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4 Abstract

5 How does functional modularity emerge in a cortex composed of repeats of a
6 canonical local circuit? Focusing on distributed working memory, we show that a
7 rigorous description of bifurcation in space describes the emergence of modularity.
8 A connectome-based model of monkey cortex displays bifurcation in space during
9 decision-making and working memory, demonstrating this new concept’s generality.
10 In a generative model and multi-regional cortex models of both macaque monkey
11 and mouse, we found an inverted-V-shaped profile of neuronal timescales across
12 the cortical hierarchy during working memory, providing an experimentally testable
13 prediction of modularity. The cortex displays simultaneously many bifurcations in
14 space, so that the corresponding modules could potentially subserve distinct internal
15 mental processes. Therefore, a distributed process subserves the brain’s functional
16 specificity. We propose that bifurcation in space, resulting from connectivity and
17 macroscopic gradients of neurobiological properties across the cortex, represents a
18 fundamental principle for understanding the brain’s modular organization.
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» Introduction

2 Recent technical advances are enabling neuroscientists to image calcium signals or record
2 spiking activities of large populations of single cells in behaving animals [1, 2|, opening a
2 new era for the investigation of distributed neural computation across the multi-regional
23 brain [3]. These studies report widespread neural correlates of task-relevant information
2 and observed widespread activity signals that have been interpreted as evidence of a lack
s of spatial specificity. Therefore, a central challenge in the field is to elucidate the local
2% versus global neural processes underlying behavior. We tackled this challenge using com-
27 putational modeling of the multi-regional cortex. In psychology, modularity denotes an
2 organization of the mind into distinct component capabilities [4]; in neuroscience, it refers
2 to functional specialization of brain areas. We propose that modularity can be defined as
3 a selective subset of cortical areas, which are not necessarily spatially congruent, engaged
n in a distinct brain function such as face representation [5, 6], language, music or theory
3 of mind. This definition is compatible with distributed neural representation and pro-
13 cessing across multiple brain regions, and stands in contrast to the absence of modularity
s manifested by merely graded variations of engagement across the entire cortical mantle.
35 According to a central tenet of neuroscience, a canonical local circuit is repeated nu-
3 merous times throughout the cortical mantle and shared across mammalian species [7]. In
37 line with this view, the cortex is commonly described as a graph where parcellated areas
;s are considered as identical nodes, each with distinct inputs and outputs that determine
» its function [8]. However, input-output patterns alone do not explain a variety of qual-
w0 itatively functional abilities in different parts of the cortex, exemplified by the contrast
s between the primary sensory areas and the prefrontal cortex [9, 10, 11]. For concreteness,

«2 consider working memory, our brain’s ability to maintain and manipulate information
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s internally without external stimulation [12, 13]. Working memory represents an excellent
w case study because it is essential for major cognitive processes and has been extensively
s investigated. The underlying neural mechanism of this core cognitive function involves
s persistent neural firing that is self-sustained internally during a time delay between stim-
« ulus and response [14, 15, 16]. A large body of literature has documented that working
s memory representations are distributed over some cortical areas but not others [17, 18].
s In particular, with regards to visual motion information, there is evidence that the middle
5o temporal (MT) area does not show persistent activity during a mnemonic delay, while its
si monosynaptic projection target, the medial superior temporal (MST) does [19]. These
52 Observations suggest a sharp onset of working memory representation along the cortical
53 hierarchy. How can such a functional modularity be reconciled with the uniform canonical
s« architecture of the cortex?

55 Recent experimental and computational research suggests clues to solve this major
ss puzzle. Heterogeneities in different parts of the cortex [20, 21, 22] have been quantified;
57 they are not random but display macroscopic gradients along low-dimensional axes such
s as the anatomically defined cortical hierarchy [23]. Such macroscopic gradients have been
so incorporated into connectome-based models of the multi-regional cortex of macaque mon-
o key [24, 25] and mouse [26] for distributed working memory. In these models, the idea of
s1 a canonical local circuit is implemented by the mathematical equations of an excitatory-
2 inhibitory neural network in each parcellated area; variations of the strength of synaptic
63 excitation or/and inhibition are incorporated in the form of the macroscopic gradients.
s Computational modeling revealed an abrupt transition at some stage of the cortical hier-
s archy that separates cortical areas exhibiting information-coding self-sustained persistent
s activity from those that do not. These results led us to speculate that the sharp transition

e is “akin to a bifurcation in space” [25].
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68 Motivated by hints from the previous work, the present work is designed to test that
so hypothesis in order to establish “bifurcation in space” rigorously and explore its experi-
7 mental tests. The mathematical term “bifurcation” denotes the sudden onset of a qual-
7 itatively novel behavior under a graded change of the properties of a dynamical system
72 [27]. The idea of bifurcation in space is conceptually novel; while it emerges from an inter-
73 active large-scale brain circuit as a collective phenomenon, it nevertheless occurs locally
7 in space. We used a generative model of the cortex [28], that can generate an arbitrary
7 number of areas characterized by the experimentally measured connection statistics of
6 the cortex [29, 30]. This approach enabled us to derive a normal form equation close to
7 the bifurcation [27]. The analytical prediction fits well with numerical simulation results,
7z thereby formally establishing the concept of bifurcation in space.

79 Similar to the phase transition of ice melting in physics, we observed that the timescale
so of neural activity approaches infinity at the transition point—a phenomenon known as
s “critical slowing down” [31, 32]. Consequently, the time constants of neural firing fluctua-
&2 tions are predicted to be maximal for cortical areas near the transition, larger than those
3 in both areas lower in the hierarchy that are devoid of persistent activity and areas higher
s« in the hierarchy that exhibit robust persistent activity. In other words, along the cortical
s hierarchy, an inverted-V-shaped pattern of time constants is predicted to dominate neural
s fluctuations during the persistent activity that is associated with working memory. Note
&z that previously we showed critical slowing down for a dynamical system as a whole, while
ss here, we show that it manifests locally at a particular location in a spatially extended
g system.

% Furthermore, we considered a connectome-based model of macaque cortex [25, 24]
a1 extended to include MST with hitherto unpublished connectivity data. The model was

e used to simulate a classic perceptual decision-making task in both the reaction time version
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s and the fixed duration version that requires working memory as well [33, 34]. We found
o« that a subset of areas (a module) underlies subjective decision, which is differentiable
s from veridical evidence in error trials; a bifurcation in space unfolds in time, underlying
o dynamical and distributed decision-making. These results broaden our findings beyond
o7 working memory. Both this macaque monkey cortex model and a connectome-based
¢ mouse cortex model exhibit an inverted-V-shaped profile of time constants during working
oo memory, identifying a specific model prediction that is testable experimentally across
w0 model species.

101 These results are highly non-trivial. First, the model is set up so that no isolated
102 area can maintain persistent activity when disconnected. Consequently, depending on
03 long-distance connection loops, the observed working memory representation must be
s a collective phenomenon. Second, while the connectivity of the cortical graph is dense,
s about 66% of all possible inter-areal pathways are present [30], however, bifurcation occurs
s locally in space. Third, a bifurcation in space does not require fine-tuning of a parameter,
107 unlike ice that melts when the temperature is adjusted to precisely zero degrees Celsius.
ws Fourth, bifurcation in space so defined can apply to any one of the numerous spatially
o distributed persistent activity states. In other words, a cortical system with fixed pa-
o rameters displays simultaneously many bifurcations in space, each engaging a subset of
m  cortical areas constituting a specialized module that could potentially subserve distinct

12 internally driven brain functions.
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Figure 1: Spatially embedded generative model of a cortex. (A) Network connectivity of
1000 parcellated cortical areas produced by a generative model of the mammalian cortical
connectivity [28], which is spatially dependent, directed, and weighted. (B) Connectiv-
ity matrix of the model. The connectivity weights are by the fraction of labeled neurons
(FLN) in the connectomic analysis of the macaque cortex [30]. (C) Three-dimensional dif-
fusion map embedding of the generative cortical network. Red dots: 1,000 cortical areas,
black lines: the nearest neighbor links in the embedding space. The axes correspond to
the three first principal gradients from the diffusion map embedding (see Methods). Us-
ing the diffusion map, the hierarchical position of any area is defined based on Euclidean
(brown) or hyperbolic (blue) distance to a starting area at the bottom of the hierarchy
(see Methods). (D) Hyperbolic metric yields a more linear increase than Euclidean met-
ric along the hierarchy. (E) Local circuit model scheme for each cortical region, with
recurrently connected excitatory (E) and inhibitory (I) populations. The strength of lo-
cal and long-range connections’ strength is indicated by line thickness. (F) Bifurcation
diagram of an isolated cortical circuit (see Eq. (5) in SI). In the large-scale system, the
local E-to-E and E-to-I weights are scaled with the cortical heterogeneity factor J, which
displays a macroscopic gradient as a function of the hierarchical position h (Insert), with

the maximal value J (vertical dashed line) below the threshold.
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» Results

s A generative model for the mammalian neocortex

us To investigate the mathematics of bifurcation in space, we need to “zoom in” close to
us an abrupt transition point along the cortical hierarchy that separates areas engaged in a
w7 working memory representation from those that are not. However, a connectome-based
us  model of the mouse or macaque monkey cortex has a relatively small number of areas;
o thus, the distance between any pair of areas along the hierarchy cannot be reduced as
120 much as desired. To overcome this limitation, we used a generative model of a spatially
121 embedded mammalian cortex [28], unlike a purely topographic graph.

122 This model captures the central aspects of the mammalian neocortical connectivity
123 and neural dynamics but is simple enough to be suitable for mathematical analysis. The
12« model (Fig. 1A) is both generative and random, and thus can be used to produce multiple
s realizations of a mammalian neocortical network model with sample connectivity matrices
16 (see Fig. 1B for one network realization) that share the same statistical distributions
17 empirically observed in the inter-areal connectivity [29, 30, 35, 28]. This network model
s has three advantages. First, conclusions rendered from this model can be applied to
1o different mammalian species [30, 36, 37, 38]. Second, in this model, the number of brain
130 areas can be arbitrarily large, enabling us to examine the bifurcation phenomenon close to
1 a transition point. Third, our results are robust by studying the network dynamics over
12 multiple network realizations, i.e., our results depend only on the connection statistics
1313 but not qualitatively on the specific network realizations. We show that all our results
13 hold up in connectome-based models of both macaque [25] and mouse cortex [26].

135 We define the hierarchical distance using the diffusion map embedding method [39, 40]

36 applied to our model. Note that the aim was to introduce a macroscopic gradient of
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137 excitation in the abstract model, other methods could achieve the same purpose. In
s the embedding space obtained through this nonlinear dimensionality reduction method,
139 closer areas share more paths connecting them with stronger connections, while areas
o further apart share fewer paths and weaker connections (see Methods). Interestingly,
w1 the embedding of the generated connectivity conforms to a low-dimensional hyperbolic
1z shape (see Fig. 1C). To define a hierarchical distance, we arbitrarily select the cortical
143 area at one of the tips of the hyperbolic shape as the start of a hierarchy. We found that
e for the hyperbolic distance (the distance defined along the hyperbolic shape), cortical
s areas display a smooth progression evenly distributed across hierarchical positions (see
us Fig. 1D blue trace), in contrast to the Euclidean distance where a significant fraction
7 of cortical areas are concentrated around the hierarchy value 0.8 (see Fig. 1D brown
us trace). Therefore, we use the hyperbolic distance to define the hierarchical position.
1o Strikingly, after remapping each brain area’s hyperbolic hierarchical position into the
150 ellipsoid’s position (see Fig. 1A), we found that the hierarchical position increases along
151 the major axis of the ellipsoid, similar to the hierarchy of the mammalian cortex along the
152 rostro-caudal axis (Fig. S1A). The alignment of hierarchical positions with the ellipsoid’s
153 major axis likely reflects the underlying network connectivity and embedding geometry.
1ss. This network structure drives the primary gradient of the diffusion map to align with the
155 longest axis, corresponding to the rostro-caudal axis of the mammalian cortex.

156 Using the above defined hierarchy, we built a simplified yet biologically realistic model
157 of the neocortex incorporating the macroscopic properties of the canonical circuit corre-
158 sponding to the different hierarchy levels. Each brain area is modeled as a local canon-
150 ical circuit of recurrently connected excitatory and inhibitory populations (Fig. 1E and
0 Methods). Consistent with the macroscopic gradient of excitation observed in the cortex

161 [23], the local and long-range excitatory weights are scaled by the hierarchical location
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62 (i.e., J o< h, insert in Fig. 1F). When decoupled, each cortical area exhibits a low firing
13 rate resting state when synaptic excitation level is below a threshold corresponding to
166 Jinreshold = 1.32 (J < Jinreshoid) and exhibits bistability between a resting state and an
165 elevated persistent activity state at the threshold of J > Jinresnoia- To focus on collec-
166 tive large-scale dynamics, here we consider the case when the maximal value of J at the
167 top of the hierarchy is smaller than Jipreshola (Fig. 1F) so that the observed distributed
168 working memory representation emerges from long-distance area-to-area connection loops,
10 thereby extending the concept of synaptic reverberation [41, 14, 16] to the large-scale

o multi-regional brain.

n  Bifurcation in hierarchical space

12 In contrast to isolated areas, the connected network of interacting areas exhibits a coex-
113 istence of a resting state (where all areas of the network exhibit a low firing rate state
e ~1 Hz) and active states (where some cortical areas display persistent high firing rates
175 while others display low firing rates). An example is shown in Fig. 2A, where the resting
s state (brown) and a persistent firing state suitable to underlie working memory repre-
177 sentation (blue) are shown as a function of the cortical hierarchy. For the active state,
s those areas engaged in persistent activity are located higher in the hierarchy and sepa-
e rated by a firing rate gap, indicating a transition zone. The size of this transition zone
10 systematically shrinks with the increasing size of the network (Fig. S2B). We expect this
11 transition zone to shrink to a point in the limit of infinitely large networks. We denote this
182 point in hierarchical space as the bifurcation location (Fig. 2A, Fig. S2B). Interestingly,
13 at the bifurcation point, there is a firing rate gap reminiscent of classical first-order phase
1w transitions in statistical physics [42].

185 Mapped into our generative model’s ellipsoid where connectivity was originally em-

10
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Figure 2: Bifurcation in hierarchical space. (A) Resting (brown) and persistent activity
states (blue) are shown with firing rates plotted against areas ranked by hierarchical
position. In the persistent activity state, a subset of areas represent working memory and
are separated from the rest of the network by a firing rate gap. (B) Front view (left)
and side view (right) of the spatial distribution of the persistent activity state (top) and
resting state (bottom) in the generative model’s ellipsoid. (C) The time constant of all
brain areas for the persistent activity state of panel A with 1,000 brain areas. (D) Left,
time constant of 10 selected brain areas; right, firing rate time series of 8 selected cortical

areas for the cortical network in the persistent activity state.
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18 bedded, the firing rate of both active and resting states increases along its major axis
w7 (Fig. 2B). In contrast to the resting state, where the firing rate increases smoothly along
s the hierarchy (Fig. 2B, lower panel), in the persistent activity state, there is a firing rate
150 gap between the rostral and the caudal areas (Fig. 2B, upper panel). Furthermore, the
wo persistent firing rate increases along the minor axis z (Fig. 2B).

101 A signature of a “phase transition” in physical systems is critical slowing down, which
102 denotes the phenomenon of fluctuations on all timescales (scale-free) close to a critical
13 point, such as ice-water transition at zero degrees Celsius. To investigate whether our net-
1ws  work displays critical slowing down associated with the bifurcation in space, we calculated
105 the autocorrelation function of stochastic neural activity in the mnemonic working mem-
s ory state, from which a timescale is extracted (see Methods, Section “Auto-correlation
w7 function of excitatory firing rate and estimated time scales”).

108 The time scale of neural fluctuations increases from milliseconds to tens of seconds
1o for areas near the transition point (Fig. 2C), displaying the critical slowing down phe-
20 nomenon. The timescale profile along the hierarchy is of an inverted V-shape with fast
20 fluctuations for areas low and high in the hierarchy and very slow fluctuations for areas in
22 the bifurcation region. This inverted V-shape divergence in time scales is characteristic of
203 critical slowing down and is only observed for the active state. In contrast, in the resting
204 state, the timescales increase monotonically with the hierarchy (left panel of Fig. S2H),
205 reproducing the result in the resting state from the linear theory of connectome-based
206 large-scale models [43, 44] (Fig. S2H, left panel).

207 In the model, when the input-output neuronal transfer function’s gain (parameter d)
28 decreases, the firing rate gap disappears in the persistent activity state. In this scenario,
200 the system is divided into two-components: activity is roughly constant and low for areas

210 low in the hierarchy, then starts to increase without a discrete jump of firing rate for areas

12
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Figure 3: The effects of the input-output transfer function gain parameter d on bifurcation
in space. (A) The persistent activity state for different d values. As the gain parameter
d increases from 0.157 to oo, the firing rate gap progressively widens from zero. (B)
The maximum firing rate difference among all area-pairs. Means (dots) and error bars
correspond to the results of 10 different network realizations. (C-D) Model behavior
with the gain parameter d = 0.157. (C) The time constant of neural fluctuations in all
the cortical areas during the persistent active state. (D) The time constant (left) and

firing rate time series (right) of 8 selected brain areas in the active state with the smooth

transition.
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2u higher in the hierarchy (see Fig. 3A and Fig. 3B, blue dots). As the input-output gain
212 increases, the firing rate gap becomes progressively large (see Fig. 3A ) until the bifurcation
213 in space becomes apparent. The firing rate gap at the transition point increases with
2 the gain d reaching its maximum for the threshold-linear transfer function (see Methods,
25 Eq. (6)) [45] (Fig. 3A-B). With a sufficiently small d value, the transition becomes smooth
26 with virtually no firing rate gap, but the working memory state nevertheless continues
217 to be characterized by an inverted-V-shaped time scale profile (Fig. 3C-D), suggesting
218 that critical slowing down does not require the presence of a firing gap in the persistent

219 activity state.

» The normal form analysis of bifurcation in space

21 To elucidate rigorously the transition observed in Figs. 2-3 as a new form of bifurcation, we
22 undertook mathematical analysis in a simplified instance of threshold-linear input-output
»3 transfer function (corresponding to a large gain d in our model). Close to a bifurcation,
24 the model can be approximately reduced to a “normal form” allowing its behavior to be
25 described as we show below [46].

226 In our model, cortical areas indexed by i = 1,2, ..., N receive long-range excitatory
»7 input currents from the network’s recurrent interactions, Ly = > ; FLN; Sé where F'LN;;
28 18 the connection weight from area j to ¢ and Sﬁ;; is the output synaptic variable of
2o area j (see illustration in Fig. 4A). For a given active state, the input current for each
250 area ¢ depends on its input connections (the F'LN;; values) and the collective activity
o state. Indeed, the firing rates are driven by Lg, which in turn depend on the firing rates
2 themselves; the two must be solved in a self-consistent manner for the entire system (not
233 separately for each area). At the limit of infinite gain, equivalent to a threshold-linear

2 transfer function (see Methods, Eq. (7)), the firing rate as a function of h and Lg can be

14
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Figure 4: The geometry of distributed attractor states. (A) Illustration of long-range
excitatory input currents to an area i*". The gradient of red and blue color corresponds
to hierarchical positions of areas and the weight of long-distance connections F'LN;;
from area j to area i, respectively. (B) Normal form analysis of the neocortex model
with threshold-linear transfer function. The bifurcation in hierarchical space occurs at
the critical line in the plane of hierarchy h and long-range gating variable Lg. (C) The
firing rate from network simulations versus the predicted firing rate from the normal
form analysis show perfect agreement. (D) Cumulative firing rates of all the areas of the
resting state, monotonic persistent activity states, and bump persistent activity states

for the generative model.
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235 readily solved, yielding a bistability surface as a function of h and Lg (see Fig. 4B). At
23 this limit, the normal form of bifurcation in hierarchical space is obtained (see Methods,
27 Section “The bifurcation in hierarchy space normal form”, in particular, Eq. (29)). Using
28 that normal form, we solved self-consistent equations for the N firing rates and N Lg
20 variables. The analytical results match perfectly our numerical simulations (Fig. 4C).

240 As the case of finite gain parameter d, we found that for any steady state of the
2 network, the firing rate of all cortical areas must lay on a surface parameterized by the
22 hierarchy h and the long-range excitatory input current Lg (Fig. 4D, Fig. S4, Fig. S5, and
23 Fig. S6). We refer to this surface as the solution surface (Fig. 4D, Fig. S4, Fig. S5, and
24 Fig. S6). The solution surface does not depend on the network size N. In the resting state,
25 both firing rates and long-range excitatory inputs Lg are low (Fig. 4D). In a persistent
26 activity state (Fig. 2A with d = 0.17), the more an area is active, the higher its output
27 synaptic gating variable. Therefore, those areas below the transition receive weak input
2 currents from strongly interconnected areas nearby in the hierarchy [28, 29] (Fig. 4D).
xe In the same active state, the long-range excitatory input currents L, are large for areas
0 above the transition since they receive strong inputs from nearby areas with elevated
51 persistent activity.

252 What is the geometry of the solution surface in our network? We find that the solution
53 surface folds at a cusp, corresponding to a point in the two-dimensional space of h and Lg
2 (Fig. S6). This geometry is reminiscent of the cusp described in classical bifurcation theory
255 for non-linear dynamical systems [47, 46]. For a system that undergoes a cusp bifurcation,
6 the solution surface representing the steady state solution in a two-dimensional parameter
=7 space folds at a cusp point [46]. From this point to the folded region in parameter
23 space, the system transitions from having a single to three (two stable and one unstable)

0 steady states. Indeed, in our network, areas with hierarchy values h and long-range
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20 excitatory input currents Lp within the folded region exhibit bistability (see Methods
2 and Fig. 4D). However, it is essential to highlight that the bifurcation in space in our
2 model is conceptually different from the conventional cusp because Lg is not a control
3 parameter and depends on the firing rates themselves, which are shown in the cloud of
»ws  dots in Fig. 2A. Recall that when decoupled from each other, none of the isolated areas
s show elevated persistent activity. Therefore, bifurcation in space is a collective behavior
w6 emerging from the complex area-to-area interactions, yet, importantly, the transition is
67 occurring at a particular location of the hierarchy.

268 To further test our model, we considered two ‘“null” models. First, we randomly
xwo shuffled area-to-area interactions. In that case, modularity becomes absent as all areas
z0 participate in the persistent activity state (Fig. 5A, blue), even though the firing rate
o increases along the hierarchy as a result of the macroscopic gradient of excitation. There is
22 10 clear pattern for the timescale of neural fluctuations in the persistent state (Fig. 5B) or
23 the resting state (Fig. 5C). Second, the macroscopic gradient of excitation is abolished by
2+ randomly shuffling the parameter J between areas. In this case, all the salient behavioral
25 characteristics of our model disappeared (Fig. 5D-F). These results demonstrate that the
a6 desired functional modularity depends critically on both the connectomic properties and

277 the macroscopic gradient.

xs A diversity of bifurcations in space

o9 Interestingly, we discovered numerous persistent activity states in our network. All the
20 states exhibiting distinct spatial distributions coexist in a single realization of the gener-
21 ative network, similar to findings in connectome-based models of macaque monkey [25]
22 and mouse [26]. For most of these attractor states, firing rate increases monotonically

23 across the hierarchy (see Fig. 2A, Fig 6A, Fig. S8A). In addition, surprisingly, a sizable
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Figure 5: The firing rates and time constants of distributed attractor states when the
network connection weights are randomly shuffled (A-C), or the macroscopic gradient of
excitation is abolished by randomly shuffling the parameter J (D-F). In either case, the
model still displays the bistability of a resting state (orange) and an elevated persistent
activity state (blue). However, modularity disappears because all the areas participate in

the persistent activity state, and there is no inverted-V-shaped profile of time constants

in the active state.
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Figure 6: A diversity of spatially distributed attractor states. (A) The firing rate patterns
of 4333 active states with cortical areas ranked by hierarchy values. Distributed working
memory states display either a monotonic pattern or a bump pattern with elevated activity
only in the middle region of the hierarchy. The x-axis corresponds to the rank of all
persistent activity states according to the number of areas with firing rates larger than
10 Hz. All spatially distributed persistent states coexist in a single realization of the
generative network model, which is the same as Fig. 2. (B) An example of a bump-
shaped persistent activity state indicated by Sy in (A). Left: firing rate (blue) and time
constant (brown) as a function of the hierarchical position; Right: spatial distribution of

firing rates in the generative model ellipsoid.
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20 number of attractor states display a localized bump of activity in hierarchy space (Fig. 6A,
25 bump active states; Fig. 6B; and SI Fig. S8C). Strikingly, unlike the monotonic active
s  states where persistent firing roughly follows the rostro-caudal axis of the model ellipsoid,
27 bump active states generally display more scattered spatial patterns of persistent activity
23 (Fig. 6B and Fig. S8C, right panel). The time constant of each area’s neuronal fluctua-
289 tions in those bump states is maximal and exceptionally long at both edges of the bump
20 (Fig. 6B and Fig. S8C). Note that, here, the focus is on the spatial attractors indepen-
201 dently from the number of selective neural populations in each area. The question of the
22 total number of such spatial attractors is fundamentally different from the conventional
203 memory capacity analysis of the maximal number of stored stimulus-selective memory
20 items. To illustrate this point, consider a simple and heuristic example of N areas that
205 are not interconnected, each with two (Down and Up) stable states. Since each area is
26 either Down or Up, the total number of spatial attractors is 2. The actual number of
207 spatial attractors depends on the inter-areal connectivity as well as local area properties.
208 With a given network parameter set, all distributed persistent activity states can be
209 plotted on the solution surface, even for different network realizations or networks with
w0 different sizes (Fig. 4D). This provides a unifying picture; different states take over differ-
s ent locations on the solution surface reflecting that cortical areas at a given hierarchical
32 position h have different firing rates and long-range excitatory input current Lg values in
s03  distinct active states.

304 In summary, bifurcation in space is defined separately for each set of the active states of
w05 distributed persistent activity. In other words, a single network has many bifurcations in
ws  space, each for the emergence of a subset of areas (a module) engaged in the corresponding
37 persistent activity state and manifested by critical slowing down at its transition spatial

308 location.
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30 A connectome-based monkey cortex model displays bifurcation in space during

si0  decision-making and working memory

su As shown above, using a generative model enabled us to establish the concept of bifurca-
sz tion in space mathematically. We sought to assess this phenomenon in connectome-based
sz multi-regional cortex models, as a necessary step to bridge theory with experimental
s tests. We expanded a macaque cortex model [25, 24] to 41 parcellated areas (Fig. 8A).
sis The model incorporates hitherto unpublished connectivity data on the medial superior
us temporal (MST) area, specifically motivated by the physiological observations that neu-
a7 rons in MST, but not their main monosynaptic afferents from the neighboring medial
ng temporal (MT) area, are known to display delay period activity in a working memory
20 task, suggesting a sharp transition [19]. In this model, suitable for stimulus-selective
20 decision-making and working memory, each brain area possesses two excitatory popu-
w1 lations encoding stimuli and one inhibitory population [25]. Both long-range and local
3 recurrent excitation strength follows a macroscopic gradient proportional to the hierar-
23 chical position of each brain area [43, 48, 23].

304 To explore whether the novel concept of bifurcation in space is applicable beyond
»s  working memory, we simulated the model for a task that depends on perceptual decision-
s making and working memory. Concretely, we focused on a classic perceptual decision
w7 task used in monkey experiments that requires a subjective judgment of a random-dot
»s  stimulus’s net motion direction [33, 34]. From trial to trial, the task difficulty varies
»9 by changing the motion coherence, the fraction of dots moving coherently from 100 to
30 0 (when there is no correct answer), the subject has to decide whether the net motion
s direction is A (e.g., left) or B (right) (two alternative-forced choice task). In the model,
;2 the motion coherence is implemented by the relative strength of external inputs into the

1 two (A and B) selective excitatory neural populations in V1 [49, 50]. Therefore, neural
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s signals in V1 encode the physical stimulation veridically, whereas a subset of other areas
;35 in the multi-regional model are expected to determine a categorical choice by winner-
136 take-all between the two selective neural populations. The latter is subjective (e.g., when
17 the motion coherence is zero) and opposite to the objective evidence in error trials. How
18 does the subjective decision emerge in the large-scale cortical circuit model?

339 As in the monkey experiments [33], we simulated two versions of the direction dis-
10 crimination task. In the reaction time (RT) version, a decision is read out when the
s accumulated information reaches a threshold (for instance, when the neural activity in
12 the lateral intraparietal area (LIP) ramped up to a preset level [33, 51, 52], but see the
3 Discussion for more general decision readout from a multi-regional system). In the fixed
1e duration (FD) version, a stimulus is presented for two seconds, followed by a delay period
us  when the choice must be held in working memory to guide a later behavioral response.
us This task thus engages decision-making and working memory. The psychometric func-
w7 tions of the model for the RT and FD tasks (Fig. 7TA) are comparable to the observed
us  monkey’s performance.

349 To quantify the complex neural dynamics during decision-making in space and time,
0 we computed the normalized difference between the activity of two excitatory populations
moas Ny(t) = (rp,(t) — g, (1)/(rg,(t) + 75 (t)), in each parcellated area i of our model. In
32 model simulations of the RT task (with evidence in favor of A), the RT is read out when
33 A;(t) in LIP reaches a threshold value (see Methods). The average RT as a function of
3 the coherence is shown in Fig. 7B, with longer RTs in error (open circle) than correct
15 (filled circle) trials, in accordance with the observed behavior.

356 Fig. 7D-E (Movies 1, 2) shows the spatiotemporal dynamics of A;(t) in a correct
57 trial and an error trial, respectively, in model simulations with evidence in favor of A.

13 At the stimulus onset (left panel), the input is larger to the neural population A than
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Figure 7: Connectome-based model of macaque monkey cortex capable of perceptual de-
cision making and working memory. (A) Psychometric function (accuracy) for the RT
and FD tasks and (B) chronometric function (average reaction times in correct and error
trials) of the model, compatible with monkey behavior in motion direction discrimina-
tion experiments [52]. (C) Time-to-threshold for all brain areas. (D, E) Activity maps
across different brain areas exhibit distinct structures in correct (D) and error (E) trials
depending on the time from the stimulus onset (indicated in panel titles). Red indicates
areas (indexed by i) following the objective choice (rf; > rg; when input to excitatory
population A is larger, A; > 0), and blue indicates a wrong subjective choice (réyi < 7“571-,
A; < 0). The location of areas on graph maps is computed by projecting the 3D location
of each area in the inflated surface map to 2D, based on [30]. Line widths correspond to
the relative connectivity strength (FLN) between different brain areas. For the temporal

dynamics of the activity maps, see Movie 1 (correct trials) and Movie 2 (error trials).
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10 B, and A(t) is positive in V1 (red); the signal propagates to higher areas where strong
;0 recurrent dynamics leads to a categorical winner (A or B) (middle and right panels).
1 This was quantified by the time-to-threshold that varies from area to area; areas TEpd,
12 TEO, and LIP are the first to make the choice in the correct (Fig. 7D, Movie 1) and
w3 error (Fig. TE, Movie 2) trials. Compared to the correct trial, in the error trial, there is a
30 period (Fig. 7TE, middle panel) when some areas such as V1 and MT represent the veridical
15 evidence A (with positive A;(t), red). In contrast, others signal the subjective choice B
w6 (with negative A;(t), blue). This suggests a bifurcation in space that unfolds in time
w7 (Fig. 7TE, right panel). MT also reflects the subjective choice, reproducing the observed
1s  choice-correlate in MT neurons of behaving monkeys [53], which has been suggested to
10 result from top-down inputs [54] in accordance with our connectome-based large-scale

a0 cortex model.

s The inverted-V-shaped profile of time constants in macaque mon-

»» key and mouse

sz The FD task allowed us to examine the working memory of a choice across a delay period.
s The model’s performance in the FD task is similar to that of the RT task (Fig. 7A). As
ws in our abstract model, this connectome-based model exhibits the coexistence of a resting
ws state (firing rate around 1.5 Hz) and persistent activity state (more than 8 Hz) encoding
s working memory (Fig. 8B). The spatial firing rate distribution during working memory
ws states is modular, with only some areas displaying persistent firing (Fig. SI0E). Consis-
wo tent with the macaque monkey physiological experimental observations [17], association
;0 cortical areas but not early sensory areas are engaged in stimulus-selective persistent fir-
31 ing during working memory states (Fig. 8B). The MST area exhibits sustained activity

;2 throughout the delay period, whereas the MT area does not manifest such persistent ac-
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Figure 8: Bifurcation in space of connectome-based cortical models of the macaque mon-
key (A-D) [25] and mouse (E-H) [26]. (A) Lateral view of macaque neocortex surface
with model areas in color. (B) Firing rate of 41 brain areas, ranked by the hierarchical
position. (C) Firing rate time series of 9 chosen brain areas when the neocortex model is
in the delay period working memory state. (D) Time constants of neural fluctuations in
9 selected brain areas for resting (upper panel) and delay period working memory (lower
panel) states. (E) Superior and lateral view of mouse cortex surface with model areas in
color. (F) Firing rate as a function of the hierarchical position of 43 brain areas. (G)
Firing rate time series of 8 sample areas in the delay period working memory state. (H)
Time constants of neural fluctuations in 8 selected areas in resting (upper panel) and

delay period working memory (bottom panel) states.
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3 tivity during this period, as evidenced in Fig. 8B. This observation is in accordance with
s« the experimental findings reported by Mendoza-Halliday et al. (2014) [19]. Furthermore,
;s our analysis identifies a single parameter set that aligns with the experimental data and
1 delineates a broader parameter space within the J"** and z parameters (Fig. S11A). The
;7 standard deviation of the firing rate shows a monotonic increase pattern as a function of
s the hierarchy (Fig. SI0A).

389 Note that the model parameters suitable for working memory and decision-making
30 are not necessarily identical. In fact, a systematic analysis showed that the parameter
s set that satisfies the requirements for decision-making tasks constitutes a subset of the
12 parameter space that meets the criteria for the working memory tasks (Fig. S11B and C).
33 Consequently, we selected the parameter set that is tailored to the decision-making task,
34 which inherently satisfies the requirements for the working memory task as well.

305 In order to compare the time constant of each brain area during a baseline state with
36 the previous experimental result, we observed that the time constant of the resting state
w7 is roughly a monotonic function of the hierarchy (Fig. 8D, upper panel, see also Fig. S10F,
s left), in accordance with previous modeling [43] and empirical [55] findings. Note that
30 for a nonlinear dynamical system, the time constants are not uniquely defined; they are
w0 specific for a given internal state and predicted to differ between the resting and working
a1 memory states.

402 To test for the presence of critical slowing down in the connectome-based large-scale
w3 model, we carried out the autocorrelation analysis of stochastic persistent activity time
sws series during the delay period for each area. We found that neuronal fluctuations are fast
w5 in the brain areas at high and low hierarchical positions; by contrast, the mnemonic firing
ws of brain areas around the hierarchical bifurcation region shows fluctuations on slower

w7 timescales, exemplified by Brodmann area F4, which is part of the premotor cortex
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ws  (Fig. 8D, lower panel; see also Fig. S10F, right). The brain areas F4, MT, TEO, and
w0 32 have a time constant larger than 10? ms.

410 We then asked if critical slowing down also occurs in the connectome-based large-scale
a1 model of the mouse cortex [26]. The model contains 43 cortical areas in the common coor-
a2 dinate framework v3 atlas [56] (Fig. 8E) with a quantified hierarchy. Synaptic inhibition
a3 mediated by parvalbumin-expressing interneurons [57] displays a decreasing macroscopic
ss  gradient along the hierarchy. The mouse model also exhibits the coexistence of resting and
a5 persistent activity states appropriate for working memory function (Fig. 8F). Once again,
a6 we performed an autocorrelation analysis of the resting state and mnemonic persistent
a7 activity during working memory delay. We found an overall hierarchy of time constants
ss in the resting state (Fig. 8H, upper panel) and a qualitatively similar inverted-V-shaped
no profile of time constants in the delay period working memory state (Fig. 8H, lower panel,
20 see also Fig. S10, H right).

a1 Our model of the macaque monkey cortex is presently limited to a subset of areas for
22 which the connectomic data are presently available; the precise hierarchical positions (nor-
23 malized between 0 and 1) could be somewhat modified in a complete model of all cortical
w24 areas. Moreover, the particular area that displays the maximal time constant of mnemonic
»s firing fluctuations may depend on the model parameters. Regardless, the demonstration
26 of the inverted-V-shaped pattern of time constants in the mouse and macaque monkey

w27 cortical models offers a strong model prediction that is testable experimentally.

= Discussion

29 Motivated by the experimental advances, theoretical modeling of a multi-regional cortex

a0 has come to the fore [58, 3]. Up to now, a focus of research has been on the functional

27


https://doi.org/10.1101/2023.06.04.543639
http://creativecommons.org/licenses/by-nc-nd/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2023.06.04.543639; this version posted December 21, 2024. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made
available under aCC-BY-NC-ND 4.0 International license.

a1 connectivity of the human cortex in the resting state when subjects are not engaged
s in tasks [59, 60, 61]. More recently, connectome-based models have been developed for
33 distributed working memory [24, 25|, which are now beginning to be applied to perceptual
s decision-making. The model of [25] with 30 areas was applied to perceptual decisions in
s5 the random dots direction discrimination task, which showed different global dynamics
i3s in easy versus difficult task conditions but did not address the question of modularity.
a7 Our work is distinct from previous work in four ways. First, we rigorously demonstrated
ss  the novel concept of bifurcation in space; its general applicability is reflected by the
130 simultaneous presence of different spatial attractors and their corresponding bifurcations
wmo in space. Second, our connectome-based model of the macaque cortex reproduces the
a1 experimental observation of a sharp transition between the monosynaptically connected
a2 MT and MST areas [19], validating this theoretical work. Third, we found an inverted-
a3V profile of time constants during working memory, a surprising and specific prediction
ua  that can be tested experimentally. Fourth, we showed that bifurcation unfolds in space
ws and time, underlying a modular subjective judgment in perceptual decision-making. A
us separate study on detection as a simple decision lends additional support to this idea
a7 [62]. Further studies are needed to elucidate the details of distributed decision-making, in
us  close interplay with experiments such as the recently carried out study in mouse [63]. In
mo  particular, how exactly a decision is read out in a multi-regional brain remains an open
w0 question.

451 To investigate how functional modularity emerges in a multi-regional cortex we chose
2 to address working memory because of its central importance in cognition and behavioral
ss3 flexibility. The question of modularity for working memory encoding is still a matter of
s debate. At the single-neuron level, there have been rare reports of delay period activity

ss5 in V1 of behaving monkeys [18], which, however, may correspond to attention signals
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s needed to perform certain tasks; most experiments failed to find evidence of working
7 memory representation in V1. By contrast, ample evidence shows that a subset of cortical
iss  areas are involved in working memory maintenance [17]. In the human literature, fMRI
0 experiments showed that visual working memory content can be decoded from functional
w0 MRI measurements in the primary visual cortex [64, 65], but whether sensory areas are
w1 critical for working memory storage has been questioned [66]. However, brain imaging
w2 data is compatible with modularity because BOLD signals reflect synaptic currents rather
a3 than neural spiking activity [67]. In our model, during a mnemonic delay, primary sensory
s areas receive strong synaptic top-down inputs that target both excitatory and inhibitory
a5 cells but do not necessarily give rise to persistent activity.

466 The present work addresses how functional modularity, if present, may emerge under
w7 the assumption that the cortex is composed of repeats of a canonical local circuit. We
ws  found that the mechanism is mathematically described as a novel form of bifurcation oc-
w0 curring at some critical location in the spatially embedded cortex. The idea of a neural
w0 system operating near to criticality has been proposed [68, 69]; open questions include
an identifying the signatures of criticality and determining whether achieving criticality re-
a2 quires parameter fine-tuning or can instead arise through a self-organized mechanism
a3 [70]7 A bifurcation in space is robust: parameter changes would merely move the spatial
s location of bifurcation. Moreover, bifurcation is defined for each of numerous spatially
a5 extended persistent activity states that potentially can serve various internally driven
a6 cognitive processes. For example, one spatially distributed attractor could store sensory
a7 information, while another could maintain a behavioral rule that guides sensorimotor
ws mapping, etc. Each of these activity states would be modularly organized in the sense
a0 that they selectively engage subsets of areas, mathematically determined by the location

w0 of the bifurcation in space. In other words, there are numerous bifurcations in space in a
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w1 given large-scale cortical system.

482 An observable manifestation of bifurcation in space is critical slowing down near the
83 transition point. Consequently, along the cortical hierarchy, an inverted-V-shaped pattern
s Of time constants dominates neural fluctuations during working memory. This contrasts
g5 our previous report that during a resting state, the dynamical timescale roughly increases
s6 along the cortical hierarchy [43, 3]. The difference is explained by the fact that time
w7 constants are uniquely defined mathematically only for a linear dynamical system but for
ss a highly nonlinear system, they critically depend on the active state under consideration.
s0 The present work thus extends our previous finding of a hierarchy of time constants. We
w0 propose that an inverted-V-shaped pattern of time constants during working memory
w1 Tepresents a sensitive test of the absence or presence of functional modularity.

492 The main results using a generative model of the cortex endowed with experimentally
w03 measured connection statistics are confirmed in connectome-based models of macaque
sa and mouse cortices, opening the door to test the predicted inverted-V-shaped profile
w5 of time constants in specific areas during working memory. In particular, for working
ws memory of visual motion information, the work in [19] suggests MST as a candidate
w7 area close to a criticality. Furthermore, since working memory and decision-making are
w8 believed to share a common cortical substrate [71], the inverted-V-shaped timescale profile
a0 is likely to hold during decision processes, a proposal in line with the existing evidence
so0 that neurons in the caudal parietal cortex display longer integration times underlying
s accumulation of information than is observed in sensory areas and prefrontal cortex,
s located lower and higher in hierarchical positions, respectively [72]. Testing this model
so3  prediction requires the following considerations. First, time constant estimates may vary
s« in different behavioral epochs and tasks. Second, there is heterogeneity of time constants

sos across single cells within an area, therefore sufficient statistical power is needed for a
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so6 cross-area comparison. Third, a mnemonic delay period must be much longer than to-
sov be-assessed autocorrelation times. Fourth, critical slowing down is manifested near a
sos critical point, but the number of recorded cortical areas is limited; it remains to be seen
so0 in experiments how close one can get to a bifurcation locus in the cortical system.

510 This work focuses on spatial patterns of modular neural representations that are math-
su ematically described as attractor states. The concept is not limited to steady state attrac-
sz tors, at the focus of this work merely for the sake of simplicity. Generally, attractors can
s13 display complex temporal dynamics such as chaos rather than steady states [27]. For in-
s stance, the neural representation of working memory often involves stochastic oscillations
si5 |73, 74] or intermittent dynamics [75]. As discussed elsewhere [16], the attractor paradigm
s15 can be consistent with considerable temporal variations of neuronal delay period activ-
siz ity and cell-to-cell heterogeneities. Future research is needed to extend the concept of
sis  bifurcation in space beyond steady states.

510 In this study, we used a model of the cortex, which does not interact with subcortical
s20 structures such as the thalamus. Previous work [26] demonstrated that incorporating tha-
s21 lamic inputs into a thalamocortical mouse model resulted in similar dynamical properties,
s22 suggesting that the thalamocortical connection loop effectively enhances corticocortical
s23 connections. Given the thalamus’s significant role in modulating cortical excitability, a
s more detailed investigation of its influence on large-scale dynamics could be pursued in
ss future studies.

526 In principle, bifurcation in space could take place in a spatially extended physical,
s27 chemical, or biological system endowed with a systematic gradient of property variations.
28 In contrast to local interactions through diffusion or chemical reactions, interareal cortical
s20 interactions involve long-range connections, making it all more remarkable that criticality

s30 can occur in a spatially restricted fashion in a multi-regional cortex. A recurrent deep
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sun  neural network (a hierarchical cortex with many feedback loops) and macroscopic gradi-
s ents are sufficient to give rise to various spatially distributed persistent activity states,
533 corresponding to several functionally modular networks in our model. Research along
3« these lines should broadly help us understand the emergence of novel brain capabilities
s35 that are instantiated in certain parts of the brain as a result of quantitative changes of

s3 properties, providing a mechanistic foundation for functional modularity.
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» Materials and Methods

» A generative model for the mammalian cortical connectivity

78 We use the model in [28] to generate multiple cortical network realizations. In this model,
729 we randomly choose the center of N brain areas in a three-dimensional ellipsoid. The el-
70 lipsoid is parcellated into N areas through a Voronoi partition. Axon growth starts at a
71 randomly chosen source in the ellipsoid. The direction of growth is determined by the sum-
72 ming force of all the areal centers. Growth length is randomly chosen from an exponential
733 distribution used for modeling the reported distance effects on the connectivity [29]. Since
72 the axon’s source, direction, and length are determined, we can locate the axon’s target
735 position in the ellipsoid. We then add a connection from the source area to the target area
7% and repeat the axon growth process N x 2.1978 x 10* times. Through this process, the
737 generative network has a similar in- and out-degree distribution to the actual macaque
78 monkey brain network, measured using retrograde tract-tracing methods and a similar
70 triad distribution. Additionally, based on previous studies [28], a three-dimensional el-
no lipsoid provides a better fit for the connectivity and motif distribution compared to a
1 two-dimensional spheroid. Moreover, the ellipsoid shape is a useful approximation of cor-
m2  tical geometry, reflecting a simple but meaningful structure that effectively captures the
n3  hierarchical organization of brain areas, such as the rostro-caudal gradient observed in

4 the cortex.

= Diffusion map method for the embedding of connectivity

16 We analyze the connectivity generated using the diffusion map method [39]. This class
=7 of non-linear dimensionality reduction has recently been applied to human and macaque

7s monkey connectomes [40]. Briefly, this method assumes a hypothetical diffusion process

42


https://doi.org/10.1101/2023.06.04.543639
http://creativecommons.org/licenses/by-nc-nd/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2023.06.04.543639; this version posted December 21, 2024. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made
available under aCC-BY-NC-ND 4.0 International license.

70 on the nodes of the symmetric version of the generative network connectivity (that is, the
70 matrix FLN). The symmetry of the network ensures the equilibrium and reversibility
1 of the diffusion process. This diffusion process generates a diffusion metric space where
2 the distance between the cortical areas is defined. In this diffusion space, closer areas
73 share more loops, which connect them with stronger connections. On the other hand,
s areas further apart in diffusion space share fewer loops and weaker connections. When
75 this method is used on connectivity, the cortical network is embedded in a few “principal
s gradients” of the diffusion process. These principal gradients are the principal compo-
77 nents of the normalized graph Laplacian of the diffusion process. This process leads to
s embedding the connectivity matrix into a low-dimensional space. Its dimensionality is
750 determined by the selected number of principal gradients (three for Fig. 1C). We applied
760 this method in the symmetric version of the FLN matrix L = FLN + FLNT.

761 We closely followed the method described in [39]. First, we define the following nor-

2 malized matrix

L.
LY = = E = - (1)
(Zk:l Lik Zk’:l ij’)
763 Then, we obtain the Markov transition matrix of the hypothetical Markov process on
e the connectivity as
L&
My == (2)
Zklzl Lik’
765 For the discrete Markov process defined on the connectivity at any time, ¢, the prob-

s ability of jumping from the edge j to edge 7 is given by the matrix ij To define the

77 principal gradients, we perform the eigenvalue decomposition of ij, obtaining
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N
My =) Nwidl, (3)
=1
768 Then, the principal gradients are the set of vectors
|:)\t11;1a Ty A?\/JN} . (4)
769 where the real eigenvalues are ordered from the largest to the smallest, with \; =1,

770 which corresponds to the stationary distribution Jl for t — co. For the dimensionality
m  reduction presented in this work, we use the first three principal gradients AQ@E?, Aggﬁ?’, and
72 )\31/74. We examine the Markov process at very short time scales by taking the value ¢ = 0.
73 We choose the hyperparameter a = 0.5 since the underlying Markov process approximates

e the Fokker-Planck operator in this case [76].

s Constructing cortical hierarchies from the network connectivity

76 We calculate two classes of hierarchies based on the three-dimensional embedding of the
7 structural connectivity matrix through the diffusion map (see Fig. 1C): Euclidean and
s Hyperbolic hierarchies. To calculate either class of hierarchy value, we choose the cortical
o area with the smallest value in the first principal gradient as the first area in the hierarchy
780 (origin area). This choice is arbitrary. We compute the distance in diffusion space between
71 each cortical area and the origin area to determine the hierarchical position. For the
72 Euclidean hierarchy, the hierarchical value of a cortical area ¢ is computed using the

75 normalized Euclidean distance hi,,. = distld /dist®. Here, the value distl . is the

784« Euclidean distance between brain area 7 and the origin area, and the value dist’}}3 is the
7 maximum Euclidean distance of all the brain areas to the origin area. Each brain area’s

76 ranked Euclidean hierarchical position is shown as the brown circles in Fig. 1D.
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787 For the hyperbolic distance, we estimate the distance from the origin area along the
s hyperbolic shape in the embedding space. To do that, we create a nearest-neighbor
70 network for all the brain areas in the embedding space. We link all the brain areas by
70 connecting each brain area with its neighbor within a Euclidean distance threshold dist*".
71 The dist! is the maximum distance of all the distances between each brain area and its
72 nearest neighbor. The weight of each link in the nearest neighbor network is the Euclidean
703 distance between the two cortical areas. After creating the nearest neighbor network, we
s estimated the hyperbolic distance between brain area ¢ and the origin area by finding the
75 shortest path between them. The length of the shortest path is the summation of the link
796 weights (i.e., euclidean distances) within this shortest path. The shortest path finding is
77 computed using the dijkstra_path_length function in the Python package of NetworkX. We
76 define the hyperbolic hierarchical position of brain area i hy,, = distyy,,/distj:, where

Hyp Hyp>

799 distﬁf}yp is the Hyperbolic distance between brain area ¢ and the origin area. The value

so  distges is the maximum Hyperbolic distance of all the brain areas to the origin area. Each
sor  brain area’s ranked Hyperbolic hierarchical position is shown as the blue dots in Fig. 1D.
s Isolated cortical circuit

sos The simplified nonlinear dynamical model is adopted from [50], which approximated spik-
s ing neural network with AMPA, GABA, and NMDA synapses [49]. The dynamical equa-

sos tions that describe the dynamics for a single cortical area are described as follows:
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dSg

TEW = —Sg+ve75(1 — SE)rE,
dS
Tld—tl = —S] +7[TITIJ
dr
T’r‘d_tE = —Trgp+ ¢exc<JWEESE B WEISI T ]ezt,E')’
dr
Trd_t[ = -1+ ¢znh(JWIESE — WS + Ie;vt,[)v (5)

s where Sg and Sy are the gating variables of the NMDA receptor of the excitatory popula-
sor tion and the gating variable of the GABAergic receptor of the inhibitory population,
ss  respectively, the variables rg and r; are the mean firing rates of the excitatory and
so inhibitory populations, respectively. The functions ¢... and ¢;,, are the input-output

8

=

o transfer functions of the excitatory and inhibitory populations. The variable J is the

s cortical heterogeneity factor, which is proportional to the hierarchical value and differs

it

8

-

> for each cortical area. Unless specified, parameters are 75 = 60ms, 7; = bms, 7. = 2ms,
813 YE = 076, Y = 1, WEE = 27648pA, WE] = 251pA, W[E = 1296pA, W[] = 54]?14,

Loyt p = 329.5pA, ..t = 260pA. For the input-output transfer function ¢(7), which is a

8

=
IS

sis function that transforms the average input current to a cortical circuit into a mean firing

=

s rate, we use two different functions:

817 1. Abbott-Chance function [45]

buael D) = (6)

818 2. Threshold-linear function
Gewe(l) = [al — b] 4. (7)
810 The notation [e], denotes rectification, i.e., ¢epe(I) = al — b when al — b > 0 and

820 ¢exc(]) =0 when al — b <0.
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821 The parameters for Abbott-Chance and threshold-linear functions are a = 0.27Hz/pA,
g2 b= 108Hz. The parameter d is the gain in the Abbott-Chance function. For a very large
&3 gain d, i.e., in the limit when d — oo, the Abbott-Chance function becomes equal to the
2« threshold-linear function.

825 For the inhibitory population, the transfer function is threshold-linear

Ginn(I) = [c1] — col+ (8)

w26 where the parameters are ¢; = 0.308 Hz/pA, co = TTHz.

2 Dynamical model of the mammalian neocortex

w28 We connect cortical areas with local neural dynamics described by equations (5-8) using
g0 the connectivity from our generative model of the mammalian neocortex. The long-range
s projections in our model are from excitatory to excitatory populations [43, 24, 25]. Our

g1 large-scale model is described as follows

dSt , S
Teg = ~Sp+7emE(l = Sp)r.
dS; i i
I dtI = —=S; + vy,
drt N ,
T = '+ beacl I (WenSy + e ) FLNGSE) = WerS) + L + Lias )
j=1
drt N ,
B I Wi e S FLNSE) ~ WS+ )
j=1
I’ , ‘
r d;o_z = _[;Loi + 7-7‘0'12102'617 (9)
832 where the parameters pupg and purg are the long-range coupling strength. Unless

s specified, ppp = 69.12pA, prp = 62.809pA. The FLN;; is the long-range connection
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s strength from the source brain area j to the target cortical area 7, generated as described
g5 in the previous section. The parameter J* corresponds to the excitation gradient. This
a6 cortical heterogeneity factor scales excitation for each cortical area ¢, which is linearly
s37 related to the hierarchical position h? of cortical area i as J* = 1+nh’ (see insert of Fig. 1F).
s We assume that all the brain areas have the same external input current I?,, , = Ieqr e

s30 and [ i

cat, ] = leat1- The noise term 1,,,; is an Ornstein-Uhlenbeck process, representing the

so AMPA synaptic noise with a short time constant 7, = 2ms [50]. The parameter o,,; is
a1 the standard deviation of the noise, and £ is Gaussian white noise with zero mean and
sz Unit variance. Unless specified, all other parameters are the same as in the isolated brain

843 alea.

s Steady states for an isolated cortical area

sas  For solving the steady state of isolated brain area, we set dg—f =0, % =0, dg—f =0 and

dry _

ss - = 0. After that, we have the steady-state equations as follows:

)
—= +95(1 = Sp)re =0,
TE
-5
—L 4y =0,
I

—15 + Gewc(IWEESE — WErST + Lestr) =0,

—11 + Ginn(JWieSE — Wi St + Lew ) = 0. (10)

sz A meaningful steady state of brain area must have positive firing rates rg > 0, r; > 0.

ss Thus, we will have the steady state 0 < Sg <1 and Sg > 0. Therefore, we could reduce
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a0 our steady-state equation to
Sy
— +76(1 = Sg)0ezc(JWERSE — WE1ST + Leatg) =0,
E

-S
T—I + V1 Pinh (JWiESE — WSt + Leats) =0. (11)
T
g0 We reorganize the above expression and obtain an expression for S; given by

St =vrri(cilinhy — co) = aci JWipSe + a(cilear — co),

L+~ymeasWrr 2 4 e Wiy’

YITI

(12)

sss where we define I;,;,, as a total current input to inhibitory population, and a = 4.6ms
g2 by using the parameters of Table. 1. Then, we plug-in equation (12) into the steady state
s Sp equation (11). After this manipulation, the steady state of the single cortical area is

sse  determined by the NMDA gating variable Sg as follows:

—SE+7eTE(L — SE)Perc(01SE + a2) = 0,
a; = JWgg — acitWgWig),

Oy = legt,E — aWEI(leext,I - Co)- (13)

855 Where a; = 230.2305JpA and ay = 301.1294pA by using the parameters of Table. 1.
s For the threshold-linear transfer function in equation (7), we immediately noticed that
ssv. Op =0, ;= ac1leats — ¢o) is one of the steady states solution with —Wgr(a(cylewt s —
58 Cp)) + Lext.p < 400pA. This solution corresponds to the resting state and does not depend
g0 on the cortical heterogeneity factor J, which means the resting state always exists along
g0 the cortical hierarchy with the threshold-linear transfer function.

861 However, for the other steady states Sg, they obey the following quadratic equation:

—aa1 5% + (a(a; — ag) + b — )SE + (aay — b) = 0.

YETE
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By solving the quadratic equation, we obtain two steady-state

S = TE VETE
g 2(—any) ’

—(alag —ag) +b— 1TE) + \/(a(ozl — ) +b— )2 —4(—aa;)(acs — b)

(14)
therefore, the isolated brain area has a saddle-node bifurcation of Sg, and the bifurcation

point at (a(a; — ag) + b — —1=)? — 4(—aa;)(aay — b) = 0. At the bifurcation point,

YETE

we have of = J*(Wgp — aciWgWig) and (a(af — ag) + b — —)2 — 4(—aa?)(aay —

VETE
b—a«a +71 + b—a«a
b) O, Thus :*1( ) ( 2) WETE) "/ETE( 2)

If we consider the solution af(—)

aj(=) _
Wggp—aaWgiWig

= 7.1592 x 1074,

then we have that the cortical heterogeneity factor is given by J* =

((b—aaz)+——=)— 4 (b—aaz) ai (=)

YETE YETE 3
aWap—acWorWrs) . For our parameter setting, rm

—actWgiWrg

which means that J* <« 1. However, this is not possible since J,,,;, = 1. Therefore, the

. . . . . . %« ot (+) .
bifurcation cortical heterogeneity factor is given by J* = Wor—aeWaiis — 1.3483.
We performed a similar analysis for the Abbott-Chance transfer function in equa-

tion (6). By combining equation (6) and equation (13) the steady state is given by

—SE(l — efd(aalSE+aa27b)) + ’}’ETE(l - SE)(CLC‘élSE + aqp — b) =0. (15)

The steady states equation (15) is highly nonlinear, and we can not provide an analytic
solution. Instead, we solve equation (15) using the Matlab numerical solver fsolve. The
steady state in equation (15) depends on the gain parameter d of the Abbott-Chance
function, and the bi-stable region enlarges when d increases. This is shown by comparing

Fig. 1F, Fig. S1E, and Fig. S1F.
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s Steady states of the dynamical model of the mammalian neocor-

a0 tex

g0 As for the large-scale network model, we write the steady states equation as follows:

— 9 L
£+ yp(1 = Sp)rp =0,
TE
_gi )
L _'_/7170} = OJ
T

N
— 7+ Geael S (WenSp + psp Y FLNySE) = WSy + Iy 5) = 0,
j=1
N .
=17+ Ginn(J (WipSg + e Z FLN;;jSt) = WiiSp+ Iy 1) = 0. (16)

j=1

g1 We assume that stable steady states of the large-scale network model are attractor states.
sz Therefore, in the steady states, the long-range excitatory input for the ** brain area
o3 L = Zf;l FLN;; Sﬁ;; is a fixed number. The exact value of long-range excitatory inputs
s« L, depends on the connectivity structure of FLN. Based on this assumption, we could

s rewrite the steady-state equation of the large-scale network model as

E 4 yp(1 = Sp)beac(J WepSh + ppply) — WeiS; + Iy g) =0,

TE
—5] i i i i i
T, -t 71¢mh(J (WIESE + ,uIELE) - WUSI + Iext,I) = 0. (17)
T
886 After some manipulations, we obtain the expression for S given by

S} = P)/ITI(Cl[mh,t — Co) = 0401W[EJiSJiE + aclquJiL% + Oé(leéxtJ — Co), (18)

s where the definition of « is same as in equation (12). Therefore, for the i** cortical area
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sss  the excitatory gating variable S% obeys the following steady state equation

— S5+ 767E(1 = SE)bewe(Wep — WeraeWig)J' Sy
+(upe — Weracipip) J' Ly + (g, — Wera(e iy — @) = 0. (19)
889 First, we analyzed the steady state equation (19) when the transfer function is threshold-

g0 linear. The above equation (19) can be written as the steady state of the following set of

g1 dynamical equations

dsi;
dt

= f(Sg, L, J') (20)
= —veTex1J" (S)* + (veTEX ' — YETE(X2 L + x3) — 1)Sk

+veme(X2J L + X3),

892 with

x1 = a(Wgg — WgraceiWig),
X2 = a(ppr — Wgracipg),

xs = a(llyp— Weialall, —c)) —b,

g3 where y; = 62.1622Hz, xo = 12.6106Hz, y3 = —19.9985H z by using the parameters of
sos  Table. 1, and steady states value of the synaptic variable of the i*" cortical area S% obeys
s0s the above quadratic equation equal to zero. Importantly, the steady state of S% depends
s9s on the hierarchy value through J* and the long-range excitatory inputs L.

807 Since the steady state equation for the synaptic variables of each cortical area S% in
sos equation (20) is given by a quadratic equation, then the steady state can be calculated by

g0 using the quadratic formula. This calculation is similar to the steady state calculations for
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wo an isolated cortical area above (see equation (14)). However, in our large-scale network
o1 model, the quadratic formula of the network model is also dependent on the hierarchy
o> value through J' and the long-range excitatory inputs L%. Therefore, the bifurcation

o3 happening in the hierarchical space is determined by the following expression:

(yemex1J" = vETE(X2 S L + X3) — 1)* + 4(veTexa ) (veTe (X2 T Ly + x3))  (21)
= ve(tex2)* (') (LE)” + 2ve7ex2)" (1 + TeXs + X1 ') Ly

+ (1 + 2ye7e(xs + T6X3) + 2ve7EX1(TEXS — 1)J" + YE(TEX1T")?) (22)
= 750G + 2xx2 Ly + x5 (Le)?) ()

+ 2ypTE(—x1 + TeXiXs + (X2 + Texixs) L) J' + (1 + yeTixs + 27e7exs)  (23)

=0,

904 where J* = 1 + nh' and L% are the scaled hierarchy value and long-range excitatory
s inputs of i" brain area, respectively. The equation (21) is a constrain equation in the
ws two-dimensional space of hierarchical position h and long-range excitatory inputs Lg.
o7 Therefore, equation (21) determines where the bifurcation in space is happening in the
ws two-dimensional hierarchy and long-range excitatory inputs space. We refer to this curve
oo as the critical line. For example, the i* brain area with scaled hierarchical value J* will
a0 give a specific quadratic equation (see equation (22)), which determines the bifurcation
a1 long-range excitatory inputs L. Therefore, J* and L% determine one of the bifurcation
o2 points in the two-dimensional space. The 7*" brain area will be active only when it has
a3 long-range excitatory inputs such as L% > L%. From another viewpoint, the bifurcation
au equation could be a quadratic equation of the scaled hierarchical value J* (eq. 23). For
as a " brain area with long-range excitatory inputs L%, only when it has a hierarchical
as  position J' > J* displays non-zero firing rates. The critical line given by equation (21) is

o1z shown in Fig. 4B.
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ais We perform the same analysis for the Abbott-Chance transfer function. The steady-state

a0 equation for the large-scale model reads as follows:

th = f(SE7 E’J>

— _5%(1 _ 6—d(X1JiS§E+X2JiL’E+X3))

+yeTr(1 — SE) (X1J'SE + x2S 'Ly + x3) = 0. (24)

20  We use numerical methods to solve equation (24). Numerically solving the equation (24)
o1 will give a steady state surface shown in Fig. 4D, Fig. S5, Fig. S6, and Fig. S4. We refer to
o2 this surface as the solution surface. Any steady-state solution to the network’s dynamics
o3 will lay on this surface.

024 Remarkably, our network’s solution surface has a very similar geometry to the cusp
o5 bifurcation normal form solution surface [46]. The cusp normal form is given by % =
o () + Bor — 23, where 5; and Sy are two independent parameters [46, 27]. The set of
o7 solutions to the steady state equation (8, + Bex — 23 = 0 gives the cusp normal form
o8 solution surface in the (f;,32) parameter space. We refer to this surface as the cusp
oo surface. The cusp surface determines the possible bifurcations that the cusp normal form
a0 undergoes [46, 27], and with this, its bifurcation diagram. The cusp bifurcation point is
o1 given by 5 = B2 = 0. In Fig. S6, for illustration proposes, we overlay ; and [y axes to
o2 highlight the resemblance of our network’s solution surface with the cusp surface [46].

033 Similarly to the cusp surface, in our network’s solution surface, the bi-stable region is
o the region in the J* and L% parameter space where, for a given active state, brain areas
o35 have two stable states: one with low and another with high firing rates. For the solution
a6 surface, the bi-stable region increases with the increase of the transfer function gain d, and
037 when d — 00, the bi-stable region is the maximum. Thus, the solution surface structure

o33 depends on the gain parameter d.
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s The bifurcation in hierarchy space normal form

ao  We derived a reduced equation for the dynamics of our large-scale neocortical network. We
o1 refer to this equation as the bifurcation in hierarchy space normal form. Similar to classical
w2 normal forms in dynamical systems [46], this is a reduced dynamical equation derived
as  from the network dynamical system, which qualitatively captures the network’s nonlinear
sa  dynamics close to the bifurcation in hierarchy space. We performed the derivation of this
ws equation analytically for a network with a threshold-linear transfer function.

946 To calculate this equation, we first calculate the bifurcation points in the network
a7 dynamics. Based on the steady-state equation for the threshold-linear transfer function

us in equation (21), we have the bifurcation point (Sj, L}, J*) fulfill the below equation.

f(Sg, Ly, J*) =
(vetex1 )" — veTe(Xo T Ly + x3) — 1)

+4(vetEX1d")(vETE(X2 Ly + x3)) = 0. (25)

ao The bifurcation point in our multi-regional network with a threshold-linear transfer func-
o0 tion is defined as the point in parameter space where the solutions of the quadratic equa-
o1 tion in equation (21) change from complex conjugate to real. This point in parameter
ss2  space corresponds to the appearance of bi-stability at the single-area level. Areas below
ss3  the bifurcation point have a single low firing rate stable state. Beyond the bifurcation
ess point, cortical areas have two stable states: one with low and another with high firing
o5 rates. To calculate the bifurcation in the hierarchical space normal form, we need to

ss6 expand the function f around the bifurcation point (S}, Ly, J*). The expanded function
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o7 reads as follows:

i T 7y x Tx Tk
f( E» Ea‘])_f( E» EaJ)
7 *
Sp— Sk
of of of ;
+ | 7 EYZR 575 | ax 7 7 Ly, — L
0% |se s gr Olblsy s e 0T 1SpLyd E E
J—J
T [ _9f _9%f o
) 7 )2 7 2 1 T )
. Sk — Sk e sy 10 960k lsy 1y, 99697 sy py 0 | [ Sp— 5%
: 02 f 02 f 92 f )
+— | Lt — L* 3LL05% 7 AL 0T Ly — L;
2 E E 0Ly 08y S, L, " A(L,)? St L% oLy 0J St L, E E
Jt—J* _of _of 9% f Jt—J*
T 7 7 T )2
TSy | 1o go 0T |gy 1o ge OV gy 1o e
+0(3), (26)
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9ss  where we have:

of

5%,
of
oL,
of
ajz St Ly, J*
O
0(Sk)?
_Pr
0SLOLL
o
05L0.T
_Pr
OLLOSE
_&f
O(Lig)?
O
DL
_Of
0T0S%
_9F
DT 0L
S 0
9(J")? S5, L, J* '

= 2vpmEx1J" + (veTEX1" — YETE(X2S LY + X3) — 1),
St LT

= —VeTeX2d SE +YETEX2]",
3,15,

= —veTEX1(SE)? + vETE(X15% — X2 LSy + x2LY),

= —2vgTEX1J",

Sy, Ly, J*

*
= —YETEX2J ",
S%.L%, "

= veTe(—2x15% + x1 — x2L%),
S, L, J*

*
= —YETEX2J ",
%L,

=0,

S5, L T

= veTeX2(1 = SE),
St.L%J*

= ve7e(—2X15% + x1 — xoL%),
SE,L*E,J*

= veTeX2(1 = SE),

S%,L5,J*

050 We simplify the expression in equation (26) obtaining
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D (S L. 7 = QS+ S+ G (21)
G = —VETEX1Ji’*a
¢ = (=2ypTexaSy (JF — J) — yemexa Ly (J — J)
—veTEX2 " Ly + veTex1]’ — (1 +767eX3)),
G = (=vTexa ] (SE) + yeTex2SE (J Ly + JILY — J'LY)
—veTEX1 IS + (14 yeTEX3)SY +YeTEX2(J LY — J*LE)),
960 The above equation (27) corresponds to the bifurcation in hierarchy space normal

w1 form. We solve the steady state of the above equation (27) self-consistently and predict
o2 the firing rate of the delay period working memory states. The self-consistent equations

w3 read as

. ;sce . \/(C;,SCC)Q . 4Ci,sce ;,sce
- 2<-i,sce
1
i,5ce

1%
1 = —YeTex1J"",

5% = (2vpmexaSE (S = J7) = yeTEX2 LY (T — T

N
—vETEX2 " Z FLN;S% +vemex1d — (1 +veTeXs)),
=1

N
é,sce = (—’)/ETEXlJi’*(Sgk)2 -+ ’YETEXQSE*(JZ’* Z FLN”SJE + JZLE*

j=1

N
—Ji Z FLN”SJJE) — ")/ETExlji”*Sg* -+ (1 + "}’ETEX?,)SJZE’*

j=1

N
FTXa(S' Y FLNG S, = I L)),
j=1
Ai — ( ;,866)2 _ 4Ci,sce<=§,sce > O,
S >0
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ws To solve the self-consistent equations, first, we solved equation (23) numerically and ob-
s tained J** and LiE”k for the bifurcation point of the i** brain area. Second, we determine
ws the excitatory gating variable ng’* by inserting J* and LZL* into equation (20) and solving
o7 numerically the equation (20). Third, we insert (S}, L}, J*) into the self-consistent equa-
ss tions in equation (28). Lastly, we solve the self-consistent equations in equation (28) and
o0 then predict the firing rate pattern of activity during an active state as shown in Fig. 4B.
oo The normal form in equation (27) can be further reduced to a more general expression as

o1 reads below

ds; i orio7i
= a1 (S,LE)2 + (CLQJi + (ZgLiE + CL4)S% + (G5Ji + aﬁLfg + CL7JiLiE + (18),
ai,...,ag € R, (29)
72 where aq, ..., ag are parameters calculated re-arrenging terms in equation (27). The
or3 parameter values are a; = —3.3, ao = 0.08, a3 = —0.67, ay = 3.11, a5 = 0.1, ag = 0.3,

aa a7 = 0.3127, ag = —1.017 for a state like Fig. 4B. Remarkably, the bifurcation in the
o5 hierarchy space normal form has a similar mathematical form (up to a translation) as the
o6 saddle-node bifurcation [46]. However, unlike the saddle-node normal form, cortical areas
or7 are coupled through the constant and linear coefficients. These coefficients depend on the
s hierarchy through J* and the long-range excitatory input current L%. These coefficients
oo represent the network’s effect. Therefore, the above equation shows that the bifurcation in
s0  space depends on both macroscopic gradients of neuronal properties and the neocortical

9s1  network structure.
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Numerical methods for search of spatial attractor states

In a network with between 1000-10000 brain areas, it is unfeasible for our computational
resources to find all the possible active states. Therefore, we try to determine as many
unique active states as possible by using as many different initial conditions. In practice,
we ranked all the 1000 cortical areas by their hierarchical position and then divided
them into 20 groups along the hierarchical position. Therefore, each group has 50 cortical
regions contiguous in hierarchical position. To reduce the variation of the initial condition,
we set the initial condition for each brain area within the same group to be the same.
We obtain the steady state by re-writing equations (17) as self-consistent equations
for the variables S% and S% and iterating these equations for finding the steady state

solutions for the neural dynamics. The iterated equations read

TE7E¢exC(Jl(WEESZE/' + IMEELZE) - WEIS} + [szt,E)
1+ 76YE@ere(J (WepSE + tepLly) — WerS; + Ly p)’

Si = T1Y1Pinn (S (WieSy + peLly) — WirSi + I, 1), (30)

where the long-range excitatory inputs for the i* brain area is given by L, = Zjvzl FLN;; Sé.
In any given initial condition, we use only two different initial values for all areas within
a group: Sp = 1 or Sg = 0. Each group may take different values of Sg. Using the above
self-consistent equations, we search for the steady states from 220 = 1,048,576 different
initial conditions.

We iterate the equation (30) until the mean absolute difference between two con-
secutive iterations is smaller than 107!, or the iteration number is larger than 10000.
However, in practice, no initial condition has more than 10000 iterations for 1000 brain
areas. After generating an active state, we determine whether it is unique by computing

the absolute difference between it and all the unique active states we obtained previously.
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w3 Once the sum of the absolute difference of all the brain areas is larger than 0.05, we retain
wee it as a new unique state. Through this process, we obtained 4333 (one of the states in
wos  Fig. 6A is the resting state) distinct active states after trying 1,048, 576 initial states. For
wos  all the distinct active states, we checked the local stability of the state by calculating all
wor  the eigenvalues of the Jacobian matrix. We found that the real part of all eigenvalues in

wos all the active states is negative. Therefore, all the states are locally stable.
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Table 1. Parameters for Numerical Simulations of generative model

Parameter Description Value

Wge, Wgr local excitatory coupling to E and I | 276.48pA, 251pA
population

Wig, Wir local inhibitory coupling to E and I | 129.6pA, 54pA
population

WEE, UIE Long-range excitatory coupling to E | 69.12pA, 62.809pA

TE, TI, TAMPA

VE; VI
Lewt,Bs Leat,r
a, b

d

cl, c0

Onoi

and I population

Main E synaptic time constants, 1
synaptic time constants, AMPA recep-
tor time constants

E and I synaptic rise constants
External background inputs

E population f-I curve

E population f-I curve

I population f-I curve
Normalized hierarchical position
Scaling factor of hierarchical position

Standard deviation of noise

62

60ms, bms, 2ms

0.76, 1

329.5pA, 260pA
0.27Hz/pA, 108Hz
0.17 (Fig. 2 Fig. 4D
Fig. 5 Fig. 6), 0.157
(Fig. 3 Fig. Sb
Fig. S6A Fig. STB)
0.308Hz/pA, 77Hz

[0, 1]

0.2778

24pA (Fig. 2C Fig. 2D
upper Fig. 3C Fig. 3D
upper Fig. 8D upper),
29pA (Fig. S2H left),
8pA (Fig. 5B), 6pA
(Fig. SS8A), 10pA
(Fig. S8B), 16pA
(Fig. S8C),  44pA
(Fig. 8D lower), 19pA
(Fi

&
Fig. 7)
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wo Amnatomical data and numerical parameter set of the connectome-

o based cortical model of macaque monkey

A B

Figure 9: The FLN matrix and hierarchical position of each brain area of con-
nectome data of the macaque monkey. (A) The FLN matrix of macaque connectome
with 41 brain areas through retrograde tracing [30]. (B) The hierarchical position is esti-
mated based on the 41 brain areas’ percentage of supragranular labeled neurons (SLN);

the actual method can be found in [77].

w2 The macaque connectome data with 41 cortical areas are shown in Fig.9A. In particu-
w13 lar, we included hitherto unpublished measured connections of the cortical area MST, an
w4 addition to the most recent macaque monkey connectome used in Froudist-Walsh et al.
s [24]. This is important, as MST is an important area of the visual system with the main
e monosynaptic afferents from the area MT, the former but not the latter exhibit persis-
07 tent activity during a mnemonic delay [19]. Following the injection of a retrograde tracer
s into the target cortical area MST, we precisely quantified retrogradely labeled neurons
w9 throughout the brain (excluding labeled neurons in the injected target area) and assigned
1020 them to supra- and infra-granular layers of all the source areas projecting to the target,

2 as described previously [24, 77]. This allowed us to define two important metrics: i) the
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02 fraction of labeled neurons (FLN) representing the normalized strength of the projections
023 from source areas to the target area — MST and ii) the proportion of supragranular la-
w2 beled neurons (SLN), indexing hierarchical distance between all connected cortical areas
s relative to the target — MST. SLN is a continuous variable that gradually varies between
w2 1 for long-distance feedforward projections and 0 for long-distance feedback projections,
w2z for short-distance projections both feedforward and feedback tend to 0.5. Additionally,
w28 the hierarchical position of each brain area can be estimated based on the feedback and
w2 feedforward connections among the 41 brain areas [77]. In brief, we used a beta-binomial
130 model, with SLN values of each measured connection of the 41 areas dataset as input, to
3 determine hierarchical levels of all areas based on the model coefficients as detailed in [78].
w2 Importantly, we used numbers of neurons in the model hence generating a weighted hier-
w33 archy. The overall FLN values are shown in Fig. 9A. The resulting hierarchical positions
w3 are shown in Fig. 9B. For the cortical model of the macaque monkey model in this paper,
w035 all the other parameters are the same as in Mejias et al. [25], except the J™" = 0.225,
we  JIM =027, G = 0.48, and Z = 0.82. The AMPA noise strength for excitatory popula-
w037 tions r4 and rZ are the same.

1038 In RT task simulations with evidence favoring option A, the RT was read out when
s A(t) reached a positive threshold for choice A or a negative threshold for choice B. The
o threshold value was adjusted (to 0.525) for the model to capture RTs comparable to those
s observed in monkey experiments [52]. The psychometric function is fitted with a Weibull
w2 function. Reaction times for correct and error trials are computed separately. Time-to-
143 threshold and activity maps are computed from the 500 correct or error trials average.

s  Model parameters for all panels: J"* = 0.27 and z = 0.82.
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ws  Auto-correlation function of excitatory firing rate and estimated

s time scales

1wz We calculate the auto-correlation function of each cortical area based on the excitatory
ws  firing rate time series. The sample rate and total length of the firing rate time series
w0 are 200H z and 80 seconds, which leave out the transient period. First, we calculate the
wso auto-correlation function using the autocorr function in Matlab and set the maximum lag
st as 50 seconds (which is equal to 10000 sample steps). After that, we estimate the time
w52 scale of the brain area based on the auto-correlation function. Since the auto-correlation
ws3  function could have more than one time scale, we fit the auto-correlation using both the

ws4  single-exponential and double-exponential functions, which shows as follows:

Single-exponential function:
ae T +c, (31)
Double-exponential function:

—AT —AT

aem +(1—a)e = +c, (32)

wss  where AT is the time lag of the auto-correlation function, 7 is the estimated time constant
wss  Of a brain area with the single-exponential function, 71 and 7, are the two estimated time
w57 constants of each brain area with double-exponential function. For the double-exponential
wss  function, we define a combined time constant 7. = ar; + (1 — a)7,. However, if a < 0.07
wso or a > 0.93, we will choose 7, or 71 as the final time constant of double-exponential
weo fitting, respectively. Otherwise, we choose 7. as the final time constant of the double
wer  exponential fitting. We fit the auto-correlation function with the single-exponential and
w2 double-exponential functions using the fit function in Matlab. For the fit function, we set

s the upper and lower bound for each parameter as a € (0,1), 7 € (1,00), 71 € (1,00),
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we  To € (1,00), ¢ € (=1, 1), the algorithm of fitting procedure is Levenberg-Marquardst.

1065 In general, We determine each brain area’s final time constant based on the fitting’s
wss  root-mean-square error (RMSE). If the RMSE of the single exponential fitting is larger
wez  than two times the RMSE of the double exponential fitting, we choose the double expo-
wes nential fitting 7. as the final time constant of the brain area. Otherwise, we choose the
e Single exponential fitting 7 as the final time constant of the brain area.

1070 On the other hand, each double exponential fit exhibits a rapid temporal component
wn  approximately at 4 Hz, aligning with the temporal dynamics characteristic of AMPA noise
w2 of the cortical model of the macaque monkey (Fig. S10D). Consequently, we disregard this
w73 rapid component and focus solely on the prolonged temporal scale in Fig. 8D in the main
wa text. However, for some brain areas, such as V1, the weight of the rapid time scale is
wrs larger than 0.93, which means that this brain area only contains a rapid time scale. For
wre  those brain areas, we will use this rapid time scale.

1077
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o Supplementary figures

Hierarchical position

Hierarchical position

2000 4000 6000 80X
Ranked Brain Area #

Figure S1: The supplementary figure of generated connectivity, hierarchy, and
local circuit model. (A) The generated super neocortex network with 1000 brain areas
is consistent with the macaque neocortex network statistic. (B) The three-dimensional
embedding hyperbolic shapes of the generated super neocortex network of panel A. (C)
illustrate Euclidean (upper) and hyperbolic (bottom) distance in the three-dimensional
embedding of the super neocortex network. (D) The Euclidean (upper) and hyperbolic
(bottom) hierarchical position of all the brain areas. The blue, brown, and yellow lines
correspond to the generated super neocortex model’s two-dimensional, three-dimensional,
and four-dimensional embedding. (E) The NMDA and GABAergic gating variables’
steady states vary with the hierarchical position of an isolated brain area with simpli-
fied dynamics. This isolated brain area also has the same parameter settings as Fig. 1
F in the main text. (F) The upper part displays the bifurcation diagram of an isolated
brain area with simplified dynamics, with a gain parameter of d = 0.157. In the lower
part, the steady states of the NMDA and GABAergic gating variables in this isolated
brain area vary with its hierarchical position. (G) The three-dimensional embedding
hyperbolic shape of generated super neocortex with 10000 brain areas. (H) The Eu-
clidean (upper) and hyperbolic (bottom) hierarchical position of all the brain areas for
the 10000 brain area network. The blue, brown, and yellow lines correspond to the two-
dimensional, three-dimensional, and four-dimensional embedding of the generated super

neocortex model with 10000 brain areas.
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Figure S2: The supplementary figure of bifurcation in hierarchical space. (A)
Firing rate of all the inhibitory populations for the same parameter set of panel A of
Fig. 2 of the main text. (B) The firing rate of the excitatory (upper) and inhibitory
(bottom) population of both active (blue) and resting (brown) state of all the brain
areas in the generated super neocortex network with 10,000 brain areas. (C) The spatial
distribution of monotonic active state persistent firing rate (upper) and resting state firing
rate (bottom) in the actual ellipsoid space with 10,000 brain areas. (D) The time constant
of all the brain areas at the monotonic active state of panel B with 10,000 brain areas
and noise strength o = 24pA. (E) The distribution of bin average (left) and standard
deviation of bin averaged time constant (right) along the hierarchical position change with
the noise strength, which increases from 15pA to 27pA, of 5 noise ensemble. Continue to

the next page.
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we  Continue with figure S2’s caption. In this panel, we use the bin averaged time constant
wso Of the same set of panel A with bin size equal to 0.05 hierarchical position interval. We
s averaged from 5 ensemble realization for each time constant bin. (F) The distribution of
e bin average (left) and standard deviation of bin averaged time constant (right) along the
w3 hierarchical position change with the noise strength, which increases from 15pA to 27pA,
wsa  Oof 5 noise ensemble and 10 network ensemble. The bin size is the same as in panel E,
wss  but the average included 10 in different super neocortex networks. We averaged from 5
wss noise ensemble realization and 10 different super neocortex network for each time constant
wsr bin. (G) The average time constant of 10% largest time constant (left) and maximum
s time constant (right) change with the network size. The 10 dots at a specific number of
w80 brain areas mean the 10 different super neocortex network. The shaded region represents
w0 within one standard deviation. (H) The time constant of 10 chosen cortical areas in the
w0 persistent activity state (right) and 10 selected areas in the resting state (left). The states
w2 correspond to the states in panel A of Fig. 2. (I) The average and standard deviation
w3 of the firing rate of 10 chosen cortical brain areas in the persistent activity state and
o its corresponding firing rate time series. (J) The autocorrelation and double exponential
wos  fitting of two selected brain areas’ h = 0.305 and A = 0.405. The brain areas h = 0.305
we and h = 0.405 are at the bottom and top of the active states’ inverted V shape of the

197 time constant.
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Figure S3: The delay activity state and time constant for brain networks with
10000 brain areas and d = 0.157. (A) Firing rate of all the inhibitory populations for
the same set of panel A of Fig.3 of the main text with d = 0.157. (B) The firing rate of
the excitatory population of both active (blue) and resting (brown) state of all the brain
areas in the generated super neocortex network with 10,000 brain areas and the same
parameter setting as panel A. (C) The firing rate of the inhibitory population of both the
active and resting state of all the brain areas with the same setting as panel B. (D) The
time constant of all the brain areas at the monotonic active state of panel B with 10, 000
brain areas and noise strength o = 24pA. (E) The distribution of bin average (left) and
standard deviation of bin averaged time constant (right) along the hierarchical position
change with the noise strength, which increases from 15pA to 27pA, of 5 noise ensemble.
In this panel, we use the bin averaged time constant of the same set of panel A with bin
size equal to 0.05 hierarchical position interval. We averaged from 5 ensemble realization
for each time constant bin. The other parameters are the same as in panel D. (F) The
distribution of bin average (left) and standard deviation of bin averaged time constant
(right) along the hierarchical position change with the noise strength, which increases
from 15pA to 27pA, of 5 noise ensemble and 10 network ensemble. The bin size is the
same as in panel E, but the average included 10 in different super neocortex networks.
We averaged from 5 noise ensemble realization and 10 different super neocortex network

for each time constant bin.
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Figure S4: The geometry of distributed attractor states in parameter space.
(A) The neocortex model’s resting (brown) and persistent activity state (blue) lie on top
of the solution surface with d = 0.17 (corresponding to Fig. 2A). (B) The mapping of the
delay active state for randomly shuffled network connections of the generative network to

the solution surface (corresponding to Fig. 5A).
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Figure S5: The solution surface of d = 0.157. The neocortex model’s resting (brown)
and persistent activity state (blue) lie on top of the solution surface (d = 0.157). In this

case, the active state continuously transitions without a firing rate gap.
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Figure S6: Cusp geometry determines the bifurcation in hierarchical space. (A
and B) The geometry of the solution surface and the cusp point determine the bifurcation
in hierarchical space. The blue dots correspond to the persistent activity state of the
neocortex model with d = 0.157 (panel A) and d = 0.17 (panel B), respectively. For
comparison proposes, the axes ; and 5, which correspond to the two control parameters
in the cusp bifurcation normal form (see Methods), overlay on the solution surface. From
the figure, we know that for areas low in the hierarchy, the firing rate increases smoothly
with h and Lg. Beyond this cusp point, the solution surface is folded for hierarchy values h

and long-range excitatory input current Lz in the ranges 0.6—1 and 0.1—0.2, respectively.
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Figure S7: Time constant around cusp point and geometry of solution surface of
network with 10000 brain areas with threshold-linear transfer function. (A-B)
The time constant of all the brain areas arrange in the h and (Lg) space for d = 0.17
and d = 0.157 with 1000 brain areas, respectively. The (Lg) is the average long-range
gating variable of 80 seconds. The noise strength of panels A and B is the same as that
of panel C of Fig. 2 and 3, respectively. The black line marked out the A and Lg value
of the estimated ”cusp point.” (C) The critical line and firing rate distribution in A and
Lg space for the threshold-linear transfer function with 10000 brain areas. (D) the top

view of panel C.
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Figure S8: The supplementary figure of the diversity of distributed working
memory states. (A-C) The firing rate (blue) and time constant (brown) of active state
S1, .53, and S4 (left) for each cortical area, respectively. The spatial distribution of active
state S1, 53, and S4 (right) firing rate in the generative model ellipsoid, respectively. (D-
E) In the generative model ellipsoid, the spatial distribution of active state S1, S2, S3,

and S4 time constants, respectively.
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Figure S9: The supplementary figure of Ly of the bump active state S;. In
the bump state S, the long-range excitatory input (Lg) is widely distributed within the
hierarchical bump region. Brain areas receiving a sufficiently large Lp will exhibit a high
firing rate, whereas those with a small Lg will only achieve a low firing rate state. The
high firing rate (HFR) community also has a greater average connection strength than the
low firing rate (LFR) community. Due to the community structure of the connections,
the long-range excitatory input within the HFR community exceeds the input from the

HFR community to the LFR community:.
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1w Continue with figure S8’s caption. Conversely, the long-range excitatory input within
o the LFR community is greater than the input from the LFR community to the HFR
o community. This pattern is a result of the normalization of input FLN weights. (A) A
na  top-down view of all brain areas on the solution surface for the active state S5 is illustrated
uez  in Fig. 6B. (B) The FLN matrix is organized by the HFR and LFR communities. Brain
nos  areas in Sp with a firing rate exceeding 10 Hz are included in the HFR community, while
uos  the remaining areas are included in the LFR community. (C) The long-range excitatory
uos input from the HFR community to brain areas within the HFR community is represented
uos by blue dots, and the input from the HFR community to brain areas within the LFR
uor  community is depicted by brown dots. (D) Similarly, the long-range excitatory input
nos  from the LFR community to brain areas within the LFR community is shown by blue
noo  dots. In contrast, the input from the LFR community to brain areas within the HFR

o community is represented by brown dots.
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Figure S10: The supplementary figure of bifurcation in the hierarchical space
of connectome-based cortical models of macaque monkey and mouse. (A)
The average firing rate versus the standard deviation of each brain area of the macaque
neocortex with 41 brain areas. (B) The normalized hierarchical position of the 41 brain
areas. (C) The firing rate of excitatory population A (blue), B (brown), and inhibitory
population (yellow) of the 41 brain areas. (D) The autocorrelation function and the
related double exponential fitting function of the nine chosen brain areas are in Fig. 8D in
the main text. (E) Spatial activity map of the resting state (left) and the monotonic delay
period working memory state (right) of the macaque neocortex model with 41 brain areas
with the model in [25]. (F) The spatial time constant map of 41 brain areas for resting
state (left) and delay period working memory state (right) corresponds to the states of
panel E. (G) Spatial activity map of resting state (left) and the delay period working
memory state (right) of the large-scale mouse brain model with 43 brain areas with the
model in [26]. (H) The spatial time constant map of 43 brain areas for resting state (left)

and delay period working memory state (right) corresponds to the states of panel G.
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Figure S11: The parameter region in J"** and z space that fulfill all the require-
ments of working memory and decision-making of connectome-based cortical
models of the macaque monkey with 41 brain areas. We updated Mejias’ model [25]
with 41 brain areas and it’s corresponding hierarchical value. After keeping all the other
parameters the same as the original model [25], we search the parameter set of J"** and
z that fulfill requirements (the resting state should be stable for all the brain areas, the
persistent activity shows in some brain area to encoding working memory, and the brain
area M ST should have the ability to have persistent activity but the brain area MT
should not have to be consistent with experiment [19]) (A) shows the number of trials
that fulfill all the requirements of the parameter set of J"** and z. We did 10 trials for
each parameter set. If one parameter set with all those trials fulfills all the requirements,
it has a value of 10. If no trial fulfills all the requirements, it has a value of 0. (B) shows
the mean difference in time to threshold = 0.55 between M7 and LIP for correct trials
during decision-making across parameter sets in A. We simulated 5000 trials for each pair
of J"* and z, identifying parameters showing both correct and some error trials. The
distribution highlights parameter sets with the highest positive difference between MT
and LI P during correct trials. (C) shows the mean difference in time to threshold = 0.55
between M'T" and LIP for error trials using the same set of parameters as panel B. The
parameters J"** = 0.27 and z = 0.82 were chosen for further analysis based on their
optimal performance in correct trials and maintaining J"** below the critical bistability
value of 0.4655. For these values, 200 correct and error trials were generated for additional

analyses.
80


https://doi.org/10.1101/2023.06.04.543639
http://creativecommons.org/licenses/by-nc-nd/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2023.06.04.543639; this version posted December 21, 2024. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made
available under aCC-BY-NC-ND 4.0 International license.

O

1=
10" I |
2 L0111
= - F © © T © < O
: S
= o
c
8 10°
- . R — [0
s Pt tH E 102
2 {H{ t MT =
2 b } it 10’ I I
;w ﬁ }{ V1 . I I I
T(S) 10 - O © - T o O
i3 ;} > s 0 TR g 5 §
olan¥aatls T - a

QMoo NG — |, LOe 0 2 =T )
SOETESROEY S A )
= avses Z

an

Figure S12: Bifurcation in the space of the connectome-based cortical models
of the macaque monkey (A-D) [25] (A) Lateral view of macaque neocortex surface
with 40 model areas in color. (B) Firing rate of 40 brain areas, ranked by the hierarchical
position. The brain areas’ hierarchical position is the same as in Froudist-Walsh et al. [24].
(C) Firing rate time series of 8 chosen brain areas when neocortex model is in a delay
period working memory state for the model in (B). (D) The bar figure of time constants of
8 selected brain areas for resting (upper panel) and delay period working memory (lower

panel) state.
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Figure S13: The delay-period activity for the fixed-duration decision-making
task and the working memory state is depicted. The dots indicate the average

firing rate, while the error bars represent the standard deviation of the firing rate.
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