
Proper likelihood functions for 
parameter estimation in S-shaped 
models of unperturbed tumor 
growth
Erick E. Ramirez-Torres1,2,5, Antonio R. Selva Castañeda1, Luis Rández1, Scott A. Sisson3,  
Luis E. Bergues Cabrales4,5 & Juan I. Montijano1,5

The analysis of unperturbed tumor growth kinetics, particularly the estimation of parameters for 
S-shaped equations used to describe growth, requires an appropriate likelihood function that accounts 
for the increasing error in solid tumor measurements as tumor size grows over time. This study aims 
to propose suitable likelihood functions for parameter estimation in S-shaped models of unperturbed 
tumor growth. Five different likelihood functions are evaluated and compared using three Bayesian 
criteria (the Bayesian Information Criterion, Deviance Information Criterion, and Bayes Factor) along 
with hypothesis tests on residuals. These functions are applied to fit data from unperturbed Ehrlich, 
fibrosarcoma Sa-37, and F3II tumors using the Gompertz equation, though they are generalizable to 
other S-shaped growth models for solid tumors or analogous systems (e.g., microorganisms, viruses). 
Results indicate that error models with tumor volume-dependent dispersion outperform standard 
constant-variance models in capturing the variability of tumor measurements, particularly the Thres 
model, which provides interpretable parameters for tumor growth. Additionally, constant-variance 
models, such as those assuming a normal error distribution, remain valuable as complementary 
benchmarks in analysis. It is concluded that models incorporating volume-dependent dispersion are 
preferred for accurate and clinically meaningful tumor growth modeling, whereas constant-dispersion 
models serve as useful complements for consistency and historical comparability.
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Understanding tumor growth kinetics (TGK) is a challenging aspect of untreated cancer biology. Even though 
Bru et al.1reported that untreated tumors grow linearly, other studies suggest that tumor growth is inherently 
nonlinear. Most experimental studies reveal that TGK follows a sigmoidal (S-shaped) rather than exponential 
pattern, as observed across various tumor types in different hosts, independently of the tumor formation pathway 
(e.g., cell inoculation, solid tumor transplantation, or induction by carcinogenic agents)2–6. Different S-shaped 
mathematical models, particularly those based on ordinary differential equations (ODEs), have been used to 
describe TGK. These include power-law, Richards, Weibull, von Bertalanffy, von Bertalanffy-Pütter type, Verhulst 
(Logistic), and conventional Gompertz equations1–9. Additionally, models such as the Kolmogorov-John-Mell-
Avrami10, modified Kolmogorov-John-Mell-Avrami10and Montijano-Bergues-Bory-Gompertz11equations have 
also been applied to describe unperturbed TGK. Other models12–14have been proposed and recent advancements 
also explore fractional-order ODEs15–19 to model tumor growth dynamics.

The consensus of authors is that the conventional Gompertz equation shows superior performance in fitting 
experimental data compared to other models4,5,10,20–28. Logistic and von Bertalanffy equations often fail to capture 
tumor growth data accurately, but several alternative models, including the Gompertz14, have been effective for 
describing tumor growth dynamics in specific contexts. Nevertheless, those two models adequately described 
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human tumor growths4. For instance, Ghaffari Laleh et al.29 demonstrated that the general von Bertalanffy and 
conventional Gompertz equations yielded the lowest mean absolute errors in forecasting tumor growth across 
1,472 patients with three or more data points.

Other studies have compared power-law, Logistic, conventional Gompertz, exponential, and von Bertalanffy 
equations across data from 10 tumor types30. The results revealed that the power-law, Logistic, and conventional 
Gompertz equations best described TGK in six, three, and one tumor types, respectively. Conversely, von 
Bertalanffy (in seven tumor types) and exponential (in three tumor types) models deviated significantly from 
experimental data. Furthermore, Valentim et al.15 showed that non-integer order models (e.g. Conventional 
Gompertz, exponential, von Bertanlanffi and Guiott-West models) consistently described experimental data 
better than their integer-order counterparts in G1-101A human breast cancer cells transplanted into nude mice.

The performance of different models depends on factors such as the tumor growth phase and data range. For 
example, early tumor growth stages (exponential phase)10,31are best captured by fractional or integer exponential 
models4,5,7,8,10,11,14,31–35, whereas other models perform poorly for time points beyond 80 days. Additionally, the 
fractality11,32,36–39, heterogeneity40, and viscoelasticity41,42 of tumors may explain why fractional-order models 
often outperform integer-order counterparts. Notably, some models, like von Bertalanffy-Pütter, are more 
suitable for short time spans (e.g. t < 10days)9.

These findings highlight three key points: 1) No single ODE-based model is universally accepted as the most 
appropriate for all cancer types or histological subtypes. 2)  Incorrect model selection can lead to parameter 
estimation inaccuracies and unreliable oncological predictions. 3)  Although statistical metrics often favor 
one model over others for specific experimental conditions, these differences are sometimes negligible10,35, 
suggesting that multiple models can be used interchangeably for the same histological subtype in a given host.

From an experimental point of view, this may mean that these models may be used interchangeably to 
fit data for the histological variety growing in a given host. All S-shaped equations reported in the literature 
may be related to each other by establishing analytical relationships between their parameters, following the 
methodology reported in32. Therefore, any of these equations, in principle, may be used interchangeably in the 
fitting of experimental data. As Gompertz formulations are fractal in nature10,11,32, this correspondence between 
S-shaped equations may suggest that all these equations are also fractal in nature.

In most of the above studies, the possible errors in the data are not considered or they are supposed to 
follow a Normal distribution. Nevertheless, in vitro7,43, preclinical7,8,10,11,33–35,44and clinical45studies show that 
measurement errors tend to increase with tumor volume, especially during transitions from the avascular 
(spherical) to the vascular (ellipsoidal) phase of TGK. This increased error likely arises from irregularities 
in tumor edges, spatial and temporal variations in blood vessel distribution, and tumor heterogeneity and 
anisotropy10,11,31,35,42,46,47. These observations raise a critical question: Should Gompertz model parameter 
estimation explicitly account for the increasing measurement errors during TGK, or should the model aim to fit 
the data as closely as possible without considering error variability? Addressing this issue necessitates selecting 
an appropriate likelihood function for model fitting, whether using classical maximum likelihood estimation 
(MLE) or Bayesian approaches. Different strategies have been employed to address this challenge. Some studies 
rely on least-squares fitting without reference to a likelihood function, often implicitely assuming constant 
Gaussian errors, which also reduces to a least-squares fit under the MLE paradigm48–50. Others model error 
variability by using normal distributions with dispersion proportional to tumor volume51,52, requiring algorithms 
like Nelder-Mead7,53for fitting instead of least-squares-based methods like Levenberg-Marquardt. The Student-t 
distribution, known for its robustness to outliers54, also presents a promising alternative for modeling tumor 
measurement errors, as demonstrated in recent applications to COVID-19 data55. Despite differences between 
TGK and epidemic growth, several models are applicable to both domains.

In this paper, we analyze the impact of measurement errors on the estimation of standard Gompertz model 
parameters. Specifically, we compare five likelihood functions based on different error models: Normal with 
constant standard deviation (Norm), Normal with standard deviation proportional to tumor volume (Norm 
prop), Normal with a constant standard deviation below a threshold volume Vm and proportional standard 
deviation above it (Thres), Student-t with constant standard deviation (Stud) and Student-t with standard 
deviation proportional to tumor volume (Stud prop).

These likelihood functions are evaluated using Bayesian criteria, namely the Bayesian Information Criterion 
(BIC), Deviance Information Criterion (DIC), and Bayes Factor (BF). To our knowledge, this is the first 
comprehensive comparison of these error models, aiming to guide the selection of the most suitable approach 
for tumor growth analysis.

Methods
Models
As the main intention of this study is not to compare S-shaped models, but the different error models represented 
by likelihood functions, we select one of these S-shaped models to fit experimental data in solid tumors with 
different likelihood functions for the errors. We take the standard Gompertz equation based on the consensus 
of authors to describe unperturbed TGK1,4,5,8,10,11,31,35) and because this equation gives a very reasonable fitting 
in all cases, although it does not give the best fitting results for some tumor types. Note that the analysis we are 
presenting can be applied to any other tumor growth model.

The Gompertz growth model can be expressed in several parameterizations, classified as type I and type II 
based on their shape parameters56. We posit that the modified type-II model, which incorporates observable 
tumor volume, offers the most clinically interpretable parameters11. Although any parametrization is theoretically 
viable for likelihood comparison, the type-I Gompertz model is employed here for its simplicity. In this model, 
the tumor volume V(t) at time t is a function of the negative logarithm of the initial tumor volume V(0) divided 
by the carrying capacity (K), expressed as
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V (t) = K

(
V (0)

K

)e−rt

,� (1)

where r > 0 represents the growth rate. This formulation of Gompertz growth has the practical advantage of 
simplifying the estimation of Kdue to its direct relationship with the data trends. As V(t) is a consequence of all 
the complex interactions that occur in the tumor and those between the tumor, as a whole, and the rest of the 
organism8,10,11,31,35, equation 1 is sufficient for the intention of this study.

The individual observation model is defined as

	 yi = f(ti; θ) + ei, i = 1, . . . , N,� (2)

where yi denotes the measured tumor volume for the individual at time ti, f(ti; θ) is the Gompertz model 
evaluated at time ti, θ = (r, K, V (0)) is the vector of Gompertz model parameters, ei is the model error for 
observation yi, N is the number of measurements and M is the number of individuals in the experiment.

Since we are interested in the effect of the errors eion the computations of the parameters, we focus on individual 
datasets to isolate and accurately model tumor-specific measurement errors, which often depend on tumor size 
and shape irregularities. In this way the results will not be affected by the random inter-subject variability of the 
parameters of the equation, avoiding possible biases. Thus, we do not use the mixed effect model approach57,58 in 
this study. We are also assuming that the errors in measurement follow the same distribution e for any individual, 
and depend only on the size of the tumor at time tj , e = e(tj).

We now describe the five ei expressions used to compare different likelihood functions. The first error model 
is the standard Normal error with constant standard deviation (σ), given by

	 ei ∼ N (0, σ2).� (3)

This error model and its corresponding likelihood function are referred to as Norm. The Norm model produces 
parameter estimates equivalent to the least-squares approach59..

The second error model, named Prop, posits that the standard deviation of the Normal distribution is proportional 
to the measured volume, formulated as

	 ei ∼ N (0, (σ × yi)2).� (4)

The third error model, designated as Thres, alters its law based on a threshold Vmof the measured volume51, and 
is described by

	
ei ∼ N (0, (σ × E)2), with E =

{ (yi)α, if yi ≥ Vm,
(Vm)α, if yi < Vm, � (5)

The rationale for this model is that, in a previous study, volume-independent standard deviation was statistically 
rejected, and proportional error demonstrated limited significance in Lewis lung carcinoma and breast cancer 
data51. Additionally, the Bayesian estimation of α and Vm in this model is an innovative aspect of our work.

The fourth error model, named Stud, employs the Student-t distribution with a fixed degree-of-freedom 
parameter (v) and constant dispersion, and can be expressed as

	 ei ∼ StudentTv=4(0, σ2).� (6)

Lastly, the fifth error model, Stud Prop, resembles the fourth but includes dispersion proportional to the 
measured volume as

	 ei ∼ StudentTv=4(0, (σ × yi)2).� (7)

The likelihood functions are obtained by treating each observation as independent realization of the error model 
and multiplying individual likelihood contributions.

Model comparison
We use three Bayesian criteria for model comparison. The first is the Bayesian Information Criterion (BIC)60, 
defined as
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	 BIC = k log(N) − 2 log(L̂),� (8)

where k is the number of model parameters, and L̂ is the maximized value of the likelihood function for the 
model.

Let us denote the likelihood of yi under model j by P (yi | θj , Mj) and the posterior expectation of θ by θ̄. The 
second criterion is the Deviance Information Criterion (DIC)61, calculated as

	 DICj(yi) = D(θ̄) + 2pD,� (9)

where D(θ) = −2 log(P (yi | θj , Mj)), D(θ) is the posterior expectation of D(θ) and pD = D(θ) − D(θ̄). 
Models with lower BIC and DIC values are preferable.

Although BIC is a consistent criterion and decisive when the correct model is among the candidates, it tends 
to heavily penalize free parameters60,62. Meanwhile, DIC is limited by its assumption of an approximately 
multivariate normal posterior distribution61, which has not been verified for the models in this study. 
Furthermore, DIC inconsistency and reparametrization variance limit its applicability61, as does its tendency 
to favor short-term prediction accuracy over model selection63. Therefore, DIC is accorded less weight in our 
model selection process.

The third criterion is the Bayes Factor (BF), representing the marginal likelihood (ML) ratio between two 
competing models (Mj , Mk), whose general expression is

	
BFjk(yi) = ML(Mj)

ML(Mk) =
∫

P (yi | θj , Mj)P (θj | Mj)dθj∫
P (yi | θk, Mk)P (θk | Mk)dθk

,� (10)

where P (θj | Mj) is the prior distribution of the parameters for model j. The sensitivity of the BF to prior 
distributions, particularly with weak prior information, is a noted issue64,65.

To mitigate this, we use the Fractional Bayes Factor (FBF)66 with training fraction 0 < b < 1 as

	
F BFjk(yi) = qj(yi; b)

qk(yi; b) ,� (11)

where

	
qj(yi; b) =

∫
P (yi | θj , Mj)P (θj | Mj)dθj∫
P (yi | θj , Mj)bP (θj | Mj)dθj

.� (12)

Here, qj(yi; b) represents a quantity similar to the marginal likelihood ML(yi; Mj), but where a fraction of 
the data, b, is used to reduce the sensitivity of the marginal likelihood to the choice of prior distribution66. 
We focus on the marginal likelihood (and qj(y; b)) in our analysis. To compute the integrals in equation (12), 
we employ thermodynamic integration67using 30 temperature values between 0 and 1, implemented via the 
delayed-rejection adaptive Metropolis (DRAM) algorithm68. The Monte Carlo chain initialization for DRAM is 
based on results from the dual simulated annealing algorithm69. Uniform distributions P (θj | Mj) ∼ U(0, ∞) 
are used as improper priors for the parameters, except for σ, which follows a normal distribution centered on the 
value computed by the dual simulated annealing algorithm with 10% standard deviation69.

The fractional Bayes factor (FBF) approach does not impose assumptions about the prior and instead adjusts 
it using a subset of the data, offering greater robustness compared to methods applying penalizing terms in the 
mathematical formulation70. Nevertheless, the selection of bcan introduce bias71. In this study, b = 0.04 was 
selected based on the following considerations:

•	 Balancing Prior Influence and Data Sensitivity: A goal in the choice of b is to use as small proportion of 
the data as possible to adequately modify the prior, while leaving as much data as possible to compute the 
marginal likelihood. Through an exploration of various b values across individuals, b = 0.04 was identified 
as an effective compromise, yielding robust marginal likelihood estimates without sacrificing too much data.

•	 Empirical Evaluation Across Models: Empirical assessments supported the choice of b = 0.04, which pro-
duced stable marginal likelihood estimates and consistent model comparisons across various error structures. 
This value effectively facilitated meaningful evaluations of competing likelihood models for most individuals 
in the dataset.

•	 Mitigating Computational Bias: Larger b values can overemphasize prior information, in that less data is 
used to compute the marginal likelihood, introducing artifacts, especially in cases of high data variability. 
Conversely, extremely small b values may lead to unreliable model assessments, due to not adequately modi-
fying the prior. The selected b = 0.04 avoided these pitfalls, ensuring stability and reliability during thermo-
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dynamic integration.Cases where b = 0.04failed to produce reliable marginal likelihood estimates (less than 
5% of the total cases) were excluded from the analysis. This exclusion did not affect the final conclusions, as 
the analysis focused exclusively on individuals with reliably calculated marginal likelihoods. Additionally, 
we performed Kolmogorov-Smirnov (KS) tests72 on the posterior-drawn residuals to check how well they 
align with each model’s implied distribution. Let θ(ℓ) denote the ℓ-th sample from the posterior distribution 
(ℓ = 1, . . . , Nℓ), and define

	 R
(ℓ)
i = f

(
ti; θ(ℓ)) − yi.

For each model, we test the following sets of residuals against the corresponding theoretical distribution:

•	 Norm model: {R
(ℓ)
i } against the normal distribution.

•	 Prop model: 
{

R
(ℓ)
i /yi

}
 against the normal distribution.

•	 Thres model: 
{

R
(ℓ)
i /Ei

}
 against the normal distribution, where Ei is given in equation (5).

•	 Stud model: {R
(ℓ)
i } against the Student-t distribution.

•	 Stud Prop model: 
{

R
(ℓ)
i /yi

}
 against the Student-t distribution.For each individual, we then compute the 

fraction of KS tests (across all posterior draws) that do not reject the null hypothesis for that model, denoted 
as fr(KS).

For model comparison, we use experimental volume data from datasets of unperturbed Ehrlich and fibrosarcoma 
Sa-37 tumors growing in male BALB/c/Cenp mice8, and unperturbed F3II mammary carcinoma (highly 
aggressive and metastatic) growing in both female and male BALB/c/Cenp mice33. Datasets in F3II mammary 
carcinoma-bearing male and female BALB/c/Cenp mice are analyzed separately.

The data were provided by Dr. Luis Enrique Bergues Cabrales, head of the Bioelectricity group, Centro 
Nacional de Electromagnetismo Aplicado, Universidad de Oriente and are available at ​h​t​t​p​s​:​​/​/​g​i​t​h​​u​b​.​c​o​m​​/​e​r​a​
m​i​​r​e​z​t​o​​r​r​e​s​/​t​​u​m​o​r​_​e​​r​r​o​r​_​m​​o​d​e​l. Simulations were conducted using Python 373, specifically the scipy.optimize74 
and pymcmcstat75 packages, on a 4-core high-performance computing (HPC) system with 256 GB of RAM at the 
Instituto Universitario de Matemáticas y Aplicaciones (IUMA), Universidad de Zaragoza, Spain.

Results
In Tables 1, 2, 3 and 4 (see Appendix), we present the model fit indicators for each individual in the unperturbed 
Ehrlich tumor dataset, highlighting the best results in bold. The Stud Prop model consistently provides the best 
results for the BIC indicator across all individuals. For the DIC indicator, the Thres model performs best for 
seven individuals, whereas the Norm model leads for the remaining three. Regarding ML, the Prop model is 
optimal for one individual, the Norm model for five, and the Stud model for four. For fr(KS), the Prop, Thres, 
and Stud Prop models excel for 3, 5, and 2 individuals, respectively.

Even though these results prevent us from concluding that one model is superior to the others, they show 
clearly that models with variable dispersion (Prop,Thres and Stud Prop) are markedly better than constant 
dispersion models (Norm and Stud), particularly for fr(KS). This suggests that likelihoods with variable 
dispersion are better suited to modeling errors in tumor growth studies. No significant gender-based differences 
were observed in the results.

For the unperturbed fibrosarcoma Sa-37 tumor dataset (Tables 5, 6, 7 and 8), variable dispersion models show 
clear superiority in BIC and fr(KS). Nevertheless, DIC and ML results are split evenly across individuals. In the 
unperturbed F3II mammary carcinoma dataset for male BALB/C/Cenp mice (Tables 9, 10, 11 and 12), variable 
dispersion models outperform in DIC and fr(KS), whereas results are close for BIC and ML (6 individuals vs. 
5). Similarly, in female BALB/C/Cenp mice (Tables 13, 14, 15 and 16), variable dispersion models yield better 
outcomes for all indicators: BIC, DIC, ML, and fr(KS).

Tables  17, 18, 19 and 20 summarize average results across all individuals. These tables were constructed 
by taking the arithmetic mean of each model criterion (BIC, DIC, ML, fr(KS)) across all individuals in the 
respective dataset. The averages reveal varied performance across models. For the unperturbed Ehrlich 
(Table 17) and fibrosarcoma Sa-37 datasets (Table 18): The Thres model demonstrates the best mean DIC and 
fr(KS) values. The Stud Prop and Norm models excel in mean BIC and ML, respectively. For the unperturbed 
F3II mammary carcinoma dataset (Tables 19 and 20): The Prop model excels in mean BIC and fr(KS). The Thres 
model leads in mean DIC. The Norm model (male mice) and Prop model (female mice) are best in mean ML. 
These results support the conclusion that adding variable dispersion likelihood to mixed-effects models is an 
excellent approach for estimating tumor growth model parameters.

In terms of prediction accuracy, all models demonstrated comparable performance to individual 1 from the 
unperturbed fibrosarcoma Sa-37 tumor dataset, a trend consistent across all four histological tumor types. The 
Prop, and Thres models exhibited greater variability in the prediction cone, represented by the 95% credible 
intervals of posterior trajectories, yet the maximum a posteriori (MAP) trajectory closely aligned with the 
observed data in all five models (Figure 1).

Discussion
The comparison criteria and visualisations of model fits reveal no definitive best model. To determine priorities, 
we analyze the advantages and limitations of each criterion and explore clinical implications.
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Since the BIC heavily penalizes the number of model parameters, it naturally favors the simpler models. Its 
value would be decisive if for some data it favored the more complex model. This is not the case here, because a 
simple model is always favored by BIC, as expected, and never the Thres model, which is the most complex one. 
Nevertheless, for some particular datasets, the Thres model yields better BIC values than other simpler models. 
For instance, the third individual from the Ehrlich tumor data (Table 1) demonstrates this. It indicates that, for 
the BIC, the complexity introduced by the additional parameters of the Thres model (α and Vm) is justified by 
the quality of the fit. This finding, along with the relatively good DIC values (Table 2) and fr(KS) values (Table 4) 
it achieves, supports recommending the Thres model. Another advantage of the Thres model is in the clinical 
interpretability of it’s parameters. For example, the parameter Vm could represent the threshold tumor volume 
at which the surface/contour begins to become irregular, or where tumor growth becomes irreversible, with 
or without anticancer therapy (either oncospecific or under study). Experimental observations indicate that 
tumor surfaces become irregular from 2.0 cm38,32,37,76. Nevertheless, regulatory and ethical considerations for 
laboratory experiments with animals10,11,34,35prevent the measurement of tumor volume when it exceeds 10% 
of body weight. This must be considered in all experimental and similar studies. The differences in ML values 
obtained may be categorized as anecdotal77.

A major concern is fr(KS), for which very small values are observed for constant-dispersion models. The 
Norm and Stud models show zero values for several individuals (see Tables  4, 8, 12 and  16). This indicates 
that very few or no trajectories drawn from the posterior generate residuals with non-rejected KS tests. This 
surprising result challenges the use of the two constant-dispersion models assessed and suggests revisiting the 
entire constant-dispersion paradigm in the absence of information to the contrary. Based solely on quantitative 
criteria, our results suggest that the Norm model is not the best to fit Gompertz growth.

This raises an important question: what are the clinical implications of introducing variable-dispersion 
errors instead of traditional least-squares fitting? The first consequence is that predictions accounting for 
variable-dispersion errors are more likely to indicate actual tumor volumes exceeding measured volumes. 
Second, standard cancer therapies based on closely fitting models to data may require theoretical reformulation. 
Nevertheless, we do not recommend discarding the Norm model entirely, as it is widely used in existing research 
and serves as a baseline for evaluating cancer therapy improvements. We believe that the best option is always 
to apply the Norm model in the model fits, either with the least-squares approach or the Bayesian approach, and 
complement it with an estimation of variable dispersion.

Although we argue that the Gompertz model remains preferable for modeling most solid tumors, it’s 
appropriateness or otherwise does not undermine the applicability of our results. This is because Gompertz 
growth is used only in the deterministic component of the model. Measurement challenges, such as unsharp 
boundaries and irregular tumor shapes, persist in clinical practice regardless of the deterministic growth model.

To resolve the likelihood dilemma, we propose that studies should include the Norm model to ensure 
compatibility with previous results. Nevertheless, at least one model with variable dispersion should also be 
included for a more realistic representation of tumor size. Both approaches should complement each other. 
We recommend the Thres model but suggest the Prop or Stud Prop models for researchers seeking reduced 
computational complexity.

Fig. 1.  Gompertz fits with five error models for the mouse (individual 1) bearing the unperturbed 
fibrosarcoma Sa-37 tumor. Norm (a), Prop (b), Thres (c), Stud (d), and Stud Prop (e). Shaded areas indicate the 
95% credible intervals of posterior trajectories.
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Although the Gompertz growth model was used to fit experimental tumor data from mice, its generalizability 
to clinical practice requires careful evaluation. Studies have shown that Gompertzian growth can describe human 
tumor kinetics in specific cases, such as the foundational work by Skipper et al.78 and patient-specific findings by 
Grassberger et al.79. Nevertheless, alternative growth patterns, such as near-linear growth for certain tumor types 
and stages80, have been observed. Kidney tumors under active surveillance exemplify this, with smaller tumors 
exhibiting near-linear growth81,82and Gompertzian dynamics emerging in long-term studies6. This variability 
supports including models like the Bertalanffy model, which provides biologically motivated alternatives that 
converge to similar growth trajectories83.

Importantly, even though the Gompertz model was used as the deterministic component in our analysis, 
the conclusions of our study are not model-dependent. The deterministic growth function interacts with the 
likelihood and error models only to generate predicted data for comparison with observations. Measurement 
challenges-such as irregular tumor shapes, unsharp boundaries, and imaging variability-are pervasive in both 
experimental and clinical settings and are independent of the underlying deterministic model. These challenges 
underscore the critical role of appropriate likelihood models, as our results demonstrate that error model 
selection significantly affects parameter estimation and predictive accuracy.

To address these challenges, we propose a dual likelihood modeling approach. The Norm model should remain 
a baseline to ensure compatibility with previous studies, but incorporating a likelihood model that accounts for 
variable dispersion is essential for capturing tumor heterogeneity. Our results highlight the suitability of Thres 
model, as it balances robustness and interpretability. For researchers seeking less computational complexity, 
the Prop or Stud Prop models provide viable alternatives, improving realism over the Norm model. This 
complementary use of baseline and advanced likelihood models ensures reproducibility and accommodates the 
increasing complexity of tumor growth dynamics.

Advantages of the proposed methodology
The methodology presented in this study offers significant advancements over existing approaches for modeling 
tumor growth dynamics. Unlike many published methods that rely on fixed error models or likelihood functions, 
our approach systematically evaluates multiple likelihood models, including those that account for variable 
dispersion. This flexibility allows for a more accurate representation of tumor heterogeneity and measurement 
variability, which are critical factors in understanding cancer progression84.

In addition, the incorporation of diverse growth models, such as Gompertz and Bertalanffy, enables the 
application of our methodology to a wide range of tumor types and stages. This adaptability is essential for 
addressing the variability observed in experimental and clinical tumor growth data51.

The method also addresses practical challenges in tumor measurement, such as irregular shapes, unsharp 
boundaries, and imaging inconsistencies, making it particularly relevant for real-world applications. 
Furthermore, the detailed computational pipeline and open-source implementation ensure reproducibility, 
allowing other researchers to replicate and extend our findings effectively.

These features establish the proposed methodology as a robust and versatile tool for studying tumor growth 
dynamics, complementing and extending the capabilities of existing approaches in the field.

Limitations of the proposed methodology
Despite the significant advancements it brings, the proposed methodology does have some limitations. First, the 
selection of growth and likelihood models depends on the availability and quality of data. In scenarios where 
limited data points are available, model overfitting may occur, potentially affecting the reliability of predictions.

Second, although our approach integrates Bayesian and Frequentist (by KS test) methods to enhance 
robustness, the computational complexity of Bayesian analysis, particularly with multiple b-values, can be 
resource-intensive. This may limit its applicability in high-throughput scenarios without access to sufficient 
computational resources.

Finally, the approach has been only validated on specific tumor types and datasets; nevertheless, its 
adaptability to other datasets and generalizability to other cancer types, particularly those with non-solid growth 
dynamics, should be fully explored. Future studies could address these limitations by incorporating broader 
datasets, testing additional tumor types, and improving computational efficiency through optimized algorithms.

Conclusions
Our analysis highlights the advantages of variable dispersion error models over constant variance models. 
Although none of the three models (Prop, Thres, Stud Prop) consistently excels, the Thres model emerges as a 
robust choice for most scenarios, with solid performance across criteria and meaningful clinical interpretability. 
In any case, our results indicate that the standard constant-variance Normal error model should remain part of 
the analysis toolkit, to provide a complementary analytic reference in addition to more flexible error models.

Finally, although the Gompertz model was employed as the deterministic component, our conclusions 
remain valid regardless of the specific growth model used. Incorporating both constant and variable dispersion 
likelihoods offers a balanced approach for future tumor growth modeling studies.

Data availability
The datasets used and/or analyzed during the present study as well as the phyton code are available at ​h​t​t​p​s​:​​​/​​/​g​i​t​
h​u​​b​.​c​o​​m​/​e​r​a​m​​i​r​e​z​t​​o​r​r​​e​s​/​​t​u​m​​o​r​​_​e​r​​r​o​​r​_​m​o​d​e​l.

Appendix
See Tables 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20.
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Individual Norm Prop Thres Stud Stud prop

1 9.8104 × 10−1 9.7912 × 10−1 8.5000 × 10−1 9.0190 × 10−1 6.0503 × 10−1

2 9.5885 × 10−1 9.5971 × 10−1 8.0709 × 10−1 9.6392 × 10−1 5.0000 × 10−1

3 9.6500 × 10−1 9.6540 × 10−1 7.8951 × 10−1 9.4998 × 10−1 1.4112 × 10−1

4 9.7002 × 10−1 9.5009 × 10−1 9.5344 × 10−1 9.5500 × 10−1 5.2574 × 10−1

5 9.9567 × 10−1 9.7469 × 10−1 8.3813 × 10−1 9.7026 × 10−1 4.5033 × 10−1

6 9.6170 × 10−1 9.4000 × 10−1 8.2500 × 10−1 9.4009 × 10−1 9.3654 × 10−1

7 9.7164 × 10−1 8.2125 × 10−1 8.0345 × 10−1 9.3366 × 10−1 3.0000 × 10−1

8 9.6327 × 10−1 8.3279 × 10−1 5.4741 × 10−1 9.6890 × 10−1 3.5770 × 10−1

9 9.6800 × 10−1 9.2536 × 10−1 8.1936 × 10−1 9.8101 × 10−1 6.2238 × 10−1

10 9.6935 × 10−1 9.5010 × 10−1 8.6951 × 10−1 9.9764 × 10−1 4.0441 × 10−1

Table 3.  Model comparison: ML for the unperturbed Ehrlich tumor data.

 

Individual Norm Prop Thres Stud Stud prop

1 1.5023 × 102 1.4454 × 102 1.4140 × 102 1.5193 × 102 1.4661 × 102

2 1.4192 × 102 1.4461 × 102 1.3979 × 102 1.4011 × 102 1.4662 × 102

3 1.4534 × 102 1.4462 × 102 1.4091 × 102 1.4132 × 102 1.4482 × 102

4 1.3691 × 102 1.4538 × 102 1.3758 × 102 1.4798 × 102 1.4509 × 102

5 1.4015 × 102 1.4392 × 102 1.3814 × 102 1.4651 × 102 1.4328 × 102

6 1.3389 × 102 1.4354 × 102 1.3952 × 102 1.3631 × 102 1.4444 × 102

7 1.3800 × 102 1.4464 × 102 1.3853 × 102 1.4151 × 102 1.4725 × 102

8 1.4667 × 102 1.4331 × 102 1.3855 × 102 1.3970 × 102 1.4305 × 102

9 1.4455 × 102 1.4446 × 102 1.4114 × 102 1.4259 × 102 1.4589 × 102

10 1.4193 × 102 1.4520 × 102 1.3688 × 102 1.4486 × 102 1.4272 × 102

Table 2.  Model comparison: DIC for the unperturbed Ehrlich tumor data.

 

Individual Norm Prop Thres Stud Stud prop

1 1.0727 × 102 1.0642 × 102 1.0736 × 102 1.0727 × 102 1.0320 × 102

2 9.7720 × 101 1.0420 × 102 9.2940 × 101 9.7718 × 101 8.8783 × 101

3 8.7728 × 101 1.0331 × 102 8.4857 × 101 8.7739 × 101 8.0731 × 101

4 1.0848 × 102 1.0576 × 102 1.0607 × 102 1.0849 × 102 1.0191 × 102

5 9.6301 × 101 1.0343 × 102 9.3257 × 101 9.6300 × 101 8.9101 × 101

6 8.8998 × 101 1.0369 × 102 9.0639 × 101 8.9014 × 101 8.8342 × 101

7 9.4826 × 101 1.0403 × 102 9.4389 × 101 9.4828 × 101 9.0952 × 101

8 9.0340 × 101 1.0344 × 102 9.0425 × 101 9.0351 × 101 8.7231 × 101

9 1.0644 × 102 1.0487 × 102 1.0204 × 102 1.0643 × 102 9.7865 × 101

10 1.0166 × 102 1.0416 × 102 9.8188 × 101 1.0166 × 102 9.4033 × 101

Table 1.  Model comparison criteria: BIC for the unperturbed Ehrlich tumor data.
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Individual Norm Prop Thres Stud Stud prop

1 1.3919 × 102 1.4263 × 102 1.3485 × 102 1.4461 × 102 1.4275 × 102

2 1.4604 × 102 1.4306 × 102 1.3880 × 102 1.4444 × 102 1.4482 × 102

3 1.3385 × 102 1.4089 × 102 1.3557 × 102 1.3906 × 102 1.4260 × 102

4 1.3967 × 102 1.4191 × 102 1.3780 × 102 1.3557 × 102 1.4168 × 102

5 1.4113 × 102 1.4147 × 102 1.3759 × 102 1.3956 × 102 1.4338 × 102

6 1.3472 × 102 1.4213 × 102 1.3436 × 102 1.3913 × 102 1.4054 × 102

7 1.3671 × 102 1.4099 × 102 1.3738 × 102 1.4300 × 102 1.4205 × 102

8 1.3422 × 102 1.4181 × 102 1.3907 × 102 1.3513 × 102 1.4229 × 102

9 1.3479 × 102 1.4158 × 102 1.3965 × 102 1.3486 × 102 1.4164 × 102

10 1.4309 × 102 1.3946 × 102 1.3532 × 102 1.4040 × 102 1.4254 × 102

Table 6.  Model comparison: DIC for the unperturbed fibrosarcoma Sa-37 tumor data.

 

Individual Norm Prop Thres Stud Stud prop

1 1.0444 × 102 1.0428 × 102 1.0561 × 102 1.0444 × 102 1.0145 × 102

2 1.1210 × 102 1.0754 × 102 1.1150 × 102 1.1210 × 102 1.0734 × 102

3 9.8797 × 101 1.0314 × 102 1.0229 × 102 9.8798 × 101 9.8137 × 101

4 1.0643 × 102 1.0565 × 102 1.0916 × 102 1.0644 × 102 1.0444 × 102

5 1.0730 × 102 1.0468 × 102 1.0641 × 102 1.0731 × 102 1.0226 × 102

6 1.0006 × 102 1.0339 × 102 1.0348 × 102 1.0007 × 102 9.9324 × 101

7 1.0637 × 102 1.0514 × 102 1.0755 × 102 1.0638 × 102 1.0340 × 102

8 1.0610 × 102 1.0438 × 102 1.0579 × 102 1.0611 × 102 1.0165 × 102

9 1.0542 × 102 1.0442 × 102 1.0627 × 102 1.0543 × 102 1.0214 × 102

10 1.0312 × 102 1.0419 × 102 1.0542 × 102 1.0312 × 102 1.0126 × 102

Table 5.  Model comparison: BIC for the unperturbed fibrosarcoma Sa-37 tumor data.

 

Individual Norm Prop Thres Stud Stud prop

1 0.0000 3.0612 × 10−1 3.1912 × 10−1 8.0000 × 10−5 3.1520 × 10−1

2 6.0000 × 10−4 2.6700 × 10−1 2.6612 × 10−1 2.4000 × 10−4 2.5576 × 10−1

3 2.0000 × 10−4 2.5188 × 10−1 2.7088 × 10−1 8.0000 × 10−5 2.6776 × 10−1

4 3.6000 × 10−4 2.6288 × 10−1 2.5996 × 10−1 8.0000 × 10−5 2.7116 × 10−1

5 2.4000 × 10−4 2.7832 × 10−1 2.6468 × 10−1 1.2000 × 10−4 2.6648 × 10−1

6 1.2000 × 10−4 2.7336 × 10−1 2.6656 × 10−1 0.0000 2.6528 × 10−1

7 8.0000 × 10−5 2.6392 × 10−1 2.6708 × 10−1 5.6000 × 10−4 2.6340 × 10−1

8 1.2000 × 10−4 2.6816 × 10−1 2.8264 × 10−1 2.8000 × 10−4 2.6424 × 10−1

9 1.6000 × 10−4 2.7136 × 10−1 2.7088 × 10−1 4.8000 × 10−4 2.7704 × 10−1

10 1.2000 × 10−4 2.7336 × 10−1 2.8328 × 10−1 4.8000 × 10−4 2.8272 × 10−1

Table 4.  Model comparison: fr(KS) for the unperturbed Ehrlich tumor data.
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Individual Norm Prop Thres Stud Stud prop

1 1.0727 × 102 1.2827 × 102 1.3178 × 102 1.3282 × 102 1.3137 × 102

2 1.3002 × 102 1.2532 × 102 1.2388 × 102 1.2023 × 102 1.2855 × 102

3 1.1789 × 102 1.2718 × 102 1.3096 × 102 1.3451 × 102 1.3037 × 102

4 1.3137 × 102 9.8670 × 101 1.0193 × 102 1.0947 × 102 9.8264 × 101

5 1.0700 × 102 1.3978 × 102 1.4017 × 102 1.4418 × 102 1.4145 × 102

6 1.6338 × 102 1.2054 × 102 1.3039 × 102 1.2969 × 102 1.2404 × 102

7 1.2652 × 102 1.0322 × 102 1.0761 × 102 1.1800 × 102 1.0680 × 102

8 1.1481 × 102 1.2208 × 102 1.1397 × 102 1.1470 × 102 1.2060 × 102

9 1.1218 × 102 1.1844 × 102 1.2283 × 102 1.3247 × 102 1.2186 × 102

10 1.3684 × 102 1.1142 × 102 1.2437 × 102 1.1762 × 102 1.1262 × 102

11 1.1527 × 102 1.1752 × 102 1.2576 × 102 1.2596 × 102 1.2105 × 102

Table 9.  Model comparison criteria: BIC for the unperturbed F3II mammary carcinoma growing in male 
BALB/C/Cenp mice.

 

Individual Norm Prop Thres Stud Stud prop

1 2.0000 × 10−4 2.7420 × 10−1 2.9508 × 10−1 2.4000 × 10−4 2.8296 × 10−1

2 8.0000 × 10−5 2.8636 × 10−1 2.8208 × 10−1 2.8000 × 10−4 2.8384 × 10−1

3 5.2000 × 10−4 2.6648 × 10−1 2.7996 × 10−1 6.0000 × 10−4 2.6416 × 10−1

4 1.6000 × 10−4 2.7260 × 10−1 2.7180 × 10−1 2.0000 × 10−4 2.8528 × 10−1

5 3.6000 × 10−4 2.7668 × 10−1 3.0132 × 10−1 8.4000 × 10−4 2.6724 × 10−1

6 8.0000 × 10−5 2.7208 × 10−1 2.9612 × 10−1 2.4000 × 10−4 2.6764 × 10−1

7 2.8000 × 10−4 2.7660 × 10−1 2.7960 × 10−1 2.4000 × 10−4 2.6412 × 10−1

8 1.2000 × 10−4 2.8528 × 10−1 2.5116 × 10−1 5.6000 × 10−4 2.6692 × 10−1

9 0.0000 2.9320 × 10−1 2.6760 × 10−1 1.2000 × 10−4 2.7468 × 10−1

10 2.0000 × 10−4 2.8400 × 10−1 2.8304 × 10−1 1.6000 × 10−4 2.6556 × 10−1

Table 8.  Model comparison criteria: fr(KS) for the unperturbed fibrosarcoma Sa-37 tumor data.

 

Individual Norm Prop Thres Stud Stud prop

1 9.1053 × 10−1 9.4307 × 10−1 9.6001 × 10−1 9.6000 × 10−1 9.1080 × 10−1

2 9.6030 × 10−1 9.3006 × 10−1 9.6529 × 10−1 9.5500 × 10−1 8.6810 × 10−1

3 9.3881 × 10−1 9.8643 × 10−1 9.5324 × 10−1 9.5906 × 10−1 9.8331 × 10−1

4 9.9649 × 10−1 9.1477 × 10−1 9.5803 × 10−1 9.7014 × 10−1 9.1399 × 10−1

5 9.8051 × 10−1 9.2111 × 10−1 9.7750 × 10−1 9.6500 × 10−1 9.4022 × 10−1

6 9.2955 × 10−1 9.7836 × 10−1 9.6145 × 10−1 9.4851 × 10−1 9.5061 × 10−1

7 9.5123 × 10−1 8.7347 × 10−1 9.6504 × 10−1 9.9152 × 10−1 9.4500 × 10−1

8 9.4456 × 10−1 9.2135 × 10−1 9.6423 × 10−1 9.6025 × 10−1 9.2365 × 10−1

9 9.4500 × 10−1 9.0990 × 10−1 9.6205 × 10−1 9.7127 × 10−1 9.3321 × 10−1

10 9.9794 × 10−1 8.1350 × 10−1 9.6793 × 10−1 9.5800 × 10−1 9.0130 × 10−1

Table 7.  Model comparison criteria: ML for the unperturbed fibrosarcoma Sa-37 tumor data.
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Individual Norm Prop Thres Stud Stud prop

1 0.0000 3.2484 × 10−1 2.0104 × 10−1 1.6000 × 10−4 1.6264 × 10−1

2 0.0000 3.2112 × 10−1 2.4064 × 10−1 0.0000 1.9604 × 10−1

3 0.0000 3.0220 × 10−1 2.5896 × 10−1 0.0000 1.5552 × 10−1

4 1.5600 × 10−3 3.2900 × 10−1 1.1592 × 10−1 1.0000 × 10−3 2.3020 × 10−1

5 0.0000 5.2788 × 10−1 3.8756 × 10−1 0.0000 2.6836 × 10−1

6 0.0000 8.6772 × 10−1 1.6388 × 10−1 0.0000 4.5332 × 10−1

7 1.6000 × 10−4 1.4812 × 10−1 8.3040 × 10−2 0.0000 7.8520 × 10−2

8 0.0000 4.9628 × 10−1 1.5340 × 10−1 0.0000 2.6296 × 10−1

9 3.6000 × 10−4 2.1572 × 10−1 2.6780 × 10−1 4.0000 × 10−4 1.2556 × 10−1

10 9.2000 × 10−4 4.3476 × 10−1 1.6496 × 10−1 8.0000 × 10−4 3.5620 × 10−1

11 0.0000 2.4992 × 10−1 1.8936 × 10−1 0.0000 1.4524 × 10−1

Table 12.  Model comparison criteria: fr(KS) for the unperturbed F3II mammary carcinoma growing in male 
BALB/C/Cenp mice.

 

Individual Norm Prop Thres Stud Stud prop

1 9.8104 × 10−1 9.4286 × 10−1 9.0037 × 10−1 9.1177 × 10−1 9.5231 × 10−1

2 9.7665 × 10−1 9.6634 × 10−1 9.4567 × 10−1 9.9971 × 10−1 9.3595 × 10−1

3 9.9542 × 10−1 9.6478 × 10−1 9.0111 × 10−1 9.0001 × 10−1 9.6798 × 10−1

4 9.8289 × 10−1 9.9193 × 10−1 8.2038 × 10−1 8.8880 × 10−1 9.8229 × 10−1

5 9.9500 × 10−1 9.9928 × 10−1 9.9677 × 10−1 7.1568 × 10−1 9.6570 × 10−1

6 9.9573 × 10−1 9.7007 × 10−1 9.0251 × 10−1 8.0235 × 10−1 9.7043 × 10−1

7 9.9000 × 10−1 9.9420 × 10−1 8.9145 × 10−1 9.4039 × 10−1 9.4545 × 10−1

8 9.6276 × 10−1 9.9654 × 10−1 8.2234 × 10−1 9.5016 × 10−1 9.6134 × 10−1

9 9.9867 × 10−1 9.9920 × 10−1 8.7001 × 10−1 8.9893 × 10−1 9.6678 × 10−1

10 9.8818 × 10−1 9.8551 × 10−1 8.7890 × 10−1 9.9033 × 10−1 9.8515 × 10−1

11 9.9308 × 10−1 9.9137 × 10−1 9.1094 × 10−1 9.2335 × 10−1 9.7494 × 10−1

Table 11.  Model comparison criteria: ML for the unperturbed F3II mammary carcinoma growing in male 
BALB/C/Cenp mice.

 

Individual Norm Prop Thres Stud Stud prop

1 1.5023 × 102 1.6450 × 102 8.4985 × 101 1.2774 × 102 1.5630 × 102

2 1.6303 × 102 1.6177 × 102 9.9921 × 101 1.1922 × 102 1.3766 × 102

3 1.9594 × 102 1.6284 × 102 3.6005 × 101 1.2687 × 102 1.4369 × 102

4 1.2218 × 102 1.2447 × 102 1.2182 × 102 1.1401 × 102 1.1041 × 102

5 2.5272 × 102 1.6855 × 102 1.8744 × 102 1.5096 × 102 1.5066 × 102

6 1.6869 × 102 1.4198 × 102 1.5358 × 102 1.3024 × 102 1.2607 × 102

7 1.4673 × 102 1.4553 × 102 1.3480 × 102 1.1656 × 102 1.2915 × 102

8 1.5271 × 102 1.4685 × 102 1.2228 × 102 1.1610 × 102 1.3409 × 102

9 2.2668 × 102 1.5631 × 102 1.1825 × 102 1.2891 × 102 1.2990 × 102

10 1.6661 × 102 1.2886 × 102 1.0485 × 102 1.1597 × 102 1.1721 × 102

11 1.6153 × 102 1.5749 × 102 7.0909 × 101 1.1097 × 102 1.3294 × 102

Table 10.  Model comparison criteria: DIC for the unperturbed F3II mammary carcinoma growing in male 
BALB/C/Cenp mice.
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Individual Norm Prop Thres Stud Stud prop

1 9.7803 × 10−1 9.9077 × 10−1 9.4578 × 10−1 9.0740 × 10−1 8.5190 × 10−1

2 9.9043 × 10−1 9.9444 × 10−1 8.3303 × 10−1 9.6814 × 10−1 9.7283 × 10−1

3 9.9675 × 10−1 9.9652 × 10−1 8.0320 × 10−1 9.6004 × 10−1 8.9394 × 10−1

4 9.9569 × 10−1 9.9542 × 10−1 9.7649 × 10−1 9.6750 × 10−1 9.9832 × 10−1

5 9.9012 × 10−1 9.9324 × 10−1 8.1280 × 10−1 9.6062 × 10−1 9.0304 × 10−1

6 9.9842 × 10−1 9.8355 × 10−1 7.3480 × 10−1 9.8724 × 10−1 9.9959 × 10−1

7 9.8376 × 10−1 9.9303 × 10−1 7.9099 × 10−1 9.4567 × 10−1 9.1903 × 10−1

8 9.8220 × 10−1 9.9719 × 10−1 8.0786 × 10−1 9.1221 × 10−1 9.5558 × 10−1

9 9.9033 × 10−1 9.9614 × 10−1 8.3555 × 10−1 9.6237 × 10−1 9.9609 × 10−1

Table 15.  Model comparison criteria: ML for the unperturbed F3II mammary carcinoma growing in female 
BALB/C/Cenp mice.

 

Individual Norm Prop Thres Stud Stud prop

1 1.4894 × 102 1.6061 × 102 9.2930 × 101 1.1043 × 102 1.4012 × 102

2 1.6089 × 102 1.4280 × 102 1.2098 × 102 1.2501 × 102 1.2468 × 102

3 2.1178 × 102 1.5028 × 102 8.1812 × 101 1.3812 × 102 1.3030 × 102

4 1.8125 × 102 1.3978 × 102 1.3329 × 102 1.2131 × 102 1.1506 × 102

5 1.5623 × 102 1.4522 × 102 1.1596 × 102 1.1405 × 102 1.2332 × 102

6 2.8666 × 102 1.3520 × 102 5.8875 × 101 1.3187 × 102 1.2956 × 102

7 1.6586 × 102 1.3600 × 102 1.2370 × 102 1.1264 × 102 1.1699 × 102

8 1.5675 × 102 1.1702 × 102 1.3681 × 102 1.2048 × 102 1.0207 × 102

9 1.9100 × 102 1.3398 × 102 1.2959 × 102 1.2679 × 102 1.0606 × 102

Table 14.  Model comparison criteria: DIC for the unperturbed F3II mammary carcinoma growing in female 
BALB/C/Cenp mice.

 

Individual Norm Prop Thres Stud Stud prop

1 1.1228 × 102 1.1019 × 102 1.1247 × 102 1.1281 × 102 1.1289 × 102

2 1.2542 × 102 1.0563 × 102 1.1002 × 102 1.2790 × 102 1.0806 × 102

3 1.3505 × 102 1.2278 × 102 1.2754 × 102 1.3433 × 102 1.2665 × 102

4 1.2785 × 102 1.2199 × 102 1.2567 × 102 1.3092 × 102 1.2578 × 102

5 1.1956 × 102 1.0805 × 102 1.2472 × 102 1.2193 × 102 1.1057 × 102

6 1.6513 × 102 1.1802 × 102 1.2243 × 102 1.4217 × 102 1.2112 × 102

7 1.1853 × 102 1.0583 × 102 1.0942 × 102 1.2019 × 102 1.0738 × 102

8 1.2057 × 102 9.3843 × 101 1.2496 × 102 1.2146 × 102 9.6140 × 101

9 1.2959 × 102 1.1672 × 102 1.3399 × 102 1.3265 × 102 1.1967 × 102

Table 13.  Model comparison criteria: BIC for the unperturbed F3II mammary carcinoma growing in female 
BALB/C/Cenp mice.
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Model BIC DIC ML fr(KS)
Norm 1.2538 × 102 1.7413 × 102 9.8491 × 10−1 2.7273 × 10−4

Prop 1.1931 × 102 1.5083 × 102 9.7011 × 10−1 3.8342 × 10−1

Thres 1.2306 × 102 1.1226 × 102 9.0571 × 10−1 2.0242 × 10−1

Stud 1.2542 × 102 1.2342 × 102 9.1925 × 10−1 2.1455 × 10−4

StudProp 1.2154 × 102 1.3346 × 102 9.6843 × 10−1 2.2132 × 10−1

Table 19.  Model comparison criteria: Mean BIC, mean DIC, mean ML, and fraction of non-rejected normality 
tests with KS for the unperturbed F3II mammary carcinoma growing in male BALB/C/Cenp mice.

 

Model BIC DIC ML fr(KS)
Norm 1.0502 × 102 1.3834 × 102 9.6570 × 10−1 2.0000 × 10−4

Prop 1.0468 × 102 1.4159 × 102 9.1871 × 10−1 2.7875 × 10−1

Thres 1.0635 × 102 1.3704 × 102 9.6499 × 10−1 2.8078 × 10−1

Stud 1.0502 × 102 1.3957 × 102 9.6637 × 10−1 3.4800 × 10−4

StudProp 1.0214 × 102 1.4243 × 102 9.1757 × 10−1 2.7224 × 10−1

Table 18.  Model comparison criteria: Mean BIC, mean DIC, mean ML, and fraction of non-rejected normality 
tests with KS for the unperturbed fibrosarcoma Sa-37 tumor data.

 

Model BIC DIC ML fr(KS)
Norm 9.7976 × 101 1.4196 × 102 9.7207 × 10−1 2.0000 × 10−4

Prop 1.0433 × 102 1.4442 × 102 9.2043 × 10−1 2.7164 × 10−1

Thres 9.6017 × 101 1.3925 × 102 8.0212 × 10−1 2.7512 × 10−1

Stud 9.7980 × 101 1.4328 × 102 9.6507 × 10−1 2.4000 × 10−4

StudProp 9.2215 × 101 1.4498 × 102 5.6668 × 10−1 2.7290 × 10−1

Table 17.  Model comparison criteria: Mean BIC, mean DIC, mean ML, and mean fraction of non-rejected 
normality tests with KS for the unperturbed Ehrlich-tumor data.

 

Individual Norm Prop Thres Stud Stud prop

1 0.0000 1.4504 × 10−1 1.2172 × 10−1 0.0000 7.6000 × 10−2

2 0.0000 2.5184 × 10−1 1.6776 × 10−1 2.4000 × 10−4 1.4496 × 10−1

3 0.0000 4.0764 × 10−1 2.4096 × 10−1 0.0000 2.2628 × 10−1

4 0.0000 7.9928 × 10−1 1.8980 × 10−1 0.0000 4.6372 × 10−1

5 1.6000 × 10−4 2.5396 × 10−1 1.0672 × 10−1 4.0000 × 10−5 1.4080 × 10−1

6 2.4000 × 10−4 4.1912 × 10−1 2.7104 × 10−1 8.0000 × 10−5 3.6080 × 10−1

7 2.0000 × 10−4 3.3660 × 10−1 1.3504 × 10−1 2.4000 × 10−4 2.2240 × 10−1

8 8.3600 × 10−3 3.1356 × 10−1 1.6284 × 10−1 1.2720 × 10−2 2.2648 × 10−1

9 0.0000 7.6516 × 10−1 1.6940 × 10−1 0.0000 5.2548 × 10−1

Table 16.  Model comparison criteria: fr(KS) for the unperturbed F3II mammary carcinoma growing in female 
BALB/C/Cenp mice.
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