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Abstract

Statistical inference in the form of hypothesis tests and confidence intervals often assumes
that the underlying distribution is normal. Similarly, many signal processing techniques rely
on the assumption that a stationary time series is normal. As a result, a number of tests
have been proposed in the literature for detecting departures from normality. In this article
we develop a novel approach to the problem of testing normality by constructing a statistical
test based on the Edgeworth expansion, which approximates a probability distribution in
terms of its cumulants. By modifying one term of the expansion, we define a test statistic
which includes information on the first four moments. We perform a comparison of the pro-
posed test with existing tests for normality by analyzing different platykurtic and leptokurtic
distributions including generalized Gaussian, mixed Gaussian, a-stable and Student’s t dis-
tributions. We show for some considered sample sizes that the proposed test is superior in
terms of power for the platykurtic distributions whereas for the leptokurtic ones it is close to
the best tests like those of D’Agostino-Pearson, Jarque-Bera and Shapiro-Wilk. Finally, we
study two real data examples which illustrate the efficacy of the proposed test.

Introduction

Testing the hypothesis of normality is one of the fundamental procedures of the statistical anal-
ysis. There is a large number of normality tests. Some of them such as the > goodness-of-fit
test [1] with its variants, the Kolmogorov-Smirnov (KS) one-sample cumulative probability test
[2], the Shapiro-Wilk (SW) test [3], D’Agostino-Pearson (DP) test [4] and Jarque-Bera (JB) test
[5] are nowadays considered classical. These tests are based on comparing the distribution of
the observed data to the expected distribution (y*), on measuring the distance between the
empirical and analytical distribution function (KS), on taking into account some transforma-
tions of moments of the data like skewness and kurtosis (DP and JB), or on calculating some
function of order statistics (SW). Other tests based on the empirical distribution function, less
widespread, include the Kuiper test [6], Watson test [7], Cramer-von Mises (CvM) test [8], and
the Anderson-Darling (AD) test [9]. From other testing techniques, let us mention ideas based
on the empirical characteristic function [10], on the dependence between moments that char-
acterizes normal distributions [11], or on the Noughabi’s entropy estimator [12].
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The Edgeworth series can be used to expand an arbitrary probability distribution in terms
of its cumulants. So far, the Edgeworth expansion has been utilized to design a score test for
normality of errors in a regression model [13], design a normality test for the probit model
[14], and to design a normality test against a specific alternative, such as the logistic distribu-
tion [15].

There have been also attempts in the literature to provide a one-sample statistical test of
normality for data in a broader setting like in a general Hilbert space [16]. Despite this verity,
there have been continuing efforts to develop tests for the departure of a random sample from
normality that could be considered omnibus, [17, 18, 19, 20, 21, 22], that is, to be able to reject
the null hypothesis of normality with high power for a wide range of alternatives.

Many of the normality tests consider evaluating the third and fourth order moments and,
hence, the power of such tests depends on whether a symmetric or skewed alternative is being
considered. In general, it is expected that symmetric alternatives or those with small amount of
skew are more difficult to differentiate from the null hypothesis of normality than those alter-
natives characterized with a large skew [20]. The fourth order moment, most commonly used
in the form of kurtosis, has less obvious effect on the performance of a normality test, but here
it is also important whether the distribution is leptokurtic or platykurtic [23, 24], that is,
whether its kurtosis is larger or smaller than that of the normal distribution, respectively.

There are many signal processing applications in which the underlying distribution of the
data is leptokurtic [25, 26], while those phenomena that can be modeled with a platykurtic dis-
tribution, with the exception of the uniform distribution, are less present [27]. Consequently,
normality tests dedicated to platykurtic alternatives are scarce. Nevertheless, some effort has
been made to improve the performance of a normality tests across the range of symmetric pla-
tykurtic alternatives [28].

The aim of this work is to develop a novel test for normality of omnibus character that
could outperform the classical tests for the case of platykurtic symmetric alternatives.

The paper is structured as follows. First, we derive a test statistic based on the second term
of the Edgeworth expansion which incorporates information on both the skewness and kurto-
sis. In the next part we establish the main results. We formally construct a statistical test on
normality and provide information on critical values of the test. Next, we analyze the power of
the test by Monte Carlo simulations. We take into account four symmetric distributions which
can be very close to the normal law, namely the generalized Gaussian, mix Gaussian distribu-
tions, a-stable and Student’s t-distributions. The former two serve as examples of platykurtic
distributions, whereas the latter two are classical leptokurtic probability laws. We compare the
results with the power of the classical normality tests. Finally, we study two real data examples
taken from a collection of over 1300 datasets that were originally distributed alongside the sta-
tistical software environment R and some of its add-on packages. The examples illustrate the
efficacy of the proposed test. The findings of the paper are summarized in the last section.

Derivation of the new test statistic based on Edgeworth expansion

Let X;, X5, . . ., Xy be a random sample from the distribution with finite mean y = E(X;). We
define the arithmetic mean X, =1%"" X, n=1,2,..., Nand the standardized mean by

. ~1/2
v 0130 x) 0

The Edgeworth expansion is a series that approximates a probability distribution in terms
of its cuamulants [29]. For random variables X;, i =1, 2, .. ., N, with finite kth moment it has
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the following form
F,(y) =P(T, <y) =0() + ZHi(y) +o(n™), (2)

where
H,(y) = n"*P,(y)o(y). (3)

In Eqs (2) and (3), ®(y) and ¢(y) stand for the cumulative distribution function (CDF) and
the probability density function (PDF) of a standard normal distribution, respectively, and
Py(y) is an appropriate Hermite polynomial of degree 3i — 1 [29]. The coefficients in Py(-) are
expressed in terms of appropriate moments of the random variable X;. For instance, the first
two polynomials have the following form

PO) = ol 1), @

PO = (R0 2 -9 - e0P -9+ 107+ 3)). )

where 7= E(X; - ‘u)3(Vm’X1)_3/2 and k = E(Xl—y)4(VarX1)_2—3 are the skewness and excess
kurtosis (in this paper in the figures also called, in short, kurtosis) of the random variable X;.
Let us now concentrate on the statistic T, for n = 2 (see Eq (1)), which depends only on two
random variables X; and X,. Such a choice of # allows to have many realizations of the statistic
for one sufficiently long trajectory by dividing the data into blocks of length 2. The choice of
n = 2 seems to be the most optimal, however in order to prove this, in the simulation study we
present the comparison between the results obtained in case of n = 2 and n = 3. By Eq (2) the
CDF of the T, statistic can be approximated by

E,(y) = P(T, <y) = @(y) +ZHi()')- (6)

Also, (n + 1)/nT, has a Student’s t-distribution with 1 degree of freedom when X follows the
normal distribution. For practical reasons we assume k = 2. The functions Hy(y), i = 1, 2 con-
tain the information about the deviation of the T, distribution from the standard normal law.
If the distribution underlying the random sample is close to normal we expect the deviations
(hence the functions) to be smaller than those for non-normal distributions. They can be also
called corrections to the normal distribution since the CDF of T is approximated by the CDF
of the standard normal distribution corrected by those functions.

Let us now define two statistics H"* and H}'** as the maxima of the functions H;(y) and
H,(y), respectively, calculated over the y values at which the empirical CDF of T, changes,
hence the T, values. This is similar to calculating the Kolmogorov-Smirnov statistic. Let

i+1

— 1
Xz:i+1 = §ZX] (7)
=i

and

i+1 -1/2
T, = \/§(Xi,i+] — 1 (ZXJZ - (Xi,i+1)2> , i=1,2...,N—-1L (8)
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This approach is arbitrary and other ways of arranging the random sample into blocks of
length two are permitted. Then

e = max [H0)| = 5 max [L0)o0), = 1,2, o)

wherey = {T5"': i=0,1,...,|N/2| - 1}.

To ascertain whether the test statistic H"*, i = 1, 2, is sensitive to deviations from normality
we perform Monte Carlo simulations for two non-normal distributions described in more
detail in the Appendix. They are the generalized Gaussian (GG) distribution with parameters
u=1,6=0.2,and p = 2.2 corresponding to a case of platykurtic distribution and the Student’s
t-distribution with v = 16 degrees of freedom, corresponding to the case of a leptokurtic distri-
bution. For M simulated samples xy, x, - - -, xx of size N we calculate | N/2 | values of the T sta-
tistic and evaluate the maximum of H(y), i = 1, 2, over all values of the standardized means T,
obtained for a given sample according to Eq (9). As a result, we obtain M realizations of H"**,
i=1,2.In Fig 1 we present a comparison of the empirical PDFs of H"*, i = 1, 2, for the two

H;“a" for Student‘s t t, N=1000 H;“a" for GG t, N=1000

200 } == = Student'st| | 300 - =GG
e N Ormal e N Ormal

0 0.01 0.02 0 5 10 15
y y %1073
H'2"ax for Student‘s t t, N=1000 Hg‘a" for GG t, N=1000

200 | = =Student'st| | 300 | \ - =GG
s N Ormal / ——Normal
L L 200 |
A a
100 . 100 |
~
-_y .
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Fig 1. Empirical PDFs of H;"* and H}"* for the Student’s ¢-distribution with v = 16 degrees of freedom (left panels) and generalized Gaussian (GG)
distribution with u = 1, # = 0.2, p = 2.2 (right panels) with corresponding empirical PDFs obtained for the standard normal distribution.

https://doi.org/10.1371/journal.pone.0233901.9001
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considered distributions and the corresponding empirical PDFs obtained for the standard nor-
mal distribution. The empirical PDFs were constructed as kernel density estimators [30]. In
the simulations we considered N = 1000 and M = 5000.

We can observe that H"™ is less sensitive to deviations from normality than the H}"** statis-
tic. This effect is visible for both analyzed non-normal distributions. Therefore, we propose a
test for normality based on the H}"* test statistic

1
e = max [H()| = 5 max [P,)6(), (10)
wherey = {T;""' : i=0,1,...,N/2 —1}.

Testing for normality
Construction of the test

In our statistical test the null hypothesis (Hy) is that the data come from a normal distribution
with an unknown mean and variance. The alternative hypothesis (H;) is that the data set does
not come from such a distribution. The test statistic is given by formula (10).

As explained in the previous section, for sample data x;, x,, - - -, xn first, we calculate aver-
agesX,,,| =3 ]';] x;. Then, we calculate values of the 3" statistic defined by Eq (8) by taking

every two consecutive observations (without overlapping). In consequence, from the sample of
size N we obtain | N/2] values of the T;"*" statistic. Finally, we calculate H;'* according to Eq
(10) by taking the maximum over the T>*" statistic values. It is worth to mention that in the
formulas for T, and H;"* we replace y, T and « coefficients by the sample mean, skewness and
excess kurtosis, respectively, calculated for the whole series x;, x,, - - -, 2

We reject the Hy hypothesis if the test statistic is extreme, either larger than an upper critical
value or smaller than a lower critical value at a given significance level c. The procedure of test-
ing is summarized in Fig 2 Schema 1.

In order to construct the critical region we advocate the use of Monte Carlo simulations.
We simulate M trajectories of size N of independent identically distributed (i.i.d.) random var-
iables from the standard normal distribution. As a result we obtain a matrix of size M x N. For
each trajectory we calculate the H,"* statistic. The critical region is defined as

[Q1, Q2] (11)

where Q1 and Q2 are are empirical quantiles of order ¢/2 and 1 — ¢/2, respectively, calculated
from the M values of H;"**. The Q1 and Q2 are called lower and upper critical values.

The critical values for five different sample data sizes (N = 20, 50, 100, 200, 1000) based on
M = 5000 Monte Carlo simulations for two selected significance levels ¢ = 5% and ¢ = 1% are
presented in Table 1 in the Appendix.

Power simulation study

The power of the test is the probability to reject the null hypothesis Hy when the alternative H;
is true. The power is an important characteristic of any statistical test. In our case the power of
the test is defined as follows:

power = P, [Hy* ¢ [QL, Q2]], (12)

where Q1 and Q2 are lower and upper critical values, respectively. In our study, for all consid-
ered cases we calculate the power of the test by using Monte Carlo simulations. More precisely,
for a given sample size N we simulate M independent trajectories from considered distribution.
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Calculate the values of the random vector YQ/L"Q'L'_,_l,
i = 0,1,...,|N/2] — 1 according to formula (7)

Calculate the values of the random vector T2,

i = 0,1,...,|N/2] — 1 according to formula (8)

|

Calculate the value of the statis-
tic Hy"** according to formula (10)

Y

Reject Hy if H® ¢ [Q1,Q2] (11)

Y

Stop

Fig 2. Schema 1. Schematic algorithm of the testing procedure.
https://doi.org/10.1371/journal.pone.0233901.9002

For each trajectory the value of H,'** test statistics is calculated and we check if the value falls
into the critical region constructed for a given significance level c. The power of the test is eval-
uated as the fraction of trajectories for which the value of H}** is larger than an upper critical
value Q2 or smaller than a lower critical value Q1.

In the following, we perform a simulation study for four selected distributions: two of them
belong to the platykurtic class of distributions and two—to the leptokurtic. In the first group we
choose the generalized Gaussian and the mixed Gaussian distributions, for which the JB test
was found to perform poorly [24]. In the second group, a-stable and Student’s ¢ distributions

Table 1. The lower and upper critical values Q1 and Q2 for sample sizes 20, N = 50, 100, 200 and 1000 and two exemplary significance levels c: 0.05 and 0.01. The crit-
ical values are calculated based on the 5000 Monte Carlo simulations of standard normal distributed samples.

Q1, c=0.05 Q2,c=0.05 Q1, c=0.01 Q2,c=0.01
N=20 0.0848 0.1694 0.0636 0.2060
N=50 0.1172 0.1546 0.1099 0.1747
N=100 0.1229 0.1466 0.1210 0.1604
N =200 0.1249 0.1417 0.1238 0.1486
N = 1000 0.1276 0.1346 0.1269 0.1364

https://doi.org/10.1371/journal.pone.0233901.t001

PLOS ONE | https://doi.org/10.1371/journal.pone.0233901 June 11, 2020 6/36


https://doi.org/10.1371/journal.pone.0233901.g002
https://doi.org/10.1371/journal.pone.0233901.t001
https://doi.org/10.1371/journal.pone.0233901

PLOS ONE

Omnibus test for normality

are considered. In order to show the effectiveness of the proposed test for each considered dis-
tribution we examine five values of the sample size, namely N = 20, N = 50, N = 100, N = 200
and N = 1000. We assume the significance level ¢ = 0.05. For the implementation of the test and
the simulation study we used MATLAB R2019a. Simulations were performed on Intel(R) Core
(TM) i7-7500U CPU @ 2.7 GHz. In this section we graphically illustrate the results for N = 50,
100, 200, 1000. The powers for all considered sizes and the graphical comparison of the N = 20
and N = 50 cases are presented in the Appendix, see Tables 2-21 and Figs 3-6.

In Fig 7 we study the power of the proposed test for normality for the generalized Gaussian
distribution. For the distribution we assume that ¢ = 1, 8 = 0.2 and analyze the power by
changing the p parameter. As it is described in the Appendix, in this case the p parameter con-
trols if the generalized Gaussian distribution belongs to the leptokurtic or platykurtic class of
distributions. Since there is one to one correspondence between the p parameter and the excess
kurtosis (see formula (14)), we present the power of the test with respect to the excess kurtosis.
It is compared with the power of the most common tests for normality, namely JB, DP, SW,
Kuiper, Watson, CvM, AD, ;(2 and the test of Zoubir and Arnold [22], based on the empirical
characteristic function (CF), that was shown to perform well for smaller sample sizes. We can
see that the proposed test is clearly superior to other tests for N > 200 and that for N = 100 it
shares this superiority to other tests with the DP test, which, on the other hand, performs best
among considered tests for sample size N = 50 and very small kurtosis values. We can also
observe that the least performing tests in this study are the KS test, the 3 test, and (surpris-
ingly) the JB test, especially for short samples.

The second considered distribution is the mixed Gaussian which is also a member of the
platykurtic class. Here we assume y; = 1, 0y = 1 and 0, = 1 and analyze the power of the test by
changing the y, parameter. As it is explained in the Appendix, there is one to one correspon-
dence between the y, parameter and the excess kurtosis of the mixed Gaussian distribution
(see formula (16)). Therefore, in Fig 8 we present the power of the test with respect to the
excess kurtosis and compare it with the power of the common tests for normality. As previ-
ously, we can see that the proposed test is clearly superior to other tests for N > 100 while its
performance diminishes for sample size N = 50. Again, we can see that the least performing
tests in this study are the KS test, the y” test, and the JB test, especially for short samples.

The next two considered distributions, namely a-stable and Student’s ¢-distributions belong
to the class of leptokurtic distributions. We note that the a-stable distribution is difficult to dif-
ferentiate from the normal distribution when ¢ is close to two and the same is true for the Stu-
dent’s t distribution when number of degrees of freedom is large [31, 32, 17].

In Fig 9 we consider the symmetric a-stable distribution with o = 1. Since for the a-stable
distribution excess kurtosis is infinite, in this study we analyze the power of the test with
respect to the stability index o and compare the test performance with results of the classical
tests. We can see that the situation for the leptokurtic distributions is different than for the pla-
tykurtic. We can clearly identify two groups of the tests. The first group, which consists of the
introduced test, JB, SW and DP tests performs much better than the second group with the
rest of the tests (only for N = 50 the introduced test visibly falls behind the top three tests but is
still superior to others). It seems that the SW test has the best overall performance, and the pro-
posed test is the last in the first group for smaller and moderate samples but for N = 1000 it
behaves very similarly to the SW.

The last considered distribution is the Student’s t. In Fig 10 the power of the proposed test
for normality is presented as a function of the number of the degrees of freedom since for the
Student’s ¢-distribution the excess kurtosis is finite only if number of degrees of freedom
exceeds 4. As in the previous cases, the power results are compared to those of the common
tests for normality. We can see that the situation is very similar to the observed for the a-stable
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Fig 3. Power of the introduced test and standard tests for normality for different sample sizes: N = 50, N = 100; N = 200 and N = 1000 for the
generalized Gaussian distribution with respect to the excess kurtosis. Powers were calculated on the basis of 5000 simulations. The significance level
is equal to 5%.
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Fig 4. Power of the introduced test and standard tests for normality for different sample sizes: N = 50, N = 100; N = 200 and N = 1000, for the
mixed Gaussian distribution with respect to the excess kurtosis. Powers were calculated on the basis of 5000 simulations. The significance level is
equal to 5%.
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Fig 5. Power of the introduced test and standard tests for normality for different sample sizes: N = 50, N = 100; N = 200 and N = 1000, for the -
stable distribution with respect to the parameter. Powers were calculated on the basis of 5000 simulations. The significance level is equal to 5%.
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Fig 6. Power of the introduced test and standard tests for normality for different sample sizes: N = 50, N = 100; N = 200 and N = 1000, for the
Student’s t-distribution with respect to the number of degrees of freedom. Powers were calculated on the basis of 5000 simulations. The significance
level is equal to 5%.
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Fig 8. Theoretical excess kurtosis for the generalized Gaussian distribution with respect to the p parameter.
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Fig 9. Theoretical excess kurtosis for the mixed Gaussian distribution with m = 2, p; = p, = 0.5, y; = 0, 62 = 62 = 1 as a function of the parameter y,.
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Fig 10. Theoretical excess kurtosis for Student’s ¢-distribution as a function of the parameter v.

https://doi.org/10.1371/journal.pone.0233901.9010

distribution. We can observe two groups of tests. The introduced test belongs to a selected
group of test that perform much better than the rest of the distributions (again only for N = 50
it visibly falls behind the leaders). In this case, it seems that the JB test is superior for most of
the cases. The proposed test is the last in the first group for smaller and moderate samples but
for N = 1000 it becomes even better than the JB test.

In the Appendix in Tables 2-21 we present powers of the considered normality tests with
the highlighted best results also for N = 20. The situation for N = 20 is similar to the case
N = 50 with two striking differences: the y* test fails to reject simulated samples from the gen-
eralized Gaussian, mixed Gaussian and a-stable distributions, and the CF test significantly
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improves its performance being the clear winner for the generalized Gaussian and mixed
Gaussian distributions, see also Figs 3-6.

In order to analyze the influence of the n parameter on the effectiveness of the proposed
test, in the Appendix we present the comparison of the power of the test for n =2 and n = 3 for
all considered distributions and sample sizes. In Tables 22-25 we demonstrate the power of
the test and in each considered case we highlight the best results. We observe that for the platy-
kurtic distributions generally the test for n = 2 outperforms the test for n = 3, especially for
larger sample sizes and excess kurtosis much smaller than zero. For the leptokurtic distribu-
tions in both cases, namely for n = 2 and n = 3, the power of the test is comparable.

Application to real time series

In order to demonstrate how the proposed methodology can be applied to real data, in this sec-
tion we consider two illustrative datasets from a collection of over 1300 datasets that were orig-
inally distributed alongside the R environment [33]. The inclusion criteria for a dataset to be
considered an illustrative example in our study were: sufficient sample size, lack of obvious
trend, lack of obvious correlation and platykurtosis. When necessary, data differentiation was
considered to arrive at weak stationarity. The first dataset (Data 1) is related to oil investments.
In the collection the data are under the name “Oil Investment”. For the analysis, we took the
variable “waterd”, which describes the depth of the sea in metres and we examine the first 50
available observations. A detailed description of the data can be found in Ref. [34]. The second
dataset (Data 2) corresponds to the non-experimental “control” group, used in various studies
of the effect of a labor training program. The time series is titled “Labour Training Evaluation
Data”. To the analysis we took the first 200 observations of the differentiated time series
“re78% which describes the real earnings in the year of 1978 [35, 36, 37, 38].

The two considered datasets are presented in Fig 11. For both considered time series we
apply the proposed test to ascertain whether the hypothesis of normality can be rejected. The
testing procedure is illustrated in Fig 2 Schema 1. First, for a dataset of size N we calculate the
value of the test statistic H;'™, see formula (10). Then, we check if the calculated value H;"**
falls between lower and upper critical values constructed for the samples of size N at a given
significance level, see Table 1. We reject the hypothesis of normal distribution if the value of
the test statistic is smaller than the lower critical value Q; or higher than the upper critical
value Q,. The results of testing the hypothesis of normality for the two considered real datasets
with the proposed test as well as the other considered here normality tests are presented in
Table 26. We present the following information about the results of the tests at the significance

GG, N=20 GG, N=50
0.3 ‘ 0.3 ‘
% m—new test —— CF -&-CvM %
3 ——JB  —*—KS -<-AD 4
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Fig 11. Comparison of the power of the introduced test and standard tests for normality for N = 20 and N = 50 for the generalized Gaussian distribution with
respect to the excess kurtosis.

https://doi.org/10.1371/journal.pone.0233901.9011

PLOS ONE | https://doi.org/10.1371/journal.pone.0233901 June 11, 2020 29/36


https://doi.org/10.1371/journal.pone.0233901.g011
https://doi.org/10.1371/journal.pone.0233901

PLOS ONE

Omnibus test for normality

Table 26. Results of the new test and other considered here tests for normality for two real-world datasets at significance levels of ¢ = 0.01 and ¢ = 0.05. Tests taken
into consideration: the new test proposed in this paper, Jarque-Bera (JB) test [5], D’Agostino-Pearson (DP) test [4], Shapiro-Wilk (SW) test [3], test based on the empirical
characteristic function (CF) [22], Kolmogorov-Smirnov (KS) test [2], Kuiper test [6], Watson test [7], Cramer-von Mises (CvM) test [8], Anderson-Darling (AD) test [9]
and y* goodness-of-fit test [1]. “0” means that the normality is not rejected, “1”—it is rejected. In parentheses values of the test statistic for the new test are presented.

dataset N kurtosis c

Data 1 50 -0.9351 0.01
0.05

Data 2 200 —-0.6096 0.01
0.05

https://doi.org/10.1371/journal.pone.0233901.t1026

new test JB DP SW CF KS Kuiper Watson CvM AD }52
1(0.1022) 0 0 0 0 0 0 0 0 0 1
1(0.1022) 0 0 1 0 1 1 1 1 1 1
0(0.1242) 0 0 0 0 0 0 0 0 0 0
1(0.1242) 0 0 0 0 0 0 0 0 0 0

levels ¢ = 0.01 and ¢ = 0.05: 0 means the hypothesis of normality was not rejected whereas 1
implies the hypothesis of normality was rejected. For the new test introduced in this paper we
also depict the test statistic values in the parentheses.

For Data 1 we can observe that the new test rejects the hypothesis of normality at both sig-
nificance levels: 1% and 5%. At significance level 5% the same result is obtained for SW, K§,
Kuiper, Watson, CvM, AD and j* tests. The JB, DP and CF tests do not reject the hypothesis
of normality although the empirical kurtosis is smaller than zero (see Table 26). At significance
level of 1% the introduced and y” tests are the only ones that lead to the rejection of the null
hypothesis. Interestingly, for Data 2, only the new test rejects the hypothesis of normality at
the significance level of 5%.

Conclusions

Developing an omnibus test for normality of a random sample is a challenging and important
task in signal processing that is particularly difficult for symmetric alternatives and those that
are close to the normal distribution. We examined the behavior of the Edgeworth expansion
when the distribution of a random sample deviates from the normal assumption. Then, by
appropriately utilizing the second term of this expansion we designed a novel test on normality
that can be treated as omnibus.

The test’s performance, evaluated via Monte Carlo simulations, showed superior perfor-
mance to those exhibited by other statistical tests for normality, particularly for the case of pla-
tykurtic distributions and sample sizes greater or equal to 100. For these distributions, the
proposed test in almost all cases had the highest power.

For the leptokurtic distributions the situation was different, but still the proposed test was
among the best. For this class of distributions, we were able to identify two groups of the tests.
The power of the proposed test was shown to belong to the group of powerful tests that include
the well-known D’Agostino-Pearson, Shapiro-Wilk and Jarque-Bera tests. For the largest size
of the sample it even surpassed these top competitors.

We also showed the efficacy of the introduced test by studying two datasets from the open
R language data repository. We compared the results of the proposed test and those of the
other considered here normality tests. It is evident that for the first dataset the new test was
among a few which led to the rejection of the hypothesis of normality at significance level of
5%. At the level of 1%, only the proposed and the 3 tests rejected normality. For the second
dataset the new test was the only one which rejected the hypothesis of normality.

Finally, we also note that the test is relatively easy to use. The introduced statistic is compu-
tationally simple. To conduct the test one needs to calculate critical values for a given signifi-
cance level. In the paper we presented a simple algorithm to calculate these values and
provided the critical values for typical sample sizes and significance levels.
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Appendix

We review some of the classical distributions used in this work, which belong to the platykurtic
and leptokurtic families of distributions.

Platykurtic distributions

1. Generalized Gaussian distribution. The generalized Gaussian GG(y, f3, p) is character-
ized by the probability density function given by the formula [39, 40]

_ B1/2 — B2 |x—p|P
f(x>—me Pl

where 4 € R, 5, p > 0. The p parameter controls how heavy is the tail. The excess kurtosis in
this case takes the form

x € R, (13)

kurtosis, = TG/l p) 3. (14)

r@3/p)’
In Fig 12 we present the theoretical excess kurtosis of GG distribution along the p parameter.
The GG distribution can either be leptokurtic or platykurtic, depending on the parameter p.
Nevertheless, in this paper we focus on the platykurtic region of the parameter p.
2. Mixture of Gaussian distributions. A random variable M follows a mixture of m
Gaussian distributions if its PDF has the form [41, 42]

f6) = Y pf(a). xE R (15)

where p; > 0,>"" p, = 1 and f(-) is a PDF of a normally distributed random variable with
mean y; and variance g2

In this paper we take under consideration the simplest case, namely m = 2, p; = p, = 0.5, yi3
=0, 02 = ¢2 = 1 and consider the MG distribution only in terms of the y, parameter. In this
case the excess kurtosis is given by

— s

kurtosis,;; = ——————.
8(1+ 1p2)

(16)

power of the test

MG, N=20
m— new test —— CF --& - CvM =
—*—KS -<-AD |] Q
; ke 2

—%—Kuiper - -5 | 2

- -G - Watson -

o

)

=

o

o

-0.8 -0.6 -04 -0.2
kurtosis

Fig 12. Comparison of the power of the introduced test and standard tests for normality for N = 20 and N = 50 for the mixed Gaussian distribution with respect to

the excess kurtosis.

https://doi.org/10.1371/journal.pone.0233901.9012
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The above formula can be proved as follows. Using the PDF of MG distribution given in
(15) one can show that

1 1
E(M) = 5#; EM*) =1 +§N§’
Thus
1 2
Var(M) =1+ 1
Further

E(M — E(M))" = E(M") — 4E(M?)E(M) + 6E(M?)(E(M))* — 3(E(M))".
Using the formula for PDF of the random variable M we obtain

1 1 3
E(M") =3 +3u; + 5#37 E(M’) = 5#3 Tt
Thus, finally the excess kurtosis for the MG random variable when m =2, p, = p, =1, m; =0
and o) = 0, = 1 takes the form

E(M—EM)) . 3+im+ b . -

kurtosis,,. = ——— >~ : .
o Ve (1+ )’ 8(1+ 1)

As one can see in the considered case the MG distribution is platykurtic. In Fig 13 we present
the excess kurtosis of MG distribution with m =2, p; = p, =0.5, 4, =0, 6> = 03 = 1 with
respect to the y, parameter.

Leptokurtic distributions
1. Student’s t-distribution. The Student’s ¢-distribution is defined through its PDF given

by the formula [43, 44]

flx) = res) (1 +7)_ xER (17)

where the parameter v > 0 is called the number of degrees of freedom. In the above definition
I'(-) is the gamma function. The excess kurtosis for Student’s t-distribution is defined only for

a-stable, N=20 a-stable, N=50

% 015 m—new test —8—SW —=—Kuiper --<-AD| | =
e ——JB ——CF -0 - Watson - - 2 Qo
g —6—DP —4*—KS --&-CvM g
© ks ~
5 5 =
2 2
) o
o a
0
1.96 1.97 1.98 1.99 2
« «

Fig 13. Comparison of the power of the introduced test and standard tests for normality for N = 20 and N = 50 for the a-stable distribution with respect to the
parameter.

https://doi.org/10.1371/journal.pone.0233901.9013
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Student‘s t, N=20 Student‘s t, N=50

0.6 w 0.6
% m—new test —0— CF - -CvM %
o ——JB —*—KS  -<-AD o
© 041 —e—DP —%—Kuiper -#*-,2 |1 )
< <
e —a—SW - -G - Watson e
o o
o) o)
= =
o o
Q a

0
4 6 8 1012 14 16 18 20 22 26 30 34
number of degrees of freedom

O 1 1 1 1 1 1
4 6 8 1012 14 16 18 20 22 26 30 34
number of degrees of freedom

Fig 14. Comparison of the power of the introduced test and standard tests for normality for N = 20 and N = 50 for the Student’s t-distribution with respect to the
number of degrees of freedom.

https://doi.org/10.1371/journal.pone.0233901.9014

v > 4 and takes the form

6
kurtosis, = ——. 18
fov—4 (18)
In Fig 14 we show the theoretical excess kurtosis for Student’s t-distribution with respect to
the v parameter.
2. a-stable distribution. The o-stable random variable with parameters e, o, f and y is

defined through its characteristic function in the following way [45]

exp{—0c*[k|"(1 — ifsgn(k)tanZ) + iku} if o #1,
Ok) = (19)
exp{—alk|(1 — if2sgn(k)In|k|) +ikp)} if o=1,

where 0 < o < 2 is the stability index, 0 > 0 is the scale parameter, —1 < 8 < 1 is the skewness
parameter and 4 € R is the location parameter. The explicit formula for the PDF of a-stable
random variable is not given in an elementary form, except for the three cases: normal, Cauchy
and Lévy distributions. In this work, distributions with the stability index ¢ close to two (i.e.,
the case of normal distribution) are studied in detail.

Comparison of the power of the test for n =2 and n=3. In this part we present a com-
parison of the power of the test for two cases: #n = 2 and n = 3. In Tables 22-25 we highlight the
best results for the considered cases.

Comparison of the computational times. In this part we present a comparison of the
computational time of the proposed normality test with the computational times of the other
considered tests. Here we only present the running times for one exemplary distribution,
namely the Gaussian, and one sample size, namely N = 1000. The power of each test was calcu-
lated on the basis of 5000 simulations. In Table 27 we depict mean computational times calcu-
lated as the time needed to evaluate the power of the test divided by the number of the Monte
Carlo simulations (in our case 5000). We note that the tests based on the empirical distribution
function (EDF tests) seem to be unusually slow. This is due to the fact we calculated powers by

Table 27. Comparison of the mean computational time (in seconds) for the considered tests for the sample from Gaussian distribution of size N = 1000. The powers
of the tests are are calculated based on the 5000 Monte Carlo simulations.

New test

JB

DP

sSw

CF

TestsbasedonEDF z

0.0022

0.0011

0.0002

0.0006

0.0152

~0.1

0.0004

https://doi.org/10.1371/journal.pone.0233901.1027
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evaluating p-values for all samples by means of Monte Carlo simulations as advocated by Ross
[46] for goodness of fit testing for the case of unspecified parameters.

Critical values of test. In this part we present critical values of the introduced test for the
considered five sample sizes (N = 20, 50, 100, 200, 1000) and two significance levels c: 1% and
5%, see Table 1.

Comparison of the powers of the tests for normality. In this part we present a compari-
son of the powers of the normality tests considered in this paper for four distributions and for
five sample sizes (N = 20, 50, 100, 200, 1000). The results are presented in Tables 2-21, where
we have highlighted the best results.
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