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. This study examines the translation and rotation of a spherical colloid straddling the (upper) air/liquid

. interface of a thin, planar, liquid film bounded from below by either a solid or a gas/liquid interface. The
goal is to obtain numerical solutions for the hydrodynamic flow in order to understand the influence

. of the film thickness and the lower interface boundary condition. When the colloid translates on a

. film above a solid, the viscous resistance increases significantly as the film thickness decreases due

. to the fluid-solid interaction, while on a free lamella, the drag decreases due to the proximity to the

. free (gas/liquid) surface. When the colloid rotates, the contact line of the interface moves relative to

© the colloid surface. If no-slip is assumed, the stress becomes infinite and prevents the rotation. Here

. finite slip is used to resolve the singularity, and for small values of the slip coefficient, the rotational

. viscous resistance is dominated by the contact line stress and is surprisingly less dependent on the film

. thickness and the lower interface boundary condition. For a colloid rotating on a semi-infinite liquid
layer, the rotational resistance is largest when the colloid just breaches the interface from the liquid
side.

Colloids which adsorb from a liquid phase onto an air/liquid interface experience a reduction in interfacial energy
as the surface area of the colloid, formerly in contact with the liquid, now straddles the surface (see Fig. 1a). This
© change in interfacial energy is due to the fact that the surface of the colloid is now in partial contact with the gas
. phase, rather than solely with the liquid, and replaces interfacial water that formerly occupied the attaching posi-
. tion. For a sphere of radius g, the change in interfacial free energy (relative to the gas phase) is —ma*y(1 + cos 6)?,
. where a is the colloid radius, 7 is the interfacial tension of the gas/liquid interface, and 6 is the three phase con-
tact angle measured through the liquid phase. When the colloid surface is only partially wetting (cos 6 = 1), the
energy can be substantially negative and much larger than the thermal energy kT when a is order hundreds of
nanometers or larger. Hence the colloids become energetically trapped at the interface, while having the freedom
to move along the surface in their own version of Abbot’s Flatland'. Their permanence on the surface armors the
* interface against coalescence with other surfaces, and generates a resistive surface rheology. Both of these effects
. play central roles in traditional colloid-related technologies in the chemical, oil and mineral flotation industries as
. well as in new emerging technologies. For example, nano- and micron sized colloids (10 nm-10 yum) are added to
. theliquid phases in the preparations of foams and emulsions; the colloids adsorb to the interfaces of the dispersed
. phase where they stabilize the dispersion from coalescence (i.e “Pickering” emulsions®) and thereby increase the
. lifetime of the dispersion. Water droplets naturally occur in crude oil recovered from reservoirs, and the droplets
© are stabilized from coalescence by the adsorption onto the droplet interfaces of clay colloids (100 nm-10 ym)
. found in the crude. A fundamental challenge in hydrocarbon processing is to remove these stabilized droplets
- which typically do not coalesce to larger droplets and sediment out. In the process of flotation, minerals (order
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Figure 1. (a) Schematic representation of a sphere translating and rotating on the free interface of a thin liquid
film on either a solid support or on a free lamellae and (b) free body diagram of the decomposition of this
motion in Stokes flow.

100 um) suspended in a liquid phase are removed by adsorption to rising gas bubbles which are collected in a
surface foam?.

In most of the above applications, the fluid interface on which the colloids are located separate a droplet phase
from a continuous phase, and the thickness of both adjoining phases are large relative to the size of the colloid.
The goal of this study is to examine the case in which the thickness of the fluid phases which bound the interface
can become of the order of the colloid size. We particularly focus on colloids straddling the air/liquid interface of
a planar thin liquid film and examine the cases in which the opposing film interface, opposite to the interface that
attaches the colloid, is either a solid substrate or a free liquid film (see Fig. 1a). Colloids attached to the interfaces
of thin lamellae occur in many applications: In Pickering foams and emulsions, colloids attached to thin liquid
lamellae arise when the continuous phase volume fraction becomes small (e.g.“dry” foams). Flotation processes
also involve conditions in which the liquid fraction is small. New, emerging technologies aim to assemble colloids
straddling the surface of a liquid film on a solid support into well-packed or even crystalline domains, or into
programmed assemblies to be used as coatings (superhydrophobic or antireflection), templates for the materi-
als fabrication of micro and nano-structured materials, photonic crystals and for optoelectronic devices**. In
these technologies, thin liquid films containing suspensions of colloids are spread onto a solid substrate; as the
colloids adsorb onto the surface, the subsequent evaporation of the film draws the colloids together by capillary
forces to create assembled structures. Magnetic and electrostatic forces applied to magnetized or charged colloids,
respectively, are also used to tune the assembly which can further be tuned by using active colloids which propel
themselves®.

When colloids are attached to the interface of a thin liquid film (either on solid supports or with a free bound-
ary), their hydrodynamics become complicated as they translate and rotate along the surface because the colloid
hydrodynamically interacts with the opposite surface (Fig. 1a). The presence of these bounding surfaces changes
the resistive shear stresses exerted on the colloid by the fluid, which in turn affects the colloid’s translational and
rotational velocities. Several studies, using a continuum framework, have examined the translation of a spherical
colloid along a fluid interface separating a gas phase from a semi-infinite, Newtonian liquid phase in a flow regime
where inertial effects are negligible, i.e. the Reynolds number, Re = pUa/y < 1 where a is the colloid radius, U
the velocity, ; and p the liquid viscosity and density respectively. The interface on which the colloids are confined
is assumed to be flat (with the contact line perfectly circular, Fig. 1a). In fact, a colloid can locally deform the
interface if it is acted on by a force normal to the interface, e.g. gravity which can create a depression (or elevation)
for a colloid with density p, larger (smaller) than the liquid. The fluid interface can also deform due to the viscous
fluid stresses which develop in the underlying liquid as the colloid moves along the surface’. In either case, the
interfacial deformation is resisted by the restoring force of the surface tension, ~. If surface tension forces are large
enough relative to the normal force (Bond number, Bo = | — | ga*/~y < 1) or viscous forces (capillary number,
Ca = pU/vy < 1) deforming the interface, the surface remains approximately flat up to the three phase contact
line. In this case, the immersion depth is then only given by the contact angle (Fig. 1a, d/a=1+ cos(6)). Under
the above two assumptions, the equations for the colloid motion are linear (Stokes flow) and the flow can be
divided into two realizations (Fig. 1b) - one in which the the colloid is moving under an applied lateral force but
not rotating, and the second in which the colloid is rotating but not translating.

While the restriction that the capillary number is small does not involve the diameter, the requirements that
the Bond and Reynolds numbers be small restricts the colloid size. For typical values for the translational velocity
U of order of 10> ms™! (values measured for capillary attraction®-1?), colloid densities of order 10°~10*kg m~,
liquid density and viscosity of order 10°kg m~3 and 10 *kg m~! s, respectively, and surface tension of the order
of 10mNm~, colloid diameters should be less than approximately 10 zm for Bo < 1072 and Re < 10~ which
infers that the colloid size range which satisfies the restrictions of our study approach the colloid domain. For
nanoparticles, the diffusion and forced motion of nanoparticles on fluid interfaces have been studied theoretically
using molecular dynamics simulations'*!'* without gravity and low to order one Reynolds number, and noticeable
meniscus curvature at the contact line was not observed, either as the colloids diffused along the surface or were
forced to move by an external force.

Past studies using either boundary integral'>!¢, finite element!”!® or integral transform methods'>!* have
focused on the translation, and have assumed that the colloid does not rotate due to the presence of surface
roughness or chemical heterogeneities that pin the three-phase contact line (contact angle hysteresis). However
recently, evaluating the drag exerted on non-smooth colloids' with heterogeneous surfaces as they diffuse along
an interface while specifically examining the role of contact line pinning and de-pinning have been important
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given the extensive interest in particle-laden interfaces. For the translational motion with velocity U, the fluid
exerts a drag in the opposite direction to the motion calculated in terms of a drag coefficient k}, (i.e. the drag force
is yakp,U) as a function of the immersion depth of the colloid into the liquid (d). The drag coefficient increases as
the colloid becomes more immersed in the liquid phase, but the colloid is required to be of order ten diameters
away from the interface before the drag coefficient of a colloid in an infinite medium is obtained. The translational
motion of the colloid along the interface in the positive z direction also generates a torque along an axis parallel
to the interface and perpendicular to the flow (Fig. 1b) which acts to rotate the colloid counterclockwise. This
torque arises because the shear stress exerted by the liquid on the underside of the colloid as it moves is much
larger than the torque exerted by these stresses on its topside due to the fact that part of the top is exposed to the
vapor. The coefficient for the generated torque k- (the torque is za’k;U) has also been calculated, which at first
increases as the colloid breaches the interface from the vapor side, achieves a maximum when the immersion
depth is one colloid radius (d/a = 1) and the stress asymmetry is the largest and then decreases to zero as the
colloid becomes further immersed into the liquid phase. The drag coefficient due to translation has been used to
model the pairwise interaction of two colloids atop an air-semi-infinite liquid phase at a particular immersion
depth, and subject to capillary attraction forces due to the overlap of the interfacial depressions of the interface,
and the theoretical predictions are in agreement with the measurements®-'2. These results have been extended for
the case of flow over a monolayer of interfacial colloids at the liquid-gas interface®.

If the force acting on the colloid is large enough, the torque generated by the motion can overcome the pinning
forces and the colloid is able to rotate. This rotation has only been studied for the case in which half of the colloid
is immersed in the liquid phase (d/a =1 or § =7/2) by Brenner et al.>** who develop an eigenfunction solution
for this immersion depth. Brenner et al. pointed out that the rotation requires the meniscus at the three phase
contact line to advance (along one face) and recede (along the opposite face) along the surface of the colloid. As
the liquid advances or recedes, a non-integrable liquid shear stress develops on the colloid surface due to the
imposition of the no-slip condition on the solid surface because the surface velocity at the contact line is discon-
tinuous as it is approached from the solid/liquid and gas/liquid sides. This results in the non-physical conclusion
that the colloid cannot rotate due to this non-integrable stress. This contact line singularity due to no-slip can be
removed by the inclusion of several physicochemical hydrodynamic effects?: (i) Inclusion of slip at the contact
line by a Navier slip condition, (ii) the introduction of intermolecular (disjoining pressure) forces in the fluid in
the vicinity of the contact line which can lead to precursor films ahead of the macroscopic contact line, (iii) mod-
elling the contact line motion as a thermally activated process using molecular kinetic theory in which progres-
sion of the contact angle is in steps that overcome energetic barriers and (iv) the inclusion of evaporation and
condensation of liquid at the contact line, allowing the liquid to move over an existing thin layer. Here, the Navier
slip model is used as experiments have revealed the presence of small slip coefficients (order 1-10 nm) in the
motion of liquids over solid surfaces which are smooth on the scale of order tens of nanometers or smaller?*-?’.
Brenner et al. use the Navier slip model to account for slip at the contact line. For a colloid rotating about the
x-axis with angular speed Q (Fig. 1b), if the dimensional velocity of the fluid at the colloid surface is denoted by
v Ssy where ¢ is the azimuthal angle about the x axis, and the dimensional viscous fluid stress on the colloid in the
¢ direction by 7/, (where r is the radial spherical coordinate from the sphere center), the Navier slip condition

is of the form (v/, , — Qa) = A ro(s) Where s the slip coefficient. As A— 0, the no-slip condition is recovered.
o

1+2)\a ¢ 3w 1

ndk; = ==

Closed form solutions for the translational coefficients were obtained, k, = 37 r= .
+3\a 2 1+3Aa

the rotational problem, a counterclockwise rotation of the colloid generates a shéar stress on the colloid which
acts to drag the fluid in the —z direction, as well as create a resistive torque (directed clockwise), cf. (Fig. 1b). The
drag force is given by pa*k,Q where k}, is the drag coefficient due to rotation, and Brenner ef al. showed that this
coefficient is equal to k7 as required by the reciprocity theorem. Note all these coefficients are bounded as A — 0,
when the no-slip condition prevails, and hence the rotation of the colloid does not create a singularity in the drag.
The resistive torque due to the rotation, k. (the torque is za’k;aS2), was computed by series summation as a func-
tion of A diverges as the slip length decreases to zero owing to the contact line singularity with a correlated loga-
rithmic divergence (k; = K ¢n(a/\) + K, as A — 0 with K, ~4.5).

Numerical solutions are developed for the translation and rotation of a colloid moving on the surface of a
planar thin film which is bounded from below by a solid wall or a free surface, accounting for both the interfa-
cial motion (as in the semi-infinite studies) and the colloid-lower surface hydrodynamic interaction (as in the
studies in which the colloid is fully immersed and in proximity to an adjacent no-slip or zero-stress interface).
As in the earlier studies, inertialess flow and a flat interface with a circular contact line will be assumed. Both the
translational and rotational parts of the problem are being addressed. To alleviate the contact line singularity and
allow the colloid to rotate, the Navier slip condition is used on the colloid surface with a small slip coefficient A\/a
that we fix at 0.01 which would be characteristic for a 1 zm colloid and a slip length of 10 nm. Numerical solu-
tions for the drag and torque coeflicients for translation and rotation are obtained using a finite element solver
(COMSOL Multiphysics) (see Methods and Supplementary Information). Similar finite element models (FEM)
using COMSOL Multiphysics has been implemented to solve Stokes equations for a sphere in bulk of a rectan-
gular channel under Poiseuille flow conditions?. The cases of a film on a solid support, and on a free-interface
are being separately studied, and in both the effect of the film thickness h/a is considered, with the contact angle
being that of a neutral wetting colloid (cos(6) =0, d/a=1). Finally, a more detailed study is given on the rotation
of a colloid on the surface of a semi-infinite liquid, and the rotational coefficients are computed as a function of
the immersion depth. The discussion uses the drag and torque coeflicients to detail sliding and rotating regimes
for a colloid moving under a constant force applied along the interface of a free film, and a film on a solid support.
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Figure 2. Streamlines and map of the fluid velocity in the x=0 symmetry plane of the flow in the thin liquid
layer underneath a colloid translating in the positive z direction with velocity U along the film surface in (a)
the lab frame in which the colloid is translating, and (b) in the colloid frame in which the liquid is approaching
the stationary sphere in the —z direction. (c) Streamlines and map of the fluid velocity in the x =0 plane of the
flow in the liquid layer underneath a sphere rotating counterclockwise around the x axis with velocity Qa at the
interface of the film for (a) the entire film and (d) in the immediate vicinity of the contact line. The thickness of
the layer is h/a = 2.14, the contact angle is 77/2 and the slip length A\/a is 0.01.

Results

Hydrodynamics of a Sphere on the Interface of a Thin Film Resting On a Solid Surface. In this
section, the hydrodynamic drag and torque coefficients exerted on a translating and rotating colloid straddling an
air/liquid interface above a thin liquid film on a solid substrate are being calculated. Starting with the kinematics,
Fig. 2a gives an illustration of the flow field around a colloid translating along the interface with velocity U in the
z direction in the reference frame in which the substrate is stationary. The thickness of the film relative to the
colloid radius is h/a = 2.14 (so that film thickness is slightly large than the colloid diameter 2a) and contact angle
0=m/2. The slip length at the colloid surface A divided by the colloid radius a is 0.01 (2 = 0.01). The figure shows

the fluid velocity vectors in the stationary frame of the substrate, in a plane (the y-z plfine) which is perpendicular
to the substrate and cuts the sphere in half. Hence in this plane the flow field is symmetric with respect to x, and
the velocity in the x direction is equal to zero. The displayed magnitude of the vectors are proportional to the
magnitude of the velocity. The color scheme in the figure provides the magnitude of the velocity in the y-z plane
scaled by the colloid velocity U, i.e.[v2 + vi]“ 2/U. The flow shows fore-aft symmetry about z= 0 because the
flow Reynolds number is very small (creeping flow). The surface flow at the gas/liquid interface is evident. The
upward and downward shapes of the flow streamlines aft and forward of the moving sphere is due to the forward
motion of the sphere, and the fact that the free interface is required to remain flat. So, fluid is drawn up aft of the
sphere, and is pushed down in the forward direction. The flow field in the reference frame of the moving colloid
is shown in Fig. 2b. In this case, as expected, liquid flows around the stationary colloid, moving downward on the
upstream side of the colloid, and moving upward on the downstream side. Adding to the velocity field in this
reference frame a uniform motion in the z direction yields the flow field depicted in Fig. 2a.

The flow streamlines for the case in which the colloid is rotating (but not translating) counterclockwise about
the x axis with angular velocity Q in the symmetry plane x=0 is given in Fig. 2¢,d in the lab fixed frame, for the
same values used for translation, i.e. § =7/2, h/a=2.14 and A/a=0.01. (As in Fig. 2a, displayed velocity vectors
and the magnitude of the velocity are all scaled with Qa). The figure makes clear that the disturbance flow caused
by the rotation is more localized around the sphere than in the case of the translating colloid (compare Fig. 2a,c).
This can be understood from the difference between the decay of the fluid velocity for rotating and translating
spheres in an infinite medium, where the velocity decays as the inverse of the distance from the sphere center (i.e.
1/r) for the translating case, and 1/7? for the rotating case. Of more interest is the flow detail in the immediate
vicinity of the contact line (Fig. 2d) where the velocity (scaled by the non-dimensional velocity of the rotating
sphere, Qa) has to sharply change direction from normal to tangential to the surface. This change gives rise to
large velocity gradients in the immediate vicinity of the contact line. Note that the magnitude of the fluid velocity
at the sphere surface in the contact line vicinity is much smaller than the velocity of the rotating sphere itself.
However, further away from the contact line (i.e. towards the bottom of the colloid), the velocity of the fluid in the
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Figure 3. Shear stress distribution (7' ;) along the sphere surface in the plane x=0 as a function of ¢ measured
from the bottom pole of the colloid for a colloid with d/a =1 on the surface of a thin film above a solid
(h/a=130), above a semi-infinite liquid (h/a =2.14) and when completely immersed in an infinite medium. (a)
Ma=0.01 (b) Ma=0.05.

immediate vicinity of the rotating sphere is much larger and equals the rotating velocity of the sphere. The reason
is due to the large shear stresses on the rotating colloid at the contact line. These large stresses give rise at the
corner to a difference between the fluid velocity adjacent to the rotating colloid and the velocity of the colloid
surface itself (slip) in accordance with the Navier slip condition (v/ ;) — Qa) = ;T/r (s Where v/, is the

(dimensional) rotational fluid velocity (about the x axis) at the surface and 7/, 5(s) 18 the (dimensional) shear stress
exerted by the liquid on the sphere in the rotating (¢) direction. The velocity difference is proportional to the slip
coefficient multiplied by the stress, and even though the slip coefficient in the simulations is small (\/a=0.01) the
large stresses account for the observable slip. Away from the contact line, but still in the vicinity of the surface, the
shear stresses are smaller and the fluid hardly slips. This accounts for the higher velocities observed for the fluid
in the immediate vicinity of the rotating colloid and away from the contact line.

The shear stress (77, ,)) in the plane x=0 exerted on the rotating colloid (scaled by 1:Q) is plotted in Fig. 3a as
a function of the angular position ¢ along the surface measured from the bottom pole of the colloid. Because of
the symmetry about the x =0 plane, this is the only component of the shear in this plane and it is clear that as the
three phase contact line is approached (¢ =/2) the stress increases by two orders of magnitude relative to the
value at the bottom of the sphere (i.e. nearest to the wall (¢ =0)). This increase reflects the large velocity gradients
at the contact line region that creates a large viscous dissipation. In contrast, also plotted in the figure is the shear
stress for the case in which the sphere is totally immersed in the liquid phase and 7/, ,, is nearly uniform, as
required by symmetry, and the average value (2.75 1Q2) compares to the theoretical value 3 Q)———— = 2.97 Q2

1+3X\/a
for A/a=0.01. (The values in the figure for this completely submerged case correspond to an immersion depth of
d/a=15, and a film thickness h/a = 30; at these values, the effect of the free interface and the solid wall on the
rotation are negligible). Also plotted in Fig. 3a is the shear stress profile (77, ,(¢)) for the case in which the solid
substrate is infinitely far away. (Numerically, this is achieved for h/a=15.0; for larger values the stress profile
changes by less than one percent). From the figure, it is clear that the stress distribution is slightly less relative to
the case of a finitely thick film (h/a=2.14) in the vicinity of the wall, but is approximately equal as the contact line
is approached. The larger value near the wall reflects the small (1/7?) interaction of the rotating surface with the
wall. However, as the contact line is approached, and the stress becomes elevated due to the large velocity gradi-
ents, the effect of the wall becomes negligible and the stress is determined by these large velocity gradients. When
the slip coeflicient is increased, the shear stress at the contact line is reduced due to the increased slip at the sur-
face of the rotating colloid. In Fig. 3b, 7/, 518 plotted as a function of ¢ for \/a=0.05, and note that the increase in
slip by a factor of five from A\/a=0.01 (Fig. 3a) results in an decrease in the maximal stress at the contact line by
the same factor. However, note that the increase in slip from A\/a=0.01 to 0.05 results in a decrease in the shear
stress only in the vicinity of the contact line; away from the contact line (0 < ¢ < 1.4) the shear stresses are
identical.

From the solutions for the velocity field for pure translation (along the surface) or pure rotation (around the x
axis parallel to the surface), the hydrodynamic drag and torque exerted by the viscous liquid film on the colloid
due to the liquid stresses generated by the motion are being computed. In the case of translation in the z direction
(Fig. 1b), the resistive drag force in that direction (aUkp) is being normalized by the value of the drag when the
underlying phase is semi-infinite. Due to the symmetry of the flow imposed by the zero stress condition at the free
surface (7,,=17,,=0) the drag on a colloid with d/a=1 (6 =7/2) is exactly half that of the translational drag in an
infinite medium, or 37rluaU8 jrru/“) (correcting for the finite slip). This normalized drag coefficient kf)/ as a func-
tion of the liquid film thickness h/a is being plotted in Fig. 4a. As expected, as the film thickness h/a decreases, the
drag increases due to the stronger hydrodynamic interaction with the solid substrate as the dominant resistance
is the shear stress exerted on the colloid by the liquid. As the gap between the colloid and the substrate becomes
very small, the drag increases dramatically due to the strong viscous lubrication forces in the intervening layer®.
For Fig. 2a, for which case d/a= 1, this dramatic increase begins at h/a = 3 which represents a gap of one colloid
diameter. For larger values of the thickness, the interaction with the wall disappears, and the normalized drag
approaches the value for the drag for a semi-infinite medium, i.e. one due to the normalization.
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Figure 4. Normalized drag and torque coefficients for colloid motion on the surface of a thin film atop a solid
substrate: (a) drag coefﬁc1ent ( D) for a translating colloid, (b) coefficient for the torque generated by a
translatlng colloid (kT ) or drag coefficient generated for a rotating colloid (kD) (c) coefficient of resistive torque
(k) for a rotating colloid all as a function of film thickness and slip length equal to 0. 01 and normalized by
value atop a semi-infinte medium, and (d) Normalized coeflicients of resistive torque (kT, scaled by value
completely immersed in an infinite medium) as function of film thickness for a rotating colloid for two different
slip lengths A\/a=0.01 or 0.05 as a function of thickness. The contact angle is 7/2.

As noted in the Introduction, the colloid translates along the surface, the shear stress exerted on the colloid by
the shear flow in the underlying liquid (Fig. 1b) exerts a torque on the colloid which acts to rotate the colloid in
the clockwise direction around the x axis if the translation is in the positive z direction. In an infinite medium
translation does not give rise to a net torque because of the symmetry of the shear stress around the colloid. But
in the case of the colloid straddling an air/liquid interface, the viscous stress in contact with the liquid is not com-
pensated by any shear in the air phase and consequently a net torque is exerted on the floating colloid. The nor-
malized torque coefficient k}’ is being defined as the torque exerted on the floating colloid divided by the torque
on the colloid in the case in which the film is infinite in extent (h/a — 00), i.e. the colloid translates over an
infinitely thick film. The latter torque was computed by Brenner et al.?!, who calculated it analytically using series
solutions of the Stokes equations in spherical coordinates (only appropriate for d/a =1) as a function of the slip
length . Figure 4b plots the normalized coefficient as a function of 4/a (normalized by the Brenner et al. value),
and see that the torque due to the translation increases as the film thickness decreases due to the increase in the
shear stress as the translating colloid becomes closer to the wall due to the larger velocity gradients which develop
as the translating colloid comes in proximity to the wall.

In the case of pure rotation of the colloid at the surface (about the x axis parallel to the interface, see Fig. 1b)
the resistive torque exerted by the shear stress in the liquid due to the colloid rotation is being computed, and
normalized with the torque exerted in the case in which the liquid layer is semi-infinite and the immersion depth
d/a=1 (neutral wetting). The latter value was computed by Brenner et al.*! for d/a=1 and arbitrary Ma, and is
used for the normalization. Plotted in Fig. 4c is the normalized coefficient k/ as a function of h/a and note that
although an increase in the normalized coefficient is observed, the increase is much smaller than the increase in
the normalized drag coefficient k. The reason, as shown in Fig. 3a for h/a =2.14, is that most of the resistance to
the rotation arises from the corner of the three phase contact line where the shear stress is the largest due to the
large velocity gradients. Note that in the vicinity of the contact line this large shear stress is essentially the same
for both the case of a finite liquid layer (h/a =2.14) and a semi-infinite layer. Away from the contact line and in
the vicinity of the wall, the surface shear stress is slightly larger than the value for the semi-infinite case due to the
hydrodynamic interaction with the wall. This small increase accounts for the increase observed in the torque
coefficient. When the slip on the surface is increased from A/a=0.01 to A\/a=0.05 and the stress at the surface of
the rotating sphere is consequently reduced in the vicinity of the contact line (compare Fig. 3a,b), the resistive
torque due to the rotation decreases. The torques due to rotation for A/a=0.05 and 0.01 in Fig. 4d are being plot-
ted where each is normalized by the torque due to rotation in an infinite medium (i.e. 8wua*Q). Although the
shear stress has decreased in proportion to the increase in the slip, the torque only decreases logarithmically as the
increase in the shear is restricted to the vicinity of the contact line. This logarithmic dependence on the slip
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h/a=2.14

(@)

Figure 5. (a) Sketch of streamlines and map of the fluid velocity in the x =0 symmetry plane of the flow for a
sphere translating in the positive z direction with velocity U along the interface of a thin film with free interfaces
on both sides, (b) streamlines and map of the fluid velocity in the x=0 symmetry plane of the flow around a
sphere rotating counterclockwise (around the x axis with velocity Qa) at the interface of a thin film bound by
free interface and (c) enlargement of the flow streamlines in the immediate vicinity of the contact line. The
thickness of the layer is h/a=2.14, the contact angle is /2 and the slip length A/a is 0.01. Displayed velocity
vectors and the magnitude of the velocity are all scaled with Qa.

coefficient was also recognized by Brenner et al.*! for the case of a colloid rotating at an interface for d/a=1 where
they show thatk; ~ K;In(a/)\) + K, where K; ~ 4.5and K, ~ 2.5.

The resistive stress exerted on the surface of the floating colloid as it rotates counterclockwise around the x axis
generates a torque which not only resists the rotation, but also causes the colloid to translate along the interface in
the negative z direction (Fig. 1b). This viscous force for a colloid rotating on the surface of a film of a given thick-
ness h/a with an immersion depth d/a =1 is being calculated, and normalized with the corresponding value when
the underlying liquid is semi-infinite (again as determined by Brenner et al.2!). This normalized coefficient, kJ,, is
plotted as a function of h/a in Fig. 4b. The coefficient increases rapidly with a decrease in the film thickness when
the gap thickness becomes of the order of the colloid diameter (h/a ~ 3) due to the large velocity gradients which
develop in the gap between the rotating sphere and the wall. More importantly, Fig. 4b shows that for the same
value of the film thickness, the cross coefficients of the torque due to translation (k}/), and the drag due to rotation
(k{)l ) are equal as required by the reciprocity relations.

Hydrodynamics of a Sphere On the Interface of a Thin Lamella.  Similar to the above, the hydrody-
namic drag and torque exerted on a translating and rotating spherical colloid straddling an air/liquid interface on
a thin liquid film bounded by a free interface on the other side e.g. a foam lamella has been calculated. Because the
opposite interface is stress free, the hydrodynamic interaction of the colloid with the opposite film face is weaker
relative to the case of a film on a solid substrate. As will become apparent, the presence of a bounding stress-free
interface allows the colloid to translate and rotate with a hydrodynamic resistance which is reduced even with
respect to the translation or rotation of a colloid on an interface above a semi-infinite liquid, and this resistance
decreases considerably as the film becomes thinner.

Figure 5a shows the flow field in the symmetry plane around a colloid translating with velocity U in the
z direction in the reference frame in which the liquid is stationary, for the same values of the film thickness
(h/a=2.14), contact angle (§ = 7/2) and slip coefficient (\/a=0.01) as in the case of the solid support. Compared
to the flow over a solid substrate (Fig. 2a), no sharp velocity gradients are observed on the underside of the col-
loid, as the bottom air/liquid interface now moves with a velocity approximately 3/4 of the colloid velocity. Hence
the lower boundary does not contribute a strong frictional resistance. In addition, because of the greater mobility
of the lower interface, the upward and downward shapes of the flow streamlines fore and aft of the colloid are
almost negligible.

The flow streamlines for the case in which the colloid is rotating (but not translating) about the x axis with
angular velocity Q in the symmetry plane x =0 is given in Fig. 5b in the lab fixed frame, for the same values used
for translation, i.e. § =7/2, h/a=2.14 and Ma=0.01. As with case of translation of the colloid along the surface of
the lamella, no large velocity gradients develop as the bottom free interface moves with a velocity approximately
one-half of the velocity of the rotating sphere. The detail of the flow at the three phase contact line (Fig. 5¢) is
similar to that for a sphere rotating at the interface of a film on a solid support, confirming that the details of the
flow at the contact line are not significantly affected by the mobility of the lower interface of the film. However, the
velocity gradients at the contact line are slightly smaller relative to the case in which the sphere rotates on a film
above a solid support (compare Figs 2d and 5c¢).

The normalized drag coefficient for translation (k},), and the normalized resistive torque due to rotation (k;),
both normalized by the values for motion and rotation above a semi-infinite liquid, are reported in Fig. 6a,cas a
function of h/a for A/a=0.01 and 6 =7/2. Both coefficients show a reduction in hydrodynamic resistance relative
to the semi-infinite case because of the presence of the stress free interface and absence of any strong viscous
lubrication forces in the gap between the colloid and the bottom interface. In the case of the drag coeflicient the
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Figure 6. (a) Normalized drag coefficient (kg) as function of film thickness for a translating sphere along the
interface of a free lamellae, (b) normalized cross coefficients as function of film thickness for either a translating
or rotating sphere above a free lamellae and (c¢) normalized resistive torque coefficient (k},) as function of film
thickness for a rotating sphere on a free liquid lamellae. The contact angle is 7/2 and the slip length \/a is 0.01.
(d) Normalized coefficients of resistive torque as function of film thickness for a rotating sphere atop a free
lamellae for two different slip lengths A/a=.01 and 0.05. The contact angle is 7/2.

reduction is significant and becomes more pronounced as the film thins. The percent decrease is approximately
the same as the percent increase in drag for the translation on a film over a solid substrate. However, in the case of
the resistive torque, the decrease in the hydrodynamic friction (relative to the semi-infinite value) with a decrease
in h/a is small as this resistance is dominated by the stresses at the contact line. This is similar to the case for the
rotation of a colloid on the surface of a thin film above a solid substrate, where the increase in the resistive torque
with h/a is again marginal because of the dominance of the contact line stresses. Figure 6d gives the resistive
torque (§=7/2) as a function of h/a for two values of Ma (0.01 and 0.05), normalized by the bulk value (87 pa?).
As in the case of the solid substrate, the resistive torque is smaller for the case of larger slip for any h/a.
Interestingly, for rotation on the surface of a lamella, the resistive torque coefficient decreases for small h/a to a
very low value for the colloids with a relatively large slip (A\/a=0.05).

The normalized cross coefficients - the torque due to translation and the drag due to rotation - are plotted in
Fig. 6b as function of h/a for A=0.01 and 6 =7/2 and it is evident that because the opposite interface is stress
free and the hydrodynamic interaction is reduced, these coeflicients (for a given h/a) are smaller than those for
colloids on the interface of a semi-infinite liquid. The figure also shows that the two numerically computed coef-
ficients are approximately equal; their equality is required by the reciprocity theorem.

Hydrodynamics of a Sphere On the Surface of a Semi-infinite Liquid Layer. In this section. the
hydrodynamic drag and torque exerted on a translating and rotating spherical colloid straddling an air/liquid
interface above a semi-infinite liquid have been calculated, and the effect of the immersion depth (contact angle)
on the hydrodynamics has been studied which in the calculations in the prior sections was fixed at § =7/2 or
d/a=1. From the asymptotic behavior of the drag or torque coeflicients as a function of h/a (e.g. Figs 4 or 6) it is
clear that the semi-infinite drag and torque coefficients are achieved for h/a approximately equal to 10 or larger,
and here the film thickness has been fixed to 35 for semi-infinite conditions. Assuming that the liquid underlying
the interface is an aqueous phase, Fig. 7a—c demonstrate the flow field around a hydrophobic (0 =77/8, d/a=0.2),
neutral (§=7/2, d/a=1) and hydrophilic § = /8, d/a= 1.8 colloid, respectively, translating along the interface
with velocity U in the positive z direction in the laboratory frame with slip coeflicient \/a=0.01. As would be
expected, the more hydrophilic the colloid is, the greater its penetration in the liquid phase and larger is the
hydrodynamic disturbance and the net viscous stresses exerted on the colloid.

In Fig. 8a, the normalized drag coefficient kg has been plotted as a function of the immersion depth of the
colloid into the liquid, d/a. For immersion into a semi-infinite liquid, the drag coefficient is normalized by the
Stokes drag on a colloid which is completely immersed (i.e. 67r;mi 2N Z ). kg is found to increase monotonically

with an increase in the immersion depth (i.e. decrease in three-phase contact angle) until the colloid becomes fully
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Figure 7. (a) Streamlines and velocity maps for the motion in the x =0 symmetry plane for a colloid translating
in the positive z direction with velocity U on the surface of a semi-infinite liquid in the laboratory frame for
Aa=0.01 and (a) a hydrophobic (6§ ="77/8, d/a=0.2), (b) a neutral (§ =7/2, d/a=1) and (c) a hydrophilic
0=m7/8, d/la=1.8) colloid assuming the liquid to be water. Streamlines and velocity maps for the motion of

the fluid underneath a colloid rotating counterclockwise around the x axis with velocity aQ) on the surface of a
semi-infinite liquid in the laboratory frame for A\/a=0.01 and (d) a hydrophobic rotating colloid (6 =77/8), (e)
a neutrally wetting (6 =7/2 colloid and (f) a hydrophilic (6 =7/8) colloid.
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Figure 8. (a) Normalized drag coefficient (kg) as function of immersion depth d/a for a translating sphere atop
a semi-infinite domain, (b) Normalized cross coefficients as function of immersion depth for a sphere either
translating or rotating atop a semi-infinite domain (c) normalized resistive torque coefficient (k; ) as function of
immersion depth for a rotating sphere above a semi-infinite domain (d) normalized resistive torque coeflicient
as a function of the immersion depth in the vicinity of the interface. In a-d, the slip coefficient \/a=0.01 and a
comparison with literature values is shown.
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immersed, and reaches the asymptotic value of Stokes drag when d/a is of the order of 10. This semi-infinite cal-
culation has also been undertaken in several studies in the literature, e.g. for straddling spheres (0 < d/a < 2) by
Brenner et al.?! and Pozrikidis'® and for a sphere fully immersed in the liquid (d/a > 2)*>*®. As evident in the figure,
their results are in agreement with the prior calculations over the complete range of d/a. (Note that the literature
results are for a sphere with no-slip while the present calculations are for A\/a=0.01; the presence of a small slip
does not effect the drag coeflicients (and also the cross coefficients, see below). However, as a result of the stress
singularity at the vicinity of contact lines which recede or advance over a solid surface under no slip-conditions, a
small slip on the solid (sphere) surface has a strong effect on the resistive torques due to rotation.

The cross coefficient for the torque exerted on the colloid due to the translation (k}/) as a function of d/a is
plotted in Fig. 8b, normalized by the maximum torque coeflicient for a half-immersed (d/a =1) colloid translat-
ing in the liquid phase. In this case, when the colloid is just immersed in the liquid, the torque exerted by the
translation is very small since the wetted contact area is close to vanishing. The coefficient then increases rapidly
with immersion depth until the colloid is half immersed (d/a = 1) and then starts decreasing as the colloid
becomes completely immersed (1< d/a< 2). As the torque is driven by the asymmetry in the shear stress (in the
y direction) exerted by the liquid on the colloid due to the translation (see Fig. 1), as the immersion becomes
larger than d/a =1, the shear stress at the top and bottom of the colloid become balanced and the torque tends to
zero. A zero torque coefficient, which is characteristic of the torque exerted on a translating colloid which is com-
pletely immersed is achieved for d/a~ 10. The other cross coefficient, i.e. the normalized drag due to rotation (kJ;,
normalized with corresponding maximum) is also plotted in Fig. 8b, and is equal to k}/ as required by the reci-
procity condition.

The pure rotation of the colloid as a function of the immersion depth presents some interesting results con-
cerning the effect of changing the contact angle (immersion depth) on the resistive torque exerted by the liquid
on the colloid. Figure 7d-f show the streamlines for the hydrophobic, neutrally wetting and hydrophilic colloids,
respectively. It is clear that for the large contact angle of the hydrophobic colloid, # = 77/8, the streamlines are
less curved in the immediate vicinity of the contact line and the velocity gradients are therefore much smaller
than the prior cases of neutrally wetting colloid rotating on the surface of thin films atop solid substrates or free
lamellae (see Figs 2c and 5d, respectively), and the cases of neutrally wetting and hydrophilic colloids rotating on
the surfaces above a semi-infinite liquid (Fig. 7e,f).

The normalized resistive torque due to pure rotation of the colloid, k}/ nondimensionalized by the resistive

2
torque when the colloid is completely immersed in the liquid, %™, is plotted in Fig. 8c. The resistive torque

increases as the immersion depth increases (contact angle decreases) due to the larger velocity gradients which
develop as the cusp angle in the contact line region becomes smaller. This increase in the local velocity gradients
in the contact line region is also clear in the streamline figures (Fig. 7d-f), and the elevation in the gradients raises
the viscous dissipation accounting for the increased resistive torque. The resistive torque reaches a maximum
when the immersion depth approaches 2 and the contact angle approaches zero, i.e. when the colloid is highly
hydrophilic. For this case, the colloid is (from below) just touching the interface. The resistive torque is finite
because the surface of the colloid has finite slip (\/a=0.01). As the immersion depth increases beyond 2, the
contact line disappears and its contribution to the resistive torque vanishes as well. Because of this, the resultant
resistive torque for d/a > 2 is due only to the viscous drag around the rotating colloid. As the now completely
immersed colloid descends further into the liquid phase (d/a > 2) the resistive torque decreases until the Stokes
value for rotation in an infinite liquid is reached. Because of the assumed slip on the colloid surface, the resistive
torque is continuous through the point at which the colloid breaches through the interface (i.e. d/a=2). Plotted
in Fig. 8d is the resistive torque calculated by Davis et al.?, who obtained solutions for d/a > 2 using eigenfunc-
tion expansions in bispherical and tangent sphere coordinates for the case in which the colloid interface has zero
slip. For this case, the resistive torque becomes infinite as the colloid just touches the interface from the com-
pletely immersed side due to the stress singularity at the contact line as liquid advances on one side and recedes
on the opposite side of the rotating sphere. The resistive torque remains infinite as the colloid straddles the inter-
face (0 < d/a < 2). Figure 8d makes clear that as d/a tends to 2 from the liquid side, the computed coefficients are
smaller than those of Davis et al.?? because of the assumption of a small but finite slip (\/a=0.01). Far enough
from the interface in the liquid (d/a=2.1) or a gap separation distance of one-tenth of a radius, the effect of the
finite and small slip is not important and the calculations agree with the no-slip calculations of Davis et al.?2.

Discussion and Conclusions

In this study, a finite element numerical scheme (implemented by COMSOL) is being used to obtain solutions for
the flow field for a spherical colloid (radius a) translating and rotating along a planar interface atop either (i) a
thin liquid film on a solid support, (ii) a thin free liquid lamellae or (iii) a semi-infinite liquid phase (see Fig. 1a).
Inertial effects were neglected so that the flow in the liquid was a Stokes flow. The air/liquid interface atop the thin
liquid layers, or the semi-infinite liquid phase, was assumed to be flat up to the contact line of the colloid strad-
dling the interface, as capillary forces were assumed larger than viscous forces so that the interface remains unde-
formed. With these assumptions, the flow was decomposed into realizations in which the colloid either only
translates or only rotates on the surface (Fig. 1b), and the drag and torque coefficients due to the motion for each
of these cases were obtained from the hydrodynamic solutions. For colloids straddling the interface of thin liquid
films, the case of neutral wetting with the colloid half immersed in the liquid (i.e. the immersion depth d is equal
to a or the contact angle is 7/2) is of primary interest. The drag exerted on a translating colloid was found to be a
strong function of the thickness of the film relative to the colloid radius (h/a), and whether the opposite face of the
film was solid boundary or an air/liquid interface. For a colloid translating on an interface of a liquid film above a
solid substrate, the drag coefficient (k},) increases significantly as the film thickness decreases to the order of the
colloid radius (h/a — 1) due to the large velocity gradients (and hence large viscous lubrication forces) as a result
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Figure 9. Velocity U and rotation Q) for a colloid attached to an air/liquid interface and subject to an external
force F along the surface as in Fig. 1a for (a) a film on a solid support and (b) a free liquid film. The colloid is
assume to be half-immersed at the interface (d/a=1) and the slip coefficient is \/a=0.01.

of the strong hydrodynamic interaction of the moving colloid with the stationary bottom wall (Fig. 4a). For a
colloid translating on an interface of a free lamella, the drag coeflicient decreases as (h/a— 1) because the mobility
of the bottom free interface does not allow strong velocity gradients to develop (Fig. 6a). To study the hydrody-
namics of the rotation, the colloid surface was assumed to have finite but small slip (characterized by the Navier
slip coefficient A which was set to 0.01a). For a colloid with a no-slip surface which straddles the surface and
rotates, viscous stresses become infinite along the contact line since this boundary moves relative to the surface.
Hence the net resistive torque exerted on the colloid by the fluid becomes infinite and the colloid with a no-slip
surface cannot rotate. Even for this small slip coefficient, the resistive torque exerted by the liquid on the rotating
colloid was dominated by the stresses developed at the contact line as the coefficient for the resistive torque (k)
was not a strong function of h/a (Figs 4c and 6¢). In the case of a colloid on the interface above a semi-infinite
liquid layer, the influence of the immersion depth was studied. For translation the drag coeflicient increased
monotonically and continuously as the colloid becomes more immersed in the liquid (0 < d/a < 2) gradually
experiencing the Stokes drag for a colloid in an infinite medium for d/a of order 10 (Fig. 8a). The increase in
resistance results from the greater immersion into the liquid, and the resultant increase in the viscous traction.
For rotation the resistive torque increases with immersion up to the point at which it becomes just completely
immersed (d/a=2). This increase results from the development of the large viscous stress at the contact line as the
contact angle decreases and the increasingly smaller wedged shape region creates increasingly large velocity gra-
dients (Figs 7d—f and 8c). As the colloid becomes completely immersed in the liquid, the resistive torque coeffi-
cient begins to decrease since the contact line contribution is removed and the torque coefficient decreases to the
value in an infinite medium.

The differences in the behavior of the drag and torque coefficients for colloids on the surfaces of
solid-supported liquid films as opposed to free lamellae as the film thickness decreases leads to a fundamental
difference in the dependence of the colloid translational velocity U and rotational velocity Q when subject to an
external force F (Fig. 1a). The force balance along the surface equates the external force to the drag due to the
translation and rotation of the colloid (F — pakhU — pua*kpQ = 0), and the torque balance around the axis par-
allel to the interface and perpendicular to the motion equates the torque generated by the translation which
causes the colloid to rotate with the viscous resistive torque due to rotation of the colloid

1
(—ua2k}Q — ,uak}U = 0). Thus % = —i—% andU = it 1— % . As clear in Fig. 9a, velocity of the sphere
T a

decreases with a decrease in the film thickness of a sol?d gupporterDﬁlm due to increased hydrodynamic interac-
tion and increased drag. The sliding coefficient 4 increases with a decrease in film thickness as the torque due to
translation increases and the colloid tends to roll more than slide. This behavior has applications in the use of
colloids adsorbed to the interfaces of thin liquid layers on solid substrates to form colloid surface coatings by
evaporative assembly driven by capillary attraction forces. As the film thickness decreases due to evaporation, as
shown in 9a for a constant force the approach velocities of the colloids due to the hydrodynamic interaction with
the wall would decrease, so the assembly process slows down. However, as 9a indicates, the motion at the later
stages of assembly would be more rolling then sliding (Qa/U increases) and this can be important if the orienta-
tions of the assembling colloids is required to be preserved.

Opposite effects are observed (Fig. 9b) when the opposite interface is a free liquid interface as the drag due to
liquid layer increases with increase in film thickness and colloid velocity is more as the film thins out. The colloid
tends to roll more than slide as the film becomes thicker. For both cases, the regime in which the colloid is not
allowed to rotate (i.e. the contact angle singularity arrests the motion, A — 0, k; — oo have also been consid-
ered. For this no slip case, the translational velocities of the colloid on the surface of a film atop a solid or a free
film become reduced relative to the case where it is permitted to rotate.

Methods

As shown in Fig. 1, because the motion is assumed to be at low Reynolds number, the flow is governed by the
Stokes equations of motion which are linear in the fluid velocity. The boundary conditions on the velocity are also
linear, and the free interface positions are planar and fixed. Therefore, the translational and rotational motion of
the colloid can be expressed as the sum of a purely translational motion and a purely rotational one. The equations
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(and boundary conditions) for each of these two motions are formulated and solved separately, and the drag and
torque coefficients are obtained from these solutions. When an applied lateral force acts on the colloid to drive the
translation and rotation, the translational and angular velocities are obtained by computing the net hydrodynamic
drag and torque on the colloid using the coeflicients obtained from the two flow realizations. (see the Discussion
and Conclusion section of the study). Here we briefly outline the governing equations and boundary conditions
for each of the two problems. The mass conservation (incompressibility constraint) and the Stokes equations take
the form:

~Vp+ Viv=0, (1)

V-v=0, 2)

where V? is the Laplacian, v is the local fluid velocity field non-dimensionalized by U the velocity of the colloid
(or Qa), p is the pressure normalized by Y (or 1€2), where f is the viscosity of the liquid.

For both problems, at the planar top free interface (i.e. the air/ liquid surface), the velocity normal to the sur-
face (y direction) is zero and the tangential shear stress (x and z directions) is zero,
I —nmy) - {Vv + (Vv)'} - n, =0 where n;is the normal vector to the upper air/liquid interface, n, =@ and
the gradients in fluid velocity are evaluated at the fluid interface. Similarly for the bottom surface, if the surface is
a solid the velocity is required to be zero. If the bottom surface is a free interface, the normal velocity (y direction)
and the tangential shear stresses are zero. The bounded computational domain is detailed in the Supplementary
information (see Fig. Ala), and the domain is taken large enough in the x and z directions so that the results are
independent of these bounds. At the bounding sides of the computational domain which are parallel to the x axis,
the velocity is required to be zero. For the bounding surfaces in the z direction, which represent the flow direction
for both motions, the upstream velocity is set equal to zero and the downstream pressure is set equal to zero.

At the surface of the solid colloid, the kinematic boundary conditions are formulated to include slip at the
interface, as is required to allow the colloid to rotate. In the case of translation, the colloid velocity (nondimen-
sionally) is equal to &, where &, is the unit vector in the z direction (see Fig. 1). The normal component of this
velocity is equal to the fluid velocity at the surface (v,),i.e.n - (€, — v;) = 0, where n is the local (outward) nor-
mal to the colloid. Denoting by t a unit tangent vector to the colloid surface and . = Vv + Vv' the (nondimen-
sional) viscous stress tensor evaluated at the surface, the slip condition becomes:

t- (e

', — Y

S

A
) . (-7 -1 3)
Note that this tangential slip condition is formulated for two orthogonal tangential directions on the surface.
For the purely rotational case, the (dimensionless) rotational velocity vector of the surface is €, where &, is the
unit vector in the x direction (see Fig. 1) and the tangential velocity is given by &, x (x, — x,) wherex, and x, are
position vectors on the colloid surface and center, respectively (scaled with a). The normal component of the fluid
velocity at the surface is zero (n-v,=0), and the tangential slip condition is given by

£ (@ x (x, — X)) — ¥

A
)=—Mmn- -7 -t
a ) 4
The hydrodynamic flow generates a traction and torque on the surface of the translating or rotating colloid,
and for each flow realization these are given (in nondimensional form) by:

F, = # (o - n)ds,
Ip

T = # (xp —Xx,) x (o - n)ds.
T, (6)

where T', denotes the portion of the colloid surface in contact with the liquid, and & = —pI + Vv + Vv' is the
total stress tensor. From the computed traction and torque, the drag and torque coefficients are computed.

The hydrodynamic equations and boundary conditions for each of the flow realizations were solved using the
COMSOL Multiphysics numerical software which uses the finite element method to solve the field equations and
boundary conditions. Briefly, in this technique, the variables are discretized as sums over a set of basis (approxi-
mating) functions defined over local spatial domains (three dimensional elements) for which the computational
domain is partitioned, and the tessellation of the domain is designed to merge smoothly with the boundaries of
the domain.

)
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