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Almost complete solution
for the NP-hard separability
problem of Bell diagonal qutrits

Christopher Popp™ & Beatrix C. Hiesmayr

With a probability of success of 95% we solve the separability problem for Bell diagonal qutrit states
with positive partial transposition (PPT). The separability problem, i.e. distinguishing separable and
entangled states, generally lacks an efficient solution due to the existence of bound entangled states.
In contrast to free entangled states that can be used for entanglement distillation via local operations
and classical communication, these states cannot be detected by the Peres—-Horodecki criterion or PPT
criterion. We analyze a large family of bipartite qutrit states that can be separable, free entangled or
bound entangled. Leveraging a geometrical representation of these states in Euclidean space, novel
methods are presented that allow the classification of separable and bound entangled Bell diagonal
states in an efficient way. Moreover, the classification allows the precise determination of relative
volumes of the classes of separable, free and bound entangled states. In detail, out of all Bell diagonal
PPT states 81.0% =+ 0.1% are determined to be separable while 13.9 * 0.1% are bound entangled and
only 5.1 & 0.1% remain unclassified. Moreover, our applied criteria are compared for their effectiveness
and relation as detectors of bound entanglement, which reveals that not a single criterion is capable
to detect all bound entangled states.

Quantum information theory can be understood as the study of processing tasks that can be accomplished using
quantum mechanical systems'. Quantum technology uses quantum phenomena for improved or new technologi-
cal applications. Prominent fields include quantum computing, quantum communication, quantum simulation,
quantum metrology or quantum cryptography. Most of existing experimental and theoretic applications of quan-
tum technology are based on two-level quantum systems, called “qubits”(d = 2). Recently however, interest in
higher dimensional systems, i.e. “qutrits” (d = 3) or “qudits” (general d) is growing®*. Although experimentally
more challenging, qudits are expected to have certain advantages and show new phenomena. This work wants
to explore one of these phenomena.

Entanglement is one of the main resources to realize information processing with better performance than
any classical system and has been shown to exist in many physical systems and is intensively explored for poten-
tial applications ranging from quantum teleportation to the detection of cancer in human beings*~’. Despite its
theoretical and practical relevance, there is no general method to determine whether a bipartite quantum state
is entangled or not, in which case the state is separable. This problem is strongly connected to a special form of
entanglement called “bound entanglement” for which a first example has been found by the Horodecki family in
19988 and has been studied since then, e.g. Refs.”""®, and has been experimentally verified with photons entangled
in the orbital momentum degrees of freedom?’. Often, several weakly entangled states can be transformed via
local operations and classical communication (LOCC) to a smaller set of strongly entangled states. This process
is called entanglement distillation® and is of high relevance for practical applications that require strong distill-
able or “free” entanglement as a resource. For bound entangled states, this distillation is not possible. However,
they can be generated by mixing several free entangled states, binding or preventing their entanglement to be
further used in applications that require distillation, thus motivating the name. In order to avoid operations that
would bind the resource of entanglement in bound entangled states through this irreversible mixing process, it
is important to have information about the structure of bound entangled states. While free entanglement can be
efficiently detected by the the Peres-Horodecki criterion (also known as PPT criterion)?* in a bipartite system,
the detection of bound entanglement has been proved to be NP-hard for bipartite systems and thus intractable for
higher dimensions®. Up to now, there is no complete understanding about why this special form of entanglement
exists, what its existence implies for nature or what its exact capabilities with respect to quantum information
theoretic tasks are. Moreover, there is no general method known to construct bound entangled states.
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In this paper we investigate mixtures of maximally entangled, bipartite, 3 x 3-dimensional (“Bell”)-states.
One significant subset of this class of Bell diagonal states has been shown?*?*2 to be especially useful to analyze
(bound) entanglement due to a representation, which allows a precise geometrical interpretation of the system.
Depending on the mixing probabilities of pure maximally entangled states, the mixed state can be separable,
bound entangled or free entangled. Although geometric properties allow analytical insight in the structure of
entanglement?, the problem of entanglement classification, especially the detection of bound entanglement,
remains a hard problem. Several methods to detect bound entangled states exist'>~'°, but these methods based on
specifically constructed non-decomposable entanglement witnesses or other constructions are strongly limited in
the number of states they can detect. Zyczkowski numerically analyzed””?® general higher dimensional systems
with respect to the separability problem and entanglement classification and determined approximate relative
volumes of separable and bound entangled states for different dimensions. Among other results it was shown
that the relative volume of separable and bound entangled states decreases exponentially with the dimension
of the system. Recently, Hiesmayr analyzed mixtures of Bell states for d = 3 to determine relative volumes of
separable and (bound) entangled states and to detect relevant substructures in the set of bound entangled states®.

This work intends to set up a numeric framework that allows the efficient and precise determination of the
entanglement class of Bell diagonal states in general dimension and to apply it to the case d = 3. An alterna-
tive, more precise and efficient way to generate and analyze states in order to estimate the relative volumes of
entanglement classes is presented. New methods are developed to efficiently solve the separability problem in the
considered system for almost all states. Finally, the methods are compared in their effectiveness for the detection
of bound entanglement.

The paper is organized as follows: First, we define the systems to be analyzed and several subsets of relevance
for the investigation. Then, a method to efficiently generate states of that system based on random sampling is
presented and shown to have significant advantages compared to the methods used in previous related analyses®.
We show how symmetries of the system can be numerically generated and leveraged for entanglement classifica-
tion. We then give a short overview over implemented and used methods for the detection of (bound) entangled
and separable states, including a new numerical sufficient criterion for separability. Finally, these methods are
applied to the system for d = 3 and some relevant subset, allowing to efficiently determine the entanglement
class of 95% of all PPT states.

Methods

In this paper we analyze mixtures of maximally entangled orthonormal Bell states ‘ Qi) € H = A ® H,for
k,1=0,1,---,(d — 1) in the Hilbert space # of a bipartite system containing two qudits of dimension d. Sup-

pose Alice and Bob share a bipartite maximally entangled state | Qo) = ﬁ Z?;ol |ii). A basis of orthonormal

27
,w=ed,

Bell states| Q1) can be generated by applying the Weyl operators® Wy, = ;1;01 wik ‘ i)(j+1 (mod d)
to one of the subsystems, without loss of generality Alice’s qudit: }Qk,1>EWk,1®Ild |Q00). The density matrices of

these pure basis states are then the “Bell projectors” Py = ‘Qk,l><9 Kl ‘ Mixtures of these states define the system
of interest .# 4 in this work:

d-1 d-1

Myg=<p= Z ik Pr | Z ki =1l,ckp >0 5. (1)
k,1=0 k,1=0
»24-26

M 4has also been named “magic simplex , referring to the “magic Bell basis” introduced by Wootters and
Hill®! and the fact that it can be represented as simplex in real space, identifying the mixing probabilities ck; as
coordinates with the Bell projectors Py lying at the vertices of the simplex. A special property of this set is that
the reduced states, i.e. the partial trace with respect to one of the subsystems, of all states in .# ; are maximally
mixed. They are therefore said to be “locally maximally mixed” states. Note that for d > 2, .# ; does not contain
all locally maximally mixed states®.

Depending on the focus of the analysis, several subsets and families of states are of interest and have been
discussed in literature?®*2. For the entanglement analysis, the following families are especially relevant:

Enclosure polytope. The enclosure polytope is defined as

d—1 d—1
1
Ea={p= Z k1P | Z ki = Lk €0, E]}' (2)
k=0 k=0

It was shown** that all states that lie outside of the enclosure polytope are necessarily entangled. Since they
can be detected by the PPT or Peres-Horodecki criterion, they can be distilled by local operation and classical
communication (LOCC), or equivalently, are free and not bound entangled®.

Kernel polytope. The kernel polytope is another geometric object that allows to determine the entangle-
ment class of a given state represented by its coordinates in .# 4. It is defined as convex mixture of certain sepa-
rable states, named “line states” p,**:

Ha={p= Z)vapa

I > O,Z/la =1} 3)
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The line states p,, are related to cyclic subgroups (or more general sublattices in higher dimensions) of the
linear ring structure induced by the Weyl operators. As those are separable states, each state in the /" is sepa-
rable by construction.

Family A. Family A is defined by a mixture of three Bell states and the maximally mixed state
Pmm = % Zi?:lo Py = ﬁ ij;lo ’1]><1]‘ for d = 3. The three Bell states are required to be on a phase space

line*, i.e. one Bell state is chosen and the other two are generated by application of one chosen Weyl transfor-
mation. Choosing without loss of generality the Weyl transformation to be Wy ; @1, the states of Family A can
explicitly be written as

Fa={pa=0aPo+ BPo1 +yPo2+ (1 —a—B—Y)omm|pa € Ms}. 4)

Leveraging the high symmetry of such states, an optimal entanglement witness was found®* and later related
to the quasi-pure approximation of the concurrence criterion®. It is therefore possible to determine the entan-
glement class of all states in this family.

Numerical generation of states. The representation of the system as (4> — 1)-dimensional simplex with
the d? Bell states as vertices and the probabilities as “baryocentric coordinates” allows the efficient geometric rep-
resentation of states as points in the simplex. In this representation, states for the whole simplex, subsets of finite
volume or hyper-planes can be equivalently described and generated as points in d?-dimensional Euclidean
space. This can be achieved by, e.g., random sampling according to a certain distribution or by some determinis-
tic discretization procedure. In the following, two ways that allow the estimation of relative volumes of separable,
bound and free entangled states are shortly described.

Uniform random sampling of states. The linear, real (sub-)spaces presented above allow uniform sampling of
points within and therefore uniformly distributed states can be generated in .# 4, &, or # 4. Classification of
these states allows a probabilistic estimation of relative volumes of the entanglement classes by using the relative
number/frequency of classified states as estimator. As the number of required states for a valid estimation only
depends of the relative volumes of the classes and not on the dimension, this method of state creation is favorable
for volume estimation in higher dimensions. Another advantage of random sampling compared to some deter-
ministic procedure is that the expected relative number of states in a given class only depends on the volume and
not on the (unknown) specific geometric shape of the set of states within that class.

Let us demonstrate the validity of this method to estimate the relative volumes of entanglement classes for
bipartite qubits (i.e. d = 2). In this case, the separability problem can be solved analytically. It has been shown
that for d = 2, all entangled states are free entangled and can be detected with the PPT criterion?"** and therefore
A contains no bound entanglement. It is also known that the kernel polytope .#"; contains all separable states
and that the relative volumes of both classes in .# are exactly 50%. Figure 1 shows the relative frequency of
separable states for uniform samples in .#. For different sample sizes, the empirical mean and standard devia-
tion of 10 runs are presented. One observes that the relative frequency converges with growing number of states
to the known equal sized relative volumes of 0.5 with increasing precision. Given a random sample of size N,
the number of states within a certain class of relative volume p should be distributed according to the binomial
distribution. The expected number of states in that class is then N - p with standard deviation of /Np(1 — p).
In case of ./, the probability that a generated state is PPT and in this special case also separable is p = 0.5.

States on an equidistant lattice. ~One way to discretize the space of interest is using a constant increment in all
dimensions. Given k < (d> — 1) independent parameters, a certain range R of values they can assume and a

number of steps s to divide the range in, one obtains (s 4 1)* lattice points. Generating states on a fixed lattice
offers the advantage that these states have many symmetries, allowing to reduce the number of states to explicitly
classify. On the other hand, generating the full lattice is quickly too computationally expensive with growing
dimension, due to the exponential dependency of the number of lattice points given a certain number of steps.
This makes this discretization computationally inefficient in higher dimensions, because the step size needs to
be small enough to capture the entanglement structure. Another disadvantage of this set of states is that they are
only approximately uniformly distributed for small increments. One example for that is the over-representation
of states in certain areas depending on the chosen discretization. As a consequence, classifying the states and
counting the relative occurrences as estimator for the relative volumes of the entanglement classes is unbiased
only in the limit of large s. Figure 2 compares the relative frequency of states that are entangled according to
the PPT criterion for random samples and states on a fixed lattice. For d = 2, the frequencies are relative to the
whole simplex .4, while for d = 3 the enclosure polytope &3 is used. The ranges of the coordinates are divided
in a certain amount of steps to generate the states on a lattice. For comparison, an equal number of random states
is generated and analyzed. In Fig. 2 (left) one observes that the randomly generated states quickly converge to
the known relative volume of 0.5. The lattice states show a strong dependence on the number of steps. While for
an even number of steps the relative frequency approaches the volume from below, for odd numbers the conver-
gence is slower and from above. Figure 2 (right) shows that already for d = 3, the number of lattice states that
can be generated by standard computational means is not high enough to avoid a significant bias compared to
the quickly converging randomly generated states.
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Figure 1. Relative frequencies of separable states in M. For each sample size, 10 sets of randomly generated
states are generated. The figure shows the empirical mean and standard deviation for the frequencies of
separable states.

Generation of symmetry transformations conserving the entanglement property. The phase
space structure of .# 4 implies a set of “entanglement-conserving” symmetry transformations related to point
transformations and translations in the discrete phase space induced by Weyl operators?**. They act as per-
mutations of the generating Bell projectors, or equivalently, as permutations of the coordinates in .#; and are
generated by elementary transformations, i.e. generators of the involved symmetry group. These generators can
be identified with translation, momentum inversion, quarter rotation and vertical shear in the induced discrete
phase space (see Supplementary Appendix A3). It was shown that these symmetries conserve entanglement in
M 4. A simple argument (see A1 in the Supplementary Appendix) also shows that the entanglement class is con-
served, meaning that the classification of free, bound and separable states is not changed by applying any element
of this group. The generators and their actions can be represented as specific permutations, allowing to generate
all elements by succeeding application of several symmetry transformations. Since the phase space contains a
finite number of elements, also the number of permutations is finite. This allows to determine all symmetries
generated by the above generators in arbitrary dimension. The number of symmetries that can be generated
by those generators grows quickly with the dimension of the subsystems. For d = 2, 24 such symmetries exist,
while for d = 3 already 432 symmetries can be found. Leveraging these symmetries is crucial to the analysis of
entanglement in ./ 4, significantly improving the differentiation of bound entangled from separable states.

Sufficient criteria for entanglement. The problem to decide whether a given state is separable or entan-
gled is generally a NP-hard problem?’. No general solution by polynomial in time algorithms is known and it is
often denoted the “separability problem”. Likewise, there is no efficient method to solve the separability problem
for the mixtures of maximally entangled states .# 4 in general dimension d. However, several sufficient criteria
to detect entanglement are known and can be used for entanglement classification. The most effective ones for
states in .# 4 are shortly stated below and enumerated by E1, E2,....

El1: PPT criterion. 'The “Positive Partial Transpose (PPT)” criterion?!, also named “Peres-Horodecki” crite-
rion states that if the partial transpose of a bipartite state has at least one negative eigenvalue (in this case the
state is said to be “NPT”), it is entangled. The partial transpose I" acts on the basis states of a bipartite state as
() (J‘ ® [kYIDT = 1i) {1] ® |1) (k|. It can be calculated efficiently, but for d > 3 it is only sufficient, not necessary,
for entanglement. In this case, also states that have a positive partial transpose can be entangled. Only entangled
NPT-states can be used for entanglement distillation are therefore denoted as free entangled.

E2: realignment criterion. The realignment criterion® is structurally similar to the PPT criterion. The realign-
ment operation R acts as (|i) <] ] R |k){IDr = i) (k]| ® | j> (I|. The criterion states that if the sum of singular values
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of the realigned state o are larger than 1, i.e. if try/ ol;roR > 1, then o is entangled. Like the PPT criterion, it can

also be computed efficiently, but is only sufficient for entanglement. It is neither stronger or weaker that the PPT
criterion, so it can detect PPT entangled states, but generally does not detect all NPT-states.

E3: quasi-pure concurrence criterion. The quasi-pure approximation Cgp of the concurrence® provides another
sufficient entanglement criterion. States for which the concurrence is positive are entangled, but for d > 2 the
concurrence allows only numerical estimates for mixed states. The quasi-pure approximation® provides an easy
to compute lower bound for the concurrence and can therefore be used for entanglement detection. Considering
states of .# 4, an explicit form for the approximation can be derived. A state p = ZZI;IO k1 Pr, € M gis entan-
gled according to the quasi-pure concurrence criterion if Cyp(0) = max (0, Sy, — Z(k,l) Zmm) Sk >0 where
(n, m) is a multi-index of the coordinate of the largest mixing probability {ck;} and Sy are explicitly given by*%:

d 2 1
Sk1 = \/z(d_l)fk,l[(l = nmbkndim + 5 Con—kymod d.@m-Dmod al- (5)
E4: MUB criterion. In a Hilbert space of dimension d, a set of orthonormal bases {Bx} and
By ={lix) | i=0,...,(d — 1)} is called “mutually unbiased bases (MUB)” if Vk # I:

1
|<ik|jz>|2=2 Vi,j=0,...,(d—1). ©6)

Given m MUBs, it was shown?** that the sum of all “mutual predictabilities I,;, is bounded from above for
separable states ps:

m m d—1
. . . . m—1
Im(ps) = E Ck = E E (ik] ® (ixlpslix) ® lig) <1+ — (7)
k=1 k=1 i=0

At most d + 1 MUBs exist®®*” in which case Ij;1(ps) < 2 for all separable states p;. Conversely, if an unclas-
sified state exceeds this upper bound, it is entangled. In order to detect bound entanglement ind = 3, the Cy can
be modified to the following form:

2
E (il ® (i1 +2 (mod 3))* |p5|11 ®‘11+2 (mod 3)*), (8)
i=0
2
Z (ik] ® lk|»05|lk ®{1k> k=234 )
i=0

Here, i} denotes the complex conjugate vector element. In this form, like the realignment and quasi-pure concur-
rence criteria, the MUB criterion allows the detection of PPT entangled states, which was also experimentally
demonstrated for entangled photons?.

E5: numerically generated entanglement witnesses. Leveraging the fact that separable states form a convex set,
entanglement witnesses®® (“EWs”) are an important tool to detect entangled states. An EW W is an observable
which implies an upper bound U and, as recently shown™®, also a lower, mostly nontrivial, bound L (U, L € R),
for separable states pq:

L <tr[psW] < U. (10)

If a state p suffices tr[p W] ¢ [L, U]for some W, then it is entangled and said to be “detected by W”. Originally
EWs were introduced considering the upper bound U = 0 only. It has been shown?* that for each entangled state
p € M 4there exists an EW W, such that W, detects p. In this sense, EW's are universal, because each entangled
state can be detected by an, unfortunately generally unknown, EW.If p € .4, it suffices to consider EW's of the

formW = ZZI_ZIO ki Prywith kg € [—1, 1]to detect all entangled states?. In this case p = ZZI_:IO ckiPry € My

and we have tr[pW] = 22,1_:10 CkiKk = ¢ - k where the dot indicates the standard scalar product of the d2-dimen-
sional vectors ¢ and « collecting the coefficients ¢k and k. Thus, in the geometric representation of .# 4, any
EW defines two (d?> — 1)-dimensional hyper-planes viac;, - k = Land ¢y - k = U and corresponding halfspaces.
Any state that is represented by a point outside of the intersection of these halfspaces is detected as entangled.
The difficulty of using EWs lies of course in determining the bounds L and U for the set of separable states. An
efficient parameterization of unitaries*” and numerical optimization*! is used to determine the bounds for our
case (see Supplementary Appendix 2 for more details).

Sufficient criteria for separability. Since the presented criteria for entanglement are only sufficient and
generally not necessary, it is highly desirable to develop methods to directly classify separable states in as well.
Few analytical sufficient criteria for separability exist, but the geometric characterization and properties of .# 4
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allow the development of an effective procedure to identify states of SEP N .# ;. Here we present a new method
based on the extension of the convex hull of known separable states (S1) and a criterion with close relation to
the states of .# 4 (S2).

S1: extended kernel criterion.  Given a finite set of known separable states and their representation in .# 4, a con-
vex polytope can be constructed by building the convex hull of those vertices. All states of .# ; with coordinates
within this polytope are separable as well. The problem to decide whether a given Bell diagonal state is a convex
combination of known existing separable states is then equivalent to the standard problem of linear program-
ming to decide whether a given point lies within a convex polytope. Several numerical implementations to solve
that problem exist, e.g. Ref*2, which was used for this work. Obviously, in order to check an unknown state
p € M 4 for separability, a set of known separable states as vertices to build the convex hull are required. Since
the effectivity of the check depends on the volume of the spanned polytope, it is advantageous to use vertices that
cover uniformly distributed spatial angles and are as close to the boundary of the convex set of separable states as
possible. The line states p that build the kernel polytope #"; meet those requirements, as they are known to be
on the surface of SEP*. However, more separable states/vertices are needed to cover approximately all separable
states in .# 4. For the results presented in this work, additional separable states were generated and multiplied by
using the entanglement-class-conserving symmetries to generate more vertices to extend the separable kernel.

S2: Weyl/spin representation criterion. 'The Weyl operators Wy ; satisfy useful relations to simplify required cal-
culations for states of .# ;. Two of those are:

kol
Wido Wi, =W Wit o+ (11)

T kik —1
Wk],kz =w! 2Vv_kly_kZ = Wk],kz' (12)

It follows that the Weyl operators form an orthogonal family of unitary matrices with respect to the trace norm
(A|B) = tr[ATB]and as such is a basis for the space of d x d matrices. Any density matrix o can then be repre-
sented as o = % ZZ?:IO Sk, Wi,1. The coefficients of this Weyl representations are s;; = tr[W,j,lo]. Accordingly,
Wi = Wy ® Wy, ., can be used to represent a bipartite state p with coeflicients s, ,. A sufficient criterion
for separability was derived® that is named “Weyl” or “Spin representation criterion” here: If 3, s, < 2,
where|s,,,, | are the coefficients of the Weyl representation of the bipartite state p, then p is separable.

Symmetry analysis. Leveraging the rich symmetries of .# is another crucial factor to detect both entan-
glement and separability with the presented methods. The generation of all elements of this symmetry group
greatly improves the detection capabilities of available detectors. Given an unknown state, all symmetric states
can generated by application of the according transformation for all generated symmetries. This set is then ana-
lyzed with respect to the available criteria. If entanglement class is determined for one state, all states of the set
of symmetric states are known to be of the same class as well, due to the entanglement class conserving property
of the symmetries.

Results

We determine the share of separable, bound and free entangled states with high accuracy using the methods
presented above. After summarizing arguments for the generation of states via random sampling, two exem-
plary analyses are presented. First, states of the subset # 4 (Eq. (4)) are analyzed before the main results of the
entanglement classification for the enclosure polytope &3 (Eq. (2)) for the d = 3 are presented. The analysis
of F 4 serves as validation and comparison of applied methods, because here the borders between separable,
bound entangled and free entangled states are analytically known?*. Since we know that all states outside of the
enclosure polytope & ; are free entangled, the analysis of &3 suffices to know the entanglement classification of the
whole simplex .# 3. Entanglement and separability criteria are compared for their effectiveness and their relations
are discussed. The states are classified according to the labels “SEP” (separable states), “‘BOUND” (bound/PPT
entangled states), “FREE” (free/NPT entangled states) and “PPT-UNKNOWN” (PPT states that could not be
shown to be separable or bound entangled). For that purpose, more than 16,000 entanglement witnesses have
been generated numerically. Additionally, the kernel of separable states has been extended by new separable states
leveraging the generated symmetries to generate new vertex states for the convex hull. The symmetries have also
been used for all methods to further increase the detection capabilities (see “Symmetry analysis” section above).

Generation of states. The generation of uniformly distributed random states offers significant advantages
compared to states on a fixed lattice for estimating the relative volumes of entanglement classes in subsets of . 4.

First, the relative frequencies of states in a certain class provides an unbiased estimator for the relative volume
of that class if the states are randomly sampled but not if they are generated on a lattice with fixed increment. As
shown in Fig. 2 (right), the relative frequencies of randomly generated states converge quickly with increasing
sample size, while the convergence of lattice states is slower for d = 3 so that a significant bias remains for a
number of states of the same magnitude.

Second, the expected relative frequencies of random states only depend on the relative volume of the classes
and not on their specific geometric shape. A fixed lattice, however, may not distribute its states equally between
the classes (according to their volume) as can be observed in Fig. 2 (left). For d = 2, the relative frequencies
depend strongly on the increment of the lattice and show different convergence rates and directions for even and
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Table 1. Number of PPT states in sample sets of size 10,000. Table shows ten sample sets containing 10,000
states each and the number of PPT states within. The empirical mean is 4987.2 with empirical standard
deviation of 61.7. These results are in agreement with the expected mean of 5000 and standard deviation of 50
according to the binomial distribution. For the exemplary analysis below we use a sample size of 10,000 states.
The determined empirical values imply that the obtained numbers for the size of relative volumes have an
statistical error in the magnitude of 1073 = 0.1%.
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Figure 2. Relative frequency of free entangled states generated on a lattice (red) and by random sampling (blue)
in dependence of the number of steps for .# for d = 2 (left) and &3 for d = 3 (right).

odd number of lattice points in each dimension of .#. Since the geometric shape of entanglement classes in .# 4
is generally unknown for d > 3, it is not possible to make quantitative statements about the estimation and its
error. Here, the uniform generation of random states is advantageous as well, since the probability of finding a
random state to be in a given entanglement class is equal to its relative volume. The expected number of states in
that class and the standard deviation thereof is then given by the binomial distribution, which was demonstrated
ford = 2in Table 1. Even if the exact size of the classes (and therefore the distribution) is not known a priori, the
obtained estimations can be used to approximate the expected deviation of the true volume and the estimation.

Finally, the validity of this method allows the extension for higher dimensions. While already for d = 3 it
is not possible to generate enough states based on a lattice to estimate the relative volumes correctly, the prob-
lem will be even larger for d > 3 due to the exponential growth of the Hilbert space. For randomly generated
states, however, the estimation and its variance depend only on the size of the classes and not on the dimension.
This implies that the sample size does not need to be increased for an estimation of the same quality in higher
dimensions.

Entanglement classification for 4. To analyze Family A, the parameters «, 8, y of Eq. (4) are uni-
formly sampled within the range[—1, 1]and the corresponding states are checked for positivity. This way, 10,000
uniformly distributed states of 7 4 are generated and analyzed.

Figure 3 shows that more than 99.5% of the states could be classified. The majority of states in .7 4 are free
entangled (81.7%), 17.7% are separable and only 0.1% of all states are found to be bound entangled. For the
remaining 0.5%, the states are known to have a positive partial transpose, but none of the criteria detected sepa-
rability or bound entanglement.
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Entanglement Class | #states | # relative to.%,
Total %4 10000 100% H SEP
SEP 1774 17.7% O FREE
BOUND 7 0.1% 81.7%
FREE 8171 81.7%
PPT-UNKNOWN 48 0.5%
Figure 3. Entanglement classes and their relative volumes in 7.

Entanglement class Criterion | #Detected | #Relative to class (%)

SEP S1 1774 100

SEP S2 457 25.8

BOUND E2 0 0

BOUND E3 7 100

BOUND E4 0 0

BOUND E5 0 0

Table 2. BOUND and SEP detectors in %4 and their relative number in class.

Entanglement Class | #states | # relative to &3 | SEP
Total &3 10000 100% O PPT-UNKNOWN
SEP 4858 48.6% [0 BOUND
BOUND 835 8.4% O FREE
FREE 3999 40.0%
PPT-UNKNOWN 308 3.1%

Figure 4. Entanglement classes and their relative volumes in &.

As mentioned above, the criterion E3 was shown to be optimal for this family. This is also reflected in our
results in Table 2, showing that only E3 detects bound entangled states. It can therefore be concluded, that the
PPT-UNKNOWN states should be separable as well. Concerning separable states, both criteria S1 and S2 detect
a significant number of states in SEP. However S1 is clearly stronger than S2, because all states detected by S2
are also detected by S1.

Entanglement classification for &3. The main results of this contribution is the determination of the
entanglement class for arbitrary mixtures of Bell diagonal states of which .7 4 is a small subset. We restrict the
analysis to the enclosure polytope &’ since all other states of .#3 are known to be free entangled according to
the PPT criterion.

For this analysis, 10, 000 uniformly distributed random states are generated and analyzed. The results are
summarized in Fig. 4, showing the number of states and the relative volume for each class. Almost half of the
states (48.6%) are shown to be separable states via the separability criteria. 48.4% are entangled, of which 40.0%
are found to be free entangled according to the PPT criterion as already expected with the analysis of Fig. 2. 8.4%
of the states are bound entangled and only 3.1% of the states are known to be PPT-states, but none of the criteria
allowed the certain detection of entanglement or separability, so the entanglement class remains unknown. To
confirm the classification, we applied the detection criteria for the other classes also to already classified states,
which all failed.
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Entanglement class Criterion | #Detected | #Relative to class (%)
SEP S1 4858 100

SEP S2 76 1.7

BOUND E2 625 74.9

BOUND E3 160 19.1

BOUND E4 113 13.5

BOUND E5 724 86.6

Table 3. BOUND and SEP detectors and their relative number in class.

Criterion (A) | #Detected (A) | Criterion (B) | #Detected (B) | #Detected (A) and (B)
E2 625 E3 160 107
E2 625 E4 113 113
E2 625 E5 724 545
E3 160 E4 113 19
E3 160 E5 724 120
E4 113 E5 724 113

Table 4. Pairwise comparison by criterion of detected bound states.

These results extend the previous related investigation® in several ways. First, the presented methods allow a
more exact estimation of the relative volumes of the entanglement classes in .#3. As argued above, the random
generation of states provides an unbiased estimator for the relative volumes. In the cited analysis, the states
were generated on a lattice with constant increment, but as shown in Fig. 2 the increment is not small enough
to ignore the systematic bias due to the fixed lattice. In the cited analysis, higher values for the relative volumes
of FREE and BOUND entangled states are given, while less states are classifies as SEP. Figure 2 indicates that the
lattice construction generates a higher density of states in areas in which FREE and BOUND entangled states
dominate. Consequently, the generated states are not uniformly distributed, but, as can be easily seen, have a
higher density for larger distances to the center of the kernel .#"5. This introduces a shift in the relative frequencies
of the entanglement classes of generated states, since on average, separable states are closer to the center than
entangled states. Second, using the new method S1 and S2 allows the direct detection of separable states beyond
the kernel polytope .#"3. Together with the creation and consideration of all available symmetries it is possible
to significantly reduce the number of PPT-UNKNOWN states.

The main challenge in the classification is of course the differentiation of separable and bound entangled
states. For this reason we are strongly interested in the detection capabilities of different criteria for these classes,
which are summarized in Table 3.

Although the analytical separability criterion S2 detects some states, the share (1.7% is very small and the
criterion S1, leveraging the geometric representation of the system and its symmetries, is clearly stronger. It
detects all states for which separability is implied by S2 and many additional ones. Concerning the detection
of bound entangled states, two criteria are especially powerful: First the analytical criterion E2, which detects
74.9% of all determined bound entangled states and second E5, using the set numerically generated EWs to
detect 86.6% of the bound states. The later especially leverages the symmetry analysis to detect additional states.
E3 and E4, although less effective than the other criteria, still detect a significant portion (19.1% and 13.5%) of
PPT entangled states. Note also that E3 is the criterion that detects all bound entangled states for the family 7 4.

The question arises, whether some of the applied criteria to detect bound entangled states are stronger than
others for E3. A criterion (A) is said to stronger than criterion (B), if (A) detects all states detected by (B), as
well. Table 4 relates a pair of applied entanglement criteria by comparing the number of exclusively detected
bound entangled states to the number of bound entangled states that were detected by both criteria. The results
are visualized in Fig. 5.

The set of bound entangled states detected by the two most effective criteria, E2 and E5, have a significant
intersection, but each criterion also detects states that the other does not. 53 of 160 states (33%) that are detected
by E3 are not found by E2, showing that E3 is not really weaker than E2, but seems to detect states of different
areas of the geometrical polytope &’;. In this sense, the analytical criteria E2 and E3 complement each other to
a certain degree, as they together detect 81% of all detected bound entanglement. A similar, but slightly weaker
conclusion can be made for the relation of E3 and E5, where 25% of the states found by E3 are not found by E5.
This is in contrast to the results of E4. Here, both E2 and E5 detect all of the states found to be entangled accord-
ing to E4, too. However, only 17% of the states detected by E4 are also found by E3, showing again a structural
difference in the detection capabilities of the criteria E3 and E2. Also note that more than two entanglement
criteria are needed to detect all bound entangled states.

In summary, the analytical criterion E2 and the numerically generated E5 are the most effective detectors.
Their detected states have a significant intersection, but none is stronger than the other. In principle, all bound
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Figure 5. Pairwise comparison of number of exclusively (blue and green) and jointly (red) detected states.

entangled states can be detected by E5 with sufficiently many generated EWs. Thus, the states detected by E2
and not by E5 correspond to states in the space between the convex set of separable states and the enclosing
hyper-planes of generated linear EW's. E3 detects less states than E2, but has a high share of exclusively detected
states. E4 can be considered as weaker than E2 and has a very small overlap with E3, which further supports the
hypothesis that E3 has a structural difference compared to the other criteria.

Discussion

We investigated mixtures of maximally entangled, bipartite Bell states in three dimensions. The states are locally
maximally mixed, so all information is in the correlation of the subsystems, while no information about the indi-
vidual systems is available. Depending on the mixing probabilities, the mixed state can be separable or entangled.
Curiously, also bound entangled states, i.e. states that cannot be distilled by LOCC, occur, motivating a detailed
analysis of this system to study this exotic form of entanglement.

The investigated system allows a geometric representation in which its states and their properties can be
effectively geometrically analyzed. Leveraging these properties, the NP-hard problem of determining whether
a state is separable, bound or free entangled can be almost completely solved for Bell diagonal qutrits with new
efficient methods. Three main aspects contribute to this result: First, an efficient creation of states to estimate
the relative volumes of entanglement classes. Second, the numerical creation of symmetries and their utilization
for entanglement classification. Third, the development of independent separability and entanglement detection
criteria, which can be applied efficiently to the to be classified states. A new collection of computational methods
has been implemented to realize these aspects. It has been shown that the random sampling of states can be
used to estimate the relative volumes of entanglement classes without systematic bias and that is has significant
advantages compared to using states on a fixed lattice?. Further utilizing the generators of the considered sym-
metries explicitly, all elements of the related group could be generated and applied to improve applied criteria
to analyze the entanglement structure. The rapid growth of the number of distinct symmetry transformations
with the dimension suggests that our methods can also be applied to higher dimensions despite the exponential
growth of the Hilbert space.

Leveraging an efficient parameterization of separable states and the generation of symmetries allowed to use
a sufficient criteria to directly detect separable states as well as bound entangled states using numerically gener-
ated entanglement witnesses. Several other well known entanglement criteria such as the PPT or realignment
criterion have been implemented and applied to a representative sample of the system, allowing to compare
their effectiveness.

Two relevant subsets of bipartite states in .# 4 for d = 3 were analyzed. First family %, which contains mix-
tures of three Bell states and the maximally mixed state and whose symmetries allow to show that all bound
entangled states can be detected by an analytical witness (E3)*>*2. More than 99% of the states could be classi-
fied including the detection of bound entanglement, but only 0.1% are found to be of that class. The numerical
implementation of E3 confirms its effectiveness, since all bound entangled states are detected by this criterion.
Interestingly, none of the other criteria detect any bound entanglement for this family. The second analysis and
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main result of this work is the entanglement classification of the enclosure polytope &3, which is known to contain
all PPT states. Again 10,000 uniformly distributed states were generated as representative sample of the system
of which 96.9% could be classified. Only for 3.1% it remains unknown whether the state is separable of bound
entangled. Almost half (48.6%) are found to be certainly separable, 40.0% are free entangled and can therefore be
distilled by LOCC and at least 8.4% are bound entangled. The developed numerical methods S1 and E5 leveraging
the special properties of the investigated system are the most effective criteria to distinguish separable and bound
entangled states. However, also general analytical criteria detect significant shares of the bound entangled states,
especially the “realignment criterion” E2 is very effective as well. All methods used to detect bound entanglement
were investigated in pairwise comparison. Although not being the most effective method in terms of total number
of detected states, the nonlinear criteria E3 (“quasi-pure concurrence”), detects a significant amount of states
that are not detected by other criteria, especially the linear witness E4 and the collection of linear witnesses E5.
This indicates that the states detected by E3 and not by E4 and E5 relate to states close to the nonlinear surface
of separable states. It is interesting that E3 is such a strong detector of bound entanglement in % 4, while other
criteria like E2, which is a strong detector in &3, fail for this specific subset.

The developed methods and constructed related objects (i.e. generated entanglement witnesses and extended
kernel) can be repeatedly applied to new states of interest in an efficient way. In this sense, the NP-hard problem of
entanglement classification is efficiently solved for this system with an accuracy of approximately 94.9%, because
any Bell diagonal PPT state can be efficiently classified with high probability. Only for 5.1% of the analyzed PPT
states we fail to classify it as separable of bound entangled. Moreover, we can deduce from our studies that least
13.9% of PPT Bell diagonal states are bound entangled while 81.0% are separable. The implemented framework
can equivalently be applied to any dimension d. It will be interesting to see the results in higher dimensions d = 4
and d = 5and what structural similarities and differences in the classification of entanglement can be identified.

Data availability
All analyzed datasets were generated during the current study and are available from the corresponding author
on reasonable request.

Received: 19 May 2022; Accepted: 6 July 2022
Published online: 21 July 2022

References
1. Nielsen, M. A. & Chuang, L. L. Quantum Computation and Quantum Information (Cambridge University Press, 2000).
2. Cozzolino, D., Da Lio, B., Bacco, D. & Oxenlowe, L. K. High-dimensional quantum communication: Benefits, progress, and future
challenges. Adv. Quantum Technol. 2, 1900038. https://doi.org/10.1002/qute.201900038 (2019).
3. Wang, Y., Hu, Z,, Sanders, B. C. & Kais, S. Qudits and high-dimensional quantum computing. Front. Phys. 8, 479. https://doi.org/
10.3389/fphy.2020.589504 (2020).
4. Moskal, P. et al. Time resolution of the plastic scintillator strips with matrix photomultiplier readout for j-PET tomograph. Phys.
Med. Biol. 61, 2025-2047. https://doi.org/10.1088/0031-9155/61/5/2025 (2016).
5. Moskal, P. & Stepien, E. Prospects and clinical perspectives of total-body pet imaging using plastic scintillators. PET Clin. 15, 439.
https://doi.org/10.1016/j.cpet.2020.06.009 (2020).
6. Hiesmayr, B. C. & Moskal, P. Genuine multipartite entanglement in the 3-photon decay of positronium. Sci. Rep. 7, 15349. https://
doi.org/10.1038/541598-017-15356-y (2017).
7. Hiesmayr, B. C. & Moskal, P. Witnessing entanglement in compton scattering processes via mutually unbiased bases. Sci. Rep. 9,
8166. https://doi.org/10.1038/s41598-019-44570-z (2019).
8. Horodecki, M., Horodecki, P. & Horodecki, R. Mixed-state entanglement and distillation: Is there a bound entanglement in nature?
Phys. Rev. Lett. 80, 5239-5242. https://doi.org/10.1103/PhysRevLett.80.5239 (1998).
9. Bej, P. & Halder, S. Unextendible product bases, bound entangled states, and the range criterion. Phys. Lett. A 386, 126992 (2021).
10. Lockhart, J., Githne, O. & Severini, S. Entanglement properties of quantum grid states. Phys. Rev. A 97, 062340. https://doi.org/
10.1103/PhysRevA.97.062340 (2018).
11. Bruf3, D. & Peres, A. Construction of quantum states with bound entanglement. Phys. Rev. A 61, 030301. https://doi.org/10.1103/
PhysRevA.61.030301 (2000).
12. Slater, P. B. Jagged islands of bound entanglement and witness-parameterized probabilities. Preprint at http://arxiv.org/abs/Quant
um (2019).
13. Choi, M.-D. Some assorted inequalities for positive linear maps on c*-algebras. J. Oper. Theory 4, 271 (1980).
14. Chruscinski, D. & Sarbicki, G. Entanglement witnesses: Construction, analysis and classification. J. Phys. A Math. Theor. 47, 483001.
https://doi.org/10.1088/1751-8113/47/48/483001 (2014).
15. Kalev, A. & Bae, J. Optimal approximate transpose map via quantum designs and its applications to entanglement detection. Phys.
Rev. A 87, 062314. https://doi.org/10.1103/PhysRevA.87.062314 (2013).
16. Bae, J. Designing quantum information processing via structural physical approximation. Rep. Prog. Phys. 80, 104001. https://doi.
0rg/10.1088/1361-6633/aa7d45 (2017).
17. Korbicz, J. K., Almeida, M. L., Bae, J., Lewenstein, M. & Acin, A. Structural approximations to positive maps and entanglement-
breaking channels. Phys. Rev. A 78, 062105. https://doi.org/10.1103/PhysRevA.78.062105 (2008).
18. Huber, M., Mintert, F, Gabriel, A. & Hiesmayr, B. C. Detection of high-dimensional genuine multipartite entanglement of mixed
states. Phys. Rev. Lett. 104, 210501. https://doi.org/10.1103/PhysRevLett.104.210501 (2010).
19. Augusiak, R., Bae, J., Tura Brugués, J. & Lewenstein, M. Checking the optimality of entanglement witnesses: An application to
structural physical approximations. J. Phys. A Math. Theor. 47, 065301. https://doi.org/10.1088/1751-8113/47/6/065301 (2014).
20. Hiesmayr, B. C. & Loffler, W. Complementarity reveals bound entanglement of two twisted photons. New J. Phys. 15, 083036.
https://doi.org/10.1088/1367-2630/15/8/083036 (2013).
21. Peres, A. Separability criterion for density matrices. Phys. Rev. Lett. 77, 1413-1415. https://doi.org/10.1103/PhysRevLett.77.1413
(1996).
22. Horodecki, M., Horodecki, P. & Horodecki, R. Separability of mixed states: Necessary and sufficient conditions. Phys. Lett. A 223,
1-8 (1996).
23. Gurvits, L. Classical deterministic complexity of edmonds’ problem and quantum entanglement. In Proceedings of the Thirty-Fifth
Annual ACM Symposium on Theory of Computing, STOC *03, 10-19 (Association for Computing Machinery, 2003). https://doi.
org/10.1145/780542.780545.

Scientific Reports |

(2022) 12:12472 | https://doi.org/10.1038/s41598-022-16225-z nature portfolio


https://doi.org/10.1002/qute.201900038
https://doi.org/10.3389/fphy.2020.589504
https://doi.org/10.3389/fphy.2020.589504
https://doi.org/10.1088/0031-9155/61/5/2025
https://doi.org/10.1016/j.cpet.2020.06.009
https://doi.org/10.1038/s41598-017-15356-y
https://doi.org/10.1038/s41598-017-15356-y
https://doi.org/10.1038/s41598-019-44570-z
https://doi.org/10.1103/PhysRevLett.80.5239
https://doi.org/10.1103/PhysRevA.97.062340
https://doi.org/10.1103/PhysRevA.97.062340
https://doi.org/10.1103/PhysRevA.61.030301
https://doi.org/10.1103/PhysRevA.61.030301
http://arxiv.org/abs/Quantum
http://arxiv.org/abs/Quantum
https://doi.org/10.1088/1751-8113/47/48/483001
https://doi.org/10.1103/PhysRevA.87.062314
https://doi.org/10.1088/1361-6633/aa7d45
https://doi.org/10.1088/1361-6633/aa7d45
https://doi.org/10.1103/PhysRevA.78.062105
https://doi.org/10.1103/PhysRevLett.104.210501
https://doi.org/10.1088/1751-8113/47/6/065301
https://doi.org/10.1088/1367-2630/15/8/083036
https://doi.org/10.1103/PhysRevLett.77.1413
https://doi.org/10.1145/780542.780545
https://doi.org/10.1145/780542.780545

www.nature.com/scientificreports/

24. Baumgartner, B., Hiesmayr, B. C. & Narnhofer, H. A special simplex in the state space for entangled qudits. J. Phys. A Math. Theor.
40, 7919. https://doi.org/10.1088/1751-8113/40/28/S03 (2007).

25. Baumgartner, B., Hiesmayr, B. C. & Narnhofer, H. State space for two qutrits has a phase space structure in its core. Phys. Rev. A
74, 032327. https://doi.org/10.1103/PhysRevA.74.032327 (2006).

26. Baumgartner, B., Hiesmayr, B. C. & Narnhofer, H. The geometry of bipartite qutrits including bound entanglement. Phys. Lett. A
372, 2190-2195 (2008).

27. Zyczkowski, K., Horodecki, P, Sanpera, A. & Lewenstein, M. Volume of the set of separable states. Phys. Rev. A 58, 883-892. https://
doi.org/10.1103/PhysRevA.58.883 (1998).

28. Zyczkowski, K. Volume of the set of separable states. II. Phys. Rev. A 60, 3496-3507. https://doi.org/10.1103/PhysRevA.60.3496
(1999).

29. Hiesmayr, B. C. Free versus bound entanglement, a np-hard problem tackled by machine learning. Sci. Rep. 11, 19739. https://doi.
0rg/10.1038/s41598-021-98523-6 (2021).

30. Bennett, C. H. et al. Teleporting an unknown quantum state via dual classical and Einstein-Podolsky-Rosen channels. Phys. Rev.
Lett. 70, 1895-1899. https://doi.org/10.1103/PhysRevLett.70.1895 (1993).

31. Hill, S. A. & Wootters, W. K. Entanglement of a pair of quantum bits. Phys. Rev. Lett. 78, 5022-5025. https://doi.org/10.1103/PhysR
evLett.78.5022 (1997).

32. Bae, J. et al. Detection and typicality of bound entangled states. Phys. Rev. A 80, 022317. https://doi.org/10.1103/PhysRevA.80.
022317 (2009).

33. Chen, K. & Wu, L.-A. A matrix realignment method for recognizing entanglement. Quantum Information and Computation 3
(2002). https://doi.org/10.48550/arXiv.quant-ph/0205017.

34. Wootters, W. K. Entanglement of formation of an arbitrary state of two qubits. Phys. Rev. Lett. 80, 2245-2248. https://doi.org/10.
1103/PhysRevLett.80.2245 (1998).

35. Spengler, C., Huber, M., Brierley, S., Adaktylos, T. & Hiesmayr, B. C. Entanglement detection via mutually unbiased bases. Phys.
Rev. A 86, 022311. https://doi.org/10.1103/PhysRevA.86.022311 (2012).

36. Wootters, W. K. & Fields, B. D. Optimal state-determination by mutually unbiased measurements. Ann. Phys. 191, 363-381 (1989).

37. Bandyopadhyay, S., Boykin, P. O., Roychowdhury, V. P. & Vatan, F. A new proof for the existence of mutually unbiased bases.
Algorithmica 34, 512-528. https://doi.org/10.1007/s00453-002-0980-7 (2002).

38. Terhal, B. M. Bell inequalities and the separability criterion. Phys. Lett. A 271, 319-326 (2000).

39. Bae, J., Chruscinski, D. & Hiesmayr, B. C. Mirrored entanglement witnesses. NPJ Quant. Inf. 6, 1-7. https://doi.org/10.1038/
§41534-020-0242-z (2020).

40. Spengler, C., Huber, M. & Hiesmayr, B. C. A composite parameterization of unitary groups, density matrices and subspaces. J.
Phys. A Math. Theor. 43, 385306. https://doi.org/10.1088/1751-8113/43/38/385306 (2010).

41. Mogensen, P. K. & Riseth, A. N. Optim: A mathematical optimization package for Julia. J. Open Source Softw. 3, 615. https://doi.
0rg/10.21105/joss.00615 (2018).

42. Forets, M. & Schilling, C. Lazysets.jl: Scalable symbolic-numeric set computations*. Proc. JuliaCon Conf. 1, 97 (2021).

43. Chruscinski, D. & Pittenger, A. O. Generalized circulant densities and a sufficient condition for separability. J. Phys. A Math. Theor.
41, 385301. https://doi.org/10.1088/1751-8113/41/38/385301 (2008).

Acknowledgements
B.C. Hiesmayr acknowledges gratefully the Austrian Science Fund (FWF-P26783).

Author contributions
C.P. implemented the software, developed the new methods and analyzed the data. B.C.H. revised the analyses
and results and proposed improvements. C.P and B.C.H. both edited the manuscript.

Funding
The funding was provided by Austrian Science Fund (FWF-P26783).

Competing interests
The authors declare no competing interests.

Additional information
Supplementary Information The online version contains supplementary material available at https://doi.org/
10.1038/541598-022-16225-z.

Correspondence and requests for materials should be addressed to C.P.
Reprints and permissions information is available at www.nature.com/reprints.

Publisher’s note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International

License, which permits use, sharing, adaptation, distribution and reproduction in any medium or
format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the
Creative Commons licence, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons licence and your intended use is not
permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

© The Author(s) 2022

Scientific Reports |

(2022) 12:12472 | https://doi.org/10.1038/s41598-022-16225-z nature portfolio


https://doi.org/10.1088/1751-8113/40/28/S03
https://doi.org/10.1103/PhysRevA.74.032327
https://doi.org/10.1103/PhysRevA.58.883
https://doi.org/10.1103/PhysRevA.58.883
https://doi.org/10.1103/PhysRevA.60.3496
https://doi.org/10.1038/s41598-021-98523-6
https://doi.org/10.1038/s41598-021-98523-6
https://doi.org/10.1103/PhysRevLett.70.1895
https://doi.org/10.1103/PhysRevLett.78.5022
https://doi.org/10.1103/PhysRevLett.78.5022
https://doi.org/10.1103/PhysRevA.80.022317
https://doi.org/10.1103/PhysRevA.80.022317
https://doi.org/10.48550/arXiv.quant-ph/0205017
https://doi.org/10.1103/PhysRevLett.80.2245
https://doi.org/10.1103/PhysRevLett.80.2245
https://doi.org/10.1103/PhysRevA.86.022311
https://doi.org/10.1007/s00453-002-0980-7
https://doi.org/10.1038/s41534-020-0242-z
https://doi.org/10.1038/s41534-020-0242-z
https://doi.org/10.1088/1751-8113/43/38/385306
https://doi.org/10.21105/joss.00615
https://doi.org/10.21105/joss.00615
https://doi.org/10.1088/1751-8113/41/38/385301
https://doi.org/10.1038/s41598-022-16225-z
https://doi.org/10.1038/s41598-022-16225-z
www.nature.com/reprints
http://creativecommons.org/licenses/by/4.0/

	Almost complete solution for the NP-hard separability problem of Bell diagonal qutrits
	Methods
	Enclosure polytope. 
	Kernel polytope. 
	Family A. 
	Numerical generation of states. 
	Uniform random sampling of states. 
	States on an equidistant lattice. 

	Generation of symmetry transformations conserving the entanglement property. 
	Sufficient criteria for entanglement. 
	E1: PPT criterion. 
	E2: realignment criterion. 
	E3: quasi-pure concurrence criterion. 
	E4: MUB criterion. 
	E5: numerically generated entanglement witnesses. 

	Sufficient criteria for separability. 
	S1: extended kernel criterion. 
	S2: Weylspin representation criterion. 

	Symmetry analysis. 

	Results
	Generation of states. 
	Entanglement classification for . 
	Entanglement classification for . 

	Discussion
	References
	Acknowledgements


