patients.

# To compute the
estimate of ED, and
95% CI of it using the

boot results.



