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Spectral collapse in multiqubit
two-photon Rabi model

C.F.Lo

We have shown that the smallest possible singel-qubit critical coupling strength of the N-qubit two-
photon Rabi model is only 1/N times that of the two-photon Rabi model. The spectral collapse can
thus occur at a more attainable value of the critical coupling. For both of the two-qubit and three-qubit
cases, we have also rigorously demonstrated that at the critical coupling the system not only has a set
of discrete eigenenergies but also a continuous energy spectrum. The discrete eigenenergy spectrum
can be derived via a simple one-to-one mapping to the bound state problem of a particle of variable
effective mass in the presence of a finite potential well and a nonlocal potential. The energy difference
of each qubit, which specifies both the depth of the finite potential well and the strength of the
nonlocal potential, determines the number of bound states available, implying that the extent of the
incomplete spectral collapse can be monitored in a straightforward manner.

The two-photon Rabi model is the simplest model describing the nonlinear two-photon process in light-matter
interacting systems. Due to the weak coupling of the two-photon process in different physical setups, its appli-
cations have been rather limited. Recent advancement in quantum technology has transformed the situation
dramatically and made the applications of the two-photon Rabi model feasible even in the strong coupling
regime'~'!. For instance, Felicetti et al.* pointed out that a trapped-ion scheme allows one to experimentally
investigate two-photon interactions in unexplored regimes of light-matter coupling, and that a circuit quantum
electrodynamics scheme enables us to implement a nondipolar ultrastraong two-photon interaction between a
flux qubit and a bosonic mode supported by SQUID. In spite of its simplicity, the two-photon Rabi model dis-
plays a counter-intuitive feature, namely the “spectral collapse”, when the coupling strength € of the light-matter
interaction goes beyond a critical value €.'2-?. That is, while the model has a discrete eigenenergy spectrum for
€ < €, no normalizable eigenstate exists in the Hilbert space spanned by the photon number states for € > €.
At the critical coupling €, the spectral collapse is, however, found to be incomplete for the eigenenergy spectrum
of the model consists of both a set of discrete energy levels and a continuous energy spectrum?!. The number of
bound states available is determined by the energy difference wo between the two atomic levels so that the extent
of the incomplete spectral collapse can be monitored straightforwardly.

In a recent paper, via investigating a generalization of the two-photon Rabi model, in which the two-photon
coupling is replaced by a full quadratic coupling, Lo* has demonstrated that the critical coupling strength is
reduced by half from that of the two-photon Rabi model. Similar to the two-photon Rabi model, at the criti-
cal coupling the discrete eigenenergy levels of the generalized two-photon Rabi model can be derived from a
simple quantum mechanical bound state problem, namely a particle of variable effective mass moving in a finite
potential well specified by the square of the “Lorentzian function”?. In addition, Felicetti and his coworkers**
have pointed out that the two-photon Dicke model, i.e. the multiqubit two-photon Rabi model, retains the
special feature of spectral collapse, and that adding more qubits lowers the critical value of the individual qubit
coupling by a factor of N, where N denotes the number of qubits present. The spectral collapse can thus be real-
ized more easily with the state-of-the-art circuit quantum electrodynamics technology. They also propose that
the two-photon Dicke model could be realistically implemented using the trapped-ion technologies?”?® and
some atomic or solid-state systems, e.g. superconducting devices in which bosonic modes have been coupled
to spin assembles**’. Nevertheless, a full understanding of the spectral collapse occuring in the two-photon
Dicke model is still lacking.

Accordingly, it is the aim of our work to scrutinize the spectral collapse of the two-photon Dicke model,
particularly those special cases involving several qubits only. The critical value of the coupling strength of the
two-photon Dicke model with two (three) qubits is found to be half (one-third) of that of the two-photon Rabi
model. To determine the discrete eigenenergies at the critical coupling for both of the two-qubit and three-qubit
cases, we simply map the problem into the bound state problem involving a particle of variable effective mass
in the presence of a finite potential well and a nonlocal potential, whose discrete eigenspectrum can be easily
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obtained by an elementary quantum mechanics approach. Similarly, the problem of determining the continuous
eigenenergy spectrum at the critical coupling can also be mapped into the scattering state problem associated
with a particle of variable effective mass, subject to both a local potential barrier and a nonlocal potential.

Two-photon Dicke model
The two-photon Dicke model is described by the Hamiltonian (h = 1)%

N N
H= wOZsjz + wa'a+ 2¢(a™ + a?) ZSP" (1)
= =

where w is the frequency of the radiation mode specified by the bosonic operators a and a', each pair of atomic
levels (or qubit) separated by an energy difference wy are represented by the spin-half operators Sj; and Sj, for
j=1,2,3,...,N, and the atom-ﬁgld coupling strength of each qubit is measured by the positive parameter €.
The total spin operator S = ZIL S;j can assume N/2 different spin values, namely {0, 1,2, ..., N/2} for N being
evenand({1/2,3/2,5/2,...,N/2}for N being odd. It should be noted that in the spin-zero case the eigenenergies
of H are simply given by E, = wnforn =0, 1,2,. .., irrespective of the coupling strength, and they are called
the “trapping states” or “dark states”!. All the other spin sectors, however, exhibit the special feature of spectral
collapse. The critical value of the single-qubit coupling strength can be determined as follows.

For simplicity, we set the energy unit such that @ = 11in the following analysis. By a spin rotation about the
y-axis, the Hamiltonian H in Eq. (1) can be transformed into

N N
H= wo ZS]-X +afa— ZE(QTZ + az) ZSjZ
j=1 j=1

(2)
= woSx + Hyp —2€(x2—p2)Sz - %,
for
1 R 1 R
x=-—(a+a") and p=—(a—a") (3)

V2 iv2

being the “position” and “momentum” operators of the boson mode, respectively. Here Hy is the Hamiltonian
of a quantum simple harmonic oscillator of unit mass and unit angular frequency. In the special case of wg = 0
the Hamiltonian H is reduced to

-1 , 1 , 1

whose eigenstates are simply given by the product states {|M;)|¢)}, with | M) being an eigenstate of the total spin
operator S, and |¢) an eigenstate of the one-body Hamiltonian :

1 2 1 2 1
h= S0+ 4eMo)p® + - (1 — deMo)a® — - ®)

Apparently, in each subspace of M, # 0 there exists a critical value of the single-qubit coupling strength,
namely €, = 1/|4M_;|, implying the occurrence of the spectral collapse as in the two-photon Rabi model. For
wo # 0 the above analysis still holds for both € < €, and € > ¢, because the first term in Eq. (2) is a bounded
operator. The characteristic feature of the incomplete spectral collapse at the critical coupling €., however, remains
unclear. Likewise, since the maximum value of | M| is N/2, occurring in the total spin sector of N/2, the small-
est possible single-qubit critical coupling strength is given by €, = 1/(2N). The 1/N dependence of the critical
coupling thus ensures that the spectral collapse can be achieved with relatively small coupling strength by adding
more qubits™*.

At the critical coupling €, = 1/(2N) of the total spin sector of N/2, Eq. (2) is reduced to

H Sx (1428, )2 21— 25, )2 L 6
=w = — 1= =8 |x" ——,
0T NPT N>* 2 ©)
where the total spin operators S, and Sy are given by
oo 0 0 0 0
o Y¥-1 0 0 0 0
0 0 N2 0 0 0
S.=[: : : : : : @)
0 0 0 -5+2 o0 0
0 0 0 0 -J+1 0
0 0 0 0 0 -3
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S=510 S ®
0o 0 0 0 by, 0
0 0 0 by, 0 by,
0 0 0 0 by O
forb; = (% +7) (M — j). In the coordinate space the eigenvalue equation of H reads
e g)wwu> ~Rbyyy ()
SN AR B Dy @) == by ¥y )+ by v (0]
NP+ R — B )y 00 =~ by ¥y, () + by ¥y ()]
: ) )
R AR B Ly (0 = = by () by ¥y, )
N S )Yy @ = P [y ¥y 0 by Yy )]
(x> —E— %)1/’7§(x) = _%b7%+1¢7%+1(x)

where E denotes the eigenenergy. Beyond question it is a formidable task to solve this set of coupled 2nd-order
ordinary differential equations. In order to gain insights of the behaviour of the two-photon Dicke model at the
critical coupling, we shall examine two special cases, namely the two-qubit case and the three-qubit case, in the
following two sections.

Two-qubit case at the critical coupling
To begin with, we shall concentrate on the simplest case of two qubits, which involves a set of three coupled
equations only:

— & —E— 1)@ = — 2o
N —%)wam::—g%un)+¢;mm1~ (10)
(6 —E—3)¥-1(0) = — 2Ly (x)

ForE + 1/2 < O we definex = /|E + 1/2] and x = kq. Then ¥/ (x) and ¥ (x) can be easily determined as

wqg):_J§2(1+q)wd) (11)
wl(q):_%/_Zdéexp{—l(zlél}lflo(4+5)~ (12)

As a result, we are left with an integro-differential equation involving v (q):

] 1d%y o( 1
(1438 )wle) =3 T - B (L Yweta)

”%/ d exp {2 [&] 1o (g + £).

By assuming that 1/, (q) takes the form
1

—————¢0(q),
1+ 1g? (14)

vo(q) =

it is straightforward to show that ¢y (q) satisfies

w%;q w\% 90 () + V(q)0 (q)

K~wq

Ju-q/ dEU (g &: k) bo(q +£),

—x* o (q) = 3

(15)
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where
2
M(g)=1+% (16)
2
Vi) = 2+¢*)(1+¢) 47
)
U(gtix) = M, 18)

1+ 1(q+8)

This is the time-independent Schrodinger equation of the bound state problem associated with a particle of
variable effective mass M (q) in the presence of a finite potential well V(q) and a nonlocal potential U (g, &; « .

For k¥ « 1, namely the cases of shallow bound states, we can approximate the integral on the right-hand side
of Eq. (15) by

/ dgU(q.&:«)do(q+ &) ~ /déllfo(S)- (19)

Provided that ¥ (£) is normalizable, the integral gives a constant C. The term involving the nonlocal potential
becomes independent of ¢ (q):

2,2
K=y

4/1+ 1

As k < 1, the term involving the nonlocal potential can be neglected, and thus Eq. (15) is reduced to

1

St ;i 00() + V(2) 90 (q). 20)
/M(q) ¥\ [y (q)

which is the time-independent Schrodinger equation of the bound state problem associated with a particle of
variable effective mass M (q) in the finite potential well V(g). Hence, we have demonstrated the existence of
shallow bound states of the two-photon Dicke model with two qubits.

Moreover, the existence of these shallow bound states implies that lower bound states may also exist. For
wo > land k S wp, namely the cases of low-lying bound states, we approximate the integral on the right-hand
side of Eq. (15) by

_K4¢0 (q) =

/Z dsU(q,&:6)¢o(q+&) = vo(q) / dg exp { —*|E |}

[e¢}

00 dZnW ;
"2 dqgn(q) / dg exp {—?l¢|}¢? @
2 2 d? 2 d*
~ 2 vole) + volg) , 2 dola) |

K6 dg? K10 dgt
If only the leading-order term is kept, then Eq. (15) can be simplified to yield

2
1 Wy

1 1 a4
2\ @ g T >

which is the time-independent Schrodinger equation of the bound state problem associated with a particle of
variable effective mass M (q) trapped in a “Lorentzian function” potential well. Accordingly, the existence of
low-lying bound states has been confirmed.

On the other hand, for E + 1/2 > 0 we define k = \/E + 1/2 and x = kq. Then the three coupled equations
in Eq. (10) can be rewritten as

—icto (q) =

(@) = <l_l—q2> ¥0(d) (23)
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Ko o0 exp{ikz,ué}
. 471/_ vl +8) [ anSEUE

where it is understood that the limiting process 7 — 07 is being taken after the evaluation of the integral over
p. Again, if Yo (7) assumes the form

Yo(q) = ——=¢0(4)
0( ) 1_%(_12 0( ) (26)
then ¢ (7) obeys
1 41
k4o (a) 2{ = —— }¢0(‘1)+V(‘1)¢0(’1)
(@) 7 \[3i(a) -
Krw? 1 L
o %éz/_mdsv(q,s,xm(ws)
where
-2
M@ =1-L (28)
V@) =
e >

1 o0 exp{ikzué}
- 1= —2/7 d’ul—uz—i-in' (30)
V1-3@+é&)"

It is not difficult to recognize that Eq. (27) is the time-independent Schrodinger equation of the scattering
state problem associated with a particle of variable effective mass, subject to both a local potential barrier and a
nonlocal potential. Accordingly, for E + 1/2 > 0 the eigenstates are not normalizable and a continuous eigen-
energy spectrum is expected.

Three-qubit case at the critical coupling
Similarly, in the case of three qubits we need to solve a set of four coupled equations:

~E- )ws(x) —Smy,
+32 —E- 1)y = —wo[iw% () +¥_ @]
+32 —E- L)y = oo [Py v )]

2

(x*—E— 5)1//7%(90 = —@1//,%(96)

d
_2
3d
1
3d

a2
L
L
/x2

—

Performing the Fourier transform to the first two equations yields

{ (0 = E—3)V3 (p) = =529, (p)
(i 43— E=3) 71 (0) =~ [ 203 () +7 1 ()]

where 1/7‘) (p) is the Fourier transform of v, (x):

§ © 4
U (p) = /MJX—’wau(x) (33)

It is obvious that v 3 (p)and W,% (x) can be readily determined as
ﬁ

(32)

wy  ~

s (p V1 (p) (34)

o

E+§—ﬁ
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—MS

Ly
Y_s(x) = 7_’_ [gape V_1(x).

Thus, we are left with two coupled equations connecting ¥ 1 (x)andyr_ 1 (x) as follows:
i+ 30+ my — (E+ D] 71 () = iy ()
[ 2 O (B )]y 00 = ey )
In terms of the sum and difference of the two wave functions ¥ 1 (x)and _ 1 (x):
¢ (0) = Y1 () £Y_1 (),
the two coupled equations can be reduced to

2
3wy

1 42 2 2 3 (E 1) - tond
gd 5 +§ + m +E P+ (x) = Twpd+(x),

where ¢+ (p) is the Fourier transform of ¢t (x):

- © dx
o+ (p) = / T ePX gy (x).

For E + 1/2 < 0 we define k = 4/|E + 1/2] and x = kq. Then Eq. (37) can be rewritten as

1
§+q2

1 42 9w?
_K4¢i(Q) = _57512 - m ¢+ (q)

3
f OK/ ”ﬁ“/ dX¢:t(5+X)eXP{ \/;K2|X|}-

By assuming that ¢+ (q) takes the form

it is straightforward to show that g1 (q) satisfies

(g = -2 d—zz _ toi(@) +V(@)es(a)
2 \/qu \/m

\/? woi® df zqéx/ AU x; )9+ (E + x)s

m

where
3
M(q) =3 +d
_ 9a)%
Y=g ()
exp{—\/éxﬂm}
UG xik) = —o

Vi+E+x)? '

(35)

(36)

(37)

(38)

(39)

(41)

(44)

Accordingly, we have derived the time-independent Schrodinger equation of the bound state problem associ-
ated with a particle of variable effective mass M (q) subject to a finite potential well V(g) and a nonlocal potential

U x; )%

For k < 1, namely the cases of shallow bound states, the integral over the variable x on the right-hand side

of Eq. (41) can be approximated by
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o0

/ dxUE, x; e E 4+ x) = /dX¢i(X)- (45)

—00

The integral gives a constant C provided that ¢4 () is normalizable. The term involving the nonlocal potential
can then be analytically evaluated to give
3
£,/ = Canic®8(q),
5 Cwok (q)

which can be neglected for k < 1. Hence, Eq. (41) is reduced to

1

Cetps(g) =i L@ 0+(a) + V(@) (a), (16)
2 \/mdq\/w

which is the time-independent Schrodinger equation of the bound state problem associated with a particle of
variable effective mass M (q) in the finite potential well V(g). As a result, we have demonstrated that the two-
photon Dicke model with three qubits has a discrete energy spectrum for the existence of these shallow bound
states implies that lower bound states may also exist.

On the other hand, for E + 1/2 > 0 we define k = /E + 1/2 and x = kq. Then Eq. (37) becomes

2
1d 9w§

k'¢+(q) = ﬁ {—quz + 8(1)}(%( )

3 5 *° tqékz £ ' iiykz
j:—a)k/ / d ; / dy—
ar oo«/ Xo:(E + ) o0 J/;_y +in’

where the limiting process 7 — 07 is being taken after the evaluation of the integral over y. By assuming that

1

(47)

o+ (Q) = 37_2(01 (0_1), (48)
34
Eq. (47) is reduced to
1 1 4 1 _
Kos(q) = —= - 9+ (q) + V(7) 9+ (q)
2 (7)) 44 (g
k\S/ (@) “1"/ d )
3 e oy [ _ _
+ 2 = / E etk dxp+(§+x) U x: k),
2~ T
where
_ 3
M(3) =3 -3 (50)
Sy 90)(2)
Ty o
o Bl
UE x:k

\/—— £+ %) / R 2

Hence, we have derived the time-independent Schrodinger equation of the scattering state problem associated
with a particle of variable effective mass, subject to both a local potential barrier and a nonlocal potential, imply-
ing that for E + 1/2 > 0 the eigenstates are not normalizable and a continuous eigenenergy spectrum is expected.

Conclusion

In this work we have shown that the smallest possible single-qubit critical coupling strength € of the N-qubit
two-photon Rabi model is only 1/N times that of the two-photon Rabi model. The spectral collapse can thus
occur at a more attainable value of the critical coupling™*. For both of the two-qubit and three-qubit cases, we
have also rigorously demonstrated that at the critical coupling €, the system exhibits an incomplete spectral
collapse, namely having both a set of discrete eigenenergies and a continuous energy spectrum, and that the
energy difference wg of each qubit determines the number of bound states available, implying that the extent
of the incomplete spectral collapse can be monitored in a straightforward manner. Interestingly, the set of dis-
crete eigenenergies can be derived from the bound state problem of a particle of variable effective mass in the

Scientific Reports |

(2021) 11:5409 | https://doi.org/10.1038/s41598-021-84934-y nature portfolio



www.nature.com/scientificreports/

presence of a finite potential well and a nonlocal potential, whilst the problem of determining the continuous
eigenenergy spectrum can be mapped into the scattering state problem associated with a particle of variable
effective mass, subject to both a local potential barrier and a nonlocal potential. Furthermore, as shown in Lo%,
we may introduce a suitable unitary transformation to cast Egs. (20), (22) and (46) into the time-independent
Schrodinger equation of the bound state problem with a particle of unit mass moving in a finite potential well.

Finally, we would like to thank an anonymous referee for bringing a recent paper on the bound states of the
two-photon Rabi model at the critical coupling to our attention®%. The paper investigates the discrete eigenenergy
levels via solving a time-independent Schrodinger equation with an energy-dependent effective potential, whose
solutions are found by self-consistent iterative numerical calculations. This is in sharp constrast to the findings
reported in Ref.?*, which explicitly shows that the discrete eigenenergy spectrum has a one-to-one mapping
with that of a particle in a “Lorentzian function” potential well, and that each eigenenergy is doubly degenerate.
Particularly, Ref.** shows no sign of the two-fold degeneracy. Perhaps it may be due to some flaws in the compi-
cated numerical calculations or the entire formulation. All in all, similar to Ref.?, the present work is capable of
providing a clear and concise treatment of the incomplete spectral collapse of the multi-qubit two-photon Rabi
model at the critical coupling.
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