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quarantine alone, and the two together. We develop explicit closed-form equations for key
metrics of control performance: cumulative fraction of population infected over the course
of the epidemic (final size), maximum fraction infected at any one time, and epidemic
duration. We derive an analytical solution for final size of an epidemic controlled by
isolation, when final size is small, and develop empirical relations for the other cases. We
frame equations in terms of reproduction numbers, measures of intervention effort and
initial conditions. We model both strength and speed of interventions, assume second
order gamma distributions for intervention waiting times and employ non-time-invariant
equations for quarantine. We also account for quarantine of unexposed, susceptible in-
dividuals and for imperfect intervention.
© 2025 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi
Communications Co. Ltd. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

We begin with a thumbnail sketch of the history of mathematical epidemiology. Siettos and Russo (2013), Heesterbeck and
Roberts (2015), Lessler and Cummings (2016) and Brauer (2017) are among more comprehensive histories of the subject prior
to 2019.

In 1760 Daniel Bernoulli developed what is usually described as the first model in mathematical epidemiology when he
analyzed inoculation against smallpox (Bernoulli, 1766; Blower, 2004; Heesterbeck & Roberts, 2015). Hamer (1906) proposed
a mass action law, in which rate of new infections in a disease outbreak is proportional to the product of the number of
susceptible individuals and the number of infected ones. Kermack and McKendrick (1927) incorporated the mass action law
and introduced compartments to model spread of infectious diseases. A special case of their general model is referred to as
the SIR model with compartments S (susceptible but well), I (infected and able to transmit the disease) and R (removed by
immunity, recovery, death or quarantine). The SIR model is deterministic, meaning it incorporates no element of chance. In
the late 1920's through the ‘40's L. Reed and W.H. Frost developed the stochastic Reed-Frost model. Stochastic models include
the element of chance. The SIR and Reed-Frost models have been the starting points of many models developed since (Brauer;
Lessler and Cummings (2016)).
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Isolation is removal of an infected person from public interaction. Quarantine is removal of a segment of the population,
regardless of health condition, usually by government order. Among many notable studies of quarantine and isolation using
deterministic compartmental models are Hethcote et al. (2002) and Gumel et al. (2004).

For simplicity models often assume a homogeneous population, which means that all probabilities apply equally to all
individuals. But spatial, age and demographic heterogeneity are real-life conditions that require additional model sophisti-
cation. The professional standard is set by immense computer programs that account for millions of people individually; their
age, demographic status and location, with real data on such matters as airline schedules from city to city. Halloran et al.
(2008); Ferguson et al. (2006); German et al. (2006) and Lewis et al. (2007) are examples of this so-called agent-based
approach. Among many advantages of an agent-based approach is the opportunity to account for temporal dynamics of virus
and antibody levels within an infected individual and more realistically model that individual's varying capacity to transmit
the disease over time. See Xu et al. (2023).

In December 2019 a series of pneumonia cases of unknown cause emerged in Wuhan, China. (Huang, C. et al. (2020). The
cause, the world soon learned, was a new virus that produced a disease eventually called COVID-19. The disease spread
rapidly and became the most serious pandemic in over a century, wreaking havoc on the world's health and economy.
Although use of mathematical modeling has for some time been standard practice at various levels of decision-making in
some areas (Kretzschmar, 2020, Van Kerkhove and Ferguson, 2012, Metcalf et al., 2015, Heesterbeck, 2015), COVID-19 appears
to have brought it to a level of global significance. Different nations relied on different models. The United Kingdom, e.g.,
depended in large part on an Imperial College London team that employs both an agent-based simulation as discussed above
and a simpler but still large program with ordinary differential equations (ODEs) modeling transitions among compartments
in sufficient number to capture key heterogeneities (Adam (2020)). (Brooks — Pollock et al. (2021) documents other modeling
efforts that helped shape the early COVID 19 response in the UK.) Meanwhile the US's Center for Disease Control initially
forwarded University of Washington projections based not on transmission dynamics but on a statistical curve-fitting model
(Jewell et al. (2020)).

Addressing the challenge of COVID-19, journal articles modeling it have been published at a high rate. Many employed
sophisticated methods. For example, Aleta et al. (2020) used a detailed, agent-based, stochastic, discrete-time simulation.
Also using a detailed agent-based stochastic simulation, Kucharski et al. (2020) employed a contact model built on data
previously collected on more than 40 thousand individuals. Peak et al. (2020) employed a stochastic branching model, and
Huang et al. (2021) applied data-driven and machine-learning methods.

But response to COVID-19 also demonstrated the value of simple models: they enabled early, rough predictions of the
epidemic's course and tentative assessments of candidate interventions. Many COVID-19 modeling efforts assumed a ho-
mogeneous population and adopted relatively simple deterministic compartmental models. Some of these collected local
data and forecast the epidemic's spread in that locale, e.g., Gog and Hollingsworth (2021, in the UK), Giordano et al. (2020, in
Italy), Sarkar and Nieto (2020, in India), Liu et al. (2020, in China) and Rainisch et al. (2020, in Chile).

Kalbaugh (2021) was also motivated by the COVID-19 epidemic but its purpose was to introduce a new form of deter-
ministic model. Assuming a homogenous population, it applied quarantine-adjusted incidence (see, e.g., Hethcote et al.
(2002)), a second order gamma distribution for recovery time and developed from first principles of probability an eighth-
order deterministic system of ODEs to model effects of isolation and quarantine. The new model's major differences from
typical compartmental models were its (1) incorporation of both strength and speed of interventions, which permits
consideration of imperfect intervention, (2) use of second order gamma distributions for isolation and quarantine time to
events, (3) employment of non-time-invariant ODEs for quarantine, and (4) accounting for quarantine removal of unexposed,
susceptible individuals from circulation, which only a few past studies have done, among them Lipsitch et al. (2003), Muyabi
(2010), Safi and Gumel (2013) and Sarkar and Nieto (2020).

This article follows on to Kalbaugh (2021). We develop explicit closed-form equations for key performance metrics for
epidemics controlled by isolation, by quarantine, and by the two interventions together. As best we can determine, the
literature has no other examples of this. This is surprising, given the large number of quantitative studies that have been
published, but articles we have reviewed either report findings numerically or derive equations in implicit form. First to
provide closed-form implicit equations for a controlled epidemic was Feng (2007). Using a compartmental model, that article
provided equations for final size and for a quantity closely related to peak fraction of population infected. It addressed
exponentially-distributed and gamma-distributed recovery times and also modeled imperfect isolation. We will compare our
results to those of that article.

Outlining the rest of this article, Section 2 sketches briefly the basis for the model employed here. Section 3 addresses
objectives in our development of empirical equations. Section 4 examines dynamics of epidemic spread when isolation is
applied alone. It examines control performance when the epidemic is only just contained and when additional isolation effort
is supplied. It quantifies key dynamic metrics: cumulative fraction of population infected over the course of the epidemic
(often referred to as final size), peak fraction of population infected at any one time, and epidemic duration. It derives an
analytical solution for final size in the isolation-only scenario when final size is small enough for equations to be linearized.
Section 5 examines dynamics of epidemic spread when quarantine is applied alone. From first principles of probability, it
derives new equations for quarantine dynamics, correcting an error in Kalbaugh (2021). Section 6 derives new equations for
isolation and quarantine applied together, resulting in a 14th order system of ODEs. It then quantifies the key performance
metrics for that scenario. Finally, Section 7 reviews main points of the article and adds pertinent observations.
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2. Basis of the model

For the convenience of the reader this section briefly sketches the fundamental basis for the model employed here.
Appendix A describes its underlying assumptions. Its mathematical derivation is described in more detail in following
sections.

We define.

p(t) = probability {person drawn randomly from population has been infected prior to time t}

s(t) = prob{person is susceptible but well and not in quarantine at time t}

i(t) = prob {person has been infected and is not recovered, isolated or quarantined at time t}

r(t) = prob {person is recovered at time t}

ga(t) = prob {person is in quarantine at time t}

qg(t) = prob{person is in isolation at time t}.

The model is founded on four fundamental equations, together with use of probability theory to compute subsequent
variables.

o the mass action law, which is the basis for the aforementioned, venerable SIR model:
dp .
hc 1
FTARAL (M
where f is the rate of disease spread by a single infected individual.

e The conditional probability that a person is recovered at time t given they were infected at time 7 is defined to be

r(t|r)=1—(1+vg(t—7))exp( - vg(t — 7)) (2)

e The conditional probability that a person is in quarantine at time t, given that they have not been isolated, is defined to be

qa(t) =qao[1 — (1 +yat)exp(—yat)] (3)

o The conditional probability that a person is in isolation at time t given they were infected at time 7 and have not recovered
is defined to be

qs(t|7) =qpo[1 — (1+vp(t — 7))exp( — vp(t — 7)) (4)

In the above,

gao = prob{person is eventually quarantined, given that they were not isolated}

ggo = prob{person is eventually isolated, given that they have not recovered}

We will refer to gag and v, as the strength and speed of the quarantine process, and ggg and vy as the strength and speed of
the isolation process. Nota bene that these terms do not reflect true effort the interventions require. Quarantine exacts a much
greater cost on the economy and on personal liberty than does isolation.

Note that Egs. (2)—(4) are second-order gamma distributions. The first order, or exponential, distribution has the attribute
that the most likely time for completion of the process is just after it has begun, which is unrealistic, as discussed (for re-
covery) in Deikmann et al. (2013). For second and higher order gamma distributions, the most likely time of completion is
well after the process has begun.

One can find examples in the literature of models assuming higher order gamma distributions for recovery time. As
mentioned earlier, Feng (2007) is one of these. We have not found examples of higher order gamma distributions for isolation
or quarantine wait times. As we will discuss, using probability theory for calculations involving second order distributions for
isolation and quarantine times produces ODEs that are fundamentally different from those in the typical compartmental
model.

Given the model's SIR basis and our use of the letters A to designate quarantine and B to designate isolation, for simplicity
and brevity we shall refer to it as the SIRAB model.

3. Remarks on development of empirical equations

Our objective in this article is to develop explicit closed-form equations relating key control performance metrics to
parameters quantifying isolation and quarantine effort. The performance metrics we focus on are final size (p., ), i.e., fraction
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of population ultimately infected at some time during the outbreak, given by the final value of p(t); maximum fraction of
population infected at any one time (irax), given by the peak value of p(t) — r(t); and the outbreak's duration (Tg). The
parametric measures of control effort are quarantine strength (gag), quarantine speed (vy,), isolation strength (gpy) and
isolation speed (yg). (We again note that in achieving a given level of effort as defined above, quarantine exacts a much greater
cost on the economy and on personal liberty than does isolation.) Other factors necessary in the equations are the epidemic's
basic reproduction number (Rg), initial size (pp) and an infected person's rate of recovery (vg). Initial size py is set by the start
of the intervention; it is an important variable in management of the epidemic; the earlier intervention is begun the better the
outcome. In this study the unit of time is the mean time of recovery. For the SIRAB model, with its second-order recovery
probability distribution, mean time of recovery is given by 2/y;. Hence we set vy = 2.

With one notable exception the equations we develop are empirically derived. We derive an analytical solution for p., in
the isolation-only scenario when p,, is small. Otherwise, we develop empirical equations to stand in for difficult-to-obtain
exact solutions.

We seek simple equations that reflect broad trends in the data. We hope that equations we develop will prove useful to
epidemiologists seeking to understand basic dynamics of isolation and quarantine: how key performance metrics depend on
parameters we can control and/or measure.

We seek to minimize error between numerical integration data and our equations, but not at the expense of simple ex-
pressions reflecting broad trends. It is possible to reduce error in an empirical equation to any desired level if the equation is
evaluated only at data points used to create it. One can “tune” an empirical equation to fit a specific data base. When this is
done results have nothing of the character of an ODE solution and are of no help to one interested in basic dynamics.

See Appendix B for details of the methodology employed.

4. Dynamics of epidemics controlled by isolation

This section explores dynamics of epidemic spread when controlled by isolation.
In Eq. (1) we need expressions for s(t) and i(t). Assuming no one is initially immune,

s(t)=1-p(t) (5)

How does one compute the value of i(t), the probability that an individual has been infected and is not recovered or
isolated at time t? From the definitions above and probability theory,

t
i(t)= /O p(m)(1—r(t]7))(1 - qp(t|7))d7 (6)

Given the forms of r(t|7) and gg(t|7) in Eqs (2) and (4) above, with their t — 7 arguments, Eq. (6) is equivalent to a set of
linear time-invariant ODEs, which turn out to be

di . .
ch = (Yr +vp) (i1 — ip)
digy _ (Y + 73
dt YR+ 7B

>q30p + (Yg + vp)(ig2 — ig1) (7)

digy ( 2YRYB ) '
B ~ (Yg + vp)i
it Tot 15 dgop — (g + vB)ip2
and then
i=p-r—gp (8)

qg=ig — qpo’

As an aside, note the intuitive nature of Eq. (8): the fraction currently infected is the fraction who

have been infected less the fraction who have recovered or been isolated.

Coefficients such as 2ygvg/(vg +7p) that arise naturally in the SIRAB model have no counterpart in other SIR-like models.
The typical SIR-like model describes transitions with pairs of equations like x; = —v;;%; + ... and X; = yX; + ..., where the rate
v;j common to the pair is a parameter set by the analyst.

Similarly, the probability that a person is recovered at time ¢ is given, via probability theory, by
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t
0= [ prtinr (9)
which, using Eq. (2), leads to the ODEs
dr
= YR =)
(10)
drl _ _r
dar YrR(D —T1)

As an aside, note that Egs. (6) and (9) are generic and that gamma distributions of any order could be employed in each
case. This is important, e.g., because it has been established that different diseases have different recovery time distributions.
Using higher order gamma distributions would result in a larger number of ODEs, which is not a high price to pay in today's
numerical integration environment.

In total, the SIRAB model for control of an epidemic by isolation alone is

dp .
57651
s=1-p
i=p-r—qs
qg = ip — qoT
dr
E:YR(H—T)
dr
d—tlZYR(P—Tl)
dip

a (g + ) (i1 — i)
digy _ (7R +73
dt YR+ VB

digy _ ( 2YrYB
dt YR+ VB

>CI30P+(YR+YB)(i32—i31) (11)

>QBOP — (Yr + 7B)iB2

In the SIRAB model, the effectiveness of isolation can be reliably predicted via the isolation reproduction number Rg, the ex-
pected number of cases directly generated by one infected person in a population where all other individuals are susceptible
to infection and the epidemic is controlled by isolation alone.

For isolation alone, the infected individual's interaction with others is unaffected but his or her time in circulation is
reduced. Given that the individual was infected at time 7 = 0, the probability he or she is still infectious and circulating at
time t is (1 — r(¢|0))(1 — gg(t]|0)). Then

RB:5/0 (1 = r(t0))(1 — gs(£]0))dt (12)
Using Egs. (2) and (4) we eventually arrive at
Rp=0((1—qpo)(2/vr) +qsots) (13)
where
2 YRYB
tg= 1 14
B 'YRJF'YB( +(’YR+YB)2) (14)
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Setting ggo = 0 in Eq. (13) reveals that 23/ is Rg, the basic reproduction number for the unmitigated epidemic. Hence Eq.
(13) can be written

Rp=Rg {(1 —qgo) + 8o (’YR’TYB) (1 i (YRY'T‘Y:B)2>:| :

This section will quantify pe, itmax and Tg when Rg < 1.

4.1. Fundamentals of epidemic dynamics when controlled by isolation

We begin discussion of epidemic dynamics when controlled by isolation alone by examining the general character of the
performance metrics as influenced by basic reproduction number and control parameters. That is, before focusing on
equations we explore the qualitative nature of the dynamics, illustrating much of it graphically.

4.1.1. Final size: isolation-only

Numerical integration and analysis show that, when an epidemic is controlled by isolation alone, final size p., is a function
of initial size py and isolation reproduction number Rg only.

Fig. 1 plots final size p. as a function of Rg, with pg as a parameter. Note that setting Rg = 1, where Rg is as defined in Eq.
(15), accurately predicts the division between containment and breakout of an epidemic. Although it is difficult to find

another name for the opposite of “breakout”, “containment” is, in a sense, too strong a word. According to the SIRAB model, as
shown in Fig. 1, ps, is much larger than py unless Rp is considerably less than one. More isolation effort brings much reward.

4.1.2. Peak fraction of population infected: isolation-only

The variable ipax, the maximum fraction of population infected at any one time, is a measure of the epidemic’s stress on
medical facilities. We find that ip4x is proportional to pg. This again points to the importance of early intervention in the
course of an epidemic. Note that this result, which applies when Rg < 1, is in strong contrast to the case where Rz > 1 and the
epidemic is not contained. In that case insx is essentially independent of py.

Numerical results show that, when isolation is the only control, ipyax depends primarily on Ry, with Rg and yp having
secondary influence. Fig. 2 is an example. The relatively weak dependence of ity4x on Rp sets the metric apart from p,, and, as
we will see shortly, Tg.

4.1.3. Epidemic duration: isolation-only

We can better understand duration of an epidemic controlled only by isolation if we examine in some detail a few specific
examples. Fig. 3 graphs the time history of i(t), the fraction of circulating population infected at that time, for a few repre-
sentative cases. Each curve represents the history of i(t) for a particular value of Rg. As Rg— 1, the i(t) curves flatten out;
isolation is containing the epidemic but not suppressing it.

To quantify duration of these simulated epidemics we must decide on a criterion for when an epidemic can be said to be
extinguished. We choose to set a threshold ir on the fraction of the circulating public that is infected. Other criteria could be

101
P

02|
Parameter
is p

1073 0

104}

107 L

0 12 14 16 18 2

Fig. 1. Final size p, as function of isolation reproduction number Rg.
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Fig. 2. Peak fraction of population infected iryax versus basic epidemic reproduction number Ry, with isolation reproduction number Rg as parameter.

chosen. Also, any value we choose for the threshold ig is somewhat arbitrary. As it happens, the empirical equations we
develop for Tg will sidestep this issue by keeping ir as a parameter. However, to quantify the duration of the simulated ep-
idemics graphed in Fig. 3 we must decide on a firm criterion. Somewhat arbitrarily, we set i = 10~3p,.

Fig. 4 depicts duration of epidemics simulated in Fig. 3 and shows sensitivity to pg. Rapid growth in duration occurs for all
Do as Rg— 1. Ifisolation is the only intervention measure, Rz must be at least 10 percent less than unity for epidemic duration
to be reasonable. Picking up from our earlier discussion of increasing isolation effort to limit p.,, we see that another objective
is to limit Tg.

A reviewer has made the interesting observation that the slowing of dynamics evidenced by the lengthening of epidemic
duration as Rg— 1 in Fig. 4 is similar to behavior seen in other systems with phase transitions. The reviewer suggests Stauffer
and Aharony (2018), Baxter et al. (2015), Zhang et al. (2018), and Baronchelli (2007), for readers interested in investigating this
connection further.

4.2. Equations for isolation performance metrics

This section focuses on explicit closed-form equations describing the performance metrics p., ipyax and Tg as a function of
isolation strength g, isolation speed v, initial size py and Rq.

4.2.1. Equation for final size: isolation-only
In this paper the one exception to an empirical approach is the equation for final size (ps,) when isolation is applied alone.
In this subsection we show that, provided pg<1 — Rp, the analytical solution to Eq. (11) is

. Do
o = liM¢— o = 1
Poo =lime— op(t) = 1= Rp (16)
First, we assume p<1, in which case s=1 and we can write Eq. (11) in the form
X=Ax (17)
where

p
r

x=| 1 (18)
g
ip1
;7]
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Fig. 3. Showing i, the fraction of circulating population infected as a function of time, with isolation number Ry as a parameter.

100
80 | .
Parameter is %

T,

E =15
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B =4

40 |

20 |
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0.9 1.0

Fig. 4. Plotting duration Tr of example simulated epidemics as a function of isolation reproduction number Rg.

6 —(1-qp)8 O -6
0 —7R TR 0
TR 0 —TR 0
A— 0 0 0  —(vr+7p)
2. A2
TR+ 0 0 0
5o (’YR + ’YB)
qBO( 2’YR’YB ) 0 0 0
YR+ 7B

Next, we take the Laplace transform of Eq. (17), defining

oo

2(5) = Lix(0)} = [ exp(-styx(t)ds

Now

820
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L{x(6)} =sX(s) — X0

We assume an initial condition

o

X0 =

ocoocoos

Then
(sI-A)X(s) =xo

X(s)=(sI—A)xo

A tedious but straightforward calculation results in

_ 5+ +vR+78)
(s)_ R D(S)R B pO

p(s) =%

where

D(s) = <55 +ayst + ass® + as? + a5 + ao)s

a4 =5vg+3v5 - B

as = 107 + 12vgyp + 375 — B(57r + 378)

az = (v +78) (1073 + 8YaYs + 73 ) — B[3(vk +¥) vk + ¥5) — dso73

Infectious Disease Modelling 10 (2025) 813—839

(21)

(22)

(26)

a1 = Yr(vg + 75)* (57r + 275) — B[ 773 + 157kvp + (9 — 5450)7r73 + ¥3(1 ~ dbo) |

ao = v3(vg +75)*(1 — Rg)

where, from Eq. (15)

TR YRYB
Rg=Rg|(1 - + ( ) 1+
B=Ro {( dpo) + dgo YR+ 78 ( (7a + 78)2>:|

and, again,
Ry=2P
TR

Finally, we apply the Laplace transform final value theorem, which states that
DPoo = lim;, p(t) =limg_, oSP(S)
provided a limit exists. From Eqgs. (25), (26) and (29) we find that

(s + 90+ 1R+ 78)’ ) Po
D(s) O"1-Rg

Doo =lim;_, oS

as was to be shown.

(27)

(28)

The larger the value of p, , the larger the error in Eq. (30). Its absolute relative error is less than 0.6 percent provided Rg <
0.9 and py < 10%. An empirically derived extension to take into account nonlinear effects is
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Do = Bo - (31)
(1~ Rg) +0.5(po / (1~ Rg)) — 41(po/(1 — Ry))

which has an error less than one percent when Rz < 0.98 and py < 10-3.

It is of interest to compare Eq. (30) to the implicit equation derived in Feng (2007). We must first recognize that the
definition of final size in that article differs from the definition in this one. In this article final size is defined as the total
fraction of individuals infected over the course of the epidemic. Feng (2007) defined it (under the assumption that no one is
initially immune) as the difference between that total and the fraction of those who had already been infected at the start of
intervention. In the notation of this paper, Feng's equation when isolation is applied alone is

Poo=1—(1—Ppo)exp(—RpPeo) (32)

Eq. (32) applies for exponentially-distributed and all orders of gamma-distributed recovery times though the form of Rp
differs in each case.

We first observe that, with rearrangement and transformations y = Rg(pe —1) and x = Rg exp(— Rg)(po — 1), Eq. (32) can
be written as

y exp(y) =x, (33)
the solution y(x) of which is the well-known Lambert W function. For our purposes, however, it is more convenient to
work directly with Eq. (32).

Assuming Rgp.,<1 we can approximate

exp(—RgPo) = 1 — RgPeo (34)

and then, assuming pgo<1, quickly determine that

P =1,

Egs. (30) and (35) have the same form.

Moreover, many trials over a wide range of Rg and pg values show that, within numerical uncertainty, p,, as computed
from numerical integration of Eq. (11) and p. as computed from iterative digital solution of Eq. (32) agree. That is, within
numerical uncertainty, when isolation is the lone intervention, the SIRAB model satisfies Feng's implicit equation.

Feng derived the equation for a family of SEIR compartmental models. As we have said, Eq. (11) differ from typical
compartmental models in various ways. That Feng's equation apparently applies to Eq. (11) as well indicates it has broader
applicability.

Egs. (30) and (31) do not cover the case where Rg = 1. Accepting that the SIRAB model satisfies Eq. (32), we can expand Eq.
(32) when Rg = 1 using

eXP(—Poo) = 1 - Poo + (1/2)p2 (36)

and determine that, when pg<1, final size can be approximated as

P =1v/2Po (37)
The absolute relative error in Eq. (37) is less than 1.5 % for pg < 103.

To find a better estimate of final size for larger values of initial size when Rz = 1 we can:

(1) Expand Eq. (32) using
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N+1

eXp(—Poo) = Z (—peo)" /1! (38)

n=0
(2) Express ps, as
N
Peo=Y_ kn(2po)"/? (39)
n=1

(3) Collect terms to write Eq. (32) as

N+1
> em(ky, ... kn)(2po)™? =0 (40)

m=2

ignoring higher order terms.

(4) Solve for kp, 1 < n < N, recognizing we must have
cm(ky, .. ky) =0, 2<m<N+1 (41

The results for N = 4 are

k] =1
ky =—-1/3
k3 =11/72=0.15278 (42)

k4 = —43/540= — 0.079630

Using these values for kp, the absolute relative error in Eq. (39) is less than 0.7 % for py < 0.2.
If one decides that an epidemic is well contained when final size is less than X times initial size, then, from Eq. (35), R
must satisfy

1
Rp<1-5 (43)

However, this is only one criterion; we have seen that epidemic duration can also be unacceptable even though Rz < 1.

4.2.2. Equation for peak fraction of population infected: isolation-only

Again, for details on the methodology employed in the development of empirical equations see Appendix B.

For isolation applied alone, over the parameter ranges considered, we found iryax contained within 1.39pg < imyax <
3.2pg. This is much less variation than other metrics displayed in this study.

The empirical equation we developed for peak fraction of population infected at any one time is

itvax =Po(1 + Rog) (44)
where
g=0.228R; + 0.49105 — 0.459/1 — Ry (45)
and
TR
op= 46
B YR+ VB (46)

Over the test database, these equations have a mean absolute relative error of 4.9 percent and a maximum absolute
relative error of 13.4 percent.
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4.2.3. Equation for duration of epidemics controlled by isolation

Duration is highly sensitive to isolation reproduction number Rg. Fig. 4 showed earlier that Tg rises rapidly as Rg— 1,
suggesting the same 1/(1 —Rp) relationship as we found for p.

The form of the curves in Fig. 3 for large t suggests exponential decay. The linear analysis in Section 4.2.1 suggests it also.
Then we can roughly model the curve late in time as

i(t) =ig exp(—At) (47)

Let the criterion for when an epidemic is extinguished be a threshold ir on fraction of circulating population currently
infected. Then

Ty :%m (LO) (48)

I

If we accept ipyax (Eq. (44)) as a surrogate for ip then we might search for an equation in the form

S (g imaax
TE_'YRln(fz i ) 49)

where f; and f, are non-dimensional functions of the epidemic and control parameters.
Finally, numerical integration results show that T is inversely proportional to the basic reproduction number Ry. This is
qualitatively consistent with duration in unmitigated epidemics; the more infectious the disease the shorter the epidemic.
Putting these findings together we ultimately arrive at the empirical equation

TE 175RB In (01811TMAX> (50)

" Ro(1— Rg)vg TBiE

where ipyax is given by Eq. (44), o by Eq. (46) and the threshold i is left as a choice for the user.

Over the test database, Eq. (50) has a mean absolute relative error of 10.4 percent and a maximum absolute relative error of
25.5 percent.

Together, Egs. (15), (43) and (50) provide means to determine requirements on strength and speed of isolation to limit
epidemic final size and duration to acceptable levels.

5. Dynamics of epidemic controlled by quarantine

This section explores dynamics of epidemic spread when controlled by quarantine.

We see quarantine as a time-driven process. We are modeling a homogeneous population but ought to take into account
that governments differ and orders to quarantine can come from anywhere within the hierarchy of nation, state, county and
city. Public officials wrestle with the decision; in time they issue an order, or do not, to the population as a whole; people
comply individually, or do not, as time goes on. We combine the two activities into one process modeled, as we have said, by

Prob {person drawn at random from within the population is in quarantine at time t after start of the epidemic} =

qa(t) =qao(1 — (1 +vat)exp(=7at)) (51)

The term s(t) needed for the mass action law (Eq. (1)) is given by
s=1-p—das (52)

where
gas(t) = prob{person is susceptible but well and in quarantine}.
From probability theory,

t t
as(®) = [ damstridr = [ dum(1 —p(r))dr (53)
which we implement in the ODEs, using Eq. (51), by
s _ o 2t exp(—yat)(1 - pit (54)
dr — droYAt exp(=1a0)(1 —p(0))
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The SIRAB model's use of non-time-invariant, or more simply, time-varying ODEs, i.e., where time appears explicitly on the
right-hand side of equations for derivatives, has no counterpart in typical compartmental models; they are always time-
invariant, though one sometimes sees piece-wise constant coefficients.

How do we compute the variable i(t), the probability that a person is infected and in circulation? We can write

i=p—r—da (55)

For Eq. (55) to apply, the terms r(t) and g4;(t) must be mutually exclusive. We must define g4, (t) to be the probability that a
person was infected at some time 7, quarantined at a later time t,, and has not recovered by time t. From that definition and
probability theory,

ot A
%ﬁF{LquL(L4mnmwmm& (56)
Hence
t t t
W gu [ =reimpindr— [t [T drdy 5

which becomes

t ta
W guip—r) - [ dew [ TG prdrdey (58)

The integral term is missing in Kalbaugh (2021). Because of the error that article's results for quarantine, and quarantine
together with isolation, are incorrect.
With some work Eq. (58) can be shown to be equivalent to the following set of ODEs:

d .
S8 — Ga(p— 1)~ 1
d; .
=L =qu(r1 —1)+ -
ar = da =1+ el J1) (59)
d .
%: ga(p —11) — Tr)2
Ga = qaoYRt €Xp(—7gt)
These equations, together with
dp .
i Osi
s=1-p—das
i=p-r—qa
dr
EZ'YR(rl —T) (60)
dr
CT; =v1r(P—-11)
dqas .
ar da(1-p)

comprise the SIRAB model for epidemic dynamics when controlled by quarantine alone.
We have found empirically that, to a high degree of accuracy, the reproduction number for a quarantined-controlled
epidemic in the SIRAB model is

Ra=Ro(1—qno) (61)
when y4 > vg; i.e., when the rate of the process of quarantine is equal to or greater than the rate of recovery from the disease.
Eq. (61) was analytically derived in Kalbaugh (2021) as applicable when the quarantine process is essentially completed
before the fraction of infected people becomes appreciable. Our empirical results show that v, > vy is sufficient for this to be
the case when Ry < 1.
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Fig. 5. Final size as a function of quarantine reproduction number, with basic disease reproduction number as a parameter.

5.1. Fundamentals of epidemic dynamics when controlled by quarantine

We begin discussion of epidemic dynamics when controlled by quarantine alone by exploring its qualitative nature,
illustrating much of it graphically.

5.1.1. Final size: quarantine-only

Final size in an epidemic controlled by quarantine and final size in an epidemic controlled by isolation are alike in that they
both grow rapidly as intervention reproduction number approaches unity. They differ in that p, in the quarantine scenario
depends strongly on basic disease reproduction number and on speed of intervention. Fig. 5 shows the dependence of p, in
the quarantine-only scenario as it depends on R4 (Eq. (61)) and Ry. Note that the logarithm of p., appears to be approximately
proportional to Rg.

5.1.2. Peak fraction of population infected: quarantine-only

In the quarantine-only scenario, iryax, peak fraction of population infected, depends primarily on Ry (though not to the
same degree that p,, does) and only weakly on Ry. It is proportional to py for py < 104, We saw these same dependencies for
itmax in the isolation-only scenario, but ipux in the quarantine-only scenario is generally much larger than that in the
isolation-only case.

It is in the behavior of i 4y that we can see most clearly the accuracy of Eq. (61) as the quarantine reproduction number.
Fig. 6 shows that the slope of irax changes abruptly as qao goes through

qaoc=1-1/Rg (62)

1071
10°2[
ITMAX

1037

1041

10 -5

Fig. 6. Peak fraction of population infected as a function of quarantine strength, with quarantine speed and basic disease reproduction number as parameters.
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Fig. 7. Epidemic duration as a function of quarantine reproduction number with basic disease reproduction number as parameter.

and that these points are independent of v,.
To measure the accuracy of Eq. (61), we created a vector of 1000 evenly-spaced points along the gy line, defining

qao(n) =n/1000 (63)

and computed ipyax for each of these points, over a test database of 64 cases: 8 values of Ry (1.05 < Ry < 6) and 8 values of
Y4 (2 < v4 < 4). We defined the numerically integrated g4oc to be the value of g49(m), where m is the value of the number n for
which the discrete approximation of the second derivative

itmax (n) — 2ipyax(n — 1) + ipyax(n — 2) (64)

is a maximum. The mean absolute error between g40c computed this way and that given by Eq. (61) was 8.6- 10> and the
maximum error was 6.3-1073.

5.1.3. Epidemic duration: quarantine-only

Fig. 7 shows the behavior of epidemic duration Tg as a function of the intervention reproduction number R, and the basic
disease reproduction number Ry. For low Ry, i.e., when the epidemic is well controlled, Tr increases with Ry. When R4 ap-
proaches unity, a reversal occurs: duration is shorter for larger R,. The behavior of Tg as a function of v, is similar: Tr decreases
with vy, for low R4 and increases for high R4. Duration also depends on the user's criterion for epidemic end.

5.2. Equations for quarantine performance metrics

Our intent in this section is to develop formulae for key performance metrics for an epidemic controlled by quarantine
alone. We seek equations for p., ipyax and Tg as a function of qag, Y4, Po and Ry; empirical relations standing in for exact
solutions we cannot expect to find.

Appendix B contains details of the development. We would have preferred to cover a wider range of parameter values, in
particular higher values of Ry and lower values of v,, because some diseases have R, values higher than 6 and history shows
that quarantine orders and compliance are not always swift in coming, raising interest in v, < yg. However, in the SIRAB
model, dynamic behavior for Ry >6 is increasingly difficult to model, and Eq. (61) ceases to apply for all values of Ry
considered here when vy, <vg. Especially virulent epidemics and gradual application of quarantine require their own studies.

5.2.1. Equation for final size: quarantine-only
The empirical equation we have developed for final size in the region 0 < R4 < 0.9 is

Poo = (1 PoR )eXp(GAP)HAP (65)
—Ry

where
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Gap = 2.836Ry02 — (0.745 - 0.538Roa§)RA

(\/R—O(l —RA)+0.03><1 +0.0733(R0— 1)) (66)
(V/Ro +2.2003 ) (1 — Ry + 4.467/pg Roo3)

Hyp =

R4 is given by Eq. (61) and

YR
On=—"8 67
AR+ 1a (67)

In Eq. (65), the term

(7% )exe(Gar

is dominant; over the parameters of interest the multiplier Hap is bounded by

0.66 < Hyp < 1.35 (68)

Over the test database the mean relative absolute error in the above equations was 7.2 % and the maximum was 22.1 %.
For the case where R4 = 1, we find that

Peo =0.0707/poexp(Gap1) (69)
where
Gap1 =0.45+2.439 exp( — 0.106(Rg—1) / g4) + 1.243(Rg — 1), (70)

has a mean relative absolute error of 4.4 % and maximum of 8.7 %. Note the dependence on /pg and recall Eq. (37).

5.2.2. Equation for peak fraction of population infected: quarantine-only
The equation we have developed for peak fraction of population infected in the quarantine-only scenario is
itmax = 0.321pg exp(Gar)Ha (71)

where

GAI = 1972R00’£(1 + 0494R0RA)

Rooy + 0.464

72
Ryt (72)

Hy =

uw=139
and oy is given by Eq. (67). The mean relative absolute error was 7.7 % and the maximum was 25.1 %.

5.2.3. Equation for duration of epidemics controlled by quarantine
The equation we have developed for duration of an epidemic controlled by quarantine alone is

1.45 (0.437iTMAX> (1—a; +ay)(1 - as)

TE:—IH 3
TalE 1— Ry +8.51,/FoRo02

e (73)

where
a; =0.260 exp(—1.27(Rg + Ry — 1))

ay = 0.285 exp( — 2.36(1 —Ry)) (74)
a; =137 exp(—17.3(7 — Ry — Ry))
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The mean relative absolute error was 7.5 % and the maximum was 23.8 %.

6. Dynamics of an epidemic controlled by isolation and quarantine
This section explores dynamics of epidemic spread when controlled by isolation and quarantine together.
As was the case for the SIRAB model's equations for dynamics of an epidemic controlled by quarantine alone, a key

element here is the representation of the fraction of population infected and in circulation. We can write

i=p—r—qp—qa (75)

For Eq. (75) to apply, the probabilities r, gg and g4; must be mutually exclusive. We must define g4;(t) to be the probability
that a person was infected at some time 7, not isolated prior to being quarantined at a later time t4, and has not recovered by
time t. From that definition and probability theory,

t ta )
qu(t) = /0 dalts) /0 (1 - qs(ta|r))(1 — r(t[7)p(r)drdty (76)

where p(t), r(t|7), qa(t) and gp(t|7) are given by Eq (1) through (4).
Then

d‘“’ = qa(t) / (1-qp(t[r)(1 — r(t]))p(r)dr—

(77)

/qA ) [0~ astair) o ey

We recognize that
t

a(®) [ (1= aultim)(1 = (t1r)B()dr = da(p -~ ~ aw) (78)
Now

1—qp(talT) =1 —qpo + qpo(1 + vp(ta — 7))eXp( — vp(ta — 7)) (79)
SO

[ anten [0 - astear) T prrar =

ta
(-0 [ dnen) [T o (80)

t ta
oo [ dn(tn) [ 1+ 1p(ta = s~ vplta — ) T p(ridree

We recognize the first term on the right hand side of Eq. (80) to be (1 —gpg) times the integral term on the right hand side
of Eq. (58), for which we have already found an equivalent set of ODEs (Eq (59)). Therefore it remains to find an equivalent set
of ODEs for the final term in Eq. (80). With some work, these can be shown to be as given below in the full 14-state system of
ODEs for the dynamics of epidemics controlled by both isolation and quarantine.
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dp .
Efﬁsz
s=1-p—das
i=p—r—qpg—dqa
dr

EZYR(rl_r)

dr

d—tlZYR(P—Tl)

qs = ip — qoT

U8 _ (et g iy — i
E*('YR vg)(ig1 — ip)
digy _ (Yi+7
de YR+ 7B

>QBOP + (Yr + v8)(ig2 — ip1)

di32 ( ZYRYB ) i

dt YR+ 7B dsoP = (Y + 10 )2

da = QaoYRE €XP(—Vgt) "
dgas _ .

T QA(l _p)

d .

% =qa(p —1—aqp) — (1 —dgpo)vr)1 — YrK1
d .

£ =da(r1 — 1) +7r02 —J1)

d .

-,

dK . ;

¢ = Gall + L2 —5) + 7g(Kz — K1)

K,

P Ga(qpopr — L1 — Lp) — vgK>

dL
d_tl =(Yg + YB)(G_QLz —L1>

dL
4 = YrdsoP — (YR +7p)L2

Eq. (81) are fundamentally different from those in a typical compartmental model. Appendix C shows that the difference is
numerically significant. Over a large test database, final size and peak fraction of population infected, taken together, were
found to be on average about 75 % greater, and as much as 5 times greater, when calculated via SIRAB's ODEs, as compared to
results of a typical compartmental model.

6.1. Fundamentals of epidemic dynamics when controlled by isolation and quarantine together

We begin this section with a number of time histories for epidemics controlled by both isolation and quarantine, to give a
visual sense of their combined effects.

Fig. 8 shows that applying even a small quarantine effort in an epidemic only barely contained by isolation (R = 0.9)
improves matters considerably. It graphs time histories of the probability that a person has been infected at some time during
the epidemic for various added strengths of quarantine. And Fig. 9 shows that the converse is also true: a small isolation effort
applied to an epidemic only barely contained by quarantine (R4, = 0.9) has significant positive effect.

The behavior of p,, and iyax in the isolation-plus-quarantine scenario is qualitatively similar to that in the quarantine-
only case. Epidemic duration, however, exhibits something new. As shown in Fig. 10, as combined intervention effort in-
creases, T can drop abruptly to a duration floor which additional effort does little or nothing to reduce. This floor is in the low
single digits of time units or less. (Again, the unit of time in this study is the mean recovery time.) Over the extensive Tg
isolation-plus-quarantine test database, 15 percent of the durations were less than one unit and 32 percent were less than
two.
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Fig. 8. Epidemic size as a function of time for an epidemic controlled primarily by isolation, with various levels of quarantine effort added.
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Fig. 9. Epidemic size as a function of time for an epidemic controlled primarily by quarantine, with various levels of isolation effort added.
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Fig. 10. Epidemic duration as a function of isolation-plus-quarantine reproduction number, with quarantine speed as parameter.

831



D.V. Kalbaugh Infectious Disease Modelling 10 (2025) 813—839
6.2. Equations for performance metrics: isolation and quarantine together

This section develops empirical equations for the key performance metrics when the epidemic is controlled by isolation
and quarantine together.

Our task is eased by two observations. First, isolation is similar to recovery in its effect on epidemic spread. Second, when
quarantine and isolation operate together quarantine is dominant. Therefore we might conceptually imagine the two pro-
cesses operating sequentially rather than simultaneously: isolation reduces the reproduction number from R; to Rz and
modeling joint behavior becomes a matter of replacing Ry with Rp in equations for quarantine performance. As it happens,
matching numerical integration results is not quite so simple, but the notion starts us down a productive path.

A success of the idea that one can replace Ry with Rp in equations for quarantine performance to obtain equations for
quarantine-plus-isolation performance is that the equation

Rap=1, (82)
where

Rag=Rp(1 —qao) (83)

predicts the critical divide for a given Rg and 4 with a mean absolute error of 3.1-10~3 and maximum error of 2.0- 10~2 in
qaoc over the test database, using the same testing procedure as described in Section 5.1.2. Compare with Eq. (61) and the
accuracy figures given in Section 5.1.2.

Our trials of replacing Ry with Rg everywhere in the quarantine equations for p., ityax and Tg did not yield sufficiently
accurate estimates of isolation-plus-quarantine performance. We found that values between Rg and Ry were needed, in a
proportion that depended on scenario parameters. We found through experimentation that Ry should be replaced with a
value Rg given by

Re=cRg + (1-0)Rg (84)
where
Rc
= 85
¢ RO + RC ( )
and

Re=05/1 —RAB/ag (86)

With this modification the functional forms we developed for p., and iryax in the quarantine scenario apply also to the
isolation-plus-quarantine scenario, provided we tolerate somewhat larger errors. We believe the simplicity is worth the cost
in accuracy. Coefficients and exponents applicable to the quarantine-only scenario needed to be modified.

The results:

For final size:

Poo = (1 p(})z )eXP(GABP)HABP (87)
—Ryp

where
Gagp = 2.632Re0% — (1.274 — 0.7182R;03 ) Rap
(\/RE(l — Rap) +0.0579)(1 +0.0853(Rg — 1)) 55)
(V/Re +0.3080% ) (1 — Rag + 1.53y/Po Rea3)

Hpgp =

Rap is given by Eq. (83) and a4, again, is given by Eq. (67).
Mean error: 9.9 % Maximum error 32.4 %.
For peak fraction of population infected:
itmax = 0.587pg exp(Gap1)Hap (89)

where
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Gagr = 1.81Rgay(1 + 0.0535R;Rsp)

 Rgoa +0.104

Hap; R

u=144

Mean error: 8.9 %. Maximum error: 27.9 %.

Developing a sufficiently accurate model for Tr required additional work because of the abrupt transition to a duration
floor, as discussed in Section 6.1, which many simulation runs exhibited. Modeling accuracy depended on predicting the
intervention effort, represented by Ryg = Rg(1 — qag), at which the transition occurs. The formula

Ragr = 0.85(Rgop/Rp) %% + Ry(W — XRo)(1+0.0717 log(1/ a,)) (91)

where

W = 2.68-10"2(Ry05/Rg)

X =5.65-10"3(Rg/Ry) (92)

had a mean absolute error of 0.10 and a maximum of 0.28 over the test database. See Appendix B for the test methodology.
Over the test database, transitions did not occur (Rqgr = 0) if

Rpoa /Ry > 0.293 (93)

with a mean absolute error in the constant of 0.041 and a maximum of 0.070.
Then the equation for epidemic duration when both isolation and quarantine are applied is

1-v
e=(20) 1 (94)
TR
where
1
V:j(l +erf(0.957(Rap — Ragr)) (95)
and

2.38 0.053i
T, :_m(ﬂ)H
EF Y TalE T

Hy — max 0 (L= 911+ az)(1 - (1332)
1—Rup+ 6.29\/p_0REO’A

a1 = 0.396 exp( — 6.287(Rg + Rgg — 1))
ay; = 0.259 exp( — 2.421(1 — Ryp))
a33 =0.178 exp( — 8.99(7 — Rap — Rg))

(96)

As combined intervention effort increases, Rap decreases and the exponent v goes rapidly from one to zero, effecting a
transition from Eq. (96) to a duration floor of 3.3 time units. (Recall vz = 2 here.) Note that Eq. (96) have essentially the same
functional form as in the quarantine-only scenario (Eq. (73)), with Rg replacing Ry.

For the short durations common in the combined isolation and quarantine scenario, relative error is untenable as an
accuracy measure. For ODE-derived durations shorter than 10 time units, the mean absolute (i.e., non-relative) error was 1.1
units and the maximum 6.5 units. Over the extensive test database, 78 percent of durations were less than 10 time units. For
ODE-derived durations longer than 10 units the mean relative error was 10.2 percent and the maximum 37.8 percent.

Another metric requiring special methods was final size when Rsg = 1. Replacing Ry with Rg in Eq. (69) leads to an
equation without parameters of isolation effort, while numerical integration results show that isolation has a strong effect. A
different approach was needed. The result:

Poo =0.0421/poexp(Gagp1) (97)

where
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Gugpr = 1.803+b + (1.547/b)exp( — 0.141(Ry — 1)/a4) + 1.077(Rg — 1)04

I'=0.102 /03

Mean error: 8.5 % Maximum error: 25.1 %
Note the dependence on /py and recall Eqs. (37) and (69).

7. Concluding remarks

The main results of this study are explicit closed-form equations for key metrics of epidemic control effectiveness as a
function of intervention effort. As best we can determine, the literature has examples of implicit equations but not of
equations in explicit form. We quantified the metrics of final size p., peak fraction of population infected at any one time
itvax, and duration Tg. Tables 1 and 2 and 3 provide a summary. We solved analytically the differential equations for final size
of an epidemic controlled by isolation alone when p., is sufficiently small. In the other cases the equations were derived
empirically. Table 4 defines reproduction numbers and quasi-reproduction numbers employed in the equations in Tables 1-3.

Among other key results.

e Isolation's effect on epidemic spread is similar to that of natural recovery from the disease. This can be exploited in
modeling dynamics of isolation and quarantine operating together.

e When quarantine and isolation operate together quarantine is dominant. This too can be exploited in modeling of
quarantine and isolation operating together.

e A small amount of quarantine effort can aid considerably in an epidemic only barely contained by isolation.

e A small amount of isolation effort can aid considerably in an epidemic only barely contained by quarantine.

e Over a large test database, final size and peak fraction of population infected, taken together, were found to be on average
about 75 % greater, and as much as 5 times greater, when calculated via SIRAB's ODEs, as compared to results of a typical
compartmental model.

Response to COVID 19 shows that simple models have a place. While national governments strove to rely on the most
realistic models available, many studies were conducted, early on, using models with the same simplifications as in the SIRAB
model (e.g., homogeneous population, deterministic ODEs and strong assumptions such as a person quarantined remains so
for the duration of the epidemic) to project, albeit roughly, the course of the epidemic in a specific region and to provide a
tentative assessment of candidate interventions. Simple models can also be used as plausibility checks, testing whether
answers from large, complex computer calculations are within logical bounds. They can be useful introductory educational
tools for those entering the epidemiology profession. Finally, as this article demonstrates, a simple model can quantify, with a
broad brush, important metrics of intervention effectiveness parametrically, which is difficult to do with a complex model
that has many parameters.

Among the SIRAB model's differences from typical compartmental models are.

e Incorporation of strength and speed of interventions rather than speed alone. This permits modeling imperfect inter-
vention; e.g., weaknesses in contact tracing, or inconsistencies in quarantine orders and/or compliance.

Table 1
Equations for performance metrics in an epidemic controlled by isolation.
Metric Equation Mean Max Conditions
Error (%) Error (%)
Po Rp <09
Pe 1T—Rg - 06 po<107*
Po Rg <09
_ 1.0 S
2 <10
Po Po Po=
]7R3+0'5(17RB>74'](17RB) )
5 =
v2Po _ 1.5 Po < 10-3
(2p0)'? = (1/3)(2po) + (11/72)(2po)*/* — (43 /540)(2po)? - 0.7 §g oz
i fmaax = Po(1 + Rog) 49 134 Ry <1
mmAX g =0.228Ry + 0.49105 — 0.459/1 — Ry ’ ) B =
1.75Rg (0,1811'TMAX)
T, In . 104 25.5 Rp <0.9
F YrRo(1 — Rg) ogiE B=
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Table 2
Equations for performance metrics in an epidemic controlled by quarantine.

Metric Equation Mean Max Conditions
Error (%) Error (%)

P = (1 fRA)eXP<GAP)HAP

Peo Gap = 2.836Ro03 — (0.745 — 0.538Ro0% )Ry 7.2 22.1 Ry <09
(v/Ro (1 — Rs) +0.03)(1 + 0.0733(Ry — 1))

Hap —
AP (VRg +22002)(1 — Ry + 4.467,/Pg Rya2)
Peo = 0.0707,/Fgexp(Gap1) Gapy = 0.45 + 2.439 exp(— 0.106(Ry — 1) /ap) + 1243(Ry — 1o, 4.4 8.7 Ry =1.0

itmax = 0.321pg exp(Gar)Har
Gar = 1.972Ro0% (1 + 0.0494RoR,)
Invax Rooa + 0.464 77 25.1 Ra<10
Ha =" Roon
00A
1w=1.39
) =02 “1.27(Ro +Ra — 1
I, 1, — 145, (0.437{TMAx> (I-—a +a)(l - ‘13)2 g; - 8.222 33272‘36210}5) & 75 23.8 Ry < 0.9
R TAlE 1= Ra+8.51VPoRo0% g5 — 1.37 exp(~17.3(7 — Ry — Ra))

Table 3(a)
Equations for performance metrics in an epidemic controlled by isolation and quarantine.
Metric Equation Mean Max Conditions
Error (%) Error (%)

P = (1 f(:? >EXP(GABP)HABP
AB

Peo Gagp = 2.632Rg0} — (1.274 — 0.7182R; 03 )Rap 9.9 324 Rap < 0.9
(v/Rg (1 = Rap) + 0.0579)(1 + 0.0853+ (R — 1))
(V/Rg +0.3080%)(1 — Ry + 1.53y/Pg Rgo%)

P = 0.0421\/poexp(Gagp1)
Gagp1 = 1.803+b + (1.547/b)exp( — 0.141(Rg — 1)/4) + 1.077(Ry — 1)0,

Hupp =

(RB>F 8.5 25.1 Rpp = 1.0
b= (=L

Ro

I'=0.102/0%

imvax = 0.587po exp(Gap)Hapr
Gt = 1.81Rga% (1 + 0.0535R;Ryp)
imvax Rpos +0.104 8.9 279 Ryp <10
Hapr == ———
EOA

p=144

e Use of second order gamma distributions for recovery and intervention time to events, which have more realistic time
profiles than do exponential distributions.

« Employment of non-time-invariant ODEs for quarantine.

e Accounting for removal of unexposed, susceptible individuals from circulation, an essential feature of quarantine.

All of the above can be included, one way or another, in a compartmental model, though they seldom or never are. These
features may make the SIRAB model a more convenient and more realistic tool for broad brush analysis. Comparison with
empirical field data is needed.

Another potential research direction: A reviewer has brought to our attention the artificial intelligence-based method-
ology symbolic regression. In the work documented in this article, in a process described in detail in Appendix B, we supplied
the computer with a candidate functional form and the computer searched to find values for constants (coefficients and
exponents) minimizing error between the equation and numerical integration results. In symbolic regression, based on data
alone, the computer searches over both a wide range of functional forms and constants to minimize the error. It would be
interesting to compare symbolic regression results with those of this article. Makke and Chawla (2024) and Angelis et al.
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Table 3(b)
Equations for performance metrics in an epidemic controlled by isolation and quarantine.
Metric Equation Mean Max Conditions
Error Error
(%) (%)
Tg Ty = (@ 11 6.5 Ryp <09
] Tr time units time
v = =(1 + erf(0.9566(Rap — Rapr)) Te <10 units
2
T < 10
Top — 2.38 In OA0531.TMAX)H
TR OAlE
102 % 37.8%
Hy = max OA'%M T;>10 T >10
1 — Rpp + 6.29\/PoReos

ay; = 0.396 exp(—6.287(Rg + Rag — 1))
ay; = 0.259 exp(—2.421(1 — Ryp))
asz3 = 0.178 exp(—8.99(7 — Rag — Rg))

Rasr = 0.85(Ro05/Ry) "6+

Ro(W — XRo)(1 +0.0717 log(1/d,))
W = 2.68-10"2(Ry0p/Rp)

X =5.65-1073(Rg/Ryg)

Table 4

Definitions of reproduction numbers and quasi-reproduction numbers.

Symbol Equation Intervention
Ra Ro(1 — qao) Quarantine
TR YRYB .
R Rg =Ro|(1 — + ) 1+ Isolation
B B = Ro [( dro) + dso (7R v, ( et YB)Zﬂ
Rap R(1 — qao) Quarantine
plus isolation
Re ) Ro ) -
R = |Rp+ (53— | R uarantine
' (RO ) (RO +Re)™ Slus isolation
Rc Rc =0.5/T—Ryp/03% Quarantine

plus isolation

(2023) are surveys of the current state of the art. Willem et al. (2014) is an application of symbolic regression to infectious

disease modeling.
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APPENDIX A

Assumptions Made in the SIRAB Model

In this Appendix we list important assumptions the SIRAB model makes.

e The population is homogenous.

e The population is large.

o In this article, births, deaths and immigration are ignored. In a separate section, Kalbaugh (2021) derived equations
modifying the model to include them.

e No one is initially immune.
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e A person who recovers is immune.

o Interaction times follow a homogeneous Poisson process.

e Deaths due to the epidemic are not an appreciable fraction of the population.
e A person quarantined remains so for the duration of the epidemic.

e Only a person who is currently infectious is subject to isolation.

o Contact rate is reduced in proportion to density of circulating population.

APPENDIX B

Methodology in Development of Empirical Equations

We analyzed three intervention scenarios: (1) isolation applied alone, (2) quarantine applied alone and (3) isolation and
quarantine applied together. For each scenario the first step in the process was to develop a database with which to judge the
accuracy of any candidate equation. For each scenario we developed a multi-variable grid of over many cases spanning a wide
range of control parameter values, basic reproduction number values and initial conditions. Using MATLAB's ode15s algo-
rithm we then numerically integrated the ODEs for each case and recorded p,, ifpmax and Tg. These data were then employed
to compute the mean and maximum absolute relative error for any candidate equation.

The first and most important step in equation development itself was to hypothesize a specific functional form of the
equation, leaving coefficients to be determined later. We often graphed each metric as a function of each variable alone. We
often had little idea of the form to expect so experimentation was important. We tried many different forms.

When a specific form looked attractive it was input to an assessment program. The search for optimum value of unknown
constants was iterative, with wide searches followed by narrow ones. When constants for a specific functional form had been
optimized but residual errors were still unacceptable we examined the error vector for its largest components and sought
remedies for those differences in a new specific functional form.

B.1 Isolation Alone

From Eq. (15) we determine that, if the isolation process can achieve ggg of 0.85 and g of six, three times the rate of
recovery, isolation alone can contain epidemics with Ry of about 2.5. These appear to us to be challenging process goals.
Nevertheless we set the range of parameters for study in this section to 1 <Ry < 2.5 and 1 < y5 < 6. To this we added 106 <
po <1074 and 0 < qgo < 1, provided Rg <1 for iryax and Rz < 0.9 for T.

The isolation test database for i Was 1610 cases of different combinations of these parameters. For T we added an
additional parameter, the threshold ig, 10~*py < ir < 10~2p,, provided ir < 10~2. The T isolation test database consisted of
2000 cases.

B.2 Quarantine Alone

The quarantine test database for p., and ippux comprised 1296 cases: 1.05 < Ry < 6,2 < v, <4, 1076 < py < 1074, and
0 < qao < 1, provided R4 < 0.9 for p, and R4 < 1.0 for igyax. For Tz we added the threshold: 10~p,y < ip < 10~2pg , provided
ip < 1072.1Its R4 limit was 0.9. The T; quarantine database was 3125 cases. The quarantine database for p., when R, = 1.0 was
512 cases. Its maximum py was 103,

B.3 Isolation and Quarantine Together

For isolation and quarantine together the test database for p., and ipyax consisted of 4096 cases: 1.05 < Ry < 6,2 <1y, <4,
1<7y5<6,02<qpo<1,107% <py <10-4,and 0.2 < gag < 1, provided Rag < 0.9 for po,, and Rap < 1.0 for ipyax. For Tr we
added the threshold: 10~%pg < ir < 10~2pg , provided ir < 1079, Its Ry limit was 0.9. The T; isolation-plus-quarantine
database was 6912 cases. To find the Rsp at which Tg abruptly transitions to a duration floor we employed the same tech-
nique as used in Section 5.1.2 (see Eq. (64)) to find points of maximum and minimum second derivatives in the ODE-derived
Te curve. We empirically derived the Rapr equation from a database of 126 such cases. The threshold equation for when no
transition can occur was derived from a set of 15 cases found by hand where the transition was just beginning to emerge. The
isolation-plus-quarantine database for p,, when R4p = 1.0 was 768 cases. Its maximum yg was 5 and its maximum py was
10-3.

APPENDIX C

Numerical Comparison with Typical Compartmental Model

This Appendix compares intervention metrics computed using the SIRAB model to those computed using a typical SIR
compartmental model. Most compartmental models in the contemporary literature are more complicated than SIR, with at
least an E compartment for exposed but not symptomatic and often more than one compartment for quarantine. But the
SIRAB model was built on the SIR archetype and the typical compartmental model should be comparable.
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The rates vyg, v, and v are defined here as they are in the main text. To compare fairly the SIRAB model, with its second
order processes, to a typical compartmental model, and its first order processes, we must divide the above rates by 2 in the
compartmental model. This makes the mean times to events in the two models the same. When compartmental models
address imperfect interventions they do so in various ad hoc ways, e.g., including transitions out of the intervention com-
partments. In such a case it is unclear to us if it is possible to find transition rates that provide a given gaq or ggg. There are
similar difficulties with other ad hoc models of imperfect interventions. Therefore, we will assume perfect interventions in
this comparison.

With the above conditions, in the nomenclature of this article and in its ODE formulation (using p and r as state variables
instead of s and i), a typical compartmental model is as follows:

p = Bsi

S=1-p—das

Il=p—T—(p—(qa

r=(vg/2)(p—T1) (C1)

qg = (v8/2)i — (Yr/2)q8
as = (Ya/2)s
dar = (Ya/2)i = (Yr/2)qai

We compared the SIRAB model (Eq. (81)) to Eq. (C.1)in 1296 test cases: 1.05 <Ry < 6,2 <y, < 4,1 <75 < 6,106 <py <
1074, Let poo(C), itmax(c) and Tg(c) be the metrics as computed from numerical integration of Eq. (C.1) and define

Pp = poo/poo(c)
pr = imax/immax (€) (C.2)
pr = Tg/Te(c)

Over the test database, we always found po, > Peo(€) and irpax > imax (€). We almost always found T < Tg(c). The mean and
maximum of pp were 1.64 and 4.71. The mean and maximum of p; were 1.89 and 5.56. The mean, maximum and minimum of
pr were 0.432, 1.10, and 0.270.

These results show that the SIRAB model's differences from the typical compartmental model are numerically significant.
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