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Abstract

At very early embryonic stages, when embryos are composed of just a few cells, establish-

ing the correct packing arrangements (contacts) between cells is essential for the proper

development of the organism. As early as the 4-cell stage, the observed cellular packings in

different species are distinct and, in many cases, differ from the equilibrium packings

expected for simple adherent and deformable particles. It is unclear what are the specific

roles that different physical parameters, such as the forces between blastomeres, their divi-

sion times, orientation of cell division and embryonic confinement, play in the control of

these packing configurations. Here we simulate the non-equilibrium dynamics of cells in

early embryos and systematically study how these different parameters affect embryonic

packings at the 4-cell stage. In the absence of embryo confinement, we find that cellular

packings are not robust, with multiple packing configurations simultaneously possible and

very sensitive to parameter changes. Our results indicate that the geometry of the embryo

confinement determines the packing configurations at the 4-cell stage, removing degener-

acy in the possible packing configurations and overriding division rules in most cases. Over-

all, these results indicate that physical confinement of the embryo is essential to robustly

specify proper cellular arrangements at very early developmental stages.

Author summary

At the initial stages of embryogenesis, the precise arrangement of cells in the embryo is

critical to ensure that each cell gets the right chemical and physical signals to guide the for-

mation of the organism. Even when the embryo is made of only four cells, different species

feature varying cellular arrangements: cells in mouse embryos arrange as a tetrahedron, in

the nematode worm C. elegans cells make a diamond and in sea urchins cells arrange in a

square configuration. How do cells in embryos of different species control their arrange-

ments? Using computer simulations, we studied how cell divisions, physical contacts

between cells and the confinement of the embryo by an eggshell affect the arrangements
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of cells when the embryos have only 4 cells. We find that the shape of the confining egg-

shell plays a key role in controlling the cell arrangements, removing unwanted arrange-

ments and robustly specifying the proper contacts between cells. Our results highlight the

important roles of embryonic confinement in establishing the proper cell-cell contacts as

the embryo starts to develop.

Introduction

During the initial stages of embryogenesis, when the number of cells (blastomeres) is very

small, the spatial arrangement of blastomeres is essential for the proper development of the

organism. This is particularly important in species such as ascidians, nematodes, echinoderms

and mammals, whose eggs are fully divided into blastomeres (cells) upon fertilization, a pro-

cess called holoblastic cleavage [1]. In embryos of these species, the spatial arrangements of

blastomeres upon successive cell divisions are critical because they define the neighbors of

each cell and, consequently, the signals received by each blastomere, thereby controlling cell

type specification [2–5]. In nematodes (e.g., C. elegans) it is well established that proper con-

tact-mediated Notch-Delta signaling between blasotmeres [5–7], which depends on the proper

blastomere arrangements and their neighbor relations, is critical for the survival of the embryo.

While blastomere arrangements are stereotypical for a given species, they vary substantially

across species [1]. This simultaneous intraspecies robustness and interspecies variation is

apparent from the early blastomere arrangements (as early as the 4-cell stage) in nematodes [8,

9], echinoderms [1, 10] and even mammals [4, 11, 12] (Fig 1A).

The spatial arrangement of blastomeres in early embryos, as well as their dynamics, are ulti-

mately controlled by their physical interactions [13]. Cell adhesion between blastomeres helps

them stick together and the balance between cortical actomyosin activity and adhesion is

thought to establish the contact surface between blastomeres [14–17] or, alternatively, the con-

tact angle θ between them (Fig 1B). If these were the only factors determining the arrangement

of blastomeres, then the problem would be equivalent to the packing problem of a cluster of

particles [18, 19], which has been extensively studied from both mathematical [20–25] and

physical perspectives [19, 26, 27]. In this case, the expected cellular packing configuration (spa-

tial blastomere arrangement) at the 4-cell stage would be a tetrahedron. While this is indeed

the observed packing configuration at the 4-cell stage in mammals, the 4-cell stage packings in

nematodes, ascidians, echinoderms, etc., are not tetrahedral [1]. Since the tetrahedral packing

corresponds to the lowest energy state (equilibrium configuration) in particle packings, the

observation of 4-cell stage packings that strongly differ from the tetrahedral arrangement indi-

cates that either there are additional forces (beyond cell-cell interactions) affecting the blasto-

mere equilibrium configuration, that the observed packings are metastable states with long

relaxation times or that the blastomere packings are actively maintained in non-equilibrium

configurations.

Beyond the direct physical interactions between blastomeres, recent experiments in C. ele-
gans embryos have shown that physical confinement by the eggshell affects blastomere move-

ments and arrangements [28–30], and several other works have highlighted the important role

of division rules (i.e., the rules that define the orientation of the blastomere division planes) in

blastomere arrangements [31]. The existence of cell divisions with controlled spatial orienta-

tions could maintain the system out-of-equilibrium and potentially control blastomere pack-

ings. Previous theoretical works simulating blastomere packings have either used particle-

based models [28–30] or cell surface energy minimization in conjunction with a shape
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dependent model of division plane positioning [31–33]. However, there is no systematic study

of how the different physical parameters (such as blastomere adhesion strength [34, 35] or cor-

tical tension [15, 16]), as well as the characteristics of the confining eggshell and division rules

[33, 36], affect the resulting packing configurations and their stability.

Here we sought to systematically study how the physical confinement of the early embryo,

the existence of division rules and the change in adhesion/cortical tension between blasto-

meres control the cellular packings (blastomere arrangements) of 4-cell stage holoblastic

embryos. We focus on the 4-cell stage because the observed variability across species is large,

while being a tractable problem from a combinatorial and computational perspectives. By sim-

ulating the dynamics of the cells in 3D, and using Voronoi tessellation to determine the neigh-

bor relations between blastomeres (topology of cell contacts), we find that in the absence of

embryo confinement the division rules and the timing between division play an important

role in the packing configurations. However, in cases for which the embryo confinement is

non-negligible (as in most cases of holoblastic cleavage), the geometry of the confining shell is

the main factor in the determination of the 4-cell stage cellular packings, overriding division

rules.

Fig 1. Schematics and definitions of early embryo dynamics. A, Schematic representation of the most common

4-cell embryo arrangements in the mouse (tetrahedron), C. elegans (diamond) and sea urchin (square). Blastomeres

(small spheres) are confined by the surrounding confining envelope (pink; vitelline envelope, hard chitinous egg shell,

or hyaline layer, respectively). B, Abstraction of two cells in contact, depicting the cell radius R, equilibrium distance r�
and contact angle θ. C, Cell-cell interaction potential Uc(r). D, Examples of cell configurations for varying contact

angles. E, Effective volume correction: the overlapping volume (gray, left) is added to each cell by increasing its radius

to match the actual cell volume. F, Examples of interaction potentials, Us(r), of a cell with repulsive (left) and sticky

(right) confining shells. Repulsive and attractive regions are shown in orange and blue tones, respectively. G, 3D

Voronoi tessellation of neighboring cells (Methods). H, Definition of time between divisions τD and division cycle n. I,

Ordered divisions indicate that cells follow specific division rules. In contrast, the cell division axis is randomly

oriented for random divisions.

https://doi.org/10.1371/journal.pcbi.1007994.g001
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Methods

Numerical integration

We solved the governing equation (Eq 8) using the Euler-Maruyama method [37] to obtain

the motion of all cells. Simulations were run using a timestep Δt = 10−3τM, much smaller than

all relevant timescales in the system, namely τM and τD. The discretized version of Eq 8 that we

integrated numerically reads

~riðt þ DtÞ ¼~riðtÞ �
X

j2OiðtÞ

r~r i
Uð~riÞDt þ

ffiffiffiffiffiffiffiffiffiffiffi
2s

U0

Dt

s

~Z i ; ð1Þ

where σ is the magnitude of the random noise (σ/U0 = 5×10−5 for all cases),~Z i is Gaussian

white noise and Oi(t) is the set of cells in direct contact with cell i at time t. The elements of the

setOi(t) are obtained from the Voronoi tessellation of the system at time t (see below). All vari-

ables in Eq 1 are normalized with their respective scales, as defined in the main text (we did

not redefine the normalized variables for clarity).

Simulations were initialized with the undivided egg (first cell) at the origin for unconfined

simulations or to have Gaussian distributed initial positions with variance b/10 around the ori-

gin for confined simulations. Simulations either ended at the timestep before cells at the 4-cell

stage would divide again in non-equilibrium simulations, when 4 cells reached a tetrahedron

in simulations searching for the equilibrium relaxation time, or after 8000τM to determine

equilibrium configurations in embryos with confining shells.

Cell-cell interaction potential

The cell-cell interaction potential must have a repulsive core (accounting for volume exclu-

sion) and an attractive part that accounts for cell-cell adhesion. In addition, since cells have a

finite size, the interaction potential must vanish for distances r larger than the cell size. We

built a potential Uc(r) = S(r)Up(r) with these characteristics by making it the product of a sup-

port function S(r) = 1/(1 + f(rij)), with f(rij)�exp[(rij − (Ri + Rj))/a] (Rk being the radius of cell

k and a being a length scale characterizing the transition from 1 to 0 of the support function),

and a Lennard-Jones like potential Up(r) = A/rα − B/rβ. Imposing that the minimum of the

potential has a magnitude −U0 (U0 being the scale of the potential) and is located at r ¼ r�ij (r�ij
being the equilibrium distance between cells i and j; this is equivalent to normalizing lengths

with r�ij), we obtain the values of A and B and the potential Uc(r) reads

UcðrijÞ ¼
U0

ða � bÞ

1

1þ f ðrijÞ

" #

�

ðr�ijÞ
a
ðbþ f ðr�ijÞ½bþ r�ij=a�Þ

raij
�
ðr�ijÞ

b
ðaþ f ðr�ijÞ½aþ r�ij=a�Þ

rbij

" #

;

ð2Þ

where α and β are parameters characterizing the shape of the potential. In order to have the

desired potential characteristics (repulsive core and an attractive region), αmust be larger

than β (α> β). While different values of α and β lead to potentials with the right characteris-

tics, large values of α and β lead to sharp increases of the potential around the equilibrium

point that translate into large force variations upon very small distance variation among cells.

This situation can generate numerical issues, especially in simulations of cells under confine-

ment where cells are forced to be close to each other. To avoid these numerical problems, we

chose α = 4 and β = 3, as these values generated smooth variations of the potential, no
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numerical problems (especially for cells under confinement) and it had the essential character-

istics of cell-cell interactions, namely a repulsive core and an attractive region. Additionally,

we set a = 0.01(Ri + Rj) and thus much smaller than any other length scale in the problem to

ensure a sharp cut-off of the potential, while being continuous and differentiable.

Confining shell

The shape of an axisymmetric ellipsoidal shell, and the associated ellipsoidal level set, are given

implicitly by

x2

a2
þ
y2

b2
þ
z2

b2
¼ c ; ð3Þ

where a is the length of the ellipsoid’s major axis, b is the length of its minor axis and c is a pos-

itive constant that defines the ellipsoidal level set, with c = 1 defining the shell itself.

Since cells cannot penetrate the shell, the confining potential must diverge at the positions

where the shell is located (c = 1). Moreover, the potential must vanish when the cell can no lon-

ger be in contact with the shell, which occurs when a cell is located at a distance larger than R
from the shell. With this in mind, we define the confining potential of a repulsive shell Us (Fig

1F) as

Usðx; y; zÞ ¼
A

1 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

a2
þ
y2

b2
þ
z2

b2

r Y

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

a2
þ
y2

b2
þ
z2

b2

r

� 1 �
R
b

� � !

ð4Þ

where A is the energy scale of the shell potential and Θ(�) is the Heaviside step function that

sets the function to zero when a cell is too far from the shell to be in contact. We set A = 10 to

balance the repulsion forces between two cells and between cells and the shell when in steady

state confinement. With the interaction potential defined, the force acting on cell i arising

from contact with the shell is given by

~Fs
i ¼ � rUsð~riÞ ; ð5Þ

where~ri is the position of cell i.
In the case of a sticky shell (Fig 1F), we use the same shell-cell interaction potential as the

interaction potential between two cells, albeit with different adhesion strength. In this case, the

equilibrium distance is changed to r�i instead of r�i þ r�j since there is only one cell interacting

with the shell. In these conditions, the interaction potential for a sticky shell reads

Usðx; y; zÞ ¼
U0

s

ða � bÞ

bðr�i Þ
a

ð1 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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Þ
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ð1 �
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r
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where U0
s is the adhesion energy scale.

Topology inference

Because we simulated particles in a confined volume, it was necessary to move beyond a simple

distance metric to determine if two cells were neighbors. We used a 3D Voronoi partitioning

as an extra constraint in addition to distances. The package we used, Voro++ [38], determines

PLOS COMPUTATIONAL BIOLOGY Blastomere packings under confinement

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1007994 January 26, 2021 5 / 18

https://doi.org/10.1371/journal.pcbi.1007994


the 3D Voronoi polytope around each cell by starting with a large 3D volume and then cutting

it using the midplanes from the current cell to each of its neighbors. In this work, each cell

starts with a dodecahedral volume that surrounds an inscribed sphere with the cell radius R.

When a pair of cells are close enough, their dodecahedral volumes are cut by the weighted

midplane between them (adjusted from the midpoint by their respective radii) (Fig 1G). Each

new cut face of the Voronoi polytope is identified with a neighboring cell allowing all neigh-

bors to be identified. Two cells are defined to be in contact when they are within a distance

Ri + Rj (Ri and Rj being the radii of cells i and j) of each other and their Voronoi polytopes

share a face. An adjacency graph is created by defining each cell as a node and adding edges

between each pair of cells found to be in contact. We determine the topology of each arrange-

ment by checking if the adjacency graph is isomorphic to a reference adjacency graph for each

type of topology (square, diamond, tetrahedron, T-shape, line) [22, 39].

Cell divisions

Cell divisions occur at well defined intervals of time τD (Fig 1H), with all cells dividing simulta-

neously. The new daughter cells were placed at a daughter radius away from the mother cell in

a single timestep. In the case of random divisions, the daughter cell divides in a random direc-

tion from the mother cell (with a check to ensure that the daughter is not placed within a dis-

tance that would cause it to substantially overlap with an already existing cell). For the case of

ordered divisions, the egg first divides in the x direction, then both daughter cells divide in the

y direction.

Since at the developmental stages considered herein (4-cell stage) total volume is conserved,

daughter cells have half the volume of the mother cell, as described in the main text. However,

this simulation framework allows also simulations where the volume changes. It is also possible

to simulate changes in cell size following changes in physical quantities that evolve during the

simulations. This can be done by providing a rule to decide how cell size evolves over time,

how it changes upon division or establishing how some physical parameters in the simulations

affect cell size. Then, the cell size is adapted for each cell and at each time step by changing the

interaction potential cut-off (cell size) accordingly.

Volume adjustment

The overlap between blastomeres was determined by defining a sphere with radius Ri around

cell i and then calculating its overlap volume Vo with neighboring spheres. This overlapping

volume then added to cell i, making it larger. In particular, the radius of cell i is modified from

Ri before the correction to R0i after it, with 4pðR0iÞ
3
=3 ¼ 4pR3

i =3þ Vo (Fig 1E). This adjustment

is performed at every timestep, and the Voronoi dodecahedron is also scaled to surround a

sphere of radius R0i after volume correction, at each timestep too.

Angular mean squared displacement

The angular mean squared displacement is defined as

MSDðtÞ ¼ hðyðtÞ � yð0ÞÞ2i ; ð7Þ

where θ(t) is the angle of a moving blastomere relative to the plane defined by three fixed cells

in the x-y plane.
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Results

Theoretical description

In order to simulate the 3D dynamics of blastomeres, accounting for the interactions between

them, their divisions as well as embryo confinement, we use a minimal representation and

describe each blastomere (cell) as a particle. In this particle-based representation, cells interact

with each other through an interaction potential U(rij) that effectively accounts for the

mechanical interactions between cells (adhesion, etc. [40]), with rij ¼ j~ri � ~rjj being the dis-

tance between two given cells located at positions~ri and~rj. Cell-cell adhesion is represented by

an attractive range in the potential, whereas a repulsive region ensures that cells do not inter-

penetrate when they become too close to each other (Fig 1C). To account for cell size in this

particle description, we include a sharp cut-off of the potential at a distance R (Methods),

which corresponds to the radius of an isolated blastomere. The balance of attractive and repul-

sive forces between two blastomeres occurs when they are separated by a distance 2r�. The

ratio between this equilibrium distance between blastomeres and the blastomere size 2R corre-

sponds to r�/R = cos θ, with θ being the contact angle θ between cells (Fig 1B). Since the con-

tact angle is an easily measurable quantity that informs about the relative strength of adhesion

and cortical tension [15, 30, 41] (Fig 1D), we use θ as control parameter instead of r�. More-

over, although it is not possible to enforce exact volume conservation in a particle-based

description, we perform leading order corrections upon cell contact (Fig 1E; Methods); we

have checked that the volume corrections are small and we have tested that our results do not

qualitatively depend on them.

At the spatial and temporal scales of embryo development, the system is overdamped and

inertia can be safely neglected [42]. In this case, force balance (momentum conservation) for a

given blastomere reads

m
d~ri
dt
¼
X

j2Oi

~Fc
ij þ

~Fs
i þ~Z i ; ð8Þ

where~ri is the position of cell i in 3D,~Fc
ij ¼ � rUðrijÞ are the forces that cells in contact apply

on each other (with Oi being the set of cells in contact with cell i),~Fs
i represents the force of a

confining shell on cell i (if a confining shell is present), and~Z i is a fluctuating force (Gaussian

white noise) that is meant to represent the force fluctuations in the system (Methods). Finally,

the parameter μ corresponds to a friction coefficient that resists cell movement in an over-

damped environment and it is here assumed constant and the same for all blastomeres. To

obtain the force~Fs
i from the confining shell on cell i, we define the geometry of the confining

shell and set the interaction potential Us(x, y, z) that a cell would perceive inside the shell (Fig

1F; Methods). The confinement force perceived by cell i is then given by~Fs
i ¼ � rUsðx; y; zÞ.

In order to properly determine what cells are in contact and can therefore apply forces on

each other, we use Voronoi tessellation (Methods; Fig 1G). Previous particle-based simulations

used distance-based metrics to determine the neighbors of each cell. However, distance-based

metrics can give erroneous results for both cell-cell contacts and dynamics in the presence of

confining shells. This is because when cells are highly confined, the distance between next-

nearest neighbors can be smaller than the interaction potential range, thereby erroneously

considering the forces of cells that are not in direct contact. Voronoi tessellation overcomes

this problem and enables proper determination of cell-cell contact topology at each timestep

of the simulation (Methods).
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Since shells of many species have spherical or ellipsoidal shapes, we consider only these

cases in what follows. We approximate the shell surrounding the embryo by an axisymmetric

ellipsoid with major and minor axes a and b, respectively, with volume Vs ¼
4p

3
ab2 and aspect

ratio a/b. Since blastomeres cannot penetrate the shell, we use confining potential forms that

diverge at the shell boundary (Methods; Fig 1F). Moreover, the confining potential vanishes

for distances larger than R from the shell, as these distances are not within the reach of cells.

Beyond physical interactions among cells and with the confining shell, blastomeres in early

embryos divide at regular intervals, with a time τD between division events (Fig 1H). We simu-

late division events accounting for the change in volume of the cells upon division (Methods).

Since the volume of the daughter cells is half of cell volume before division, the cell radius R
changes after each division cycle to Rn = R0/2n/3, where R0 is the radius of the initial egg (and

Vc ¼ 4pR0
3=3 is the initial egg volume) and n is the number of divisions that have occurred

(Fig 1H). Finally, in order to study the role of division rules, we control the spatial direction

along which cell division occurs, which corresponds to the direction perpendicular to the

mitotic plane. While division rules are known to exist [33, 36, 43], the specific rules and the

parameters that control them are still under debate, especially for different species. As a conse-

quence, to study the role of division rules, we consider two limiting cases: (1) Ordered divi-
sions, in which we impose representative division rules at early developmental stages (division

axis is perpendicular to the division axis in the two previous division cycles; for first division,

perpendicular to previous division), and (2) Random divisions, in which there are no division

rules and we randomize the direction of cell divisions for each cell and division cycle (Fig 1I).

Normalizing all lengths by the initial egg radius R0, all forces with U0/R0 and time with the

mechanical relaxation time τM, which is given by tM � mR2
0
=U0 and represents the characteris-

tic timescale over which mechanical disturbances relax to equilibrium, we obtain the relevant

dimensionless parameters in the problem (Table 1).

In what follows, we simulate the stochastic movements of the multiple interacting blasto-

meres using Langevin dynamics (Eq 8; Methods) in different conditions.

Unconfined cellular packings

To understand the packing configurations at the 4-cell stage that arise from the system dynam-

ics, we first simulate the cellular dynamics upon divisions in the absence of embryo confine-

ment (Fig 2A). We define the 4-cell stage packing configurations (Fig 2B) as the cellular

arrangement just before cells at the 4-cell stage undergo the next division cycle. At equilibrium,

the minimal energy configuration of 4 blastomeres in contact with each other is a tetrahedron,

as already established both theoretically and experimentally for clusters of four particles with

attractive interactions [21–23, 26]. However, if blastomeres divide much faster than the time

Table 1. Definition of the relevant dimensionless parameters in the problem.

Dimensionless Parameters

Parameter Description

θ Contact angle: Specifies the relative strength of adhesion between cells to the cortical tension of each

cell.

τD/τM Ratio of characteristic timescales: Time between divisions relative to the mechanical relaxation time.

Vs/Vc Shell to cells volume ratio: Ratio of confining shell volume and the total volume of cells.

U0
s =U0 Cell-shell to cell-cell adhesion strength: Ratio of the attractive energy scale for cell-shell interactions U0

s
and cell-cell interactions U0.

a/b Shell aspect ratio: Ratio of ellipsoid major axis length a to minor axis length b.

https://doi.org/10.1371/journal.pcbi.1007994.t001
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required for cells to undergo mechanical relaxation (τD/τM< 1), cells do not have time to

reach mechanical equilibrium in between divisions and the cellular packings do not coincide

with the equilibrium packing configuration, as expected. When divisions are fast compared to

mechanical relaxation (τD/τM = 0.1; Fig 2C) and cells divide following ordered divisions, either

squared or diamond configurations are observed, with diamond configurations being more

prevalent as the cell contact angle increases. If cells divide in random directions, other packing

configurations appear and depend on the contact angle, but both squared and tetrahedral

packings are missing. In contrast to the case where division occur fast, if blastomeres take

much longer than the mechanical relaxation time to divide, equilibrium packings are expected

because cells should have enough time to reach mechanical equilibrium between divisions.

However, our simulations show that for τD� τM (specifically, τD/τM = 10; Fig 2C), the

expected tetrahedral configurations are not observed for ordered divisions (only diamond con-

figurations are observed) and barely observed for random divisions.

To understand why the expected tetrahedral configurations are not observed, we character-

ized the time necessary to reach the tetrahedral equilibrium configurations at the 4-cell stage

by preventing the next division round. For both ordered and random divisions, we find that

cells require times three orders of magnitude longer than τM to reach equilibrium (Fig 2D). By

Fig 2. Packing configurations and dynamics of 4-cell stage unconfined embryos. A, Example of time evolution of cellular packings,

showing how cell volume decreases by half upon division. B, Definition of possible topological arrangements at the 4-cell stage. C,

Frequency of packing arrangements for slow and fast divisions (τD/τM = 0.1, 10, respectively), different contact angles θ and both

ordered and random division rules (n = 103 simulation runs for each parameter set). D, Histogram of the time to reach the equilibrium

tetrahedral configuration (n = 105 simulation runs for each condition). E, Frequency of packing configurations as the system relaxes to

equilibrium (tE being the time to reach equilibrium) for both ordered (left) and random (right) divisions (n = 102 simulation runs for

each condition). F, Top view (with cells) and cross section (without cells) showing the equipotential surface (orange tones) caused by

three fixed cells on a fourth cell. G, Angular mean squared displacement (MSD) of a cell moving in the potential generated by three

cells fixed in a triangle (n = 8 simulation runs), showing its diffusive nature (fit, gray line).

https://doi.org/10.1371/journal.pcbi.1007994.g002
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monitoring the time evolution of packing configurations at the 4-cell stage as the system

relaxes to equilibrium, we found that for ordered divisions cells are always in a diamond con-

figuration before reaching the tetrahedral configuration, whereas for random divisions cells

mostly evolve towards the diamond configuration and stay in that configuration until reaching

the equilibrium packing (Fig 2E). This results indicate that it takes a long time for the cluster

to leave the diamond configuration, suggesting that the transition between diamond and tetra-

hedral configurations may involve the rotational diffusion of a blastomere. Indeed, the equipo-

tential surface that a blastomere perceives when the three other blastomeres form a triangle

indicates that in order to transit from diamond to tetrahedral configurations, one blastomere

needs to traverse a flat region of the potential (Fig 2F). The angular mean squared displace-

ment of the movements of such blastomere scales linearly with time (Fig 2G), showing that the

transition between diamond and tetrahedral configurations occurs via rotational diffusion and

explaining the long times necessary to reach the tetrahedral state.

The consequence of this floppy mode in the dynamics of the blastomeres is that it imposes

an extraordinarily long time for the system to reach mechanical equilibrium, effectively leading

to a degeneracy in the packing configurations at the 4-cell stage for normal division times,

with degenerate packings being strongly dependent of division rules and adhesion strength

between blastomeres. Such large degeneracy in the packing configurations and their strong

dependency of multiple parameters is not an adequate strategy to robustly specify cellular

packings. Since tetrahedral packings at the 4-cell stage are observed in embryos of several spe-

cies, our results suggest that another mechanism must contribute to establishing the observed

tetrahedral packings, as otherwise cell divisions would need to be extraordinarily slow (τD*
24h) to allow blastomeres to reach equilibrium between divisions.

Cellular packings under spherical confinement

Many embryos displaying tetrahedral packings at the 4-cell stage feature a spherical confining

shell [8, 30]. To understand the potential role of embryo confinement on cellular packings at

the 4-cell stage, we simulate the dynamics of blastomeres in the presence of (repulsive) spheri-

cal confinement (Fig 1F). We focus on long division times (τD/τM = 10) as this was the limit in

which tetrahedral packings were expected, but shown above to be missing due to the long

times associated with rotational diffusion of the blastomeres. If the confining shell has a very

large volume compared to the total volume of the cells (Vs/Vc� 1; Fig 3A), the situation is

similar to the unconstrained embryo. As the volume of the confining shell is decreased, the

4-cell stage packings start to change because cells start interacting with the repulsive shell.

Finally, when the volume of the confining shell is comparable to the volume occupied by the

cells (Vs/Vc’ 2), only tetrahedral configurations are observed (Fig 3A). In this case, we find

that blastomeres robustly reach the tetrahedral packing at the 4-cell stage five orders of magni-

tude faster than in the absence of confinement (relaxation time < τM; Fig 3B) and irrespective

of their contact angle or division rules (Fig 3C). These results indicate that the presence of

spherical confinement removes the degeneracy of cellular packings and quickly imposes a tet-

rahedral blastomere configuration, overriding division rules.

Cellular packings under ellipsoidal confinement

While embryos of several species have spherical confining shells, other shell geometries are

observed across species. Different nematode species display elongated axisymmetric shells of

varying aspect ratios [8, 9] that can be approximated by an axisymmetric ellipsoidal geometry.

Previous works have shown that the shape of the confining shell is important for cellular

arrangements in nematodes [30], for which the 4-cell stage packing arrangements are critical
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for the survival of the embryo, as improper cell contacts lead to fatal developmental defects

[44]. To understand the role of varying ellipsoidal shell geometries on the cellular packings

across nematode species, we systematically studied the effect of confining shell volume and

aspect ratio on the blastomere packing configurations at the 4-cell stage.

Similarly to spherical shell geometries, for all simulated aspect ratios of ellipsoidal shells

(a/b = 1, . . ., 3) we find that when the confinement is negligible (Vs/Vc� 1) and divisions are

randomly oriented, packing configurations are strongly degenerate even if the time between

divisions is much longer than the mechanical relaxation timescale (τD/τM� 1; Fig 4). In this

case, different packing configurations have similar relative frequencies, albeit with the dia-

mond configuration always being predominant. Essentially, if the volume of the shell is suffi-

ciently large compared to the total volume of the blastomeres (Vs/Vc� 1), the observed

packings at the 4-cell stage are similar to unconfined embryos (Figs 2C and 4), as expected. As

the volume of the shell is decreased and the blastomeres start to feel the physical confinement,

the relative frequencies of 4-cell stage packings start to change, removing some degeneracy in

packing configurations, in a manner that depends on the shell aspect ratio. When the volume

of the confining shell is comparable to the volume occupied by the cells (Vs’ 2Vc), the degen-

eracy in 4-cell stage packings largely disappears and different, but unique, packings exist for

different aspect ratios (Fig 4).

For some shell geometries we observe that even under confinement, two different packing

geometries are possible, albeit with different relative frequencies (Fig 4). For aspect ratio of 1

(spherical limit), only tetrahedral packings are obtained, as described above and observed for

nematode species with spherical shells [8, 30]. As the aspect ratio increases the relative fre-

quency of the tetrahedral packing diminishes and the frequency of diamond packings

increases, with only diamond configurations observed between a/b* 1.5 and a/b* 2.4.

Increasing the aspect ratio above a/b* 2.4 leads to the coexistence of diamond and linear con-

figurations (Fig 4; a/b* 2.5). For aspect ratios of a/b* 3 and above, the only observed con-

figuration is linear.

Fig 3. Spherically confined cellular packings. A, Frequency of different cell arrangements for embryos with spherical

repulsive confinement as the ratio of the shell volume and total cells volume varies (random divisions; τD/τM = 10;

n = 104 simulation runs for each parameter set). B, Histogram of the time to reach the equilibrium tetrahedral

configuration (n = 103 simulation runs). C, Frequency of packing arrangements for embryos confined in a spherical

repulsive shell (a/b = 1; Vs/Vc = 1.52), and both slow and fast divisions (τD/τM = 0.1, 10, respectively), different contact

angles θ and both ordered and random division rules (n = 500 simulation runs for each parameter set).

https://doi.org/10.1371/journal.pcbi.1007994.g003
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To check if the packing configurations obtained in confined embryos (Vs/Vc = 1.52; τD/τR =

10) correspond to the actual equilibrium packings for each specific shell geometry, as was the

case for the spherical shell, we simulate the dynamics of blastomeres, preventing further cells

divisions at the 4-cell stage and letting the system reach equilibrium. We find that for each

value of the aspect ratio, the packing configurations observed for τD/τR = 10 (with random

divisions) were the actual equilibrium configurations of the blastomeres at the same confining

volume (Vs/Vc = 1.52) and aspect ratio. This indicates that the confining shell eliminates the

degeneracy in packings and selects the equilibrium packing configurations for a given shell

geometry. These results indicate that the geometry of the confining shell alone can determine

the 4-cell stage blastomere arrangements regardless of the specific division rules, providing a

robust mechanism to remove packing degeneracy and select the proper cellular packing.

Fig 4. Cell arrangements for repulsive ellipsoidal confinement. Frequency of different cell arrangements for

embryos with ellipsoidal repulsive confinement of varying aspect ratio (a/b) as the ratio of the shell volume and total

cells volume varies (random divisions; τD/τM = 10; n = 104 simulation runs for each parameter set). Snapshots of non-

equilibrium packing configurations for large shell volumes (Vs/Vc = 6) are shown on the right. Equilibrium

(t = 8000τM) packing configurations for each aspect ratio and Vs/Vc = 1.52 are shown on the left (n = 200 simulation

runs for each parameter set).

https://doi.org/10.1371/journal.pcbi.1007994.g004
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Cellular packings in sticky shells

So far, we have only considered shells that confined the blastomeres by generating a repulsion

force upon contact (repulsive shell, Fig 1F). However, in some species, the blastomeres can

adhere to the confining shell, likely affecting blastomere packing configurations. In the case of

sea urchin embryos (echinoderms), there is evidence of strong adhesion to the hyaline layer

surrounding the blastomeres [10, 45–47] and the 4-cell stage blastomere packing configuration

is a square [1], a configuration never observed in the cases described above. In the case of sea

urchins, the geometry of the hyaline layer (confining shell) that surrounds the blastomeres is

not exactly spherical and changes slightly over time. However, for the sake of simplicity, here

we consider a spherical sticky confining shell (Fig 1F). Since echinoderms have stereotypical

division rules (dividing perpendicular to the two previous divisions at early stages) we study

the effect of shell-blastomere adhesion strength and confining volume on the 4-cell stage pack-

ing configurations for ordered divisions (Fig 1I).

For large shell volume compared to the total blastomere volume (Vs/Vc� 1), the only

observed configuration with finite blastomere-shell adhesion is the diamond configuration,

with all blastomeres adhered to the shell (Fig 5A). When the confining volume becomes com-

parable to the blastomeres volume (Vs/Vc’ 1 – 1.5), the diamond configuration is suppressed

and the tetrahedral and square packing configurations coexist at different frequencies depend-

ing on the relative strength of cell-cell adhesion and cell-shell adhesion (Fig 5B and 5C). In this

case, if adhesion to the shell is very low, only tetrahedral configurations are observed, as

expected in the limit of negligible shell adhesion (repulsive shell). When the adhesion to the

shell dominates over cell-cell adhesion, we find that square and tetrahedral packing configura-

tions are observed approximately 40% and 60% of the time, respectively.

The existence of strong adhesion to the confining shell introduces square packing configu-

rations that were not observed in purely repulsive confining shells. However, the blastomere

adhesion to the shell cannot be the only reason why 4-cell stage embryos of echinoderm

Fig 5. Cell packing arrangements in a sticky confining shell. A-C, Frequency of packing arrangements (A, diamond; B, square; C,

tetrahedron) for varying values of the shell volume to cells volume ratio, Vs/Vc, and cell-shell to cell-cell adhesion strength, U0
s =U0

(n = 5000 simulation runs for each parameter set).

https://doi.org/10.1371/journal.pcbi.1007994.g005
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species are square, since there is still a strong probability of tetrahedral packings even in the

presence of adhesion.

Discussion

Proper blastomere arrangements in early embryogenesis, and in particular their topology of

cell-cell contacts, are critical to ensure proper development. Here we presented a systematic

study of the possible (non-equilibrium and equilibrium) packing configurations (cell arrange-

ments) both in the absence and presence of a confining shell that physically restricts the move-

ments of blastomeres. We find that the shape of the confining shell determines the blastomere

packing configurations of 4-cell stage embryos, regardless of division rules, removing blasto-

mere packing degeneracies that could lead to fatal developmental defects.

In the absence of a confining shell, we find that the relaxation time to reach the equilibrium

configuration is extraordinarily long due to rotational diffusion of blastomeres. Fast blasto-

mere divisions generate a considerable degeneracy of 4-cell stage packings, which are sensitive

to adhesion levels, division times and division rules. In this scenario, a very tight control of

division axis and timings would be necessary to ensure proper embryonic packings. While it

would be possible to find a set of division rules and timing of divisions to encode virtually any

blastomere packings, in this scenario the packing configurations would be highly sensitive to

noise and not very robust. In embryos with no confining shell, or in meroblastic cleavage, the

attachment of cells to the yolk may prevent slow rotational diffusion of blastomeres. In this

case, the division rules [33, 36] are essential to control blastomere packing configurations [31].

Our results indicate that the presence of a confining shell removes degeneracies in the 4-cell

stage packing configurations and robustly establishes a stable configuration, solely dependent

on the shape of the confining shell. For spherical shells, this leads to a unique tetrahedral pack-

ing, as observed in mouse embryos [4, 12] and nematode worms with spherical confinement

[8, 9, 30]. Our results also reproduce the observed packing configurations in different species

of nematodes with varying degrees of shell elongation [8, 30], and are in agreement with previ-

ous models and experiments of this process [30]. The presence of the shell also decreases sig-

nificantly the time for the blastomeres to reach the equilibrium configuration. In this case,

division rules could only control the packings if blastomeres divided extraordinarily fast

(< 0.1 min; τM* 1 min), an unlikely scenario. In essence, the role of the confining shell is to

enforce a robust 4-cell stage packing configuration that depends only on the shell geometry

and is largely insensitive to division rules or noise in the system.

In the case of sticky confining shells, our work suggests that the robust square arrangement

observed in echinoderms cannot be explained solely by the strong adhesion to a spherical shell

(hyaline layer), since the experimentally observed square blastomere arrangement was only

obtained approximately 50% of the times in the simulations. Observations of the hyaline layer

in the early sea urchin embryo show that it closely surrounds the blastomeres and that it plasti-

cally deforms upon divisions. The precise shape of the hyaline layer and its temporal changes

were not accounted for in our simulations and are likely to play an important role in determin-

ing the 4-cell stage blastomere packings. More generally, since the geometry of the confining

shell is important for blastomere packing configurations, changes in the shape of the shell dur-

ing development can affect blastomere packing configurations. Some species (e.g., nematode

worms) feature a relatively hard confining shell that is not affected by cellular forces. However,

the confining shell in other species may show elastic or plastic behavior caused by the forces

applied among blastomeres, leading to changes in the shape of the confining shell. In these

cases, the blastomere packing configurations would result from the interplay between the

evolving shell shape and the blastomere dynamics inside the evolving shell.
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Unlike previous particle-based descriptions, we introduced 3D Voronoi tessellation to

determine the topological blastomere arrangements (cell contacts). Using a distance metric to

obtain topologies can lead to erroneous contacts and unphysical dynamics. Instead, tracking

the system topology with a 3D Voronoi tessellation allows the correct calculation of the forces

between cells even for high contact angles or for cells under strong confinement. However, as

in any particle-based model, our description does not account for the effect that changes in

cell shape have on the resulting force between cells. While previous particle-based models have

shown that it is possible to properly account for the dynamics of the blastomeres in early C. ele-
gans embryos [29], complex cell geometries can lead to very complex force fields that are not

typically accounted for in simple particle-based descriptions. Other descriptions simulate cells

shapes [31, 48, 49] to account for the effects of cell shape on mechanics. Since these descrip-

tions typically rely on energy minimization (e.g., Surface Evolver [31, 50] or phase field meth-

ods [48]) to obtain detailed cell shapes and have many degrees of freedom, they are

computationally expensive and are typically used to determine equilibrium configurations.

Our work combines the fast simulation power of particle descriptions to account for the sys-

tem dynamics with Voronoi tessellation to properly determine cell neighbors (contact topol-

ogy). We expect particle-based descriptions, including the one presented here, to fail if cell

shapes are not compact (for instance, if cell shapes become very elongated) and/or if the

mechanics of cell contacts strongly differ among different neighbors of a given cell, as in these

conditions the Voronoi tessellation would not provide a faithful representation of cell-cell con-

tacts and the mechanical interactions among cells could not be properly approximated by the

isotropic potentials typically used in particle-based descriptions.

Altogether, our work demonstrates that physical confinement provides a powerful way of

robustly guiding the blastomeres to one particular arrangement, strongly reducing the set of

possible arrangements an embryo could take and helping guide the embryo developmental

trajectory.

Acknowledgments

We thank all Campas lab members for thoughtful discussions and input. We acknowledge

support from the Center for Scientific Computing from the CNSI, MRL: an NSF MRSEC

(DMR-1720256) and NSF CNS-1725797, and also from the Deutsche Forschungsgemeinschaft

(DFG, German Research Foundation) under Germany’s Excellence Strategy—EXC 2068–

390729961–Cluster of Excellence Physics of Life of TU Dresden.

Author Contributions

Conceptualization: James Giammona, Otger Campàs.

Formal analysis: James Giammona.

Investigation: James Giammona, Otger Campàs.

Project administration: Otger Campàs.

Supervision: Otger Campàs.

Writing – original draft: James Giammona, Otger Campàs.

Writing – review & editing: James Giammona, Otger Campàs.

References
1. Gilbert SF, Barresi MJF. Developmental Biology. 11th ed. Sinauer Associates, Inc; 2016.

PLOS COMPUTATIONAL BIOLOGY Blastomere packings under confinement

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1007994 January 26, 2021 15 / 18

https://doi.org/10.1371/journal.pcbi.1007994


2. Hashimoto H, Munro E. Dynamic interplay of cell fate, polarity and force generation in ascidian

embryos. Current opinion in genetics & development. 2018; 51:67–77. https://doi.org/10.1016/j.gde.

2018.06.013 PMID: 30007244

3. Zernicka-Goetz M, Morris SA, Bruce AW. Making a firm decision: multifaceted regulation of cell fatein

the early mouse embryo. Nature reviews Genetics. 2009; 10(7):467–477. https://doi.org/10.1038/

nrg2564 PMID: 19536196

4. Zernicka-Goetz M. Cleavage pattern and emerging asymmetry of the mouse embryo. Nature reviews

Molecular cell biology. 2005; 6(12):919–928. https://doi.org/10.1038/nrm1782 PMID: 16341078

5. Rocheleau CE, Downs WD, Lin R, Wittmann C, Bei Y, Cha YH, et al. Wnt signaling and an APC-related

gene specify endoderm in early C. elegans embryos. Cell. 1997; 90(4):707–716. https://doi.org/10.

1016/S0092-8674(00)80531-0 PMID: 9288750

6. Klompstra D, Anderson DC, Yeh JY, Zilberman Y, Nance J. An instructive role for C. elegans E-cad-

herin in translating cell contact cues into cortical polarity. Nature cell biology. 2015; 17(6):726–735.

https://doi.org/10.1038/ncb3168 PMID: 25938815

7. Priess JR. Notch signaling in the C. elegans embryo. In: WormBook. WormBook; 2005.

8. Schulze J, Schierenberg E. Evolution of embryonic development in nematodes. Evodevo. 2011; 2

(1):18. https://doi.org/10.1186/2041-9139-2-18 PMID: 21929824

9. Goldstein B. On the evolution of early development in the Nematoda. Philosophical transactions of the

Royal Society of London Series B, Biological sciences. 2001; 356(1414):1521–1531. https://doi.org/10.

1098/rstb.2001.0977 PMID: 11604120

10. McClay DR. Evolutionary crossroads in developmental biology: sea urchins. Development. 2011; 138

(13):2639–2648. https://doi.org/10.1242/dev.048967 PMID: 21652646

11. Johnson MH. From Mouse Egg to Mouse Embryo: Polarities, Axes, and Tissues. Annual review of cell

and developmental biology. 2009; 25(1):483–512. https://doi.org/10.1146/annurev.cellbio.042308.

113348 PMID: 19575654

12. Piotrowska-Nitsche K, Zernicka-Goetz M. Spatial arrangement of individual 4-cell stage blastomeres

and the order in which they are generated correlate with blastocyst pattern in the mouse embryo. Mech-

anisms of Development. 2005; 122(4):487–500. https://doi.org/10.1016/j.mod.2004.11.014 PMID:

15804563

13. Lecuit T, Lenne PF, Munro E. Force Generation, Transmission, and Integration during Cell and Tissue

Morphogenesis. Annual review of cell and developmental biology. 2011; 27(1):157–184. https://doi.org/

10.1146/annurev-cellbio-100109-104027 PMID: 21740231

14. White MD, Zenker J, Bissiere S, Plachta N. How cells change shape and position in the early mamma-

lian embryo. Current opinion in cell biology. 2017; 44:7–13. https://doi.org/10.1016/j.ceb.2016.11.002

PMID: 28033492
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