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A B S T R A C T   

In this paper, a compartmental mathematical model has been utilized to gain a better insight about the future 
dynamics of COVID-19. The total human population is divided into eight various compartments including sus-
ceptible, exposed, pre-asymptomatic, asymptomatic, symptomatic, quarantined, hospitalized and recovered or 
removed individuals. The problem was modeled in terms of highly nonlinear coupled system of classical order 
ordinary differential equations (ODEs) which was further generalized with the Atangana-Balaeanu (ABC) frac-
tional derivative in Caputo sense with nonlocal kernel. Furthermore, some theoretical analyses have been done 
such as boundedness, positivity, existence and uniqueness of the considered. Disease-free and endemic equi-
librium points were also assessed. The basic reproduction was calculated through next generation technique. Due 
to high risk of infection, in the present study, we have considered the reported cases from three continents 
namely Americas, Europe, and south-east Asia. The reported cases were considered between 1st May 2021 and 
31st July 2021 and on the basis of this data, the spread of infection is predicted for the next 200 days. The 
graphical solution of the considered nonlinear fractional model was obtained via numerical scheme by imple-
menting the MATLAB software. Based on the fitted values of parameters, the basic reproduction number ℜ0 for 
the case of America, Asia and Europe were calculated as ℜ0 ≈ 2.92819, ℜ0 ≈ 2.87970 and ℜ0 ≈ 2.23507 
respectively. It is also observed that the spread of infection in America is comparatively high followed by Asia 
and Europe. Moreover, the effect of fractional parameter is shown on the dynamics of spread of infection among 
different classes. Additionally, the effect of quarantined and treatment of infected individuals is also shown 
graphically. From the present analysis it is observed that awareness of being quarantine and proper treatment 
can reduce the infection rate dramatically and a minimal variation in quarantine and treatment rates of infected 
individuals can lead us to decrease the rate of infection.   

1. Introduction 

COVID-19 affected many countries in terms of public health and 

economy (Bendavid et al., 2021). In the last couple of months, several 
SARS-CoV-2 variants have been emerged with some of them demon-
strating active circulation and transmission dynamics (Khan and 
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Atangana, 2020; SÁNCHEZ et al., 2020). Predicting and understanding 
the future viral transmission is key for infection control and prevention 
(Burki, 2020; Jin et al., 2020; Pellis et al., 2021; Zhao and Chen, 2020). 
Mathematical models are precious tools for this purpose. Indeed, 
different types of mathematical models with different fractional de-
rivatives are utilized to investigate the dynamics and control of 
COVID-19 (Grassly et al., 2020; Grigorieva et al., 2020; Kassa et al., 
2020; Memon et al., 2021). Many studies are reported for the dynamics 
and forecasting of COVID-19 by considering real data of different re-
gions. Like, the early dynamics and clinical severity of COVID-19 in 
China by using mathematical tools can be seen in (Kucharski et al., 2020; 
Wu et al., 2020). Similarly, mathematical modeling and forecasting with 
intervention strategies, social media advertisement, isolation, quaran-
tine, community awareness, global information compaigns with the 
consideration of real data from India in order to predict the future sce-
nario of the disease can be seen in (Khajanchi et al., 2020, 2021b; 
Khajanchi and Sarkar, 2020; Rai et al., 2022; Samui et al., 2020; Sarkar 
et al., 2020; Tiwari et al., 2021). 

Fractional derivative is a powerful tool to discuss the complexity of the 
physical and engineering problems. Observations indicates that some 
physical phenomenon cannot be explained properly through classical 
order derivatives. Non-integer order derivatives are proven to be a best 
tool to best fit the theoretical results with the real data (Qureshi and 
Atangana, 2019; Yavuz and Özdemir, 2019; Yusuf et al., 2020). The ap-
plications and uses of fractional derivatives can be seen in different 
physical, engineering and health sciences such as sustainable energy, fluid 
mechanics, infectious disease modeling, biochemistry, electrical circuits 
and so on (Z. Ahmad et al., 2020b, 2021; AHMAD et al., 2021; AHMAD 
et al., 2021; AHMAD et al., 2021; AHMAD et al., 2021; Ali et al., 2020; 
Murtaza et al., 2022; Sinan et al., 2022). Besides this, previous work re-
ported on the fractional dynamics of COVID-19 which is proved to be best 
fit with the real data. The reported study indicates that fractional models 
with power law kernel, exponential kernel or Mittag-Leffler kernel gives us 
best results as compared to classical models. Yadav and Verma investi-
gated the transmission of COVID-19 in Wuhan China by using fractional 
derivatives (Yadav and Renu Verma, 2020). They observed that the real 
data can be best fit in case of fractional order derivative. Rajagopal et al. 
investigated the spread of COVID-19 in Italy (Rajagopal et al., 2020). They 
compared the results for the case of integer and non-integer derivative and 
found less error with the real data for the case of fractional derivative. 
Nisar et al. predicted the spread of COVID-19 via fractional derivatives 
(Nisar et al., 2021). They compared their model’s results with the real data 
of Wuhan China for initial days. 

Some physical problems obey power law while some satisfy exponential 
law. Reported studies indicates that epidemiological problems can be best 
explain with the exponential laws because it obeys exponential laws. The 
fractional differential operators having exponential or Mittag-Leffler kernels 
can best explain the problems concerned with exponential laws. Due to the 
cross-over behavior, the fractional operator having Mittag-Leffler kernel i.e., 
Atangana-Baleanu fractional differential operator can best explain the 
complex dynamics of epidemiological problems (Abdullah et al., 2021; 
Abdullah et al., 2021; Abdullah et al., 2021; Abdullah et al., 2021; S. Ahmad 
et al., 2020; Z. Ahmad et al., 2020a; Arfan et al., 2021; Naik et al., 2020; 
Qureshi et al., 2019a, 2019b; Qureshi and Yusuf, 2019b, 2019a; Shah et al., 
2020; Shatanawi et al., 2021). Qureshi et al. predicted the transmission of 
varicella zoster virus via different fractional operators i.e., Caputo, Caputo 
Fabrizio (CF) and Atangana-Baleanu (AB) fractional operators (Qureshi 
et al., 2019b). They found that AB fractional derivative gives the highest 
performance as compared to the rest of fractional derivatives. Similarly, it 
was reported the comparison of different fractional operators for the dy-
namics of diarrhea and found that AB fractional derivative gives the 
outstanding performance (Qureshi et al., 2019a). Qureshi and Yusuf re-
ported the dynamics of chicken pox disease among the children in Schenzen 
city of China (Qureshi and Yusuf, 2019a, 2019b). They investigated their 
results by generalizing the classical model through different fractional de-
rivatives and found that the dynamics can be best explain with AB fractional 

differential operator. Ahmad et al. analyzed the dynamics of COVID-19 in 
Pakistan by using AB fractional derivative (Z. Ahmad et al., 2020a). Naik 
et al. investigated the future scenario of COVID-19 in Pakistan by using 
different fractional operators and they noticed that AB fractional derivative 
gives us the highest efficiency rate with the real data (Naik et al., 2020). In the 
same way, Arfan et al. utilized the generalized Euler method for the results of 
fractional order COVID-19 model to predict the spread of COVID-19 in 
Pakistan (Arfan et al., 2021). Shatanawi et al. analyzed the spread of TB in 
Yemen for the period between 2000 and 2019 by using generalized AB 
fractional operator (Shatanawi et al., 2021). Shah et al. forecast the spread of 
COVID-19 using factional derivative by implementing Adomian decompo-
sition technique (Shah et al., 2020). The modified Euler method was utilized 
by Ahmad et al. for the solution of the fractional order COVID-19 model in 
order to forecast the transmission of COVID-19 in Wuhan, China (S. Ahmad 
et al., 2020). Similarly, Abdullah et al. analyzed the transmission of 
COVID-19 in Wuhan, China under the consideration of fractional derivative 
(Abdullah et al., 2021; Abdullah et al., 2021; Abdullah et al., 2021; Abdullah 
et al., 2021). Shaikh et al. analyzed fractional order COVID-19 model for the 
spread and control of COVID-19 in India (Shaikh et al., 2020). Singh et al. 
reported the stability analysis and numerical investigation of the non-integer 
COVID-19 model (Singh et al., 2021). Danane et al. studied the numerical 
analysis of the stochastic COVID-19 model with the Levy noise model 
(Danane et al., 2021). 

The main concern of epidemiological models is to find some possible 
ways to vanish or minimize the spread of infection. For this, the optimal 
control is proved to be a best tool and is applied to many infectious 
disease problems. Sharomi and Malik studied some applications of 
optimal control in epidemiological problems (Sharomi and Malik, 
2017). Agusto and Khan reported the spread of dengue infection with 
the implementation of optimal control strategies and found that optimal 
control can drastically reduce the transmission of illness (Agusto and 
Khan, 2018). Sinan et al. reported the analysis for the transmission of 
malaria disease with optimal control and observed that optimal control 
such as spray of insecticides or proper treatment can quickly reduce the 
disease spread (Sinan et al., 2022). Ali et al. reported the optimal control 
of zika virus disease with the fractional derivatives (Ali et al., 2022a, 
2022b). Similarly the utilization of the idea of optimal control for the 
control of COVID-19 can be seen in (Aba Oud et al., 2021; S. W. Abdullah 
Ahmad et al., 2021; S.W. Ahmad et al., 2021; z Ahmad et al., 2021; Z. 
Ahmad et al., 2021; Grigorieva et al., 2020; Zamir et al., 2020). 

This study aimed to present a mathematical model for the dynamics 
of COVID-19 spread among human population. The constructed model 
was applied on the data obtained from three regions (Americas, Europe 
and southeast Asia) for the period between 1st May 2021 and 31st July 
2021. Based on the above-mentioned literature, no one considered the 
fractional order analysis of COVID-19 model by considering such type of 
compartmental study such as by including quarantine and hospitaliza-
tion or asymptomatic pre-symptomatic or symptomatic classes which 
makes it a more general model. Moreover, in the present analysis, we 
have considered the recent time interval in order to choose the real re-
ported data which can give us the most accurate future scenario of the 
disease. Introduction and detailed literature review is provided in Sec-
tion 1 of this manuscript while the basic preliminaries are given Section 
2. The mathematical formulation of the considered problem is provided 
is Section 3. Positivity and boundedness of the considered model and the 
equilibria and basic reproduction number was also calculated which are 
given in Sections 4 and 5 respectively. Moreover, the classical model was 
generalized using Atangana-Baleanu fractional operator which has 
nonlocal kernel and is provided in Section 6. The uniqueness for the 
solution fractional model is also shown and is given in Section 7. The 
graphical solutions of the considered model were achieved via numer-
ical scheme by making use of computational software MATLAB which is 
provided in Section 8. The model fitting of the considered problem is 
given in Section 9 while the discussion and conclusion of the results are 
elaborated in Sections 10 and 11 respectively. On the basis of available 
data, the future scenario for the spread of COVID-19 was predicted for 
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the next 200 days. The effect of fractional parameter ϕ was shown 
graphically. The impact of quarantine and hospitalization on the dy-
namics of COVID-19 among different classes was dementated. 

2. Basic Preliminaries 

Definition 2.1. The Atangana-Baleanu (AB) time fractional derivative 
in Caputo sense with fractional order ϕ is defined as (Atangana and 
Baleanu, 2016; Atangana and İğret Araz, 2021). 

ABC
a ℘ϕ

t g(t) =
G(ϕ)
1 − ϕ

∫ t

a
Eϕ

(
− ϕ(t − ξ)ϕ

1 − ϕ

)

g′

(ξ)dξ, for 0 < ϕ < 1. (1) 

Here, G(ϕ) is the normalization function and Eϕ(.) is the Mittage- 
Leffler function (Sene, 2020). 

Definition 2.2. The integral operator for the ABC fractional derivative 
can be defined as (Atangana, 2017; Atangana and İğret Araz, 2021): 

ABC
a Iϕ

t g(t) =
1 − ϕ
G(ϕ)

g(t)+
ϕ

G(ϕ)Γ(ϕ)

∫ t

a
(t − ξ)ϕ− 1g(ξ)dξ. (2)  

Definition 2.3. The numerical scheme for the solution of fractional 
order ODE is defined by Toufik and Atangana (Toufik and Atangana, 
2017): 

Consider a non-linear fractional ODE: 

ABC℘ϕ
t g(t) = w(t, g(t))withg(0) = g0 (3) 

The numerical solution for Eq. (3) is given as (Toufik and Atangana, 
2017): 

3. Mathematical Modeling 

In the present model, we have considered the spread of COVID-19 in the 
human population in different continents of the world i.e., southeast Asia, 
Europe and Americas (North and South America). The total population is 
denoted with N(t)which is further classified into different compartments i. 
e., susceptible population is denoted by S(t), E(t) are the exposed, pre- 
symptomatic are denoted with AP(t), while symptomatic and asymptom-
atic individuals are represented by A(t) and I(t)respectively. Similarly, Q(t)
and H(t) are the quarantined and recovered infectious individuals and R(t)
are the recovered or removed/deceased individuals. The flow diagram for 
the considered problem is displayed in Fig. 1, where susceptible individuals 
can interact with AP(t),A(t), I(t),Q(t) and H(t) with a route 
(μAA+μAP

AP +μII+μQQ+μHH) S
N and become exposed. More importantly, 

E(t) consists of early-infected individuals. Similarly, the exposed in-
dividuals further enter to the pre-symptomatic compartment with a rate of σ 
whereas the pre-symptomatic AP(t) has the ability to transmit the disease. 
After the completion of mean incubation period, the individuals are divided 
in to two groups. Some of the infectious individuals have the disease 
symptoms while some are not. The individuals which do not have clear 
symptoms will enter to the asymptomatic class A(t) with a rate of (1 − ζ)ψA 

while those individuals having clear clinical symptoms of COVID-19 will 
enter to the symptomatic class I(t) with the positive rates ζψ I. Similarly, 
some of the pre-symptomatic class will recover or die out due to the 
infection with the positive rate ψR while some of the pre-symptomatic in-
dividuals will enter to the quarantine class with a positive rate ψQ. Addi-
tionally, the symptomatic infectious individuals are quarantined or 
hospitalized with a positive rate κQ and κH respectively. κR and λR are the 
recovery or removal rates due to the disease of symptomatic or asymp-
tomatic infected individuals respectively. At the last, these hospitalized and 
quarantined individuals are recovered or removed due to the disease with 
the rates ηR and βR respectively. The natural death rate of all the classes is 
denoted with δ while the recruitment or birth rate is denoted by Λ. The flow 
diagram of the considered model for the spread of COVID-19 is given as: 

The system of equations for the considered problem with non- 
negative IC’s is given by: 
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dS
dt

= Λ −
(
μAA + μAP

AP + μII + μQQ + μHH
) S

N
− δS,

dE
dt

=
(
μAA + μAP

AP + μII + μQQ + μHH
) S

N
− E(σ + δ),

dAP

dt
= σE − ((1 − ζ)ψA + ζψI + ψR + ψQ + δ)AP,

dA
dt

= (1 − ζ)ψAAP − (λR + δ)A,

dI
dt

= ζψIAP − (κQ + κH + κR + δ)I,

dQ
dt

= ψQAP + κQI − (βR + δ)Q,

dH
dt

= κHI − (ηR + δ)H,

dR
dt

= λRA + ψRAP + κRI + ηRH + βRQ − δR.

(5) 

With 
{

S(0) = S0 ≥ 0, E(0) = E0 ≥ 0, AP(0) = AP0∗ ≥ 0, A(0) = A0 ≥ 0,
I(0) = I0 ≥ 0, Q(0) = Q0 ≥ 0, H(0) = H0 ≥ 0, R(0) = R0 ≥ 0.

(6)  

4. Positivity and Boundedness of the COVID-19 Model 

In this section, we will show that the solution of the considered 
problem is bounded as well as non-negative. For this, we will state the 
following lemma (AHMAD et al., 2021; AHMAD et al., 2021; AHMAD 
et al., 2021; AHMAD et al., 2021; Z. Ahmad et al., 2020b, 2020a): 

Lemma 4.1. Consider Φ⊂ℝ× ℂn is open, gq ∈ ℂ(Φ,ℝ), q = 1, 2, ., n. If 

gq

⃒
⃒
⃒
yq(t)=0,Yt∈ℂ

+0n ≥ 0, Yt = (y1t , y2t , ., ynt)
T
, q = 1, 2, ., n, then 

ℂn
+0{φ = (φ1,φ2, .,φn) : φ ∈ ℂ([ − υ, 0],ℝn

+0)} is the invariant domain of 
the subsequent equations. 

dyq(t)
dt

= gq(t,Yt), t ≥ ρ, q = 1, 2, ., n. (7)  

Where 

gz+1 = g0 +
1 − ϕ
G(ϕ)

w(tz, g(tz)) +
ϕ

G(ϕ)

∑z

r=0
[
dϕw(tr, g(tr))

Γ(ϕ + 2)

{
(z + 1 − r)ϕ

(z + 2 − r + ϕ) − (z − r)ϕ
(z + 2 − r + 2ϕ)

}

−
dϕw(tr− 1, g(tr− 1))

Γ(ϕ + 2)

{
(z + 1 − r)ϕ+1

− (z − r)ϕ
(z + 1 − r + ϕ)

}]

. (4)   
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ℝn
+0

{
(y1, y2, ., yn) : yq ≥ 0, q = 1, 2, ., n

}
(8)  

Preposition 4.1. The system (5) is invariant in ℝ8
+. 

Proof: By rewriting the system (5), we have: 

dW
dt

= M(W(t)),W(0) = W0 ≥ 0, (9)  

M(W(t)) =
(

M1(W),M2(W),M3(W),M4(W),

M5(W),M6(W),M7(W),M8(W)

)T

. (10) 

We noted that 

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dS
dt

⃒
⃒
⃒
⃒

S=0
=Λ≥0,

dE
dt

⃒
⃒
⃒
⃒

E=0
=
(
μAA+μAP

AP+μII+μQQ+μHH
) S
(S+A+AP+I+Q+H+R+D)

≥0,

dAP

dt

⃒
⃒
⃒
⃒

AP=0
=σE≥0,

dA
dt

⃒
⃒
⃒
⃒

A=0
=(1− ζ)ψAAP≥0,

dI
dt

⃒
⃒
⃒
⃒

I=0
=ζψIAP≥0,

dQ
dt

⃒
⃒
⃒
⃒

Q=0
=ψQAP+κQI≥0,

dH
dt

⃒
⃒
⃒
⃒

H=0
=κHI≥0,

dR
dt

⃒
⃒
⃒
⃒

R=0
=λRA+ψRAP+κRI+ηRH+βRQ≥0.

(11) 

Hence, ℝ8
+ is invariant set. 

Preposition 4.2. The system (5) is bounded in the region: 

Φ =

{

(S(t),E(t),AP(t),A(t), I(t),Q(t),H(t),R(t)) ∈ ℝ8
: N(t) ≤

Λ
δ

}

.

Proof:. Boundedness of the problem (5) can be verified by adding all 
equations of system (5), we obtained: 

dN(t)
dt

= Λ − δN,withN(0) − N0 ≥ 0. (12) 

The solution of Eq. (12) takes the form: 

N(t) ≤ N0e− δt +
Λ
δ
(1 − e− δt). (13) 

It can be clearly seen from Eq. (13) that if t→∞ then N(t) ≤ Λ
δ which 

means that the feasible region for the given model will be: 

Φ =

{

(S(t),E(t),AP(t),A(t), I(t),Q(t),H(t),R(t)) ∈ ℝ8
: N(t) ≤

Λ
δ

}

. (14) 

Hence the solution of the considered COVID-19 model is bounded. 

5. Model Equilibria and Basic Reproduction Number 

The possible equilibrium points of model (5) can be obtained via the 
steady state by assuming: 
{

dS
dt

=
dE
dt

=
dAP

dt
=

dA
dt

=
dI
dt

=
dQ
dt

=
dH
dt

=
dR
dt

= 0 (15) 

Using Eq. (15), model (5) becomes: 
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 = λ −
(
μEE + μAA + μAP

AP + μII + μQQ + μHH
) S

N
− δS,

0 =
(
μAA + μAP

AP + μII + μQQ + μHH
) S

N
− σE − δE,

0 = σE − ((1 − ζ)ψA + ζψI + ψR + ψD + ψQ + δ)AP,

0 = (1 − ζ)ψAAP − (λR + λD + δ)A,

0 = ζψIAP − (κQ + κH + κR + κD + δ)I,

0 = ψQAP + κQI − (βRQ + βDQ + δ)Q,

0 = κHI − (ηR + ηD + δ)H,

0 = λRA + ψRAP + κRI + ηRH + βRQ − δR.

, (16) 

The possible unique disease-free equilibrium (DFE) of system (16) 
can be achieved by considering E = AP = A = I = Q = H = R = 0. The 
possible DFE is given as: 

ΨDFE =
(
S0,E0,A0

P,A0, I0,Q0,H0,R0) =

(
Λ
δ
, 0, 0, 0, 0, 0, 0, 0

)

. (17) 

Now have to compute the basic reproduction number ℜ0. The basic 
reproduction number ℜ0 gives the average number of the secondary 
infections created by a single infective individual during its entire 
infection period in a susceptible individuals (Khajanchi et al., 2021a). ℜ0 

is typically known as a basic reproduction number or a contact number 
in the epidemiological models [1,17] and obtained by next generation 
matrix approach (Van Den Driessche and Watmough, 2002a). For this, 
we introduce the two matrices F and V at ΨDFE by applying the procedure 
of Next Generation Technique (Van Den Driessche and Watmough, 
2002b): 

F =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 μAP
μA μI μQ μH

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

(18)  

and  

According to the next generation technique given in (Van Den 
Driessche and Watmough, 2002b) [28], the spectral radius ρ(FV− 1) is 
the essential ℜ0 which is given below: 

V =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

(σ + δ) 0 0 0 0 0
− σ ((1 − ζ)ψA + ζψI + ψR + ψQ + δ) 0 0 0 0
0 − (1 − ζ)ψA λR + δ 0 0 0
0 − ζψI 0 (κQ + κH + κR + δ) 0 0
0 − ψQ 0 − κQ βR + δ 0
0 0 0 − κH 0 ηR + δ

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

(19)   
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ℜ0 =

(
μAϑ4 + ϑ3μAP

)
σ

ϑ1ϑ2ϑ3
+

ζσψI(κH + ϑ7μI)

ϑ1ϑ2ϑ5ϑ7
+
(ζκQψI + ϑ5ψQ)σμQ

ϑ1ϑ2ϑ5ϑ6
, (20)  

Where 

ϑ1 = (1 − ζ)ψA + ζψI + ψR + ψQ + δ, ϑ2 = σ + δ, ϑ3 = λR + δ,
ϑ4 = (1 − ζ)ψA, ϑ5 = κQ + κH + κR + δ, ϑ6 = βR + δ, ϑ7 = ηR + δ.

(21) 

Next, we have to find the endemic equilibrium (EE) of the considered 
problem which is symbolized by ΨEE = (S∗,E∗,A∗

P,A∗, I∗,Q∗,H∗,R∗) and 
is given as: 
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

S∗=
Λ

δ+χ, E∗=
χS∗

σ+δ
, A∗

P=
E∗σ
ϑ1

,A∗=
A∗

Pϑ4

λR+δ
,

I∗=
ζψIA

∗
P

κQ+κH+κR+δ
,Q∗=

A∗
P(ζκQψI+ϑ5ψQ)

ϑ5ϑ6
,H∗=

I∗κH

κQ+κH+κR+δ
,

R∗=
A∗λR

ϑ7δ
+

H∗ηR

ϑ5ϑ7δ
+

I∗βRκQ

ϑ6δ
+

I∗κR

δ
+

A∗
PβRψQ

ϑ6δ
+

ψR

ϑ1ϑ2δ(δ+χ).

(22)  

Where 

χ∗ =
μAA∗ + μAP

A∗
P + μII∗ + μQQ∗ + μHH∗

N∗
.

6. Fractional Model of COVID-19 with Mittag-Leffler Function 

To generalize the classical model of COVID-19 given in Eq. (5), we 
apply the definition of Atangana-Baleanu fractional operator in Caputo 
sense. Thus, Eq. (5) becomes: 
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ABC℘ϕ
t S(t) = λ −

(
μAA + μAP

AP + μII + μQQ + μHH
) S

N
− δS,

ABC℘ϕ
t E(t) =

(
μAA + μAP

AP + μII + μQQ + μHH
) S

N
− (E + δ)E,

ABC℘ϕ
t AP(t) = σE − ((1 − ζ)ψA + ζψI + ψR + ψQ + δ)AP,

ABC℘ϕ
t A(t) = (1 − ζ)ψAAP − (λR + δ)A,

ABC℘ϕ
t I(t) = ζψIAP − (κQ + κH + κR + δ)I,

ABC℘ϕ
t Q(t) = ψQAP + κQI − (βR + δ)Q,

ABC℘ϕ
t H(t) = κHI − (ηR + δ)H,

ABC℘ϕ
t R(t) = λRA + ψRAP + κRI + ηRH + βRQ − δR.

(23)  

Where ABC℘ϕ
t (.) is the definition of ABC fractional derivative having 

fractional order ϕ. 

7. Uniqueness of the AB-Time Fractional Model 

This section of the present paper provides the existence of a unique 
solution of the ABC-time fractional model, which is given in Eq. (23). Let 
us consider B(ω) be a Banach space of the real-valued continuous 
functions with supremum norm defined on the interval ω = [0,T] and ℑ 
= B(ω) × B(ω) × B(ω) × B(ω) × B(ω) × B(ω) × B(ω) × B(ω) with the 
norm 

⃦
⃦(S,E,Ap,A, I,Q,H,R)

⃦
⃦ = ‖S‖ + ‖E‖ +

⃦
⃦Ap

⃦
⃦ + ‖A‖ + ‖I‖ + ‖Q‖ +

‖H‖ + ‖R‖, where ‖S‖ = sup{|S(t)| : t ∈ ω}, ‖E‖ = sup{|E(t)| : t ∈ ω}, 
⃦
⃦Ap

⃦
⃦ = sup{

⃒
⃒Ap(t)

⃒
⃒ : t ∈ ω}, ‖A‖ = sup{|A(t)| : t ∈ ω}, ‖I‖ =

sup{|I(t)| : t ∈ ω}, ‖Q‖ = sup{|Q(t)| : t ∈ ω}, ‖H‖ = sup{|H(t)| : t ∈ ω}

and ‖R‖ = sup{|R(t)| : t ∈ ω}. By applying the ABC-fractional integral 
operator given in Eq. (23), the equation takes the following form: 

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

S(t) − S(0) = ABC
0 Iϕ

t

(

λ −
(
μAA + μAP

AP + μII + μQQ + μHH
) S

N
− δS

)

,

E(t) − E(0) = ABC
0 Iϕ

t

(
(
μAA + μAP

AP + μII + μQQ + μHH
) S

N
− (E + δ)E

)

,

AP(t) − AP(0) = ABC
0 Iϕ

t (σE − ((1 − ζ)ψA + ζψI + ψR + ψQ + δ)AP),

A(t) − A(0) = ABC
0 Iϕ

t ((1 − ζ)ψAAP − (λR + δ)A),

I(t) − I(0) = ABC
0 Iϕ

t (ζψIAP − (κQ + κH + κR + δ)I),

Q(t) − Q(0) = ABC
0 Iϕ

t (ψQAP + κQI − (βR + δ)Q),

H(t) − H(0) = ABC
0 Iϕ

t (κHI − (ηR + δ)H),

R(t) − R(0) = ABC
0 Iϕ

t (λRA + ψRAP + κRI + ηRH + βRQ − δR).

(24) 

Which implies: 
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

S(t) − S(0) =
1 − ϕ
G(ϕ)

H(t, S(t)) +
ϕ

G(ϕ)Γ(ϕ)

∫ t

0
H(ξ, S(ξ))(t − ξ)ϕ− 1dξ,

E(t) − E(0) =
1 − ϕ
G(ϕ)

H(t,E(t)) +
ϕ

G(ϕ)Γ(ϕ)

∫ t

0
H(ξ,E(ξ))(t − ξ)ϕ− 1dξ,

AP(t) − AP(0) =
1 − ϕ
G(ϕ)

H(t, AP(t)) +
ϕ

G(ϕ)Γ(ϕ)

∫ t

0
H(ξ,AP(ξ))(t − ξ)ϕ− 1dξ,

A(t) − A(0) =
1 − ϕ
G(ϕ)

H(t,A(t)) +
ϕ

G(ϕ)Γ(ϕ)

∫ t

0
H(ξ,A(ξ))(t − ξ)ϕ− 1dξ,

I(t) − I(0) =
1 − ϕ
G(ϕ)

H(t, I(t)) +
ϕ

G(ϕ)Γ(ϕ)

∫ t

0
H(ξ, I(ξ))(t − ξ)ϕ− 1dξ,

Q(t) − Q(0) =
1 − ϕ
G(ϕ)

H(t,Q(t)) +
ϕ

G(ϕ)Γ(ϕ)

∫ t

0
H(ξ,Q(ξ))(t − ξ)ϕ− 1dξ,

H(t) − H(0) =
1 − ϕ
G(ϕ)

H(t,H(t)) +
ϕ

G(ϕ)Γ(ϕ)

∫ t

0
H(ξ,H(ξ))(t − ξ)ϕ− 1dξ,

R(t) − R(0) =
1 − ϕ
G(ϕ)

H(t,R(t)) +
ϕ

G(ϕ)Γ(ϕ)

∫ t

0
H(ξ,R(ξ))(t − ξ)ϕ− 1dξ.

(25)  

Where 
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

H(t, S(t)) = λ −
(
μAA + μAP

AP + μII + μQQ + μHH
) S

N
− δS,

H(t, E(t)) =
(
μAA + μAP

AP + μII + μQQ + μHH
) S

N
− (E + δ)E,

H(t, AP(t)) = σE − ((1 − ζ)ψA + ζψI + ψR + ψQ + δ)AP,

H(t, A(t)) = (1 − ζ)ψAAP − (λR + δ)A,

H(t, I(t)) = ζψIAP − (κQ + κH + κR + δ)I,

H(t,Q(t)) = ψQAP + κQI − (βR + δ)Q,

H(t,H(t)) = κHI − (ηR + δ)H,

H(t, R(t)) = λRA + ψRAP + κRI + ηRH + βRQ − δR.

(26) 

The expressions H(t, S(t)), H(t,E(t)), H(t,AP(t)), H(t,A(t)), H(t, I(t)),
H(t,Q(t)), H(t,H(t)) and H(t,R(t)) are thought to satisfy the Lipchitz 
condition if and only if S(t), E(t),AP(t),A(t), I(t),Q(t),H(t) and R(t) are 
upper bounded. Let us consider S(t) and S1(t) be the two functions, then 
we have: 

‖ς(t,S(t))− ς(t,S1(t))‖=
⃦
⃦
⃦
⃦
− λβS(t)E(t)+

(
κβ − σβS(t)

)
C1(t)+ψβC2(t)

+λβS1(t)E(t)−
(
κβ − σβS1(t)

)
C1(t)− ψβC2(t)

⃦
⃦
⃦
⃦

(27)  
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‖H(t,S(t))− H(t,S1(t))‖=

⃦
⃦
⃦
⃦
⃦
⃦
⃦
⃦

λ−
(
μAA+μAP

AP+μII+μQQ+μHH
)S
N
− δS

− λ+
(
μAA+μAP

AP+μII+μQQ+μHH
)S1

N
+δS1

⃦
⃦
⃦
⃦
⃦
⃦
⃦
⃦

(28) 

Equivalent to: 

‖H(t, S(t)) − H(t, S1(t))‖ ≤ L1‖S(t) − S1(t)‖ (29)  

Where L1 =

⃦
⃦
⃦
⃦(μAA+μAP

AP +μII+μQQ+μHH)

(
S
N − S1

N1

)

+δ(S1 − S)
⃦
⃦
⃦
⃦ hav-

ing N1 = S1 +E+AP +A+I+Q+H+R is the corresponding Lipchitz 
constant. 

In similar way, we can attain: 

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

‖H(t, E(t)) − H(t, E1(t))‖ ≤ L2‖E(t) − E1(t)‖,⃦
⃦H(t,AP(t)) − H

(
t, AP,1(t)

)⃦
⃦ ≤ L3

⃦
⃦AP(t) − AP,1(t)

⃦
⃦,

‖H(t, A(t)) − H(t, A1(t))‖ ≤ L4‖A(t) − A1(t)‖,
‖H(t, I(t)) − H(t, I1(t))‖ ≤ L5‖I(t) − I1(t)‖,
‖H(t,Q(t)) − H(t,Q1(t))‖ ≤ L6‖Q(t) − Q1(t)‖,
‖H(t,H(t)) − H(t,H1(t))‖ ≤ L7‖H(t) − H1(t)‖,
‖H(t, R(t)) − H(t, R1(t))‖ ≤ L8‖R(t) − R1(t)‖.

(30) 

Hence, the above functions satisfy the Lipchitz condition with the 
corresponding Lipchitz constants, i.e., L1, L2, L3, L4, L5, L6, L7 and L8. 

Recursively, we can write Eq. (25) as:   

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Sm(t) − S(0) =
1 − ϕ
G(ϕ)

H(t, Sm− 1(t)) +
ϕ

G(ϕ)Γ(ϕ)

∫ t

0
H(ξ, Sm− 1(ξ))(t − ξ)ϕ− 1dξ,

Em(t) − E(0) =
1 − ϕ
G(ϕ)

H(t,Em− 1(t)) +
ϕ

G(ϕ)Γ(ϕ)

∫ t

0
H(ξ,Em− 1(ξ))(t − ξ)ϕ− 1dξ,

AP,m(t) − AP,m− 1(0) =
1 − ϕ
G(ϕ)

H
(
t,AP,m− 1(t)

)
+

ϕ
G(ϕ)Γ(ϕ)

∫ t

0
H
(
ξ,AP,m− 1(ξ)

)
(t − ξ)ϕ− 1dξ,

Am(t) − A(0) =
1 − ϕ
G(ϕ)

H(t,Am− 1(t)) +
ϕ

G(ϕ)Γ(ϕ)

∫ t

0
H(ξ,Am− 1(ξ))(t − ξ)ϕ− 1dξ,

Im(t) − I(0) =
1 − ϕ
G(ϕ)

H(t, Im− 1(t)) +
ϕ

G(ϕ)Γ(ϕ)

∫ t

0
H(ξ, Im− 1(ξ))(t − ξ)ϕ− 1dξ,

Qm(t) − Q(0) =
1 − ϕ
G(ϕ)

H(t,Qm− 1(t)) +
ϕ

G(ϕ)Γ(ϕ)

∫ t

0
H(ξ,Qm− 1(ξ))(t − ξ)ϕ− 1dξ,

Hm(t) − H(0) =
1 − ϕ
G(ϕ)

H(t,Hm− 1(t)) +
ϕ

G(ϕ)Γ(ϕ)

∫ t

0
H(ξ,Hm− 1(ξ))(t − ξ)ϕ− 1dξ,

Rm(t) − R(0) =
1 − ϕ
G(ϕ)

H(t,Rm− 1(t)) +
ϕ

G(ϕ)Γ(ϕ)

∫ t

0
H(ξ,Rm− 1(ξ))(t − ξ)ϕ− 1dξ.

(31)   

Fig. 1. Graphical Scheme of the model.  
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By the difference of consecutive terms, we get:   

It is important to mention here that Sm(t) =
∑m

k=0
∐

S,k(t), Em(t)
=
∑m

k=0
∐

E,k(t), AP,m(t) =
∑m

k=0
∐

AP ,k(t), Am(t) =
∑m

k=0
∐

A,k(t), Im(t) =
∑m

k=0
∐

I,k(t), Qm(t) =
∑m

k=0
∐

Q,k(t),Hm(t) =
∑m

k=0
∐

H,k(t), and Rm(t) =

∑m
k=0
∐

R,k(t). Moreover, using Eqs. (29) and (30) and taking 
∐

S,m− 1(t) =

Sm− 1(t) − Sm− 2(t), 
∐

E,m− 1(t) = Em− 1(t) − Em− 2(t), 
∐

AP ,m− 1(t) =

AP,m− 1(t) − AP,m− 2(t), 
∐

A,m− 1(t) = Am− 1(t) − Am− 2(t), 
∐

Q,m− 1(t) =

Qm− 1(t) − Qm− 2(t),
∐

H,m− 1(t) = Hm− 1(t) − Hm− 2(t) and 
∐

R,m− 1(t) =

Rm− 1(t) − Rm− 2(t), we reach the following form:  

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∐

S,m
(t) = Sm(t) − Sm− 1(t) =

1
G(ϕ)

⎛

⎜
⎜
⎝

(1 − ϕ){H(t, Sm− 1(t)) − H(t, Sm− 2(t))}

+
ϕ

Γ(ϕ)

∫ t

0
{H(ξ, Sm− 1(ξ)) − H(ξ, Sm− 2(ξ))}(t − ξ)ϕ− 1dξ

⎞

⎟
⎟
⎠,

∐

E,m
(t) = Em(t) − Em− 1(t) =

1
G(ϕ)

⎛

⎜
⎜
⎝

(1 − ϕ){H(t,Em− 1(t)) − H(t, Em− 2(t))}

+
ϕ

Γ(ϕ)

∫ t

0
{H(ξ,Em− 1(ξ)) − H(ξ,Em− 2(ξ))}(t − ξ)ϕ− 1dξ

⎞

⎟
⎟
⎠,

∐

AP ,m
(t) = AP,m(t) − AP,m− 1(t) =

1
G(ϕ)

⎛

⎜
⎜
⎝

(1 − ϕ)
{

H
(
t, AP,m− 1(t)

)
− H

(
t,AP,m− 2(t)

)}

+
ϕ

Γ(ϕ)

∫ t

0

{
H
(
ξ,AP,m− 1(ξ)

)
− H

(
ξ,AP,m− 2(ξ)

)}
(t − ξ)ϕ− 1dξ

⎞

⎟
⎟
⎠,

∐

A,m
(t) = Am(t) − Am− 1(t) =

1
G(ϕ)

⎛

⎜
⎜
⎝

(1 − ϕ){H(t,Am− 1(t)) − H(t, Am− 2(t))}

+
ϕ

Γ(ϕ)

∫ t

0
{H(ξ,Am− 1(ξ)) − H(ξ,Am− 2(ξ))}(t − ξ)ϕ− 1dξ

⎞

⎟
⎟
⎠,

∐

Q,m
(t) = Qm(t) − Qm− 1(t) =

1
G(ϕ)

⎛

⎜
⎜
⎝

(1 − ϕ){H(t,Qm− 1(t)) − H(t,Qm− 2(t))}

+
ϕ

Γ(ϕ)

∫ t

0
{H(ξ,Qm− 1(ξ)) − H(ξ,Qm− 2(ξ))}(t − ξ)ϕ− 1dξ

⎞

⎟
⎟
⎠,

∐

H,m
(t) = Hm(t) − Hm− 1(t) =

1
G(ϕ)

⎛

⎜
⎜
⎝

(1 − ϕ){H(t,Hm− 1(t)) − H(t,Hm− 2(t))}

+
ϕ

Γ(ϕ)

∫ t

0
{H(ξ,Hm− 1(ξ)) − H(ξ,Hm− 2(ξ))}(t − ξ)ϕ− 1dξ

⎞

⎟
⎟
⎠,

∐

R,m
(t) = Rm(t) − Rm− 1(t) =

1
G(ϕ)

⎛

⎜
⎜
⎝

(1 − ϕ){H(t,Rm− 1(t)) − H(t, Rm− 2(t))}

+
ϕ

Γ(ϕ)

∫ t

0
{H(ξ,Rm− 1(ξ)) − H(ξ,Rm− 2(ξ))}(t − ξ)ϕ− 1dξ

⎞

⎟
⎟
⎠.

(32)   

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⃦
⃦
∐

S,m
(t)
⃦
⃦ ≤

(1 − ϕ)
G(ϕ)

L1
⃦
⃦
∐

S,m− 1
(t)
⃦
⃦+

ϕ
G(ϕ)Γ(ϕ)

∫ t

0
L1
⃦
⃦
∐

S,m− 1
(ξ)
⃦
⃦(t − ξ)ϕ− 1dξ,

⃦
⃦
∐

E,m
(t)
⃦
⃦ ≤

(1 − ϕ)
G(ϕ)

L2
⃦
⃦
∐

E,m− 1
(t)
⃦
⃦+

ϕ
G(ϕ)Γ(ϕ)

∫ t

0
L2
⃦
⃦
∐

E,m− 1
(ξ)
⃦
⃦(t − ξ)ϕ− 1dξ,

⃦
⃦
∐

AP ,m
(t)
⃦
⃦ ≤

(1 − ϕ)
G(ϕ)

L3
⃦
⃦
∐

AP ,m− 1
(t)
⃦
⃦+

ϕ
G(ϕ)Γ(ϕ)

∫ t

0
L3
⃦
⃦
∐

AP ,m− 1
(ξ)
⃦
⃦(t − ξ)ϕ− 1dξ,

⃦
⃦
∐

A,m
(t)
⃦
⃦ ≤

(1 − ϕ)
G(ϕ)

L4
⃦
⃦
∐

A,m− 1
(t)
⃦
⃦+

ϕ
G(ϕ)Γ(ϕ)

∫ t

0
L4
⃦
⃦
∐

A,m− 1
(ξ)
⃦
⃦(t − ξ)ϕ− 1dξ,

⃦
⃦
∐

I,m
(t)
⃦
⃦ ≤

(1 − ϕ)
G(ϕ)

L5
⃦
⃦
∐

I,m− 1
(t)
⃦
⃦+

ϕ
G(ϕ)Γ(ϕ)

∫ t

0
L5
⃦
⃦
∐

I,m− 1
(ξ)
⃦
⃦(t − ξ)ϕ− 1dξ,

⃦
⃦
∐

Q,m
(t)
⃦
⃦ ≤

(1 − ϕ)
G(ϕ)

L6
⃦
⃦
∐

Q,m− 1
(t)
⃦
⃦+

ϕ
G(ϕ)Γ(ϕ)

∫ t

0
L6
⃦
⃦
∐

Q,m− 1
(ξ)
⃦
⃦(t − ξ)ϕ− 1dξ,

⃦
⃦
∐

H,m
(t)
⃦
⃦ ≤

(1 − ϕ)
G(ϕ)

L7
⃦
⃦
∐

H,m− 1
(t)
⃦
⃦+

ϕ
G(ϕ)Γ(ϕ)

∫ t

0
L7
⃦
⃦
∐

H,m− 1
(ξ)
⃦
⃦(t − ξ)ϕ− 1dξ,

⃦
⃦
∐

R,m
(t)
⃦
⃦ ≤

(1 − ϕ)
G(ϕ)

L8
⃦
⃦
∐

R,m− 1
(t)
⃦
⃦+

ϕ
G(ϕ)Γ(ϕ)

∫ t

0
L8
⃦
⃦
∐

R,m− 1
(ξ)
⃦
⃦(t − ξ)ϕ− 1dξ,

(33)   
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Theorem. The present fractional model (23) has a unique solution for t ∈
[0,T] if the following condition satisfies (AHMAD et al., 2021; AHMAD 
et al., 2021; AHMAD et al., 2021; AHMAD et al., 2021; Qureshi and 
Yusuf, 2019c; Sinan et al., 2022, 2021): 

(1 − ϕ)
G(ϕ)

Lk +
ϕ

G(ϕ)Γ(ϕ)
Lkbϕ < 1, k = 1, 2, 3, 4, 5.

Proof. : As it is already shown that S(t), E(t), AP(t),A(t), I(t),Q(t),H(t)
and R(t) are bounded functions. It is also shown in Eqs. (29) and (30) 
that H(S(t), t),H(E(t), t),H(AP(t), t),H(A(t), t),H(I(t), t),H(Q(t), t),H(H(t), t)
and H(R(t), t) satisfy the Lipchitz condition. Thus, by implementing the 
recursive application, Eq. (33) takes the following shape: 

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⃦
⃦
∐

S,m
(t)
⃦
⃦ ≤ ‖S0(t)‖

(
(1 − ϕ)
G(ϕ)

L1 +
bϕ

G(ϕ)Γ(ϕ)
L1bϕ

)m

,

⃦
⃦
∐

E,m
(t)
⃦
⃦ ≤ ‖E0(t)‖

(
(1 − ϕ)
G(ϕ)

L2 +
bϕ

G(ϕ)Γ(ϕ)
L2bϕ

)m

,

⃦
⃦
∐

AP ,m
(t)
⃦
⃦ ≤

⃦
⃦AP,0(t)

⃦
⃦

(
(1 − ϕ)
G(ϕ)

L3 +
bϕ

G(ϕ)Γ(ϕ)
L3bϕ

)m

,

⃦
⃦
∐

A,m
(t)
⃦
⃦ ≤ ‖A0(t)‖

(
(1 − ϕ)
G(ϕ)

L4 +
bϕ

G(ϕ)Γ(ϕ)
L4bϕ

)m

,

⃦
⃦
∐

I,m
(t)
⃦
⃦ ≤ ‖I0(t)‖

(
(1 − ϕ)
G(ϕ)

L5 +
bϕ

G(ϕ)Γ(ϕ)
L5bϕ

)m

,

⃦
⃦
∐

Q,m
(t)
⃦
⃦ ≤ ‖Q0(t)‖

(
(1 − ϕ)
G(ϕ)

L6 +
bϕ

G(ϕ)Γ(ϕ)
L6bϕ

)m

,

⃦
⃦
∐

H,m
(t)
⃦
⃦ ≤ ‖H0(t)‖

(
(1 − ϕ)
G(ϕ)

L7 +
bϕ

G(ϕ)Γ(ϕ)
L7bϕ

)m

,

⃦
⃦
∐

R,m
(t)
⃦
⃦ ≤ ‖R0(t)‖

(
(1 − ϕ)
G(ϕ)

L8 +
bϕ

G(ϕ)Γ(ϕ)
L8bϕ

)m

.

(34) 

Therefore, the above-mentioned sequences exist and satisfy 
⃦
⃦
∐

S,m(t)
⃦
⃦→0, 

⃦
⃦
∐

E,m(t)
⃦
⃦→0, 

⃦
⃦
∐

AP ,m(t)
⃦
⃦→0, 

⃦
⃦
∐

A,m(t)
⃦
⃦→0, 

⃦
⃦
∐

I,m(t)
⃦
⃦→0, 

⃦
⃦
∐

Q,m(t)
⃦
⃦→0, 

⃦
⃦
∐

H,m(t)
⃦
⃦→0 and 

⃦
⃦
∐

R,m(t)
⃦
⃦→0 as m→∞. Further, by 

applying the triangular inequality for any j, we get: 

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⃦
⃦Sm+j(t) − Sm(t)

⃦
⃦ ≤

∑m+j

k=m+1
ℑk

1 =
ℑm+1

1 − ℑm+j+1
1

1 − ℑ1
,

⃦
⃦Em+j(t) − Em(t)

⃦
⃦ ≤

∑m+j

k=m+1
ℑk

2 =
ℑm+1

2 − ℑm+j+1
2

1 − ℑ2
,

⃦
⃦AP,m+j(t) − AP,m(t)

⃦
⃦ ≤

∑m+j

k=m+1
ℑk

3 =
ℑm+1

3 − ℑm+j+1
3

1 − ℑ3
,

⃦
⃦Am+j(t) − Am(t)

⃦
⃦ ≤

∑m+j

k=m+1
ℑk

4 =
ℑm+1

4 − ℑm+j+1
4

1 − ℑ4
,

⃦
⃦Im+j(t) − Im(t)

⃦
⃦ ≤

∑m+j

k=m+1
ℑk

5 =
ℑm+1

5 − ℑm+j+1
5

1 − ℑ5
,

⃦
⃦Qm+j(t) − Qm(t)

⃦
⃦ ≤

∑m+j

k=m+1
ℑk

6 =
ℑm+1

6 − ℑm+j+1
6

1 − ℑ6
,

⃦
⃦Hm+j(t) − Hm(t)

⃦
⃦ ≤

∑m+j

k=m+1
ℑk

7 =
ℑm+1

7 − ℑm+j+1
7

1 − ℑ7
,

⃦
⃦Rm+j(t) − Rm(t)

⃦
⃦ ≤

∑m+j

k=m+1
ℑk

8 =
ℑm+1

8 − ℑm+j+1
8

1 − ℑ8
,

(35)  

Where (1− ϕ)
G(ϕ) Lk +

bϕ

G(ϕ)Γ(ϕ)Lk < 1 by assertion and ℑ1,ℑ2,ℑ3,ℑ4,ℑ5,ℑ6,ℑ7 

are the terms and ℑ8 given enclosed in brackets of Eq. (34), corre-
spondingly. Thus Sm, Em,AP,m,Am, Im,Qm,Hm and Rm represents the 
Cauchy sequences in B(ϖ). As a result, they are all uniformly conver-
gent. As m→∞ is applied to Eq. (31), it shows that the limit of these 
sequences is the model (23) unique solution. The existence of a unique 
solution for the system (23) is eventually established. 

8. Numerical scheme for the Solution of the Fractional Model 

Applying the procedure in Definition (2.3), the numerical algorithm 
for the model (23) can be stated as: 

Fig. 2. Cumulative reported cases in south-east Asia, Europe and Americas 
between 1st May 2021 and 31st July 2021. 

Table 1 
List of Parameters with Description.  

Parameter Description 

μA Contact rate among asymptomatic and susceptible individuals 
μAP 

Contact rate among pre-asymptomatic and susceptible individuals 
μI Contact rate among symptomatic and susceptible individuals 
μQ Contact rate among quarantined and susceptible individuals 
μH Contact rate among hospitalized and susceptible individuals 
σ Incubation period 
ζ Proportion of exposed developing asymptomatic infections 
ψA Disease progression rate from the pre-asymptomatic to asymptomatic 

individuals 
ψI Disease progression rate from the pre-asymptomatic to infectious 

individuals 
ψQ Quarantined rate of pre-asymptomatic individuals 
κQ Quarantined rate of symptomatic individuals 
κH Hospitalization rate of symptomatic individuals 
κR Recovery or removal rate of symptomatic individuals 
ηR Recovery or removal rate of hospitalized individuals 
βR Recovery or removal rate of quarantined individuals 
ψR Recovery or removal rate of pre-asymptomatic individuals 
λR Recovery or removal rate of asymptomatic individuals 
Λ recruitment rate 
δ Natural mortality rate  

Z. Ahmad et al.                                                                                                                                                                                                                                  



Computational Biology and Chemistry 98 (2022) 107645

9

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ABC
0 ℘ϕ

t S(t) = H(t, S(t)),
ABC
0 ℘ϕ

t E(t) = H(t,E(t)),
ABC
0 ℘ϕ

t AP(t) = H(t, AP(t)),
ABC
0 ℘ϕ

t A(t) = H(t,A(t)),
ABC
0 ℘ϕ

t I(t) = H(t, I(t)),
ABC
0 ℘ϕ

t Q(t) = H(t,Q(t)),
ABC
0 ℘ϕ

t H(t) = H(t,H(t)),
ABC
0 ℘ϕ

t R(t) = H(t,R(t)).

(36) 

Which implies     

S(
t z+

1)
=

S(
t 0
)
+

1
−

ϕ
G
(ϕ

)
H
(t

z,
S(

t z)
)+

+
ϕ

G
(ϕ

)

∑
z r=

0
[

dϕ
H
(t

r,
S(

t r)
)

Γ(
ϕ
+

2)

{
(z
+

1
−

r)
ϕ
(z
+

2
−

r+
ϕ)

−
(z
−

r)
ϕ
(z
+

2
−

r+
2ϕ

)}
−

dϕ
H
(t

r−
1,

S(
t r−

1)
)

Γ(
ϕ
+

2)

{
(z
+

1
−

r)
ϕ+

1
−
(z
−

r)
ϕ
(z
+

1
−

r+
ϕ)
}
]

(3
7)

  

E(
t z+

1)
=

E(
t 0
)
+

1
−

ϕ
G
(ϕ

)
H
(t

z,
E(

t z)
)+

+
ϕ

G
(ϕ

)

∑
z r=

0
[

dϕ
H
(t

r,
E(

t r)
)

Γ(
ϕ
+

2)

{
(z
+

1
−

r)
ϕ
(z
+

2
−

r+
ϕ)

−
(z
−

r)
ϕ
(z
+

2
−

r+
2ϕ

)}
−

dϕ
H
(t

r−
1,

E(
t r−

1)
)

Γ(
ϕ
+

2)

{
(z
+

1
−

r)
ϕ+

1
−
(z
−

r)
ϕ
(z
+

1
−

r+
ϕ)
}
]

(3
8)

  

A P
(t

z+
1)

=
A P

(t
0)
+

1
−

ϕ
G
(ϕ

)
H
(t

z,
A P

(t
z)
)+

+
ϕ

G
(ϕ

)

∑
z r=

0
[

dϕ
H
(t

r,
A P

(t
r)
)

Γ(
ϕ
+

2)

{
(z
+

1
−

r)
ϕ
(z
+

2
−

r+
ϕ)

−
(z
−

r)
ϕ
(z
+

2
−

r+
2ϕ

)}
−

dϕ
H
(t

r−
1,

A P
(t

r−
1)
)

Γ(
ϕ
+

2)

{
(z
+

1
−

r)
ϕ+

1
−
(z
−

r)
ϕ
(z
+

1
−

r+
ϕ)
}
]

(3
9)

   

Fig. 3. Cumulative reported cases in south-east Asia between 1st May 2021 and 
31st July 2021. 

Fig. 4. Model Fitting versus reported cases in south-east Asia between 1st May 
2021 and 31st July 2021. 
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A(tz+1) = A(t0) +
1 − ϕ
G(ϕ)

H(tz,A(tz))+

+
ϕ

G(ϕ)
∑z

r=0
[

dϕH(tr,A(tr))

Γ(ϕ + 2)

{
(z + 1 − r)ϕ

(z + 2 − r + ϕ) − (z − r)ϕ
(z + 2 − r + 2ϕ)

}
−

dϕH(tr− 1,A(tr− 1))

Γ(ϕ + 2)

{
(z + 1 − r)ϕ+1

− (z − r)ϕ
(z + 1 − r + ϕ)

}] (40)  

I(tz+1) = I(t0) +
1 − ϕ
G(ϕ)

H(tz, I(tz))+

+
ϕ

G(ϕ)
∑z

r=0
[

dϕH(tr, I(tr))

Γ(ϕ + 2)

{
(z + 1 − r)ϕ

(z + 2 − r + ϕ) − (z − r)ϕ
(z + 2 − r + 2ϕ)

}
−

dϕH(tr− 1, I(tr− 1))

Γ(ϕ + 2)

{
(z + 1 − r)ϕ+1

− (z − r)ϕ
(z + 1 − r + ϕ)

}] (41)  

Q(tz+1) = Q(t0) +
1 − ϕ
G(ϕ)

H(tz,Q(tz))+

+
ϕ

G(ϕ)

∑z

r=0
[

dϕH(tr ,Q(tr))

Γ(ϕ + 2)

{
(z + 1 − r)ϕ

(z + 2 − r + ϕ) − (z − r)ϕ
(z + 2 − r + 2ϕ)

}
−

dϕH(tr− 1,Q(tr− 1))

Γ(ϕ + 2)

{
(z + 1 − r)ϕ+1

− (z − r)ϕ
(z + 1 − r + ϕ)

}] (42)  

H(tz+1) = H(t0) +
1 − ϕ
G(ϕ)

H(tz,H(tz))+

+
ϕ

G(ϕ)
∑z

r=0
[

dϕH(tr ,H(tr))

Γ(ϕ + 2)

{
(z + 1 − r)ϕ

(z + 2 − r + ϕ) − (z − r)ϕ
(z + 2 − r + 2ϕ)

}
−

dϕH(tr− 1,H(tr− 1))

Γ(ϕ + 2)

{
(z + 1 − r)ϕ+1

− (z − r)ϕ
(z + 1 − r + ϕ)

}]

,

(43)  

R(tz+1) = R(t0) +
1 − ϕ
G(ϕ)

H(tz,R(tz))+

+
ϕ

G(ϕ)

∑z

r=0
[

dϕH(tr,R(tr))

Γ(ϕ + 2)

{
(z + 1 − r)ϕ

(z + 2 − r + ϕ) − (z − r)ϕ
(z + 2 − r + 2ϕ)

}
−

dϕH(tr− 1,R(tr− 1))

Γ(ϕ + 2)

{
(z + 1 − r)ϕ+1

− (z − r)ϕ
(z + 1 − r + ϕ)

}]

,

(44)   
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9. Model Fitting and Forecasting 

In the present analysis, three continents are targeted to investigate 
the spread of COVID-19 namely South East Asia, Europe and Americas 
(North and South America which is considered as a single continent). 
These three continents are chosen on the basis of high rate of spread of 
the infection throughout the population. The real data is considered for 
the period of the last three months i.e., 1st May 2021–31 st July 2021. 
The reported cases for the selected regions are displayed in the bar chart 
given in Fig. 2. To match the considered model with the real data, some 
parameters are found in the literature while some (Table 1) are fitted or 
estimated. The detail of model fitting for each continent is given below: 

9.1. South East Asia 

The real reported cases in the south east Asia chosen are between 1st 
May 2021–31 st July 2021 which are displayed in the bar graph dis-
played in Fig. 3. Some parameters values are found in the literature 
while some are estimated or fitted. The fitted model with the real data is 
portrayed in Fig. 4. According to WHO (“WHO Coronavirus (COVID-19) 
Dashboard | WHO Coronavirus (COVID-19) Dashboard With Vaccina-
tion Data,” n.d.), the cases which are reported on 1st May 2021 are 
22,280,802 which gradually increases and becomes 38,264,653 on 31st 
July 2021. The total population of south east Asia for the year 2021 is 
reported as 655 million (“Southeast Asia - Wikipedia,” n.d.). Life ex-
pectancy in south east Asia is given as 76.22 years 2021 (“Life expec-
tancy at birth, total (years) - East Asia & Pacific | Data,” n.d.). Similarly, 
other initial conditions are chosen randomly such that exposed in-
dividuals are chosen as 6 million, pre-asymptomatic and asymptotic 
individuals are considered to be 6 million and 4 million respectively. 
The symptomatic individuals are considered as the total reported cases 
on 1st May 2021 i.e., 22,280,802. In the same way, quarantined and 
hospitalized individuals are taken as 5 million and 1 million respec-
tively. While the sum of recovered and removed which is denoted by R(t)
are considered as 10 million. The remaining total population is consid-
ered to be susceptible which is approximately equal to 600 million. 
Other parameters are fitted which are given in Table 2. On the basis of 
table values, the basic reproduction number ℜ0 for the spread of COVID- 
19 in the continent of south east Asia is estimated as 2.8797. 

9.2. Europe 

The same interval of time for the reported cases is chosen for the case 
of Europe and the cumulative reported cases are displayed in Fig. 5. 
According to WHO (“WHO Coronavirus (COVID-19) Dashboard | WHO 
Coronavirus (COVID-19) Dashboard With Vaccination Data,” n.d.), the 
cases which are reported in Europe on 1st May 2021 are 51,503,191 
which rapidly increases up to 60,036,987 at the end of July 2021. The 
total population of Europe is reported as 746.4 million (“Europe https:// 
data.worldbank.org/indicator/SP.DYN.LE00. IN - Wikipedia,” n.d.). Life 
expectancy in Europe is recorded as 81.06 years (“Life expectancy at 
birth, total (years) - European Union | Data,” n.d.). Similarly, other 
initial conditions are chosen randomly as the previous case while 
symptomatic individuals are considered as the total reported cases on 
1st May 2021 i.e. 51,503,191. Other parameters are fitted or estimated 
which are given in Table 3 while the fitted model with the real data is 
depicted in Fig. 6. On the basis of table values, the basic reproduction 
number ℜ0 for the spread of COVID-19 in the continent of Europe is 
calculated as 2.23507. 

9.3. Americas 

The time interval for the spread of COVID-19 is chosen same as the 
case of Europe and south-east Asia. The cumulative corona virus cases in 
the continent of Europe for the considered period is portrayed in Fig. 7. 
According to WHO (“WHO Coronavirus (COVID-19) Dashboard | WHO 

Coronavirus (COVID-19) Dashboard With Vaccination Data,” n.d.), the 
cases which are reported in America on 1st May 2021 are 62,109,967 
which rapidly increases up to 77,003,547 at the end of July 2021. The 
total population of America for the year 2021 is reported as 1.002 billion 
(“United States Population, 2021 - Worldometer,” n.d.). Life expectancy 
in America is recorded as 79.11 (“United States of America - Place Ex-
plorer - Data Commons,” n.d.). Similarly, other initial conditions are 
chosen randomly as the case of Europe and Asia while the symptomatic 
individuals are considered as the total reported cases on 1st May 2021. 
Other parameters are fitted which are given in Table 4. The curve fitting 
between real data and considered model is displayed in Fig. 8. On the 
basis of table values, the basic reproduction number ℜ0 for the spread of 
COVID-19 in the continents of Americas is calculated as 2.92819. 

10. Results and Discussion 

The impact of fractional parameter ϕ on different compartments for 
the case of south-east Asia is displayed in Fig. 9. Similarly, Figs. 10 and 
11 portrays the impact of ϕ on different subclasses for the cases of 
Europe and America. By varying ϕ while keeping other values fixed, the 
obtained solutions generate interesting results and gives a variety of 
solutions of the present model. On the basis of real data reported be-
tween 1st May 2021 and 31st July 2021, the results are predicted for the 
next 200 days. It is noticed that the effect of ϕ is same in all cases i.e., 
Asia, Europe and Americas. From Fig. 1, it is noticed that by decreasing 
ϕ, the susceptible individuals S(t) increases which means that less 
people become exposed. Similarly, increase in S(t) leads to decrease in 
exposed class and less people becomes exposed by decreasing ϕ. These 
exposed individuals gradually move to pre-asymptomatic class Ap(t)
which is also decreases by decreasing ϕ. Now, there are two routes to 
move the pre-asymptomatic individuals i.e., Asymptomatic A(t) and 
symptomatic individuals I(t). Some of pre-asymptomatic individuals 
move to enter asymptomatic class A(t). It is noticed that A(t) also de-
creases by decreasing ϕ. Some pre-symptomatic individuals with clear 
symptoms join the asymptomatic class I(t) where I(t) is also decreases 
with decrease in ϕ. Furthermore, these symptomatic individuals move to 
the quarantined Q(t), hospitalized H(t) or recovered/removed class R(t)
with different rates. It has been observed that Q(t) and H(t) also de-
creases by decreasing ϕ because ϕ decreases I(t) which means that there 
will be not enough infected individuals which move to the Q(t) and H(t). 
Similarly, recovered or removed individuals R(t) also decreases by 
decreasing ϕ because all the classes from which the infected individuals 
move to join the recovered or removed class R(t) decreases with 
decrease in ϕ. 

The variation against ϕ for the dynamics of different compartments 
for the case of Europe and Americas is same as the case of south-east Asia 
which is already discussed above. However, some differences are 
noticed for the case of Asia and Europe. From the figures, it is noticed 
that the spread of COVID-19 in Asia is comparatively fast to Europe. 
Similarly, the transmission of disease in Americas is very fast as 
comparatively to both Europe and Asia. It is also given that the basic 
reproduction number ℜ0 estimated for Asia is high than that of Europe 
while the basic reproduction number for America is much greater that of 
the both cases Europe and Asia which is also shown clearly through 
figures that how the transmission of COVID-19 is high in Americas as 
compared to the other regions. 

The effect of hospitalization rate of symptomatic individuals κH on 
the spread of COVID-19 in different compartment is shown in Fig. 12. It 
is observed that κH dramatically decreases the number of infected in-
dividuals over time in the symptomatic class I(t). It means that by 
increasing the facilities of treatment in public can control the spread of 
COVID-19. Similarly, it also increases the number of hospitalized in-
dividuals H(t) which is obvious. In the same way, κH is also responsible 
in the decrease of Q(t) because most of the infected individuals from I(t)
enters to H(t) and there will be not enough individuals left to enter Q(t). 
Additionally, κH also increases the number of susceptible population S(t)
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because there will be not enough number of individuals left in symp-
tomatic class I(t) which also decreases the interaction rate between 
susceptible and infected population which results to keep more people in 
the susceptible class S(t). As the interaction decreases which results to 
decrease the spread of virus in overall compartments i.e., E(t), AP(t) and 
A(t) because they are dependent to each other. Finally, the effect of κH 
on the recovered population can also be seen from the figure. As, we 
have already noticed that κH decreases the spread as well as interaction 
among all compartments. So, there will be a smaller number of in-
dividuals being infected which means that there will also be a smaller 
number of individuals become recovered because most of the people will 
still remain as susceptible. 

The effect of quarantine rate of symptomatic individuals κQ on the 
spread of COVID-19 in different compartment is shown in Fig. 13. It has 
been noticed that κQ decreases the number of infected individuals I(t). 
So, by increasing the awareness of being quarantine among the public, 
we can better control the spread of COVID-19. Similarly, it also increases 
the number of quarantined individuals Q(t). κQ is also responsible in the 
decrease of H(t) because most of the infected individuals from I(t) enters 
to Q(t) and there will be not enough individuals left to enter H(t). 

Additionally, κQ also increases the number of susceptible population S(t)
because there will be not enough number of individuals left in symp-
tomatic class I(t) which also decreases the interaction rate between 
susceptible and infected population which results to keep more people in 
the susceptible class S(t). As the interaction decreases which results to 
decrease the spread of virus in overall compartments i.e., E(t), AP(t) and 
A(t) because they are dependent to each other. Finally, the effect of κQ 
on the recovered population can also be seen from the figure. As, we 
have already noticed that κQ decreases the spread as well as interaction 
among all compartments. So, there will be less number of individuals 
being infected which means that there will also be less number of in-
dividuals become recovered because most of the people will still remain 
as susceptible. 

The quarantine κQ parameter and hospitalization parameter κH, 
which are used as the control parameters of COVID-19 in the present 
analysis. From Figs. 12 and 13, we have observed that a minimal vari-
ation in both the quarantine and hospitalization parameters can reduce 
the spread of infection more quickly. The graphs show that by varying κQ 

Table 2 
Fitted Parameters for south-east Asia.  

Parameter Value Source 

μA  0.5841 Fitted 
μAP  

0.6233 Fitted 
μI  0.2346 Fitted 
μQ  0.1241 Fitted 
μH  0.1454 Fitted 
σ  0.1981 Fitted 
ζ  0.6000 Fitted 
ψA  0.2342 Fitted 
ψI  0.1223 Fitted 
ψQ  0.0561 Fitted 
κQ  0.3345 Fitted 
κH  0.0634 Fitted 
κR  0.0145 Fitted 
ηR  0.0184 Fitted 
βR  0.0193 Fitted 
ψR  0.3360 Fitted 
λR  0.4480 Fitted 
Λ  N(0)× δ Estimated 
δ  1

76.22 × 365 
(“Life expectancy at birth, total (years) - East Asia 
& Pacific | Data,” n.d.)  

Fig. 5. Cumulative reported cases in Europe between 1st May 2021 and 31st 
July 2021. 

Table 3 
Fitted Parameters for Europe.  

Parameter Value Source 

μA  0.5126 Fitted 
μAP  

0.5252 Fitted 
μI  0.2175 Fitted 
μQ  0.1126 Fitted 
μH  0.1526 Fitted 
σ  0.1926 Fitted 
ζ  0.5982 Fitted 
ψA  0.2120 Fitted 
ψI  0.1463 Fitted 
ψQ  0.0684 Fitted 
κQ  0.1545 Fitted 
κH  0.0723 Fitted 
κR  0.0267 Fitted 
ηR  0.0192 Fitted 
βR  0.0294 Fitted 
ψR  0.3725 Fitted 
λR  0.4051 Fitted 
Λ  N(0)× δ Estimated 
δ  1

81.06 × 365 
(“Life expectancy at birth, total (years) - 
European Union | Data,” n.d.)  

Fig. 6. Model Fitting versus reported cases in Europe between 1st May 2021 
and 31st July 2021. 
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and κH, it reduces the number of infected individuals dramatically. 
Hence, if the health authorities aware the people of being quarantine by 
means of campaign through TV channels, newspapers and social media 
and also if they facilitate public with a proper treatment, then control of 
disease can be reduced more quickly. 

11. Concluding Remarks 

Different mathematical paradigms can provide considerable insights 
and scientific evidences pertinent to any ongoing epidemic dynamics. 
Based on those valuable information, health officials and public health- 
experts can set up potential control strategies to battle against any 
epidemic. From the emergence of the novel coronavirus in China, re-
searchers and scientists are working relentlessly to develop various 
mathematical modeling approaches to gain a deeper understanding on 
the progression dynamics of COVID-19 in the world. On the basis of 
robust forecasting results of reliable epidemiological models, govern-
ment officials can deploy different public health intervention strategies 
to control the rapid transmission of the virus. Herein, the dynamics and 
transmission of COVID-19 is predicted for the next 200 days. Based on 

the fitted values of parameters, the basic reproduction number ℜ0 for the 
case of America, Asia and Europe isℜ0 ≈ 2.92819, ℜ0 ≈ 2.87970 and 
ℜ0 ≈ 2.23507 respectively. This means that the spread of COVID-19 in 
America is high which is follower by Asia and Europe. Basic Repro-
duction number is very crucial number through which we can find that 
the disease is an endemic or it will vanish and approach to it disease free 
equilibrium. Here, the basic reproduction number is between 2 and 3 for 
all the considered regions which means that every infected individual 
will infect at least 2–3 susceptible individuals and the disease dynamics 
will approach to endemic state because ℜ0 > 1. Our data indicates that 
awareness of being quarantined and proper treatment can minimize the 
virus risk. the number of infected cases is expected to decrease in a faster 
way if governments continue to adhere to COVID-19 restrictions and 
control measures. We believe that if the government restricts people to 
their homes only, avoids shaking hands, follows proper hand washing 
procedures, limits visits to endemic areas, restricts places where infec-
tion can be spread further, and carefully monitors physical and social 
distances, the number of infected cases will reduce more quickly. 

This work can be extended in different directions such as by 
including different classes of human population be categorized the 
population via age wise or gender or characteristic wise. Moreover, the 
present problem can be analyzed through a different numerical or 
analytical technique. The idea of different fractional operators such as 
Caputo, Caputo-Fabrizio, generalized Caputo or AB or Prabhakar type 
fractional operators can be utilized and the results can be compared to 
show that which type of fractional operator can give us the best results. 
The idea of different fractal-fractional operators of different kernels can 
be implemented to the existing model. In addition to that, this model can 
be used for a different area, location or the data of different time interval 
can be used. This model can also be linked to other diseases through the 
co-infection model. Different incidence rates such as generalized, 
bilinear, saturated or half saturated type or many others can be used. 
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Fig. 7. Cumulative reported cases in Americas between 1st May 2021 and 31st 
July 2021. 

Table 4 
Fitted Parameters for Americas.  

Parameter Value Source 

μA  0.5148 Fitted 
μAP  

0.6532 Fitted 
μI  0.1928 Fitted 
μQ  0.1395 Fitted 
μH  0.1294 Fitted 
σ  0.1029 Fitted 
ζ  0.5732 Fitted 
ψA  0.2253 Fitted 
ψI  0.1109 Fitted 
ψQ  0.0534 Fitted 
κQ  0.3102 Fitted 
κH  0.0590 Fitted 
κR  0.0140 Fitted 
ηR  0.0178 Fitted 
βR  0.0165 Fitted 
ψR  0.3778 Fitted 
λR  0.5487 Fitted 
Λ  N(0)× δ Estimated 
δ  1

79.11 × 365 
(“United States of America - Place Explorer - Data 
Commons,” n.d.)  

Fig. 8. Model Fitting versus reported cases in Americas between 1st May 2021 
and 31st July 2021. 
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Fig. 9. Impact of fractional parameter ϕ on the dynamics of COVID-19 among different compartments in south-east Asia.  
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Fig. 9. (continued). 

Z. Ahmad et al.                                                                                                                                                                                                                                  



Computational Biology and Chemistry 98 (2022) 107645

16

Fig. 10. Impact of fractional parameter ϕ on the dynamics of COVID-19 among different compartments in Europe.  
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Fig. 10. (continued). 
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Fig. 11. Impact of fractional parameter ϕ on the dynamics of COVID-19 among different compartments in Americas.  
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Fig. 11. (continued). 
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Fig. 12. Impact of rate of hospitalization κH on the dynamics of COVID-19 among different compartments.  
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Fig. 12. (continued). 

Z. Ahmad et al.                                                                                                                                                                                                                                  



Computational Biology and Chemistry 98 (2022) 107645

22

Fig. 13. Impact of rate of quarantine κQ on the dynamics of COVID-19 among different compartments.  
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