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UPT statistical ensemble: systems
with fluctuating energy, particle
number, and volume

Ugo Marzolino

Within the theory of statistical ensemble, the so-called uPT ensemble describes equilibrium systems
that exchange energy, particles, and volume with the surrounding. General, model-independent
features of volume and particle number statistics are derived. Non-analytic points of the partition
function are discussed in connection with divergent fluctuations and ensemble equivalence. Quantum
and classical ideal gases, and a model of Bose gas with mean-field interactions are discussed as
examples of the above considerations.

Physical systems at equilibrium are studied in statistical mechanics through statistical ensembles. Each ensem-
ble describes a system that exchanges certain physical quantities, typically extensive, with the surrounding. A
terminology that is sometimes used in literature' identifies statistical ensemble with the variables that are held
fixed from each statistically conjugated couple (i, N), (P, V), and (B, E), where p is the chemical potential and
N is the number of particles, P is the pressure and V is the volume, 8 = ﬁ is the inverse absolute temperature
with kp being the Boltzmann constant and E is the energy. Accordingly, the microcanonical ensemble describes
an isolated system where none of the energy, volume and particles are exchanged, thus called NVE. A system in
the canonical ensemble exchanges only energy with the surrounding, thus introducing 8 as a parameter of the
ensemble which is called NVT. The grandcanonical ensemble allows to exchange also particles, with the new
parameter 4, and is called ;£ VT. Finally, the isothermal-isobaric ensemble describes systems exchanging energy
and volume with the surrounding, parametrised by 8 and P, and is called NPT. The NPT ensemble is used in
Monte Carlo and molecular dynamics simulations™?.

The above statistical ensembles are related to each other through Legendre transforms®=; see also Ref. for a
review on the general framework of Legendre transformations. Moreover, each ensemble is also derived from the
maximisation of the Shannon entropy with constraints that fix the average of the fluctuating extensive quantities,
following the Jaynes’ approach”®. These two constructions are equivalent, resulting in the well-known Boltzmann
weight of exponential form. This paper concerns the statistical ensemble, missing in the above picture, which
represents a system exchanging energy, particles, and volume with the surrounding, and is parametrised by the
intensive variables 8, u, and P, therefore called 4 PT ensemble®-!. The uPT ensemble is derived using standard
arguments either from the 1 VT ensemble through the Legendre transform with respect to the volume. or from
the NPT ensemble through the Legendre transform with respect to the particle number, or again form the maxi-
misation of the Shannon entropy with fixed average energy, particle number and volume.

The wPT ensemble is the extension of the 1 VT ensemble when the pressure instead of the volume is fixed,
or the extension of the NPT ensemble when the chemical potential instead of the particle number is fixed. The
latter conditions are met in several physical and chemical processes, e.g. naturally arise in systems confined
within a porous and elastic membranes. Furthermore, the uPT ensemble has been studied in small systems'>!?,
like in nanothermodynamics'*'%, or in systems with long-range interactions'*-?!. In these physical systems, the
Gibbs-Duhem equation is not supposed to hold, and therefore the three intensive parameters i, P, and T can be
independent. In the following, I will investigate general properties of the uPT ensemble, and discuss ensemble
equivalence in connection with non-analyticities and non-commutativity of Legendre transforms.

Results

General considerations. Following the Jaynes' approach, the configuration probabilities of the uPT
ensemble result from the constrained maximisation of the Shannon entropy:
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ensemble \ thermodynamic potential extensive parameter dependence
NVE S = (E4+PV—uN)/T
NVT F=(H)-TS = —PV+4+uN
uvr (H)y—u(N)—-TS = —PV
NPT G=(H)+P{V)-TS = uN

Table 1. Thermodynamic potentials.
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where p;is the probability of the j-th configuration with fixed energy, volume and particle number, H is the Ham-
iltonian, and (-) is the average with respect to the probability distribution {p;};. The configuration probabilities are

e—BEFPVi—uN)

pj = , (2)

Z;LPT
with the pPT partition function

Zupr = 3 ¢—BE+PV—uN))

j € configurations
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where the sum runs over all configurations at different energy, particle numbers, and volume. According to the
order in which the configurations are summed, the (PT partition function can be written either as the Legendre
transform of the NPT ensemble, i.e.

Ny

Zupr = Y PN Zypr, (4)
N=N,

or as the Legendre transform of the VT ensemble, i.e.

V2 qv
Z/,LPT :/ 7e_ﬂPVZ;LVT> (5)
vi Vo

where Vq is a constant with the dimension of a volume in order Z,,pr to be dimensionless, but does not affect
physical quantities.

The logarithms of the partition function of statistical ensembles give thermodynamic potentials. These ther-
modynamic potentials, summarised in Table 1, are defined by means of thermal averages of extensive quanti-
ties, and can also be expressed as linear homogeneous functions of fixed extensive parameters using the Euler’s
theorem®. In the uPT ensemble however, all possible Legendre transforms have been performed, such that
thermal properties only depend on intensive parameters which gauge the extensive thermal averages. Without
additional statistically conjugated couples, the intensive PT thermodynamic potential is connected to finite-
size effects™!!.

Legendre transform of the u VT ensemble. The u VT partition function is

Zyvr = PPV, (6)
where P, is the pressure derived in the VT ensemble. It is crucial to note that P, depends only on the free param-
eters of the VT ensemble, namely the chemical potential i, the temperature T and the volume V, as all other
physical quantities are functions of these parameters. Requiring that P, i, and T, are all intensive quantities,
and that the 4 VT thermodynamic potential, i.e. —P.V, is extensive implies that P. is a non-increasing function
of V. In particular, the leading contribution to P, for large volume does not depend on V.

The PT partition function is thus

Vs gy BV2(B—P) _ ,BVi(Pe=P)
Zupr =/ —e PPV > (7)

Zyvr =
v Vo " BVo(P: — P)

where the volume fluctuates in the interval [ V7, V3]. The thermodynamic potential is
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Figure 1. Semi-log plot of the rescaled average volume B8P, (V), the rescaled volume fluctuations 82P? A2V,
2
and the rescaled density fluctuations pAaZﬂ)D as a function of the rescaled pressure P/P.. The condition
cOpte 2
BP. V1 = 10 has been set in the plot of 8P, (V)and PAz)izﬁV
cOpte

L Zpr = Vo —P) = L1n (1= epTmEp) 4 L ingvo. - py)
B B B )

1 1
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Vit~ P) = n (1-¢ )+ 5 In(BVo(P — PO,
with the following asymptotic behaviours

1 1 1
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1 1 1 _B(Vy— _
_E anNPT W Vl(Pc - P) + E ln(ﬂVO(PC - P)) - B O(e B(V2—V1)(P Pc)), (10)

1 1. Va—V,
——an#pT PTP: —Bln T (11)

Notice that P = P, is a non-analytic point of the thermodynamic potential when V, — oo, which shall be
characterised in the following.
Volume statistics. General features of the volume statistics are derived from pressure derivatives of (7). The
average volume is

1 Vy — Vie BV2=V)P—P)
B(P—P,) 1 — e P(Va=V1)(P—P)

10
(Vy=———InZ,pr =

59 (12)

with the following asymptotic behaviours

1
Vid —— 4 (V- Vl)O(e*ﬂWZ*V“(PfP)) ifB(Vy— V) (Pe —P) > 1

B(P—Py)
_ _ —B(V2=V1)(P—Po) \ ; _ _
(V) = ;+é@jﬁﬁww O(e ) BV = VP —P)> 1. (13)
i%¢+m—ww@m—wwrﬂ) if BV — V1)|P. — Pl < 1

Therefore, the average volume has a discontinuity when V, — oo, as depicted in Fig. la.
The variance of the volume is proportional to the isothermal compressibility 7
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(14)

plotted in Fig. 1b, whose asymptotic behaviours are
1
S Vl)ZO(e_ﬂWZ_Vl)‘P“_P') if B(Vy — VD)IPe — P > 1

A2V = B*(P. — P) (15)

. .
(V2 — VI)Z(E + O(B(V2 — V1)|Pe — P|)2> if (V2 — VIP. —P| K« 1

Thus, the variance of the volume is superextensive around P = P and intensive away from P = P, as shown
in Fig. 1b.

Particle number statistics. The general relation between the average volume and the average particle number is
straightforwardly derived:

19 0
(N) = E@IHZHPT = (@PC) (V). (16)

Recalling the definition (6), the latter is the same equation as in the u VT ensemble with the volume, that is a
fixed parameter in the grandcanonical ensemble, replaced by the average volume.
The general relation between the particle number and the volume fluctuations is
9 (V) ()2
AN=——InZwpr= (5P| — + 5 A%, 17

B2 yd NPT (311«2 ) FERIGE an
where the first term in the right-hand-side equals the variance of the particle number in the 4 VT ensemble with
the volume replaced by the average volume (V).

1 92

Density statistics. ~ Since both particle number and volume are fluctuating quantities, also the density p = N/V
fluctuates. The average density is

(p) = — /V2 ler(ﬁe—ﬁ(H+PV—uN>) _ 1 o n ler(e—“HJrPV—ﬂN)) = Dp N
Zupr Jv, Vo Vv BZupr O Jy, VoV o (V)
(18)
and equals the density in the £ VT ensemble. Equation (18) shows that there is no ambiguity to define the average
density as the average of % or as the ratio of averages (7.
The variance of the density is

g Ei(BV2(Pc — P)) — EBi(BV1 (P — P))
22y 2 [ 9 _ c c
Afp =(p7) —(p)" = (MZPC)(PC P) BV P P) — BV P)
19
_ AN —(p)*A’V P _p Ei(BV2(Pc — P)) — Bi(BV1(P: — P)) (49
- V) AP =P) BV2(Pe=P) _ oBVI(P=P) :
with Ei(x) = — fffc dte%t being the exponential integral??, and is sketched in Fig. 1c. The asymptotic limits of
the density fluctuations are
1 92 Vs,
A? —P.|(In=+O(BVi2|P. - P) |, 20
P vt B(Vs— V1) (a,ﬂ ‘) (n Vi (BV12lPe D) (20)

k
recalling the series” Ei(x) = y + In |x| + Y 2 &5 with y the Euler-Mascheroni constant, while, using instead
the asymptotic series* Ei(x) = % ! % + O(MIx™M),

1 a2 1
ANp —— - —(—P 1+(’)(7)), 21
P v E—P>1 ﬁvz(ap,l C)( BVo(P, — P) 1)
1 92 1
ap— L (P, 1+0(7)>. 2
p BV2=VD)(P—P)»>1 BV (auz C>( BVi(P. —P) (22)

Therefore, the variance of the density A%2p = O(l/(V}), for B(V, — V1)|P. — P| > 1, satisfies the so-called
shot-noise limit, i.e. scales as the inverse of the system size as in the central limit theorem. The variance A% p for
BVi12|P. — P| < 1exhibits shot-noise limit with multiplicative logarithmic corrections.

Energy statistics. The average energy is
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a d d
(H) = T InZypr — P(V) + n(N) = (M@Pc - ﬁﬁpc - Pc) V), (23)

which again equals the expression of the u VT ensemble with the volume replaced by the average volume.
Heat capacities at constant volume and at constant pressure are related to derivatives of the mean energy,
particle number, and volume:

_(4Q)  _(dH) _ dN)N a0, g
o _(dT)<v> - ( ar ~Mar )<v> ~feh (2 35P5+ﬂ3ﬁ2P5)<V>, ey

_[dQ d(H) d(V)  d(N)
CP‘(E)P—( r

- =Cy +kpp?(P—P, —ﬂ% 2A2V (25)
dT ar ~Mar ), TV Y '

Legendre transform of the NPT ensemble. The NPT partition function is
Znpr = e PN, (26)

where p is the chemical potential derived in the NPT ensemble. In analogy to the discussion after Eq. (6), note
that p. depends only on the free parameters of the NPT ensemble, namely the pressure P, the temperature T
and the particle number N. Given that ., P, and T, are intensive, and that the NPT thermodynamic potential,
i.e. N, is extensive, (. is a non-increasing function of N. In particular, the leading contribution to p for large
volume does not depend on N.

The wPT partition function is

N2 BN1(u—pe) _ oB(N2+1)(1—pic)
N e —e
Zupr = NZI; N Zypr = 1 — ePlu—io) ’ 27)
=IN1
where the number of particles fluctuates in the interval [N}, N2]. The thermodynamic potential is
1 1 1
——InZupr = —(Na 4+ (it — 1) — = In (1 _ e—ﬁ(Nz—N1+1)(M—uc)> +-1n (eﬁ(u—uc) _ 1)
B B B (28)
— Ni (- t) — L n (1 _ eﬂ(Nz—N1+l)(u—/tc)> LA (1 _ eﬂ(u—uc)>,
B B
with the following asymptotic limit
1 1
——InZ — (N + D — )+~ In (ef‘<“*f‘f>—1)
B bt BN2—N1+1)(n—pc)>1 2 e B (29)
+1o (e—ﬂ(Nz—N1+1)(M—/Lc))
5 ,
—lan PT —Nl(,bL—[L,;)-Flln(l—eﬁ(uiﬂf))
BT BN N D (> B
L o e B0 ~Ni+ 1 (ae—p) G0
+ B O(E 2 1 He—1 ))
1 1
_E an/J.PT m —B 1n(N2 — Nl + 1) (31)

Therefore, t = (i is a non-analytic point of the thermodynamic potential when N, — oc.

Particle number statistics. ~General features of the particle number statistics are derived from derivatives of (27)
with respect to the chemical potential. The average number of particles is

Ny — 19 Iz B 1 Ny + 1 — Nje AN=Ni+D(u—pe)
(N} = Bau 0 2Pt = e Blu—no) — 1 1 — e BMN2=N1+D)(n—ric) ’ (32)
with the following asymptotic behaviours
Mo+ gy N2 = Ni 1)O<e*ﬂ(N2*Nl>(“*"f>) if BNz = ND (1t — o) > 1
(N) = § Ni+ g + (N2 = N+ DO (e PNMDUi ) i N, — Ni(ue =) > 1
N; + N .
5 + N2 = N1 =2)0(BIN2 = Nl — pacl) if BNz = Nl — el < 1
(33)
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Figure 2. Semi-log plot of the average number of particles (N) (setting N; = 10) and of the particle number
fluctuations AN as a function of the rescaled chemical potential B(it — fic).

As for the average volume, the number of particles has a discontinuity when N, — 00, as depicted in Fig. 2a.
The variance of the particle number is

1 92 19 1 N, — Np + 1)2
Azszﬁanp_PTzfaig\]): : 277 _ . 5 ﬂ( 2 1 ,
B2 ou Pon™" asinh? (8- o) 4sinh® (B2 = N+ D — o))

(34)

plotted in Fig. 2b, whose asymptotic behaviours are
1
a2y 3 Asin? (B0 = o) _
(N2 = NNz = N1 +2) (% +O(BWN2 = Nl — /Lcl)z) if BNy = Nl — pe| €1

(35)
Thus, the variance of the particle number is superextensive around st = . and intensive away from u = i, as
shown in Fig. 2b.

— (N = Ny + 120 (e PNl ) i BN, — Nl — el 3 1

Volume statistics. 'The general relation between the average particle number and the average volume is again
straightforwardly derived:

10

ad
(V)= —Eﬁ InZ,pr = (ﬁ“c) (N). (36)

Recalling the definition (26), the latter is the same equation as in the NPT ensemble with the particle number,
that is a fixed parameter in the isothermal-isobaric ensemble, replaced by the average particle number.
The general relation between the particle number and the volume fluctuations is

1 19 kr 2NN (V2
ATV = ﬁﬁlnzﬂw: —Bﬁ(v) = F(V) =—(ﬁﬂc)?+WA N, (37)

where the first term of Eq. (37) equals the variance of the volume in the NPT ensemble with the particle number
replaced by the average particle number (N).

Energy statistics. The average energy is

0 9 0
H)=—-—1InZ — P(V N) = —-P— N),
(H) ap " éuPT (V) + niN) <uc+ﬂaﬁm apuc)< ) (38)
which again equals the expression of the NPT ensemble with the particle number replaced by the average particle

number.
From the derivative of the averages of energy, volume and particle number, heat capacities at constant volume
and at constant pressure are computed:

c _<‘LQ) _<@_ @)
v=Nar )y, T ar " ar ),

_ 2 . Opec 82#«5 e - . 2( e 82Hc>
= kpp <Mc “+’3aﬁ>aﬂap<ap> (N) — kgp 28,3 +ﬁ8,32 (N),

(39)
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_(dQ\ _ (d(H) d(V)  dN)
CP_(%)P_(dT TP TR T )P
_ 2 dpic azﬂc 2 _ dpec 2 2
= —kgp (2 o +8 aﬁz)(N)+kB/3 (uc w+p aﬁ) AN (40)
_ 2 Ifhe ? 2 2 Opic 82Hc e !
= Cy + kppB (Mc—,u+/3 aﬂ) AN — kg (MC_M+/38/3)8,38P(8P) (N).

Comparison with other ensembles. Some fundamental differences of the £ PT ensemble with respect
to other statistical ensembles stem from the fact that all possible Legendre transforms with respect to internal
quantities have been computed. The PT partition function thus depends only on intensive parameters unless
other internal quantities {X;};, even though fixed, contribute to energy, particles, and volume exchanges.

One peculiarity of the tPT ensemble is that the above analysis of the volume statistics and of the particle
number statistics is general, and does not rely upon the specific model. The reason for such generality is the
dependence of the £ VT thermodynamic potential and of the NPT thermodynamic potential on a single extensive
parameter, i.e. V and N respectively. The same general behaviour does not hold for other statistical ensemble
where the thermodynamic potential depends on more that one extensive quantity.

For instance, both the VT ensemble and the NPT ensemble are derived from Legendre transforms of the
NVT ensemble which, together with its thermodynamic potential F = —pV + uN, depends on two extensive,
fixed quantities, e.g. N and V. Thus, the intensive quantities P and p can depend on the ratio N/V, resulting in a
non-linear dependence on N and yet an extensive Helmholtz free energy. An example is the ideal homogeneous
classical gas in d dimensions, whose NVT partition function is’

VN
ZNVT = W’ (41)
where A1 = /2 h?B/m is the thermal wavelength, and with the Helmholtz free energy
InZ N \4
= EWT N L O@nN) = —PV + uN + O(nN), (42)

B B Ni§

where the Stirling’s approximation In N! = NIn(N/e) + O(In N) has been used. The pressure and the chemical
potential are derivatives of the Helmholtz free energy:

d
0F _ N _9F _ 1, Nif

—_—— =, U= = n .
v~ BV AN BV

(43)

The possible non-linear dependence of the NVT thermodynamic parameter on N and on V, although F is
extensive, results in model-dependent particle number statistics of the VT ensemble and volume statistics of
the NPT ensemble, after the respective Legendre transforms. This is not the case for volume statistics and particle
number statistics in the uPT ensemble, because they are derived from Legendre transforms of the u VT ensem-
ble and of the NPT ensemble respectively, which depend only on a single extensive, fixed parameter, namely V'
and N respectively. Thus, the £ VT and the NPT thermodynamic potentials, in order to be extensive, can only
have a linear dependence on V and N respectively. This implies simple and general volume and particle number
statistics in the uPT ensemble.

Another difference between the uPT ensemble and others deals with the structure of Legendre transforms.
When Legendre transforms are applied to derive statistical ensembles from others, e.g. NVT from NVE, uVT
from NVT, or NPT from NVT, there are intensive quantities of the original ensemble that are not control param-
eters, but can be derived from derivatives of thermodynamic potentials (see the last column of Table 1, Eq. (43)).
These intensive parameters depend on the control parameters that define the ensemble (as the ensemble names
denote): among these control parameters there are also extensive quantities statistically conjugated to intensive
parameters that are not control parameters. After a Legendre transform, an extensive, previously fixed, quantity
becomes a stochastic variable and the dependence of its expectation value from the control parameters is the
inverse function of its intensive statistically conjugated variable before the Legendre transform.

The aforementioned construction is not straightforward in the Legendre transform of the 4 VT ensemble with
respect to the volume and in the Legendre transform of the NPT ensemble with respect to the particle number,
both leading to the uPT ensemble. The reason is that pressure in the 1 VT ensemble and chemical potential in
the NPT ensemble only depend on other intensive parameters and not on the volume or on the particle number
respectively. This is the only way the thermodynamic potentials of the 4 VT and NPT ensembles, i.e. PV and —uN
respectively, can be extensive. Nevertheless, the pressure and the chemical potential in the £PT ensemble are
independent parameters. It is therefore natural to expect the emergence of a relation constraining the intensive
parameters of the £PT ensemble from ensemble equivalence, as argued in “Discussion”

Discussion

The following discussion summarizes general and model independent features of the PT ensemble, based on
derivations from the Legendre transform of the ;t VT ensemble with respect to the volume and from the Legendre
transform of the NPT ensemble with respect to the particle number.
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The average volume computed from the Legendre transform of the £ VT ensemble (see Eq. (12), Fig. 1a)
and the average number of particles computed from the Legendre transform of the NPT ensemble (see Eq. (32),
Fig. 2a) resemble step functions. When V5 (N,) diverges, the average volume (average number of particles)
becomes discontinuous at the critical pressure P, (critical chemical potential 1), with a divergent plateau at
small pressures P < P, (large chemical potentials ;# > pi.). Such discontinuous behaviours resemble a first-order
phase transition: e.g. the function (V') (P), or its inverse P({V)), is qualitatively similar to the gas-liquid phase
transition, and a similar behaviour for (N) (1) and w1 ((N)). The critical point is also characterised by variances of
the volume and of the particle number diverging, respectively, as (V; — V1)?/12at P = P, (see Eq. (15), Fig. 1b)
and as (N, — N1)?/12at u = . (see Eq. (35) and Fig. 2b) for infinitely large V; and N, while they are intensive
away from the critical values P = P.and ;t = p..

Fluctuations of the volume are related to fluctuations of the pressure, while fluctuations of the particle num-
ber are related to fluctuations of the chemical potential, through uncertainty relations that hold for statistically
conjugated variables?®~?%. Even though pressure and chemical potential are fixed parameters, they can be seen
as external fields subject to noise, e.g. experimental preparations or thermalisation processes affected by small
imprecisions may lead to thermal states whose parameters have finite accuracy. Within estimation theory, the
variance of pressure and chemical potential estimations, 82 P and 82 i, are related to volume and particle number
fluctuations by means of the Cramér-Rao bound®-*!

1 1

2472 2 2,72 2

BEA2VS*P > —, BAAINS*u > —, 44
=M =M (44)

where M is the number of measurements. Similar relations can also be derived within the mathematical theory
of Legendre transforms®. The Cramér-Rao bound is formulated using the Fisher information, which is a metric
of states (or probability distributions) when they differ by an infinitesimally small parameter change. The Fisher
information of the uPT ensemble equals 82 A%V when pressure is changed and 82 A2N when chemical potential
is changed. Indeed, the estimation of intensive parameters of equilibrium ensembles are related to variances of
statistically conjugated extensive variables: 82A%2X8%¢ > 1/M, e.g. with (£,X) = (P, V) or (£, X) = (u,N), and
A?H8%B > 1/M. The connection between the Cramér-Rao bound, thermodynamic state geometry, and suscep-
tibilities is discussed in Refs.>->*. For thermodynamic states away from critical points, variances of extensive vari-
ables X are extensive, implying fluctuations AX /(X) vanishing as the inverse of the square root of the system size;
the same scaling, known as shot-noise limit in metrology, holds for the sensitivity 8¢ of the intensive parameters &.

Close to the critical pressure P = P and for large V>, the pressure is very close to the pressure in the u VT
ensemble with a superextensive volume variance AV =0 ((V}Z). This implies low, i.e. sub-shot-noise, uncer-
tainty for the pressure, SP = O(1/(V)). On the other hand, away from the critical pressure and for large V5, the
variance of the volume is intensive, implying a large variance for the pressure §P = O(1), and sub-shot-noise
scaling for the relative error of the volume AV /(V) = O(l/(V)). Moreover, when the domain of the volume
integration is[ V7, V2] — [0, 00), the leftmost plateau in Fig. 1a goes to infinity, and the rightmost one assumes
an intensive value. Therefore, the inverse function P((V)) is almost constant, i.e. equals P, up to small devia-
tions as discussed above, except for intensive average volume which is not very relevant for thermodynamic
states. In this sense, the pressure in the £ PT ensemble agrees with that in the VT ensemble, namely P, which
is determined by 8, i, and V.

A completely similar interpretation holds for the variance of the particle number and to that of the chemical
potential. The chemical potential is very close to its value in the NPT ensemble with a superextensive particle
number variance A2N = O((N )2), close to the critical chemical potential © = . and for large N». Therefore,
the uncertainty for the chemical potential, su = O(1/(N)), obeys sub-shot-noise scaling. On the other hand,
the intensivity of the particle number variance, away from the critical chemical potential and for large N,
implies a large variance for the chemical potential, s« = O(1), but sub-shot-noise limited relative error for the
number of particles, AN/(N) = O (1 /(N )). Furthermore, when the domain of the particle number summation
is[N1, N2] — [0, oo], the rightmost plateau in Fig. 2a goes to infinity, and the leftmost one assumes an intensive
value. Therefore, the inverse function M((N )) almost coincides with j., with small deviations §u, except for
intensive average number of particles which is not very relevant for thermodynamic states. In this sense, the
chemical potential in the tPT ensemble agrees with that in the NPT ensemble, namely 1, which is determined
by B, P,and V.

The thermodynamic equivalence between the uPT and the VT ensembles require, in particular, that the
two ensembles predict the same pressure, namely P = P,. Similarly, thermodynamic equivalence between the
WPT and the NPT ensembles require ;t = p.. Relations P = P; and t = jt. are manifestations of the Gibbs-
Duhem equation. The need for relations among intensive quantities 8, i and P can be derived also from requiring
equivalence of other thermal quantities when computed from the Legendre transform of the VT and that of
the NPT ensembles.

Consider the density

from from

(N) (16) 9P, (36) <auc)‘1. (45)

vy o au ap

Since P, is derived from the VT ensemble, it depends only on B and p and not on P, and therefore the same holds
for "Bﬁ. Analogously, 1 and ‘)3’;;, being derived using the NPT ensemble, are functions of 8 and P but not of . In
other words, the left-hand-side of the last equality in (45) is a function only of 8 and u, while the right-hand-side

is a function only of B8 and P. Thus, the only possibility to fulfil Eq. (45) for any value of intensive quantities is
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that < does not depend on p and that <4¢ 3“ < does not depend on P. These conditions are so restrictive that are not
met 1n ) several statistical models, like those studied below. It follows that intensive quantities 8, « and P cannot
be completely independent, but are constrained by the relation (45).

Compare now fluctuations (14) and (17), derived from the Legendre transform of the £ VT ensemble, with
fluctuations (34) and (37), derived from the Legendre transform of the NPT ensemble. The fluctuation term A2V
of the particle number variance (17) is superextensive close to the critical point P = P, and intensive otherwise,
whereas the contribution (V) is extensive for P < P,. Therefore, the particle number variance (17), A2N, is
extensive for P < P,. This is in contradiction with the particle number variance (34), derived from the Legendre
transform of the NPT ensemble, which is superextensive close to 4 = 11 and intensive otherwise.

Similarly, the term A2N of the volume variance (37) is intensive away from the critical point = ., whereas
the contribution (N) is extensive for i > fi.. Therefore, the variance (37), A2V, is extensive for ;t > ji.. On the
other hand, the volume variance (14), derived from the Legendre transform of the £ VT ensemble, is superex-
tensive close to P = P and intensive otherwise. In conclusion, fluctuations derived from the Legendre transform
of the VT ensemble agree with those derived from the Legendre transform of the NPT ensemble only if P = P,
and = .

The reason for these apparent contradictions is that the Legendre transforms with respect to the volume and
to the particle number, both needed to derive the uPT ensemble from the NVT ensemble, do not commute.
Furthermore, the relations between thermodynamic potentials, —P.V and u.N, with partition functions in
Egs. (6) and (26), respectively, are the leading orders for large system size®. Therefore, the order of the Legendre
transforms could be dictated by the relative scaling between the volume range and the particle number range,
which depends on the specific physical model or on experimental conditions. The ensemble equivalence can
also be checked in specific models, as shall be discussed in the next Section.

Examples
Quantum ideal homogeneous gases. The above general results can be exemplified by specific mod-

2
els, e.g. the quantum ideal homogeneous gas in d dimensions. The Hamiltonian is H = ZJAL 1 f—’m, with p; the
momentum of the j-th particle. The pressure in the u VT ensemble is

~ iLi%_H(ieﬂ")
B4

where A1 = /27 h?B/m is the thermal wavelength, Li;(-) is the polylogarithm® of order s, and the upper (lower)
sign holds for Bosons (Fermions). Using this expression for P, specifies thermal quantities of the uPT ensemble
derived as the Legendre transform of the u VT ensemble (see “Legendre transform of the 1t VT ensemble 7). Recall
that the derivative of the polylogarithm satisfies x 3 LIS (x) = Lis_1 (x).

, (46)

Thermal averages and fluctuations. 'The relation between the average number of particles and the average vol-
ume is

(N) = i%m (P, (47)

which is, as the general case (16), the same equation as in the £ VT ensemble with the fixed volume replaced
by the average volume. In particular, Eq. (47) for the Bose gas implies that the critical temperature for the
Bose-Einstein condensation in the £ PT ensemble is the same as in the u VT one. In fact, the critical temperature
is defined by the particle number reaching its upper bound in the continuum spectrum limit. Thus, when the
actual particle number exceeds that bound, low-lying energy levels have macroscopic, and indeed singular in
the continuum spectrum limit, occupations.

The average energy is

(Hy = +—%Lig (ﬂ:eﬁ“)ziP(V) (48)
2824 5T 2

The relation between volume and particle number fluctuations is

V) 2

AN = == Lig (e 4+ T APV (49)

pr (V)

Heat capacities. Heat capacities at constant volume and pressure are

d
Cv = (5 + l)ksﬁ<H> —dkpB p(N) + kp ﬁzuz(AzN %AZV) (50)
(H) (N’

Cp=Cy+kp?( P+ —pn— | A’V. 51
p=cv (P i) Gy
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Equations (50) and (51) are different from the standard textbook heat capacities where the particle number is
fixed, because they also include contibutions due to fluctuations of particle number and volume.

When both volume and particle number are constant, EN ; = ‘;}:{ is constant as well, resulting in an implicit
relation between 8 and . The heat capacity under these conditions is
dQ d{H) d d dz
Cvn = (*) —kpp’ ( ~+1 |kgB(H) — kBﬂ(N) 52
ar ) o dp 2 p » (52)
where z = ¢ is the fugacity. From the derivative of Eq. (47) with respect to 8, one obtains the derivative of
the fugacity:
(“P) z_d.Li?(z)iW.(dz)
B on ) 2 B 2 \dB) ) 53)

d (N) (AZN (N2, ) l(dz)
=——-— 4 — LAV o=
28 (V) vy «(v)? z\dB /) vy

Therefore, the heat capacity at constant volume and particle number is

d d? (N2 (V)?
Cvn = ( +1)kBﬂ(H)—k T AN - (NPATY

(54)

When pressure and particle number are both constant, the heat capacity is

dQ) 2<d<H)) , <d<V)>
CpN = — =—k — — kpB-P
P.N (dT . BB P BB TN
d d dz (H) )(d(v))
= knB(H) — Sksp(N = - +P) (2L
(2 ) BB (H) BB(N) - (dﬂ> kzp? ((V) T (55)

d dp, a(v)
b, v () )
B,B( ﬁ) (V) — kpp 3 + B )b

The derivative of the average volume is obtained from the following condition

— (M) — (i BPC) (V) + 9P . <M)
ap P,(N) ag op P,(N) o ap P,(N)
d (N2, ) (dz) (N) (d(V))
=——(N)+ [ A2N — —= A%V .= ,
25N ( V)2 B ) oy T B o

and the derivative of the fugacity follows from

() 4058 (5
A Jpy N2 ) B (V) Bz\dB)p (57)

Using the above relations, we obtain

d dP. d
CpN =— kBﬁ (ﬂ( ) + P+ P) (V)
PN)

(56)

dp 2
(58)
+ kpp (dp +P) ﬁ(dp> + (d+1>P (v)? (AzN <N>2A2V>
? ) oy \2 NE (V)2
Equation (58) is not an explicit formula, because the constrained derivative ( ap ) has to be determined yet

but it vanishes when P = P,.

Classical ideal homogeneous gas.  The Legendre transform of the ;. VT for the classical ideal homogene-
ous gas is the classical limit of the quantum homogeneous gas, namely the limit of small fugacity e?#* « 1, which
implies* Lls( + eﬁ/‘) +ePH. Therefore, thermal quantities computed in the previous section become

ePr
Pc = ﬂ/ld > (59)
T
ePr
(N) = )7<V ) (60)
‘r
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d
(H) = ﬁ(N), (61)
267 M 2
A°N = (N) + (V)ZA v, (62)
d (d 2
Cv—k3(2+ (E—ﬁ#) ><N>> (63)
2
2 d efr 2
d
Cyn = EkB(N), (65)
C—dkledlﬂdPC kPN
= ka1 g )0+ (54 +Pc<dﬁ)p,<w> 7 N (66)

Using the relation P = P, which implies (%)P ) — 0, we derive the standard heat capacities of the classical

ideal gas, i.e. Cpy = CyN + kp(N) = (% + 1) kg(N).
We now focus on the Legendre transform of the NPT ensemble for the classical ideal homogeneous gas. The
NPT partition function is®

e_ﬁ#cN
ZNpPT = Tﬂp’ (67)
with
1 d
He = E In(BPAT), (68)
leading to the uPT partition function
N, BN1(n—pec) BN2+1) (1 —ptc)
e —e
Zyupr = Z PN Zypr = (69)

N VoBP(1 — ePli—ic))
Note that the critical chemical potential ;. introduced in Eq. (67) is different from that in (26), but their dif-
ference is negligible, e.g., if N > 1, so that Zypy = e PHN=INV0BP) ~ p=BueN 1n particular the two critical
chemical potentials agree in the thermodynamic limit, but also for moderately large particle number, like N ~ 103
as in small thermodynamical systems®!>!%. Consequently, also thermal quantities computed from the partition
functions (69) and from (27), using the critical chemical potential (68), agree within negligible corrections.

Furthermore, the two equations P = P.and y = p. are equivalent. Therefore, as described in section “Discus-
sion’, the variances of the volume and of the particle number are both superextensive, in agreement with the linear
relations in Eqgs. (49) and (62). The equivalence of the two critical conditions P = P and u = . agrees with our
general arguments reported in Discussion, supporting that these conditions are necessary for the equivalence of
the wPT ensemble with both the £ VT and the NPT ones.

Thermal averages and fluctuations. ~Averages of particle number and of the volume are related by the following
equation

(Ny+1 4

Vy=—gp = g () +1). (70)

Equation (70) agrees with the prediction of the Legendre transform of the ;£ VT ensemble, e.g. Eq. (60), in the
thermodynamic limit only if u = .
The average energy is
_d
=2
which agrees with the formula derived from the Legendre transform of the 1 VT ensemble, i.e. Eq. (61).
The variances of the particle number and of the volume fulfil the following relation:

(H) (N), (71)
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(v)? 2

A%V =
which agrees with Eq. (62) for (N) > L

Heat capacities. Heat capacities at constant volume and pressure can be computed, respectively, from Egs. (39)
(40) using the critical chemical potential (68):

Cv =kg B 1 (N), (73)

d d 2
Cp = E—i—l kp(N) + 5—1—1—/3/1 kp A°N. (74)

Heat capacities at constant particle number are easily computed:

dQ , [ d{H) d
CyN = (*) = —kgp (7 = —kp(N), (75)

T/ wym a2

dQ J(dH) | d(V) d

Cen = (*) = —kpp (7+P7 = | > +1]kp(N) + ks, 76
dT / py dp g Jpwy  \2 R

which are the standard heat capacities for (N) > 1.

Mean-field Bose gas. This section is devoted to the Bose gas with mean-field interactions, namely with

the interaction hamiltonian /l%. The partition function of the u VT ensemble was computed for a class of free
Hamiltonians®. Consider here the free Hamiltonian of the ideal homogeneous gas in d dimensions for concrete-

ness. The pressure derived in the VT ensemble is

N2
% + PO (a), (77)

PO () =
where P”) () is the critical pressure of the non-interacting gas in Eq. 246) with the upper sign and with p replaced
by o, a is zero is it > Appgc and is the unique solution of & + A9, P;” (B, ) = pwif u < Appgc, and ppgc is the
critical density of the Bose—Einstein condensation which coincides with that of the non-interacting gas. We shall
focus on the regime 4 < Appgc, that is above the Bose-Einstein condensation temperature. Using the definition
of @, the derivatives of the critical pressure (77) can be expressed as

PO _au—a) (d P 8)
B B 2 B’
PP u—a  0PO@  Lig@™
et e (79)
m A o A%
(4
W _ (80)
oo
From the definition of e, its derivatives satisfy
d 2P J(d da 02P”
da ¥ _ 4 —Lia(eP*) —alia_ () ) -4 da ¥P (@) (81)
B 3pda A \2p 2 B a2
ZP(O) ZP(O)
o, 0@ e 9@ .
B Iudo o dar?
Using the expression
2P @) _ B
e o Ba
902 i e (83)
one computes
da 24
= 5 (84)

w24+ /lﬂLigil(eﬁ“)’
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da A dLig(eﬁ“)—Zﬁ(xLi%_l(eﬂ“)

B 28 i+ WBLig_(ePe)

(85)

ddd Plugging these derivatives in the general formulas in section Results, we obtain the thermal quantities of

the mean-field Bose gas.

Thermal averages and fluctuations. 'The average particle number and the average energy are, respectively,

n—o
A

(N) = (V)

(H) = (dp“”( PGl = ®) )<v> (PE”(MH (2—1)P£°)(a))<v>.

The relation between the variance of the particle number and the variance of the volume is

2
A2N=<1—aﬁ>@+(“f“) A2V,
ou ) AB A

Heat capacities. Heat capacities at constant volume and pressure are

d d d - d — a
CV=kB,3(V>(<E+1>2P(O)() 2 7(1(#/1 i (%‘FE'M a)ﬁ%)

_ 2(py ) _a=a)
Cp =Cy + kgp (P-f—m 7 )AV.

When both volume and particle number are constant, the derivative of Eq. (86) reads, wheret = efe

d (N) d u—uo d 3P (a)
z(dﬂ(W)(V),(N) N (@ A )(V),(N) B (dﬁ da

Lig_(8) 7t d Lia@®

T dr (dﬂ)(v) T2 g

><V),(N>

The second equality in (91) simplifies the heat capacity with both volume and particle number constant:

) (G5 ) gy =
C = —= = —k = —k V)=
V.N <dT ) BB B ) BB ( >2

Using the following derivative

>

© Lia () ©
dpP;” (o) M4y dt_(d+1) e ()

g~ pide A \2 B

and substituting <5—,§> o) from Eq. (91), one obtains the heat capacity

Li% ()
d d d d
Cvn=kp(V)= | ( = PO(a) — — - 2 :
v.N = kg{ )2((2 )/3 (@) 2 Ligl(t)>

The heat capacity when pressure and particle number are both constant is

) (%) (%)
Co = -k — kepP
PN (dT P,(N) o ag ) pwy b’ B )y

dp

dp” d apl® H
=—kB/32<V)<< d;”) +(2+1)< d;"”) +(%+
P,(N) P,(N)

First, plug the derivative (93) into (95), then ehmmate( ‘%) >P o from

0— (M) B Lig(t) <M) —i(V) . Li%_l(t)
SN ey A ap Jpny 28 Jdt

(

d (dpﬁ(’) (a)>
(V),(N)

%)
B/ pny

(88)

(89)

(90)

o1

(92)

(93)

d(V))
P _— .
) ( ap P,(N))

(95)

(96)
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and the derivative :% from

<dpé’”(u)) _ifa (aP£°><a>>2 +<dP£°)(a)>
dp PNy 21 4dp da dp PNy

P,(N)

~\dB)py i \B 4 2 B AN

Finally, the heat capacity at constant pressure and particle number is

(97)

? 4)4 4 JBLig () 24+ 2BLL ()
Crav = — kB (V) ﬂ(dpc “”) i T C S i R
P,(N

dp | M 4BL () 2 () 7§+ 2pLig_, (1)

(V)
) 2 .
@ dPS/) (/'L) i 0 ;“['Ii" Ll%—l (t)
+(r+2) ’3< ap ) (3w (55 Aty o Y
P,(N) 2 T 21

2 ) JBLia_ (1) d \? 2 0d
_(d_1>pc(ﬂ)('u)dz‘l+d<d_1)< {{T > _ /L/ij
4 M+ iﬁng_l(t) 2\2 )Vng ®) ] 25+ X,Bng_l(t)

All the expressions for the mean field Bose gas recover those for the ideal homogeneous gas, when 4 — 0, recall-
ing thatoe — pandt — zin this limit.

Conclusions

In conclusion, the uPT statistical ensemble, analysed here, describes equilibrium systems which exchange energy,
particles, and volume with the surrounding. This ensemble finds applications in the thermodynamics of small
systems, like nanothermodynamics, systems with long-range interactions, and systems confined within porous
and elastic membranes. The statistics of the volume and of the particle number do not depend on the specific
model, i.e. on the Hamiltonian, as a consequence of the Legendre transforms performed on all the extensive
quantities. Another peculiarity of the uPT ensemble is that values of pressure and chemical potential agree with
uVT and NPT ensembles only around non-analytic points P = P.and it = p. at which, however, fluctuations of
volume and particle number are superextensive. The constraint on intensive parameters, in agreement with the
thermodynamical Gibbs-Duhem equation, also emerges from the requirement that the order of the Legendre
transforms with respect to the volume and to the particle number do not alter thermodynamic relations in the
WPT ensemble. Therefore, the breakdown of the Gibbs-Duhem equation is related to the non-commutativity
of Legendre transforms for large system size. The order of the Legendre transforms could be indicated by the
specific model or by experimental conditions. Quantum and classical ideal gases, and a quantum mean-field Bose
gas exemplify the general features of the uPT ensemble. In particular, ensemble properties of the classical ideal
gas can be derived both from the Legendre transform of the u VT ensemble and from the Legendre transform
of the NPT ensemble. Therefore, this model shows a specific instance of the non-commutativity of the Legendre
transforms and of the need of the self-consistency conditions P = P, and pt = p, described in full generality
in section “Discussion”
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