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Order-disorder transition in active
nematic: A lattice model study
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We introduce a lattice model for active nematic composed of self-propelled apolar particles, study

. its different ordering states in the density-temperature parameter space, and compare with the

Accepted: 27 June 2017 © corresponding equilibrium model. The active particles interact with their neighbours within the

Published online: 1 August 2017 . framework of the Lebwohl-Lasher model, and move anisotropically along their orientation to an

. unoccupied nearest neighbour lattice site. An interplay of the activity, thermal fluctuations and

density gives rise distinct states in the system. For a fixed temperature, the active nematic shows a
disordered isotropic state, a locally ordered inhomogeneous mixed state, and bistability between the
inhomogeneous mixed and a homogeneous globally ordered state in different density regime. In the
low temperature regime, the isotropic to the inhomogeneous mixed state transition occurs with a jump
in the order parameter at a density less than the corresponding equilibrium disorder-order transition
density. Our analytical calculations justify the shift in the transition density and the jump in the order
parameter. We construct the phase diagram of the active nematic in the density-temperature plane.
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Self-propelled particles compose an interesting type of the active systems'~ where each particle extracts energy
from its surroundings and dissipates it through motion and collision. Their examples range from very small intra-
cellular scale to larger scales®?°. Also many artificially designed systems, e.g., vibrated granular media* -, active
polar disks?, active colloids?**° imitate the physics of the active systems. If i is the average alignment direction of
a collection of such active particles, and the system remains invariant under the transformation i — — 1, it is
called ‘active nematic’. Activity introduces many interesting properties which are absent in their thermal equilib-
rium counterparts. One of such interesting features is the presence of large density fluctuation in the ordered
active nematic®. Density is a key control parameter in various experiments and numerical simulations. Earlier
studies on equilibrium nematic for a fixed temperature show the isotropic to nematic transition at some critical
density’'. However, the effect of the density fluctuation in the active nematic is not well understood.

Most of the previous studies of the active systems are done either by using the coarse-grained hydrody-
namic equations of motion® or microscopic rule based numerical simulation of agent based point particles®® or
Brownian dynamic simulation®. Here we introduce a lattice model for a two-dimensional active nematic, explore
various states of the system in the density-temperature plane, and compare it with the corresponding equilibrium
model. In general, lattice model itself is interesting for development of simplified theories, and provides insight
into complex systems. Our model is analogous to the previous lattice model of polar active spins®> *%; but we
include volume exclusion to avoid multiple occupancy on single site. Such volume exclusion limits the motion of
particles towards an occupied neighbouring site, and introduces new features, e.g., typical pattern formation®* ¥/,
density induced motility®® in the system.

We construct a phase diagram for the active nematic in the density-temperature plane, as shown in Fig. 1(a).
There we observe - (i) disordered isotropic (I) state in low density regime, (ii) locally ordered inhomogeneous
mixed (IM) state in intermediate density regime, and (iii) bistability between the IM and a homogeneous globally
ordered (HO) state in high density regime. In contrast to the continuous isotropic to nematic (I-N) transition in
the equilibrium system, the I to IM state transition in the active nematic in the low temperature regime occurs
with a jump in order parameter, as shown in Fig. 2(a). This transition occurs at a density lower than the equilib-
rium critical value, and the system forms clear bands (BS) in this regime. We finally justify the jump in the order
parameter and the shift in the transition density by analytical study of the coarse-grained hydrodynamic equa-
tions written for the active model.
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Figure 1. Phase diagram. (a) Phase diagram for both the equilibrium and the active nematic in the density -
inverse temperature plane. The equilibrium system remains in the isotropic (EI) state in the low density regime
(on the left of the solid line) and in the nematic (EN) state in the high density regime (on the right of the solid
line). The active nematic goes from the disordered isotropic (I) state to the locally ordered inhomogeneous
mixed (IM) state with increasing density or decreasing temperature. The I - IM transition occurs with the
appearance of clear bands (BS) in the low temperature regime. In the high density regime the active nematic
shows bistability between the IM and the homogeneous globally ordered (HO) state. (b) Upper panel shows
particle inclination towards the horizontal direction. Colour bar ranging from zero to one indicates vertical to
horizontal orientation, respectively. BS is the banded state configuration shown for (3¢, C) = (2.0, 0.38). IM, HO
and EN state configurations are shown for (8¢, C) = (2.0, 0.78). Lower panel shows the coarse-grained density in
the respective states.
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Figure 2. Disorder - order transition. (a) Scalar order parameter versus packing density plot for 400 x 400
system size at 3¢ =2.0. The equilibrium system (E, solid line) shows continuous isotropic to nematic state
transition with increasing density. The active system goes from the isotropic (I state to the locally ordered
inhomogeneous mixed (IM, x) state. In the high density regime, the system shows bistability between the IM
state and the homogeneous globally ordered (HO, e) state. (b) The I to IM transition at low temperature occurs
with a jump in S where the particles form bands (BS). Distribution of the scalar order parameter near the I - BS
transition at (g, C) = (2.0, 0.37) shows two peaks. (c) Finite size scaling of S for both the HO and the IM state
at (B¢, C)=(2.0, 0.76). (d) Order parameter time series show that the active system flips in between the HO and
the IM state in the bistable regime. Two time series are shown for two different parameter values in the high
density regime.

Model

We consider a collection of apolar particles on a two dimensional square lattice, as shown in schematic diagram
Fig. 3(a). Occupation number ‘n; of the i" lattice site can take values 1 (occupied) or 0 (unoccupied). Orientation
0; of apolar particle at the i" site can take any value between 0 and 7. The model follows two sequential processes
at every step; first, a particle moves to a nearest neighbouring site with some probability, and then orientation of
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Figure 3. Model figure. (a) Two dimensional square lattice with occupied (n = 1) or unoccupied (n=0)
sites. Filled circles indicate the occupied sites. Inclinations of the rods towards the horizontal direction

show respective particle orientations 6 € [0,7]. (b) Equilibrium move: particle can move to any of the four
neighbouring sites with equal probability 1/4. (c,d) Active move: particle can move to either of its two
neighbouring sites with probability 1/2, if unoccupied, in the direction it is more inclined to, i.e., along BD in
(c),and ACin (d).

the particle is updated based on its nematic interaction with its nearest neighbours. We define two kinds of mod-
els on the basis of particle movement: (i) ‘Equilibrium model’ (EM) - particle moves with equal probability 1/4 to
any of the four neighbouring sites (Fig. 3(b)), (ii) ‘Active model’ (AM) - in this model particle movement occurs
in two steps. First, it chooses a direction along which it is more inclined. As shown in Fig. 3(c,d), it chooses the
direction of movement along BD if m/4 < 6 < 37/4 and along AC otherwise. In the second step, it moves to a
randomly selected site between the two nearest neighbouring sites along the chosen direction. For example, if BD
is selected as the direction of movement, then the particle moves to randomly selected site B or D in the second
step. In both the models, we consider volume exclusion, i.e., particle movement is allowed only if the selected site
is unoccupied.
In both the models, the particles also interact with their nearest neighbours. The interaction depends on the
relative orientation of the particles and is represented by a modified Lebwohl-Lasher Hamiltonian®
H = —e) nn;cos2(6; — 0)
<ij> (1)
where ¢ is the interaction strength between two neighbouring particles. The interaction in equation (1) governs
the orientation update of the particle. We employ Metropolis Monte-Carlo (MC) algorithm* for orientation
update of the particle after the movement trial. In both the models, an order parameter defining the global align-
ment of the system does not remain conserved during the MC orientation update described above. In actual
granular or biological systems where mutual alignment emerges because of steric repulsion, orientation of parti-
cles need not to follow a conservation law. An order parameter defined by coarse-graining the orientation in our
present model is a class of non-conserved order parameter: Model A as described by Hohenberg and Halperin®!.
Both the models EM and AM comprise of two different physical aspects - motion of the particles and nematic
interaction amongst the nearest neighbours. If the particles are not allowed to move, the models reduce to an
apolar analogue of the diluted XY-model with nonmagnetic impurities*?, where impurities and spins are analo-
gous to vacancies and particles, respectively. However, unlike the diluted XY-model, particles in these models are
dynamic. In the EM, the particle diffuses to neighbouring sites, whereas it moves anisotropically in the AM. The
anisotropic movement of the active particles arises in general because of the self-propelled nature of the particles
in many biological*® and granular systems?"?2. This move produces an active curvature coupling current in the
coarse-grained hydrodynamic equations of motion®” 2. The AM does not satisfy the detailed balance principle*’,
because of the orientation update after the anisotropic movement. The coupling of the particle movement with
the orientation update in our active model is analogous to the active Ising spin model introduced by Solon and
Tailleur® %%, where the probabilistic flip of the spins is an equilibrium process, whereas the out-of-equilibrium
aspect of the model is attributed to the anisotropic movement probability of the spins. However, their orientation
update algorithm?> % is similar to kinetic Monte-Carlo, whereas we use Metropolis Monte-Carlo algorithm to
update particle orientation.

Numerical Study. We consider a collection of N particles with random orientation 6 € [0, 7] homogeneously

distributed on a L x L lattice (L =256,400,512) with periodic boundary. Packing density of the system is defined

as C=N/(L x L). We choose a particle randomly, move it to a neighbouring site obeying exclusion, and then

update its orientation using Metropolis algorithm. In each iteration, we repeat the same process for N number of

times, and we use 1.5 x 10° iterations to achieve the steady state of the system. We obtain the steady state results by

averaging the observables over next 1.5 x 10° iterations and use more than twenty realisations for better statistics.
The ordering in the system is characterised by a scalar order parameter defined as

2 2
S= \/[%Z}n, cos(20)| + %Z}n, sin(29,-)] .

()
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Figure 4. Density fluctuation AN = +/<N? > — < N>*. All the active ordered states show large density
fluctuation obeying the relation AN ~ < N > with ¢ > 1/2. The active disordered isotropic state shows normal
density fluctuation with (=1/2.

It is proportional to the positive eigenvalue of the nematic order parameter Q*'. It takes the minimum value 0 in
the disordered state and the maximum value 1 in the complete ordered state. First we study the EM as a function
of inverse temperature = 1/k;T for different packing densities. As shown in Supplementary Figure S1, the system
shows disordered isotropic to nematic state (I-N) transition with decreasing temperature. In contrast to the first
order I-N transition in the equilibrium Lebwohl-Lasher model in three dimensions*-*4, we find continuous tran-
sition for the EM defined in two dimensions. The observed nature of transition supports the study by Mondal and
Roy*. Similar to the diluted XY-model*, the critical inverse temperature 3.(C) increases with density in the EM.

Phase diagram. We construct phase diagram for both the equilibrium model and the active model on the
density-temperature plane. As shown in Fig. 1(a), two distinct states appear in the EM - (i) an equilibrium iso-
tropic (EI) state on the left side of the red boundary and (ii) an equilibrium nematic (EN) state on the right side of
the red boundary. In the EI state, particles remain disordered and homogeneously distributed throughout the
system. Consequently, the scalar order parameter S =~ 0 in this state. With increasing density or decreasing tem-
perature the particles get mutually ordered and form the EN state (S > 0). As shown in Fig. 2(a), for a fixed tem-
perature the scalar order parameter increases continuously with increasing density, and the system enters into the
nematic state. Both the particle orientation and the coarse-grained density remain homogeneous in the EN state,
as shown in the real space snapshot Fig. 1(b).

Similar to the EM, the active system remains in a homogeneous disordered isotropic (I) state in the high
temperature and/or low packing density regime (cyan coloured regime in the phase diagram Fig. 1(a)). With
increasing density or decreasing temperature, beyond the I state, the active system enters into an inhomoge-
neous mixed (IM) state (golden regime in the phase diagram Fig. 1(a)), where locally ordered high-density
domains coexist with disordered low-density regions. In the low temperature regime (8¢ € [1.9, 2.2]), the I to
IM state transition with increasing C occurs with a jump in the scalar order parameter S, as shown in Fig. 2(a).
In the very beginning of the IM state, as indicated by cross symbols in Fig. 1(a), we find a banded state (BS) in
the low temperature regime, where particles cluster and align themselves within a strip to form band. However,
out of the strip the system remains disordered with low local density, as shown in the real space snapshot
Fig. 1(b). On further increment of the packing density C, bands formed in different directions start mixing
leaving the system with many locally ordered high density patches separated by low density disordered regions.
Typical real space snapshots for the orientation and the coarse grained density in the IM state are shown in
Fig. 1(b). The jump in the S-C curve reduces with increasing temperature, and no bands appear in the high
temperature (3¢ < 1.9) regime.

Figure 2(a) shows that the I to BS transition occurs in the low temperature regime with a jump in S at a density
lower than the corresponding equilibrium I-N transition density C;y. These bands appear because of the large
activity strength. A linear stability analysis, as detailed later in this paper, shows that the large activity strength
induces an instability in the disordered isotropic state. This instability goes away for small activity strength or at
high temperature. We also do a renormalised mean field calculation of an effective free energy written for the
active nematic. The calculation predicts a jump in the scalar order parameter and shows a shift in the disordered
(§=0) to ordered (S=0) state transition density. Both the jump in S and the shift in the transition density reduce
with the activity strength or increasing temperature. The I to BS transition is a first order transition. The shift in
the disorder-order transition point is a common feature of the active systems. For large activity and low temper-
ature, if the system density is above a certain value but less than Cjy, the large density fluctuation present in these
systems causes local alignment with local density higher than Cpy. Large density fluctuation is an intrinsic feature
of the active systems, and as shown in Fig. 4, we also observe the same in the ordered active states in our model.
Due to activity, these locally ordered regions move anisotropically and combine with nearby region with similar
local ordering. So larger ordered region forms at mean density lower than the equilibrium I-N transition density.
Therefore, we find a disordered to ordered state transition at a lower density. For large activity strength, I-BS
transition occurs with the jump in scalar order parameter. In our numerical study, we calculate the probability
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Figure 5. Two-point orientation correlation shown for 3¢ =2.0 on log-log scale. (a) Active model: g,(r) decays
exponentially at low density (O, 0) and algebraically at high density ((, A). In the bistable regime at high
density (A), g,(r) decays algebraically in the HO state and abruptly in the IM state. (b) Equilibrium model: g,(r)
decays exponentially at low density (O, O) and algebraically at high density ((), +, A). Continuous lines are the
respective fits, fitted for more than one decade.

P(S) of the scalar order parameter averaging over many iterations and realisations near the I-BS transition point.
Figure 2(b) shows P(S) has two peaks, which further supports the first order I-BS transition for large activity
strength.

In the high density regime (red coloured regime in the phase diagram Fig. 1(a)), the AM shows bistability,
i.e., it can be either in the locally ordered IM state or in a homogeneous globally ordered (HO) state. As shown in
Fig. 2(a), the S-C curve for fixed temperature bifurcates in the high density regime; the lower branch corresponds
to the earlier discussed IM state, whereas the higher branch indicates the existence of the globally ordered state.
Figure 1(b) shows that the system possesses less density inhomogeneity in the HO state compared to the IM state.
A finite size scaling of both the HO and the IM state, as shown in Fig. 2(c), shows that the active nematic possesses
non-zero finite order in both these states. Order parameter time series shown in Fig. 2(d) confirms the bistability
of the system in the high density regime. Bistability is not generally seen in other agent based numerical simula-
tions of point particles®; it appears because of finite filling constraint of the model. This feature can be suppressed
if we allow more than one particle to sit together. In the complete filling limit C=1.0, the AM is equivalent to the
EM, and it shows the globally ordered HO state only.

Two-point orientation correlation.  We further characterise various states on the basis of the two-point
orientation correlation in the different states of the equilibrium and the active nematic. It is defined as
&(r) = <X nm;, cos[2(0, — 0, )1/, n,-2> where r represents interparticle distance, and <- > signifies an aver-
age over many realisations. Figure 5(a,b) show g,(r) versus r plots on log-log scale for the AM and the EM, respec-
tively, for a fixed inverse temperature B¢ = 2.0. In the AM, g,(r) decays exponentially at low packing density
C<0.38, i.e, in the isotropic state. Therefore, the active isotropic is a short-range-ordered (SRO) state. In the BS
at C=0.38, g,(r) decays following a power law. Therefore, the system is in a quasi-long-range-ordered (QLRO)
state. Ordering increases with density. At high packing density, correlation function confirms the bistability in the
active system. At C=0.82, g,(r) shows power law decay in the HO state, whereas in the IM state g,(r) decays
abruptly after a distance r. The abrupt change in g,(r) at a certain distance indicates the presence of locally ordered
clusters in the IM state. In contrast, the equilibrium system shows a transition from SRO (exponential decay)
isotropic state at low density C<0.48 to QLRO (power law decay) nematic state at high density C>0.50.

Orientation distribution and autocorrelation of the mean orientation. We compare the steady
state properties of the active and the equilibrium models in the high density limit. First we calculate the steady
state (static) orientation distribution P(6) from a snapshot of particle orientation 6. As shown in Fig. 6(a), both the
active HO and the equilibrium nematic show Gaussian distribution of orientation. Peak position of P(¢) for both
the EN and the HO state can appear at any point between 0 and 7 because of the continuous broken rotational
symmetry of the Hamiltonian shown in equation (1). Data shown in Fig. 6(a) is for one realisation only, and for
other realisations also the distribution P(f) remains Gaussian with peak at other 6 values. Therefore, orientation
fluctuation of the particles in the active HO state is same as in the equilibrium nematic state. The distribution
P(0) in the IM state is very broad and spans over the whole range of orientation. Therefore, the system possess no
global ordering in the IM state.

We also calculate the time averaged distribution P(9) of mean orientation of all the particles in the active HO
and the equilibrium nematic states. The mean orientation 0 (t) of all particles is calculated for each iteration time
tin the steady state. The distribution P(0) of the mean orientation is obtained from these 8 (¢) data. This distribu-
tion is a measure of the fluctuation in the global orientation of the particles in the steady state. As shown in
Fig. 6(b), P(9) in the active HO state is narrow in comparison to the broad distribution in the EN state. We also
calculate the autocorrelation of the mean orientation Cy(f) = < %2521‘505 [2{0(t,) — O(ty + 7)}]> in the steady
state. As shown in Fig. 6(c), C;(t) decreases with time in the EN state, but remains unchanged in the active HO
state. Both these results imply that the fluctuation in the global orientation direction & in the active HO state is
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Figure 6. Steady state characteristics of high density states. (a) Orientation distribution P(6) of particles
calculated from one snapshot in the steady state. P(6) fits with Gaussian distribution (continuous lines) for both
the HO and the EN states. The IM state shows broad distribution of . (b) Distribution of the mean orientation
P() calculated from @ of each snapshot in the steady state. P() is broad for the EN state in comparison to the
HO state. (c) Steady state autocorrelation Cg(t) of the mean orientation of the system. All plots are shown for
(Be, C)= (2.0, 0.80).

small compared to the EN state. We do not calculate the mean orientation & in the active IM state, because the
system possesses no global ordering in this state.

Phenomenological approach to understand low density states of the active model. In this sec-
tion we write the hydrodynamic equations of motion for the active model and characterise the low density states
of the system. The equations of motion for the slow variables of the system, i.e., the number density
p(r, t) = > ;6(r — Ry(t)) and the order parameter Hij(r, t) = pr, t)Qij(r, t) = Zl(mhmlj - %éij)é(r — R(1)
are as follows®" 3%

O = a,VV; Il + D, Vg 3)

and

Lo 2 2
OIL; = {ay(p) — (Il I, + BV, — E&,.jv )¢ + Dy V7Tl @
Here R/(?) represents position of the particle /, and m;= (cos6, sin6)) is the unit vector along the orientation 6. The
total number of particles being a conserved quantity of the system, equation (3) represents a continuity equation
Oy = —V - Jwhere the current J; = —a,V/II; — D,V;p. The first term of J; consists of two parts: an anisotropic
diffusion currentJ,; o< Q;V;p and an active curvature coupling current J, oc aypV,Q;; where a, is the activity
strength of the system. The second term represents an isotropic diffusion J ,, oc V. The o terms in equation (4)

represent mean field alignment in the system. We choose o, (p) = [ -2~ — 1) as a function of density that
©

IN
changes sign at some critical density o, . The 3 term represents coupling with density. The last term represents
diffusion in order parameter that is written under equal elastic constant approximation for two-dimensional

nematic. The steady state solution p(r, t) = o and II(r, t) =1Il,, where I, = M, of equations (3) and (4)
«

2
represents a homogeneous ordered state for () >0at g, > @, , and a disordered isotropic state for a;(g)<0
at £y < Oy
We stugy the linear stability of the disordered isotropic state (II,=0) by examining the dynamics of spatially
inhomogeneous fluctuations dp(r, t) = @(r, t) — o™ OIL,, =11,(r, £), and 6I1,, =11 ,(r, t). We obtain the line-
arised coupled equations of motion for small fluctuations as

089 = ag(07 — 03)611,, + 2a40,0,611, + D, V>80, (5)
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0,610y, = ay(p,)811y, + Dy V26Tl + g(ai — 9)bp,

(6)
0811y, = ay(p,)811,, + D V611, + $0,0,6¢. %)
Using Fourier transformation
Y(q \) = f MY (r, £)drdt @
we get linear set of equations in the Fourier space as
op op
MOIL, | = M| 61T,
611, 611, 9)

where M is the coefficient matrix as obtained from equations (5), (6) and (7) after the transformation. We solve
equation (9) for the hydrodynamic modes A. We choose g = =4, ﬁ since both the directions are equivalent.
Therefore, we obtain

A = ayg) + Dqu){(/\ + quz)()‘ — aylgy) + Dqu) - %“Oﬁq‘l} =

(10
For small wave-vector g, we can find an unstable mode
4 a8 (Dy — D,
A= —2D4 + adq’ %54 (Dn — D)

2]a () al(p,) (11)

For small D, and large actvitity a,, this mode becomes unstable for g < gq,, where

qz — ‘041(%” l (‘al(poﬂ )2 7 8Dpa12

¢ 2AD 2\ AD ADa,3’ (12)

provided AD = Dy; — D, is positive, and a3 > 8D, AD. Therefore, the unstable mode A , causes the I - BS tran-
sition for small diffusivity, i.e., at low temperature, and for large activity strength a,.

We also calculate the jump in the scalar order parameter S and the shift in the transition density from equa-
tions (3) and (4). A homogeneous steady state solution of these equations gives a mean field transition from the
isotropic to the nematic state at density o, where () changes sign. Using renormalised mean field (RMF)
method, we calculate an effective free energy 7, () close to the order-disorder transition where § is small. We
consider density fluctuations ¢ and neglect order parameter fluctuations. The effective free energy is

b b b
Fp(§) = — 28" — 28> + Lt
o (S) 2 3 (13)
whereb, = a,(p) + /¢, where cis a constant. o = aal/agg by = a‘)%’a‘,andb = —poaz Both by and b, are
©

positive. A detailed calculation for 7, is shown in the Supplementary Information. The density fluctuations
introduce a new cubic order term in the free energy F,;(S) that is proportional to the act1v1ty strength a,. The

presence of such term produces a jump AS = S, = 273 atadensityp = o 1 — 97 < @,y Fluctuation in
4

density produces a jump in order parameter and shifts the critical density. Such type of ﬂuctuatlon induced tran-
sitions are called fluctuation dominated first order phase transitions in statistical mechanics*® and are widely
studied for many systems*” . The jump in S and the shift in the transition density are proportional to the activity
strength a,, and for a, = 0 we recover the equilibrium transition.

Discussion

In our present work we have introduced a minimal lattice model for the active nematic and study different ordering
states in the density-temperature plane. A brief summary of the results is as follows. In the low density regime, the
system is in the disordered isotropic (I) state with short range orientation correlation amongst the particles. In the low
temperature regime, large density fluctuation in the active system induces a first order transition from the isotropic to
the banded state with a jump in the scalar order parameter at a density lower than the equilibrium isotropic-nematic
(I-N) transition density. The linear stability analysis of the isotropic state shows an instability for large activity strength
in the low temperature regime. Such instability governs the band formation at density below the equilibrium I-N tran-
sition density. As we further increase density, bands vanish, and locally ordered patches appear in the inhomogeneous
mixed (IM) state. Renormalised mean field calculation confirms the jump in the scalar order parameter and the shift
in the transition density. With increasing temperature the shift in the transition density and the jump in scalar order
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parameter decrease, and no bands appear in the system. The IM state is a state with coexisting aligned and disordered
domains, similar to the coexisting or defect-ordered states found in Refs 33, 34, 49-53.

In the high density regime, the active nematic shows switching between the IM (low S) and the homogeneous
ordered (HO, high S) states, i.e., the system shows bistability. In the complete filling limit and with excluded vol-
ume assumption the active model reduces to the equilibrium model. Therefore, the active model tends to show
a homogeneous nematic state in the high density regime. However, large activity strength makes the HO state
unstable and leads the system to the IM state. This instability in the HO state is similar to the earlier studies in
Refs 34 and 54. Ngo ef al.** considered a two dimensional off-lattice model for the active nematic without the
exclusion constraint. In the low and moderate density regime, they show a homogeneous disordered phase and
an inhomogeneous chaotic phase, which are similar to the isotropic and the IM states, respectively. Similar to
their study, the spanning area of the IM state (golden regime in the phase diagram Fig. 1(a)) along the density
axis decreases with the increasing temperature. In the high density limit, they note a homogeneous quasi-ordered
phase only, which is similar to the HO state in our study. However, we show the bistability between the HO and
the IM state in this density limit.

In conclusion, our lattice model for the active nematic is a simple one to design and execute numerically, and
easy to compare with the corresponding equilibrium model. It shows new features like the BS in the low tempera-
ture regime and the bistability in the high density regime, as well as some of the early characterised states, e.g., the
IM state. It also shows many basic features of the active nematic like large number fluctuation, long-time decay of
orientation correlation, transition from SRO isotropic to QLRO nematic state. The shift in the transition density
due to activity strength compared to the equilibrium model can be tested in experimental systems where activity
can be tuned. We expect the emergence of the bistability in the high density regime in a two dimensional experi-
mental system composed of apolar particles with finite dimension and high activity strength. It would be interest-
ing to study the model without volume exclusion. In this study, particle orientation has continuous symmetry of
O(2). Therefore, the equilibrium limit of our model is an apolar analogue of the two-dimensional XY-model. One
can also study the model with discrete orientation symmetry as in Refs 20, 35, 36 and compare the results with
the corresponding equilibrium model.

References
1. Marchetti, M. C. et al. Hydrodynamics of soft active matter. Rev. Mod. Phys. 85, 1143-1189 (2013).
2. Toner, J., Tu, Y. & Ramaswamy, S. Hydrodynamics and phases of flocks. Ann. Phys. 318, 170-244 (2005).
3. Ramaswamy, S. The mechanics and statistics of active Matter. Annu. Rev. Cond. Matt. Phys. 1,323-345 (2010).
4. Vicsek, T. & Zafeiris, A. Collective motion. Phys. Rep. 517, 71-140 (2012).
5. Cates, M. E. Diffusive transport without detailed balance in motile bacteria: does microbiology need statistical physics? Reports on
Progress in Physics 75, 042601 (2012).
6. Harada, Y., Nogushi, A., Kishino, A. & Yanagida, T. Sliding movement of single actin filaments on one-headed myosin filaments.
Nature (London) 326, 805-808 (1987).
7. Badoual, M., Jillicher, E. & Prost, J. Bidirectional cooperative motion of molecular motors. Proc. Natl. Acad. Sci. U.S.A. 99, 6696-6701
(2002).
8. Nédélec, E. ], Surrey, T., Maggs, A. C. & Leibler, S. Self-organization of microtubules and motors. Nature (London) 389, 305-308
(1997).
9. Rauch, E. M., Millonas, M. M. & Chialvo, D. R. Pattern formation and functionality in swarm models. Phys. Lett. A 207, 185-193
(1995).
10. Ben-Jacob, E. et al. Cooperative formation of chiral patterns during growth of bacterial colonies. Phys. Rev. Lett. 75, 2899-2902
(1995).
11. Appleby, M. C. Animal Groups in Three Dimensions (ed. Parrish, J. K. & Hamner, W. M.) (Cambridge: Cambridge University Press,
1997).
12. Helbing, D., Farkas, I. & Vicsek, T. Simulating dynamical features of escape panic. Nature 407, 487-490 (2000).
13. Helbing, D., Farkas, I. J. & Vicsek, T. Freezing by heating in a driven mesoscopic system. Phys. Rev. Lett. 84, 1240-1243 (2000).
14. Feder, T. Statistical physics is for the birds. Phys. Today 60, 28-33 (2007).
15. Feare, C. The Starlings (Oxford: Oxford University Press, 1984).
16. Kuusela, E., Lahtinen, J. M. & Ala-Nissila, T. Collective effects in settling of spheroids under steady-state sedimentation. Phys. Rev.
Lett. 90, 094502 (2003).
17. Hubbard, S., Babak, P, Sigurdsson, S. & Magnusson, K. A model of the formation of fish schools and migrations of fish. Ecological
Modeling 174, 359-374 (2004).
18. Schaller, V., Weber, C., Semmrich, C., Frey, E. & Bausch, A. R. Polar patterns of driven filaments. Nature 467, 73-77 (2010).
19. Sumino, Y. et al. Large-scale vortex lattice emerging from collectively moving microtubules. Nature 483, 448-452 (2012).
20. Peruani, E. et al. Collective motion and nonequilibrium cluster formation in colonies of gliding bacteria. Phys. Rev. Lett. 108, 098102
(2012).
21. Narayan, V., Menon, N. & Ramaswamy, S. Nonequilibrium steady states in a vibrated-rod monolayer: tetratic, nematic, and smectic
correlations. J. Stat. Mech. P01005 (2006).
22. Narayan, V., Ramaswamy, S. & Menon, N. Long-lived giant number fluctuations in a swarming granular nematic. Science 317,
105-108 (2007).
23. Blair, D. L., Neicu, T. & Kudrolli, A. Vortices in vibrated granular rods. Phys. Rev. E 67, 031303 (2003).
24. Kumar, N., Soni, H., Ramaswamy, S. & Sood, A. K. Flocking at a distance in active granular matter. Nat. Comm. 5, 4688 (2014).
25. Deseigne, J., Dauchot, O. & Chaté, H. Collective motion of vibrated polar disks. Phys. Rev. Lett. 105, 098001 (2010).
26. Klopper, A. Active colloids: Made to order. Nat. Phys. 11,703 (2015).
27. Cates, M. E. & Tailleur, J. Motility-induced phase separation. Ann. Rev. Cond. Matt. Phys. 6,219-244 (2015).
28. Bricard, A., Caussin, J. B., Desreumaux, N., Dauchot, O. & Bartolo, D. Emergence of macroscopic directed motion in populations of
motile colloids. Nature 503, 95-98 (2013).
29. Theurkauff, I., Cottin-Bizonne, C., Palacci, J., Ybert, C. & Bocquet, L. Dynamic clustering in active colloidal suspensions with
chemical signaling. Phys. Rev. Lett. 108, 268303 (2012).
30. Ramaswamy, S., Simha, R. A. & Toner, J. Active nematics on a substrate: Giant number fluctuations and long-time tails. Europhys.
Lett. 62,196-202 (2003).
31. de Gennes, P. G. & Prost, J. The Physics of Liquid Crystals (Oxford: Clarendon Press, 1995).
32. Bertin, E. et al. Mesoscopic theory for fluctuating active nematics. New J. of Phys. 15, 085032 (2013).
33. Ngo, S. et al. Large-scale chaos and fluctuations in active nematics. Phys. Rev. Lett. 113, 038302 (2014).

SCIENTIFICREPORTS |7:7080| DOI:10.1038/s41598-017-07301-w 8



www.nature.com/scientificreports/

34. Xia-qing, S. & Yu-qiang, M. Topological structure dynamics revealing collective evolution in active nematics. Nat. Comm. 4, 3013
(2013).

35. Solon, A. P. & Tailleur, J. Revisiting the flocking transition using active spins. Phys. Rev. Lett. 111, 078101 (2013).

36. Solon, A. P. & Tailleur, J. Flocking with discrete symmetry: The two-dimensional active Ising model. Phys. Rev. E 92, 042119 (2015).

37. Peruani, F, Klauss, T., Deutsch, A. & Voss-Boechme, A. Traffic jams, gliders, and bands in the quest for collective motion of self-
propelled Particle. Phys. Rev. Lett. 106, 128101 (2011).

38. Farrell, E D. C,, Marchetti, M. C., Marenduzzo, D. & Tailleur, J. Pattern formation in self-propelled particles with density-dependent
motility. Phys. Rev. Lett. 108, 248101 (2012).

39. Lebwohl, A. & Lasher, G. Nematic-liquid-crystal order - a Monte Carlo calculation. Phys. Rev. A 6, 426-429 (1972).

40. Landau, D. P. & Binder, K. A Guide to Monte Carlo Simulations in Statistical Physics (Cambridge: Cambridge University Press, 2005).

41. Hohenberg, P. C. & Halperin, B. I. Theory of dynamic critical phenomena. Rev. Mod. Phys. 49, 435-479 (1977).

42. Leonel, S. A., Coura, P. Z., Pereira, A. R., Mol, L. A. S. & Costa, B. V. Monte Carlo study of the critical temperature for the planar
rotator model with nonmagnetic impurities. Phys. Rev. B 67, 104426 (2003).

43. Kemkemer, R., Kling, D., Kaufmann, D. & Gruler, H. Elastic properties of nematoid arrangements formed by amoeboid cells. Eur.
Phys. J. E1,215-225 (1999).

44. Chaikin, P. M. & Lubensky, T. C. Principles of Condensed Matter Physics (Cambridge: Cambridge University Press, 2000).

45. Mondal, E. & Roy, S. K. Finite size scaling in the planar Lebwohl-Lasher model. Phys. Lett. A 312, 397-410 (2003).

46. Coleman, S. & Weinberg, E. Radiative corrections as the origin of spontaneous symmetry breaking. Phys. Rev. D 7, 1888-1910
(1973).

47. Halperin, B. L, Lubensky, T. C. & Ma, S. K. First-order phase transitions in superconductors and smectic-A liquid crystals. Phys. Rev.
Lett. 32,292-295 (1974).

48. Chen, J. H., Lubensky, T. C. & Nelson, D. R. Crossover near fluctuation-induced first-order phase transitions in superconductors.
Phys. Rev. B 17, 4274-4286 (1978).

49. Thampi, S. P,, Golestanian, R. & Yeomans, J. M. Instabilities and topological defects in active nematics. Europhys. Lett. 105, 18001
(2014).

50. Doostmohammadi, A., Adamer, M., Thampi, S. P. & Yeomans, J. M. Stabilization of active matter by flow-vortex lattices and defect
ordering. arXiv:1505.04199 (2015).

51. Oza, A. U. & Dunkel, J. Antipolar ordering of topological defects in active liquid crystals. arXiv:1507.01055 (2015).

52. DeCamp, S. ], Redner, G. S., Baskaran, A., Hagan, M. E. & Dogic, Z. Orientational order of motile defects in active nematics. Nat.
Mat. 14, 1110-1115 (2015).

53. Putzig, E., Redner, G. S., Baskaran, A. & Baskaran, A. Instabilities, defects, and defect ordering in an overdamped active nematic.
arXiv:1506.03501 (2015).

54. Baskaran, A. & Marchetti, M. C. Hydrodynamics of self-propelled hard rods. Phys. Rev. E 77, 011920 (2008).

Acknowledgements

We thank Zoltan G. Soos for helpful discussions. S.M. acknowledges Thomas Niedermayer for useful discussions.
S.M. and M.K. acknowledge financial support from the Department of Science and Technology, India, under
INSPIRE award 2012 and Ramanujan Fellowship, respectively.

Author Contributions
R.D., M.K. and S.M. designed the research, discussed the results and prepared the manuscript. R.D. performed
simulations.

Additional Information
Supplementary information accompanies this paper at doi:10.1038/s41598-017-07301-w

Competing Interests: The authors declare that they have no competing interests.

Publisher's note: Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International
CE | jcense, which permits use, sharing, adaptation, distribution and reproduction in any medium or

format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the Cre-
ative Commons license, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons license, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons license and your intended use is not per-
mitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this license, visit http://creativecommons.org/licenses/by/4.0/.

© The Author(s) 2017

SCIENTIFICREPORTS |7:7080| DOI:10.1038/s41598-017-07301-w 9


http://dx.doi.org/10.1038/s41598-017-07301-w
http://creativecommons.org/licenses/by/4.0/

	Order-disorder transition in active nematic: A lattice model study

	Model

	Numerical Study. 
	Phase diagram. 
	Two-point orientation correlation. 
	Orientation distribution and autocorrelation of the mean orientation. 
	Phenomenological approach to understand low density states of the active model. 

	Discussion

	Acknowledgements

	Figure 1 Phase diagram.
	Figure 2 Disorder - order transition.
	Figure 3 Model figure.
	Figure 4 Density fluctuation .
	Figure 5 Two-point orientation correlation shown for βε = 2.
	Figure 6 Steady state characteristics of high density states.


