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Abstract 

Background:  Although highly desirable, a mechanistic explanation for the outstanding protein secretion capabilities 
of fungi such as Aspergilli is missing. As a result, a rational and predictive design of strains as cell factories for protein 
production is still out of reach. The analysis of the secretion apparatus is not only hampered by open issues con-
cerning molecular cell biological processes, but as well by their spatial fragmentation and highly dynamic features. 
Whereas the former issues are addressed by many groups, an account of the space- and time-dependent processes, 
which is best done by means of mathematical models, is lacking. Up to now, mathematical models for hyphal organ-
isms mainly focus on one of two extremes. Either macroscopic morphology, such as pellet or mycelium growth, is 
addressed, or a microscopic picture is drawn predicting, for instance, the form of a hyphal tip. How intra-hyphal trans-
port and organelle distribution works, however, has not been tackled so far mathematically.

Results:  The main result of this contribution is a generic modeling framework to describe the space- and time-
dependent evolution of intracellular substances and organelles. It takes intrahyphal, passive and active transport of 
substances into account and explains exponential and then linear length growth by tugor-driven uptake of water. 
Experimentally observed increasing concentration levels of organelles towards the tip can be well explained within 
the framework without resorting to complex biological regulations. It is shown that the accumulation can be partly 
explained by geometrical constraints, besides a necessary deceleration of the active transport velocity. The model is 
formulated such that more intricate intracellular processes can be included.

Conclusions:  Results from steady-state experiments are easy to be interpreted. In a hyphal network, however, new 
branches are produced at an exponential rate. Moreover, passive and active transport processes give rise to a spatial 
distribution of organelles and other cytoplasmatic constituents inside hyphae. As a result, most of the data obtained 
in experiments will be from a non-steady and space dependent state. A quantitative and mechanistic explanation of 
the processes occurring will only be possible if these dependencies are taking into account while evaluating experi-
mental findings.
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Background
The ecological and technical relevance of fungi is out-
standing. They are integrated in most ecosystems, act 
as detrimental agents for plants and humans, decom-
pose waste materials, and are exploited in the synthe-
sis of valuable products [1, 2], to name just a few areas 
in which they play a major role. Their most striking fea-
ture is polarized growth and branching which leads to 

more or less dense mycelia or pellets [3, 4]. Concomi-
tantly, Aspergilli such as A. niger, A. oryzae and A. ter-
reus have astounding capabilities to secrete interesting 
enzymes, mainly through the apical region [5]. A rational 
design to obtain modified strains as optimized cell fac-
tories, however, is still limited by the incomplete picture 
of their growth, production and secretion machinery. By 
the very nature of living cells all occurring processes are 
highly dynamic and the behavior of a cell does not only 
depend on the actual stimuli but what had happened to 
the cell in the past. For fungal organisms, interpretation 
of physiological data is even more challenging. Besides 
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the compartmentalization of biological functions in dis-
tinct organelles, space- and time-dependent distribu-
tions occur. This relates to organelles, other cytoplasmic 
compounds, and stimuli in and around a mycelium, and, 
therefore, impede the deduction of meaningful knowl-
edge and hypotheses. All of which could be addressed in 
the context of mathematical models.

So far most mathematical models for hyphal organisms 
respecting morphological features focused on macro-
scopic processes in dense mycelia and pellets. Here, the 
interplay between nutrient transport by diffusion and 
space-dependent growth was addressed, see for exam-
ple [1, 6–18] and references therein. A second group 
of models tries to predict the geometric appearance of 
rather small mycelia [19–25]. In these models, very little 
detailed biological information is needed, if used at all, to 
give rather realistic pictures. The results of simulations 
shown in Figure 1, as an example, just use the informa-
tion that the apical growth rate in three dimensions is 
constant and that septa and branches are formed when 
a critical length of a hyphal compartment is obtained. 
Including a random growth direction in the simulations 
gives a visual impression which is hard to distinguish 
from real photographs. As for the first group of models, 
these models will not help in deciphering the secretion 
apparatus. This is true as well for so-called morphologi-
cally structured models, which do not even account for 
the space-dependency, see, e.g., [7, 21, 26].

A more detailed account of microscopic features of 
individual hyphae is given by a last group of models to 
describe, for instance, the shape of a tip, or the growth 
in length. A well-known example for the first class of 
problems, which will be used in what follows, is given by 
Bartnicki-Garcia et al. in [27]. Here, the geometrical form 
of an apex is predicted with a simple model. It is based 

on a set of hypotheses how vesicles are transported bal-
listically from the Spitzenkörper to the wall. The model 
has been refined in future works to better account for 
the three-dimensional shape of a tip, the way vesicles are 
transported to the wall by diffusion, by representing the 
cell wall as a flexible membrane, or by a better account of 
vesicle fusion with the cell wall [28–32].

Mathematical descriptions of the growth in length, 
as the second class of microscopic features, were given 
recently with two different approaches. In [33], the long-
range transport of material in hyphae is depicted by a 
particle transport along a single, hypothetical microtu-
bule extending over the whole length of a hypha. The 
amount of material reaching the tip of the hypha deter-
mines length growth. A changing velocity, however, is 
neither considered nor a movement of the microtubules 
with the cytoplasmatic flow. In contrast, [34] explain 
length growth of Phanerochaete velutina mathemati-
cally by a turgor driven intra-hyphal flow towards the 
tip. In all these approaches a constant length growth 
rate is considered which is not true for the germ tube. 
Moreover, new branches of a mycelium very often 
show a lower initial velocity as well. As a result, and as 
a mycelium grows exponentially by an exponential pro-
duction of new branches, a significant part of a myce-
lium will not be in a kind of quasi-steady state which 
is assumed above. In major parts of a mycelium, orga-
nelles and intracellular substances have not yet reached 
their quasi-steady state distribution, which might be 
important for a quantitative prediction of the growth of 
the mycelium. Likewise, if septa are closed and opened 
by Woronin bodies, intra-hyphal flow has to stop or will 
resume resulting in even more complex situations.

In our former works [11, 19], we explained the initially 
observed exponential and then linear growth with the 
limitation by a hypothetical intracellular compound. We 
had to resort to a hypothetical compound at that time as 
neither for fungi nor for actinomycetes details about the 
mechanism were known. Especially for fungi, this situa-
tion has changed drastically in recent years. Molecular 
methods, bioinformatics and image analysis have pro-
vided us with a whelm of information if not give rise to 
a ‘Big Data Tsunami’ [35]. More specifically, for the pro-
cesses addressed here, which are responsible for length 
growth and (product) secretion, much more is known 
today. Excellent recent reviews about growth in length 
of fungal hyphae are given, e.g., by [36, 37], and about 
secretion in [32]. The importance of turgor driven length 
extension is stretched by [38, 39] in a series of papers.

We therefore think that the time is ripe to try to con-
dense at least a small part of the available knowledge in 
a mathematical model. This can form the basis to discuss 
hypotheses and to account for the effects of space- and 

Figure 1  Simulated 3D-growth of mycelia projected to two dimen-
sions.
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time-dependencies in the interpretation of experimental 
data. The model structure derived in this contribution 
therefore serves two main purposes.

• • First of all, it represents a basic model structure, with 
which the initial exponential and then linear growth 
of a hypha can be described with a minimal amount 
of assumptions. This turgor driven evolution of the 
intra-hyphal flow forms the ‘backbone’ for all other 
processes occurring in a hyphae, and, therefore, has 
to be considered first. To be more specific, besides 
the postulation of some kinetics, no further biologi-
cal regulations will be introduced to describe the 
experimentally observed growth evolution. If this is 
possible, already simple physical transport processes 
combined with implicitly formulated regulations 
through kinetic expressions can be used to explain 
the observed behavior without resorting to complex 
biological mechanisms. This, of course, does not rule 
out such regulations which additionally may occur. If 
experimental evidence is given, these processes can 
be included readily.

•  • Secondly, the model structure derived serves as a basis 
for future work when experimental data is interpreted 
and condensed in a mathematical framework. As an 
example, the distribution of vesicles in a hypha will be 
considered here which shows a distinct profile along 
the length of a hypha. Again simple physical argu-
ments, mainly with respect to the active transport 
velocity and the geometry of the tip, will be enough to 
explain experimental data where a significant increase 
in concentration is observed toward the tip.

In the long run, such kind of models might help in 
answering questions raised in the endeavor toward a 
rational strain design. Examples are [5]: How many vesi-
cles carrying proteins of interest can be used without 
interfering with vesicles for growth? Where are the bot-
tlenecks in vesicle-mediated protein secretion? How 
many proteins can be channeled through the secretory 
pathway in order to provide each protein sufficient time 
to become correctly folded? Extending this list of ques-
tions will naturally occur when a model is at hand.

The rest of the paper is organized as follows. After 
a problem statement in the next section, the model of 
Bartnicki-Garcia et  al. is revisited to determine the vol-
ume and surface area in the tip region. This will then be 
used to correct experimental data. The general model is 
formulated next. As a first application, length growth by 
turgor driven water uptake is described. Extending the 
model with vesicles allows for a comparison with experi-
mental data in the last section before the paper finishes 
with some conclusions.

Problem statement
What will be described below, will neither encompass 
the process of sporulation nor branching. An attempt 
to model germination can be found, e.g., in [40]. It is 
assumed that a very short part of a tip already exists, pre-
sumably from a mother hypha. In the simulations shown, 
depending on the boundary conditions, the mother 
hypha will either have no influence on the developing 
branch or it will supply material for growth. After some 
time, say t = tt, the retrograd end of the new hypha will 
posses a final radius of rt(tt) = R and the length of the tip 
will be Lt(tt) = Ltmax. For t > tt, the hypha will consist of 
this constant tip part with fixed length Ltmax and a seem-
ingly growing distal region of length Ld(t), i.e., the overall 
length of the hypha will then be given by

Consequently, it will be assumed that, after tip comple-
tion, its geometrical form and size stay constant. Both 
assumptions together simplify the mathematical treat-
ment significantly as apparent growth is associated to a 
subapical region where the cell wall becomes rigidified, 
probably by the action of cross-linking enzymes [37]. 
With this assumption, the complex processes involved in 
plasma membrane and cell wall synthesis actually occur-
ring in the tip region are approximated. A more detailed 
model is given by [32]. A constant form and size of the tip 
region, on the other side, necessitates a constant radius 
of the distal part. This is in contrast to the model intro-
duced in [34] where the authors correlate high internal 
volume flows Q with large diameters of hyphae. This will 
not be considered here for simplicity although the gen-
eral model could account for it.

For a simpler numerical implementation, the tip and 
the distal part will be modeled separately with appropri-
ate conditions to account for the connection between 
them, see Figure 2. In what follows, the variables related 
to the tip will be denoted by an index t whereas those 
related to the distal part with a d.

The general model will be obtained by a formulation of 
balance equations applied to an infinitesimal intra-hyphal 
balancing volume of length dx, see the space between 
shaded areas in Figure 2. Terms of production, consump-
tion and transport via the cell membrane, the conse-
quences of an intra-hyphal flow, and, finally, due to active 
translocation will be considered. Space-dependent uptake 
of nutrients could be included readily, but is not done here. 
Most importantly, a constant physiological and functional 
state is assumed along a hypha. If this is not the case, the 
model developed in this contribution has to be combined 
with approaches proposed, e.g., by Nielsen and Villadsen 
[18].  As the transport from and to the environment will be 
proportional to the local surface area and production and 

(1)L(t) = Ld(t)+ Ltmax.
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consumption rates will be given based on the local volume, 
these quantities have be determined first.

Geometrical model of the tip
For simplicity, the 2D-model proposed in [27] describing 
the form of a hyphal tip is used to derive expressions for 
the local surface area A(xt) and volume V (xt). Although 
the initial conjecture that the actual 3D-form of a hypha 
can be produced by a rotation of the solution of the 
2D-model was corrected in [28], see as well [29], the sim-
pler approach is used here. This is motivated by the fact 
that the actual differences in the forms obtained are small 
while the calculation of the 3D-form is rather involved.

In [27] it is proposed that: (1) the cell surface expands 
from materials discharged by wall-destined vesicles, 
(2) vesicles are released from a postulated vesicle sup-
ply center (VSC), (3) vesicles move from the VSC to the 
surface in any random direction. Based on these proposi-
tions, they derive the following model.

If the VSC is located in the origin of an (xh, yh)-coordi-
nate system, as used by Bartnicki-Garcia et al. [27], where 
the cartesian coordinate yh equals the radius rt in Fig-
ure 2, i.e., yh = rt, the 2D-geometry reads

In this coordinate system, the hypha extends to nega-
tive xh-values. The foremost point of the tip is at xh = D. 
With xt = xh + Lt − D, see Figure 2, the geometry of the 
tip is given by

in the coordinates used in this work.
For the calculation of the volume V (xt) and surface area 

A(xt), rt(xt) is locally approximated by a straight line of 
length lt connecting rt(xt) and rt(xt + dx). Rotating this 
line defines the area and the enclosed volume.

Neglecting higher order terms, the infinitesimal surface 
area of such a truncated cone is given by

(2)xh = rt cot
rt

D
.

(3)xt = rt cot
rt

D
+ Lt − D

and the infinitesimal balancing volume is approximated by

The derivative needed in the former expression can 
be obtained from Eq.  3 by implicit differentiation, see 
Appendix A.

For a stationary observer, see Figure 3, the balance vol-
ume increases when the tip grows out of a considered 
section [xt , xt + dx].

As it is assumed that the form of the tip stays constant, 
every point of the surface moves with the extension rate 
L̇ of the hypha, hence,

A negative sign is included as for a stationary observer 
the volume increases while drt/dxt is negative.

The tip and the distal part must be connected without a 
step in radius, i.e., rt(xt = 0) = R. As a result, D cannot be 
chosen independently when Ltmax is fixed. From a biologi-
cal point of view, fixing D might be a better alternative. 
This, however, would lead to a very long tip region which 
is ruled out here for numerical reasons. From Eq. 3, when 
Ltmax is prescribed, an implicit expression is given for D

For small Ltmax, this value of D is an approximation of the 
real distance of the VSC from the apex. Figure 4 gives an 
impression of the obtained form of the tip, where some 
distal part is shown as well. The calculations were done 
with R = 3.5 μm, D = 1.2 μm, and Ltmax = 15.6 μm.

Experimental data
Although the main goal of this contribution lays in the 
derivation of a generic model structure, some compari-
sons with experimental data will be done.

(4)A(xt) ≈ 2π

√

1+
( drt

dxt

)2

rt(xt)dx,

(5)V (xt) ≈ πr2t (xt)dx.

(6)V̇t = 2πrt
drt

dxt

dxt

dt
dx = 2πrt

drt

dxt
(−L̇)dx.

(7)0 = R cot
R

D
+ Ltmax − D.

xt

rt

xd

R

0 xd + dx xt + dx

Ld

0

Lt

xh0 DD − Lt

xd xt

Figure 2  Sketch of the distal part (d) with a constant radius R, and 
the tip (t) of a hypha.

xt
xt xt + dx

L̇dt

L̇dt

Figure 3  The balance volume for time instant t is depicted by a box 
with broken lines and for t + dt with solid lines. As the tip moves to the 
right, the volume increases for a stationary observer.
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Unpublished experimental data with vesicle meas-
urements from Aspergillus niger is kindly supplied by 
F. Spanhoff, A. Ram and V. Meyer. They visualized the 
secretory vesicle concentration of individual hyphae by 
the intensity of the fluorescent R-SNARE protein SynA 
using a Zeiss confocal microscope. Pictures were taken 
at an equidistant spacing of 0.2 μm along the length of 
a hypha for typically 10–12 layers (z-stacks) across the 
diameter. Hyphae were obtained from the periphery of a 
fungal colony. Uncalibrated fluorescence data is obtained 
by adding up all intensity values for each z-stack to 
obtain I. The mean value for 7 different hyphae is shown 
in Figure  5 as a function of the distance to the apex. 
The origin of the x-coordinate system used here is cho-
sen D = 1.2 μm behind the apex, which coincides with 
the VSC used later. As the scanned volume in the apical 
dome is smaller than in subapical regions, the data is cor-
rected here for this geometrical effect. Again the model 
of [27] is used to calculate a local volume, and, hence, 
from the intensity data, a local normalized measured 

concentration Vm. As absolute information about the 
number of vesicles is missing, the data is additionally 
normalized by an arbitrary scaling factor of 35 to com-
pare against simulation results later. The scaling factor 
is chosen such that in the subapical region a normal-
ized concentration of approximately 1 is obtained. The 
corrected data is shown in Figure 6. Observe the higher 
ratio of maximal to subapical values in the corrected data 
compared to the given intensity values in Figure 5. 

In the experiments described above, hyphal length was 
not measured for A. niger as a function of time for newly 
developing branches. Typically, an initial exponential 
growth will be observed followed by a linear one. As the 
model will be able to describe this, another set of data is 
used here for comparison. Experimental results from [41] 
are exploited. This rather old set of data was already used 
by us in [11]. In this former work, a much simpler model 
was proposed to describe length evolution. Using the data 
again, both approaches can be compared. Fiddy and Trince 
[41] measured the evolution of a primary branch of Geotri-
chum candidum extending out of an intercalary compart-
ment just behind a septum. They observed a correlation of 
the decreasing length extension rate of this branch with 
septation occurring after some time in this branch. How-
ever, the extension rate of the primary branch continued to 
increase, despite septation, until a length of about 700 μm 
was reached. From Figure  3b in [41], a maximal exten-
sion rate of 2.5 μm/min can be estimated. The data will be 
given later together with the results of a simulation.

Generic model
To derive a generic model, a substance Si, i = d, t is bal-
anced in a segment extending from xi to xi + dx, see 
Figure  2. In what follows, St represents vesicles (Vt), 
Spitzenkörper (Kt), osmolytes (Ot), etc. in the tip, i.e., 
St = {Vt ,Kt ,Ot , . . .}. Accordingly, Sd = {Vd ,Kd ,Od , . . .} 
will denote variables in the distal part. A radial 
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Figure 4  Cross-section of a simulated tip of a hypha for xt ≥ 0. Some 
distal part with constant radius is shown as well for xt < 0.

−20 −10 0
0

50

100

150

200

250

x [µm]

I
(x
)
[-]
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nal unpublished data from F. Spanhoff et al.
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distribution inside the hypha and diffusion in all direc-
tions are neglected. Diffusion in the x-direction could 
be included readily without complicating the numerical 
solution much. It would, however, make less sense for 
organelles. See [39] for a discussion of diffusion coeffi-
cients of different cellular components compared against 
the intra-hyphal flow velocity.

The volumetric mass concentration of a substance Si is 
represented here by the very same symbol in the equa-
tions, i.e., Si is used to denote the concentration of the 
generic compound. Hence,

Balancing the mass mSi of substance Si in a segment of 
volume V (xi) with surface area A(xi) and infinitesimal 
length dx leads to

with production (...p) and consumption (...c) rates µSip and 
µSic, respectively. Transport (...t) from or to the surround-
ings is modeled by µSit. Whereas the former reaction 
rates are given as a temporal change of mass per volume 
Vi = V (xi), the latter is based on the local external sur-
face area Ai = A(xi) of the segment.

The last two terms in Eq.  9 represent intra-hyphal 
flow in and out of the balance volume, i.e., flow 
through the shaded areas in Figure  2. As due to tur-
gor pressure hyphae take up water from the surround-
ings, and as only the apical region can extend in the 
real hypha, an intra-hyphal flow is set up. Hence, the 
volumetric flow rate Qi(xi, t) is both a function of space 
xi and time t.

Intra-hyphal flow of a substance can be the result of the 
flow of the cytoplasm (cyt) transporting Si. For other sub-
stances, long-distance transport is realized via an active 
(act) dislocation along microtubules. In the latter case, 
microtubules can be transported as well with the flowing 
cytoplasma, see [42, 43], resulting in a superposition of 
flow and dislocation velocities for Si,

Alternatively, it can be assumed that microtubules 
stay fixed with respect to the cell wall and that all of Si 
is attached to them. Then, Qi,cyt = 0 for this specific 
substance.

The splitting up of Qi will now be used for a volume 
balance which is only affected by the cytoplasmic flow. As 
the cytoplasm is incompressible,

(8)Si(xi, t) =
mSi(xi, t)

V (xi)
.

(9)

∂mSi

∂t
=

(

µSip − µSic

)

V (xi)+ µSi tA(xi)

+ Qi(xi , t)Si(xi , t)− Qi(xi + dx, t)Si(xi + dx, t)

(10)Qi(xi, t) = Qi,cyt(xi, t)+ Qi,act(xi, t).

where µVip represents the volume production, e.g., 
through turgor-driven uptake of water from the environ-
ment through the local surface Ai = A(xi).

To finally set up the generic model structure based 
on the balances given above, several steps are necessary 
which are detailed in the Appendix B:

1.	 The last term of Eq.  9 and the second term of the 
right-hand side of Eq.  11 are expanded in a Taylor 
series, neglecting all terms in (dx)n, n ≥ 2.

2.	 All equations are combined.
This leads to

with

Initial and boundary conditions, and Qi will be specified 
below.

Generic model of the constant, distal part
For simplicity, it is assumed that the active translocation 
velocity along microtubules in the distal part, if it exists 
at all, is constant, i.e., for its gradient

Only at the tip, a deceleration will be considered later. 
Furthermore, after setting i = d, and Ad = 2πRdx, 
Vd = πR2dx, Eq. 12 reads

with

The fourth term on the right hand side can be interpreted 
as a dilution term due to intra-hyphal flow. From Eq. 31, 
see Appendix, with V̇d = 0, an expression can be given 
describing the spatial evolution of the intra-hyphal flow

(11)

∂Vi

∂t
= V̇i = Qi,cyt(xi , t)− Qi,cyt(xi + dx, t)+ µVipA(xi)

(12)

∂Si

∂t
= µSip − µSic + ρi1µSit − ρi1µVipSi

− ρi2Si
∂Qi,act

∂xi
− ρi2Qi

∂Si

∂xi

(13)ρi1 =
Ai

Vi
, ρi2 =

dx

Vi
.

∂Qd,act

∂xd
= 0.

(14)

∂Sd

∂t
= µSdp − µSdc + ρd1µSdt − ρd1µVdpSd

− ρd2Qd
∂Sd

∂xd

(15)ρd1 =
2

R
, ρd2 =

1

πR2
.

(16)
∂Qd,cyt

∂xd
= 2πRµVdp.
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As long as the volume production µVdp �= 0, Eq. 16 gives 
rise to a monotone increase of Qd with xd, i.e., more and 
more fluid will be transported toward the tip.

The boundary conditions, Qd(0, t) = Qdx0(t) and 
Sd(0, t) = Sdx0(t), describe the information coming 
from a spore or from a branching site of a mother hypha. 
Whereas a mathematically ‘convenient’ boundary condition 
Qdx0(t) = const. would make sense, as it describes an active 
transport, which can be zero as well, Sd(0, t) = Sdx0(t) = 
const. would be more difficult to justify biologically. This 
would mean that the mother hypha or spore would not 
change its value of S irrespective of what is going on in the 
new hypha. This could only be explained by a source of S of 
infinite strength. If the spore or the mother hyphae are not 
determined by a separate model,

is a better choice, at least from a numerical point of view. 
An initial condition for Sd must not be specified as the 
simulation will start without a distal region.

Before specifying the individual production and con-
sumption rates this generic model equation will be 
adapted to the non-constant-area and non-constant-vol-
ume case seen in the tip.

Generic model of the tip
Due to the non-constant surface area At and volume Vt of 
the balancing volume the expressions get more involved. 
With Eqs. 4, 6 and 31 the resulting cytoplasm flow reads

∂Sd(xd , t)

∂xd

∣

∣

∣

∣

xd=0

= 0

(17)

∂Qt,cyt

∂xt
= 2π

√

1+
( drt

dxt

)2

rt(xt)µVtp + 2πrt
drt

dxt
L̇.

The first term on the right hand side increases the flow 
due to turgor driven volume production µVtp. The second 
term, however, as drt/dxt is negative, decreases the flow 
to account for the volume needed for length growth in 
the tip region.

Using Eq. 12,

with

results. A plot of these ρt-terms is given in Figure 7. In the 
distal part, the corresponding terms are constant, see Eq. 15.

Besides an initial condition St(xt , 0) = Stt0(xt), a 
boundary condition has to be specified. If a distal part is 
not yet formed,

is applied. If, on the other side, a distal compartment 
already exists,

Model of length growth
As the radius of the distal part and the form of the tip 
stay constant, L̇ is given by the overall volume produced 
divided by the area of the growing end. If the tip is still 
developing, this area is πr2t . Hence,

(18)

∂St

∂t
= µSt p − µSt c + ρt1µSt t − ρt1µVtpSt

− ρt2St
∂Qt,act

∂xt
− ρt2Qt

∂St

∂xt

(19)
ρt1(xt) =

2

√

1+
( drt

dxt

)2

rt(xt)
, ρt2(xt) =

1

πr2t (xt)

∂St

∂xt

∣

∣

∣

∣

xt=0

= 0

(20)St |xt=0 = Sd |xd=Ld
.
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Figure 7  ρi’s for R = 3.5 μm, D = 1.2 μm, and Lt = 15.6 μm.



Page 8 of 14King. ﻿Fungal Biol Biotechnol  (2015) 2:5 

When the tip is finished, with Lt = Ltmax, it is assumed 
that length growth is realized by extension of the right 
hand side of the distal part with area πR2, see Figure 2. 
For a tip with constant geometry, this translates into a 
growth in length of the hypha of

Here, a hypothetical flow rate Qtp(Lt , t) at the tip xt = Lt 
has to be used. It is determined by the gross increase of 
the volume flow rate in the tip region

with a proper boundary condition for xt = 0. Actu-
ally, the real flow rate in the tip region has to decrease 
towards the tip as it is ‘consumed’ everywhere in the 
tip to fill up the new volume formed due to tip growth. 
In the model, however, length increase is attributed to 
an increase in the distal part or left hand end of the 
tip before it is fully developed. Therefore, as volume 
is taken up in the tip region as well, the gross increase 
of the volume flow rate has to be known to determine 
L̇(t). To distinguish this hypothetical from the real flow 
rate, it is denoted by Qtp, instead of Qt,cyt. The boundary 
condition at the left hand side of the tip, see Figure 2, is 
Qtp(0, t) = Qd(Ld , t) or 0 when only the tip exists.

Complete generic model
In summary, after specifying the individual production, 
consumption and transport rates, µj, and the change 
in active transport in the tip, ∂Qt,act/∂xt, the follow-
ing equations have to be solved in the generic model 
assuming that the tip has already reached its maximal 
extension:

1.	 Integration of Eq.  16 determines the intra-hyphal 
flow rate at xd = Ld which sets the boundary condi-
tion for Eq. 23.

2.	 Integration of latter equation leads to the hypotheti-
cal flow rate at the tip, Qtp(Lt , t),

3.	 and, with Eq. 22, to the actual extension rate L̇.
4.	 In a moving boundary framework, as L(t) grows, 

Eqs. 14 and 18 are solved to determine Si, i = d, t.

Initially, only the tip region exists. Hence, Eqs. 16 and 
18 are not needed.

(21)
dL(t)

dt
=

1

πr2t
Qtp(Lt , t).

(22)
dL(t)

dt
=

1

πR2
Qtp(Lt , t).

(23)
∂Qtp(xt , t)

∂xt
= 2π

√

1+
( drt

dxt

)2

rt(xt)µVtp,

Modeling pressure regulation via osmolytes
We consider osmolytes which are responsible for main-
taining a certain pressure and pressure gradient inside 
hyphae, see [38]. It is assumed that osmolytes are pro-
duced until a certain pressure is obtained for which intra-
cellular sensors must exist. For the MAPK pathway, OS-1 
is discussed as a sensor in [39]. For simplicity, an intracel-
lular substance called osmolyte Oi, i = d, t, is introduced, 
which represents both the osmolyte, and, indirectly, the 
pressure. To obtain a mass flow toward the apex, its con-
centration must be higher in subapical parts. Using the 
equations derived above, Si is now replaced by Oi.

To start with the most simple model, it is assumed that 
osmolytes are not transported actively, Qi,act = 0, and are 
not consumed or degraded, i.e.,

Furthermore, they are not transported over the cell wall, 
hence,

For the production of Oi, as a first approach, a logistic 
law-like expression is used

with a maximal osmolyte concentration Omax. It has to 
be pointed out that these assumptions can be changed 
easily.

In the long run, for all osmolytes produced, water has 
to be taken up. If this process is fast, it can be assumed 
that, in a kind of quasi-steady-state point of view, water 
is taken up proportional to the synthesis rate of the 
osmolytes. As the first one is formulated based on the 
surface and the latter based on the volume,

leads to an expression for the volume production rate 
µVip in part i of the hypha

With Eq. 24, for the distal part,

and for the tip

µOic = 0.

µOit = 0.

(24)µOip = k1(Omax −Oi), i = d, t,

µVipAi ∼ µOipVi

µVip ∼ µOip
Vi

Ai
.

(25)

µVdp = k2(Omax −Od)
Vd

Ad
= k2(Omax −Od)

1

ρd1

(26)

µVtp = k3(Omax −Ot)
Vt

At
= k3(Omax −Ot)

1

ρt1
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follows. Different constants, k2 and k3, are introduced to 
possibly account for the fact that most water is taken up 
in the tip region, as hypothesized by [39]. This difference 
in water uptake velocity might be the result of the plastic-
ity of the wall in the tip region. As the maximal extend 
of the tip, Ltmax, considered here is fixed arbitrarily, this 
has to be observed during parameter identification and 
analysis of the simulation results.

With these kinetics and the generic equations derived 
in the last section, the models of the distal part and the 
tip can be formulated. They are omitted here for brevity. 
Furthermore, to reduce the number of kinetic param-
eters and to ease parameter identification, a normaliza-
tion is done with oi = Oi/Omax and qi = Qi,cyt/Qmax, and 
oi, qi ∈ [0, 1] for i = d, t, L̇max = Qmax/(πR

2) = Qmaxρd2, 
θ1 = k1, θ2 = k2Omax, θ3 = k3Omax.

For the numerical solution of the partial differential 
equations, the spatial coordinate is discretized equidis-
tantly with a step size of �x = 0.2 μm. The method of 
lines is applied for the equation describing the evolution 
of the osmolytes approximating the spatial derivatives by 
a first-order backward difference operator. In the begin-
ning, when only the tip exists, the left most discretiza-
tion segment of the tip, see Figure 2, is allowed to grow in 

length according to L̇ until it exceeds a length of 0.3 μm. 
After the distal part is formed, its right most discretiza-
tion segment takes over this task and grows accordingly 
until it exceeds a length of 0.3 μm. Then, this segment is 
split up into a segment of constant length (0.2 μm) and a 
growing one with an initial length <0.2 μm and the calcu-
lations are continued as before. The normalized flow rate 
qi is obtained accordingly from Eqs. 16 and 23 exploiting 
the trapezoidal rule. Parameters θi have to be chosen such 
that qi ≤ 1 is guaranteed.

As this work concentrates on the formulation of the 
generic model and not on a parameter fit or selection of 
appropriate kinetic expressions to describe a very specific 
problem, a simple approach was chosen to find kinetic 
parameters for simulation studies. Measurements per-
formed by Spanhoff et al. were done with hyphae growing 
with approximately L̇max = 3µm/min. The parameters 
θ1,2,3 are determined such that L(t) shows an initial expo-
nential increase followed, after a transition, by a phase of 
constant growth velocity of approximately L̇max = 3µm/
min. To this end, an optimization problem was formulated. 
In lack of real data for this first study, a ’desired’ evolution 
Ldes(t) was determined to allow for an adaption of the θi’s.

Simulation results are shown in Figures 8 and 9. Param-
eters used are θ1 = 0.3079, θ2 = 0.2619, and θ3 = 0.5032 
with vanishing flow from the mother hypha or spore. 
The initial tip starts with four discretization segments, 
i.e., a length of 0.8 μm, with exponentially decaying val-
ues of the initial, normalized osmolyte concentration 
ot,k = [0.750, 0.7351, 0.7206, 0.7063].

In the simulations given in Figure 8, growth is followed 
up to a length of about 170  μm, i.e., in the end more 
than 850 discretization segments are used. Due to pro-
duction and consumption of the osmolyte, and due to 
length growth, the osmolyte profiles change dynamically 
over time. These osmolyte profiles, on the other hand, 
determine the overall volume production, see Figure  9, 
and, hence, length increase. As a result, all processes are 
highly interwoven.

0 50 100 150 200

0.7

0.8

0.9

1

x [µm]

o(
x
,t
)
[-]

0 20 40 60 80
0

50

100

150

200

L
[µ
m
]

t [min]
Figure 8  Left evolution of the normalized osmolyte concentration for different time instants with �t = 1 min. Right length of the hypha.
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When the rate of osmolyte production is increased by 
choosing higher values of k1 = θ1, slower growth results, 
see left part of Figure 10. Here, as in the right part of this 
figure, the other parameters are as in Figure  8. Lower-
ing θ2 = k2Omax has the similar, though less pronounced 
effect. An explanation of this feature can be seen in Fig-
ure 11 where the evolutions of the osmolyte and the nor-
malized flow rate are shown for an increased value of 
θ1 = 0.3079+ 0.05 compared to the case of Figure  8. A 
larger osmolyte production rate leads to higher values 
of o(x, t), and, hence, to a lower volume production rate 
ki(Omax −O), i = 2, 3.

Using the same volume production parameters 
θ2 = θ3 = 0.2616 in the distal and tip region results in 
a much too slow growth corroborating different uptake 
rates. These simple studies show that an intricate relation 
exists between parameters and the processes described 
by the model. Predicting the outcome of parameter or 
kinetic variations is difficult. Therefore, numerical studies 
are indispensable.

In the first simulation study shown above, which 
will be used again in the next section, linear growth 
already starts at a length of approximately L = 30 μm. 
By another choice of parameters, the exponential phase 

can be elongated. In Figure  12, as an example, param-
eters are chosen such that experimental data obtained 
by [41] can be described by the model. In this case, an 
elongated exponential phase can be observed. Truly lin-
ear growth does not start before 700 μm as pointed out 
by the authors. As the primary branch considered in 
[41] originates from a parent compartment, the normal-
ized flow rate coming from this compartment was fitted 
as a parameter as well. For simplicity, a constant value 
qi(0, t) was assumed. A more detailed study should be 
performed, though, based on the general model intro-
duced above, to better account for a variable influence of 
the mother compartment. Likewise, septation could be 
included. This would lead to a leveling out of the profiles 
inside the mother compartment and a variable supply of 
the new branch. Such a detailed study, however, is out-
side the scope of this contribution and has to be post-
poned to future work.

Modeling of vesicle distribution
As a first example of an organelle, vesicles are considered 
which have been already used above to get an idea of the 
form of the tip. They are, beside other functions, respon-
sible for material transport to the growing tip. According 
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Figure 10  Left length evolution for θ1 = 0.3079(top)/0.3579/0.4079. Right Length evolution for θ2 = 0.2619(top)/0.2119/0.1619.
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to the model of [27], vesicles are used up in the apical 
part of a hypha. Therefore, the consumption rate in the 
tip will be µVt c �= 0, while µVdc = 0 is assumed in the dis-
tal region.

As vesicles are produced inside hyphae, the transfer 
rate to the surroundings is zero in both parts, i.e., µVit, 
i = d, t. For vesicle production µVip, again a logistic-like 
expression is chosen. However, as vesicles are accumu-
lated in the tip region, the expression is modified describ-
ing a production only as along as Vi < Vmax and no 
production otherwise

Active transport is modeled by microtubules. It is 
assumed that all vesicles are bound immediately to 
microtubules. Therefore, the vesicle concentration can 
be calculated as the product of the local microtubules 
concentration, mMT /V , times the loading of the micro-
tubules, mVi/mMT

Due to the discrete nature of microtubules, this is a rough 
approximation. Still, if the local microtubules concentra-
tion stays constant up to the apex, the active volume flow 
is simply given by

where u(xi, t) and ri represent the local transport velocity 
and hyphal radius, respectively. With this expression, the 
volume flow at the apex is zero which does make sense as 
rt(Ltmax) = 0. The change in flow rate over the length of a 
hypha is given by

(27)µVip = max

{

k4(Vmax − Vi), 0

}

.

Vi =
mMT

V

mVi

mMT
=

mVi

V
.

Qi,act = πr2i u(xi, t),

∂Qi,act

∂xi
= 2πrtu(xi, t)

dri

dxi
+ πr2i

du

dxi
.

In the distal part, with ri = R = const.,

For a constant velocity u,

as assumed above. For the tip,

When the second term in the last equation is neglected, 
an increase in vesicle concentration, as seen in Fig-
ure  6, can only be observed directly behind the tip due 
to the decelerated transport coming from the geometri-
cal influence (drt/dxt < 0). This does not coincide with 
experimental findings. For this reason, as a first trial, 
it is assumed that u stays constant in most of the distal 
part at u = umax. From umax it decreases linearly to zero 
in the foremost 15    μm. For the following simulation, 
umax = 35.62 μm/min is chosen. Typical literature values 
for kinesin-1 are in the range of 24–54 μm/min. For kine-
sin 7 in A. nidulans, [44] report 10 μm/min compared to 
the conventional kinesin of this strain with 120 μm/min.

The equations are normalized again with vi = Vi/Vmax 
and θ4 = k4.

Consumption of vesicles is assumed to be proportional 
to the actual length growth rate for which it is used, and 
proportional to the local vesicle concentration vt

As the volume corrected measurements by Spanhoff 
et al. indicate a falling vesicle concentration only for the 
last three segments with a width of �x = 0.2 μm, for the 
rest of the hypha µVt c = 0 is used.

A comparison of simulated data against the measure-
ments introduced above is given in Figure 13. Additional 
parameters used are θ4 = 0.0407, and θ5 = 2.2701. The 
remaining parameters θi, i = 1, 2, 3, are as in Figure 8.

With these parameters the experimentally observed 
accumulation profile of vesicles can be reproduced. A 
key-enabler is the model assumption that the transport 
velocity must decrease towards the tip. This could be 
tested in future experiments.

Conclusions
As constantly new branches and septa are produced in a 
mycelium and a flow of cytoplasma towards the different 
apices occurs, quasi-steady state concentration profiles 
of intracellular substances and organelles hardly estab-
lish. Moreover, due to these processes and due to active 
and cytoplasmatic flows intracellular components are 

∂Qd,act

∂xd
= πR2 du

dxd
=

1

ρd2

du

dxd
.

∂Qd,act

∂xd
= 0,

∂Qt,act

∂xt
= 2πrtu(xt , t)

drt

dxt
+ πr2t

du

dxt
.

(28)µVt c = θ5L̇vt .
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θ1 = 0.4792, θ2 = 0.4811, θ3 = 0.5282, and qi(0, t) = 0.0357. Experi-
mental data obtained by [41] are marked with asterisk.
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not only a function of time but as well a function of space 
inside a hypha. A comprehensive and quantitative inter-
pretation of experimental data of individual hyphae will 
therefore only be possible when these space- and time-
dependent processes are taken into account. To this end, 
a generic mathematical model is proposed here which 
first of all describes turgor driven length extension. By 
this, an initially accelerated and then linear growth can 
be predicted as seen in microscopic experiments. A much 
simpler model, see [11], could be used to predict the 
length evolution though. That model, however, cannot to 
be extended so easily to describe other constituents of a 
hypha as it is done here. The turgor driven length exten-
sions forms the ‘backbone’ of a generic model to study, 
for instance, the time-dependent distribution of orga-
nelles and other compounds. These may be transported 
actively or passively towards the tip. Diffusion is not con-
sidered yet, but can be included readily. For a complete 
specification of the model, kinetic expressions have to be 
stated. In this contribution, very little effort is invested 
to study the effect of different kinetics and parameters, 
e.g., with respect to osmolyte or vesicle production and 
consumption. The emphasis is rather on the formula-
tion of a generic model. Effects of different kinetics will 
be tackled in future works when more experimental data 
is available. However, even with simple kinetics cho-
sen here it can be shown, for example, that the experi-
mentally observed accumulation of vesicles near the tip 
can be explained. A crucial assumption to be able to do 
this is the postulation of a decreasing active transport 
velocity in the tip region. Without this, the experimen-
tally observed apical accumulation of vesicles cannot be 
described in the chosen setting. The model structure can 
be readily extended to study the effect of different orga-
nelles and cytoplasmatic compounds. Before doing so, 
however, the numerical solution of the partial differential 

equations with a moving boundary should be revisited 
to hopefully decrease the computational burden. This 
was not done yet, as septation and branching have to be 
included in future works.
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Appendix A: Gradient of the radius
From Eq. 3,

Implicit differentiation leads to

Appendix B: Derivation of the generic model
Expanding the last term in Eq.  9 into a Taylor series 
results in

This yields upon substitution and neglect of terms in 
(dx)n, n ≥ 2

In the distal part, the balancing volume V (xd) = Vd stays 
constant, i.e., V̇ (xd) = V̇d = 0. In the tip region, however, 
a stationary observer sees a growing volume V̇ (xt) = V̇t 
as the apex moves away and the local radius increases. 
Hence, generally, with mSi = ViSi

or

F(xt , rt(xt)) = rt cot
rt

D
+ Lt − D − xt = 0.

drt

dxt
= −

∂F

∂xt
∂F

∂rt

=
D sin

2 rt

D

D cos
rt

D
sin

rt

D
− rt

.

Qi(xi + dx, t)Si(xi + dx, t)

= Qi(x, t)Si(x, t)+ Si
∂Qi

∂xi
dx + Qi

∂Si

∂xi
dx + · · ·

∂mSi

∂t
=

(

µSip − µSic

)

Vi + µSitAi

− Si
∂Qi

∂xi
dx − Qi

∂Si

∂xi
dx.

Vi
∂Si

∂t
+ SiV̇i =

(

µSip − µSic

)

Vi + µSitAi

− Si
∂Qi

∂xi
dx − Qi

∂Si

∂xi
dx,

(29)

∂Si

∂t
= µSip − µSic + µSit
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dx
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Figure 13  Comparison of a measured (asterisk) and simulated (solid 
line) evolution of normalized vesicle concentration as a function of 
the coordinate x, given for t = 60 min. Only the foremost part of the 
hypha is given neglecting the retrograd part with constant v.
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The surface area Ai and volume Vi will differ depending 
on the part considered.

Taylor series of the volume balance, see Eq. 11, which is 
only affected by the cytoplasmic flow, leads to

Rearrangement gives

and

Combining it with Eq. 29 leads to the generic model
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